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ABSTRACT: Studying loop corrections to inflationary perturbations, with particular empha-
sis on infrared factors, is important to understand the consistency of the inflationary theory,
its predictivity and to establish the existence of the slow-roll eternal inflation phenomena
and its recently found volume bound. In this paper we prove that the  correlation function
is time-independent at one-loop level in single clock inflation. While many of the one-loop
diagrams lead to a time-dependence when considered individually, the time-dependence
beautifully cancels out in the overall sum. We identify two subsets of diagrams that cancel
separately due to different physical reasons. The first cancellation is related to the change
of the background cosmology due to the renormalization of the stress tensor. It results in
a cancellation between the non-1PI diagrams and some of the diagrams made with quartic
vertices. The second subset of diagrams that cancel is made up of cubic operators, plus the
remaining quartic ones. We are able to write the sum of these diagrams as the integral over
a specific three-point function between two very short wavelengths and one very long one.
We then apply the consistency condition for this three-point function in the squeezed limit
to show that the sum of these diagrams cannot give rise to a time dependence. This second
cancellation is thus a consequence of the fact that in single clock inflation the attractor
nature of the solution implies that a long wavelength ¢ perturbation is indistinguishable
from a trivial rescaling of the background, and so results in no physical effect on short
wavelength modes.

KEYwoORDS: Cosmology of Theories beyond the SM, Gauge Symmetry, Space-Time Sym-
metries, Renormalization Regularization and Renormalons

OPEN ACCESS doi:10.1007/JHEP07(2012)166


https://core.ac.uk/display/81911924?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
mailto:gpimente@princeton.edu
mailto:senatore@stanford.edu
mailto:matiasz@ias.edu
http://dx.doi.org/10.1007/JHEP07(2012)166

Contents

1 Introduction
1.1 Motivation
1.2 Simple arguments
1.3 Summary of the strategy

2 An intuitive organization of the diagrams

3 Loops as the integral of the three-point function
3.1 Quasi 3-point function
3.2 CIS:p1CIS(1 PI) diagrams
3.3 CIM diagrams

3.4 Quartic diagrams from cubic Lagrangian

4 Time-(in)dependence of ¢ from cubic diagrams
4.1 Quarticy, diagrams
4.2 Time independence and the consistency condition
4.3 Example

5 Time-(in)dependence of ¢ from quartic diagrams

5.1 Example

6 Quartic diagrams: verification for purely gravitational interactions
6.1 On the gauge choice for the zero mode
6.2 Time-independence for the zero-mode
6.2.1 Tadpole counterterms’ coefficients
6.2.2 Cancellation between quartic diagrams and diff.-enhanced tadpole
counterterms

6.3 Time-independence for the non-zero-modes
7 Conclusions

A Consistency condition inside the horizon
A.1 Consistency condition for operators with spatial derivatives

A.2 Consistency condition for operators with time derivatives

B Local anisotropic universe

[ NG O V)

10
13
15
15
15

16
16
17
22

23
24

26
27
28
29

29
31

36

37
38
39

42




1 Introduction

1.1 Motivation

The purpose of this paper is to prove that in single clock inflation, where there is only
one relevant degree of freedom during inflation, the correlation function of the curvature
perturbation ¢ for separations outside the horizon is time independent at one loop level.
We believe this to be a very important result to prove for several reasons. As it becomes
more and more likely that Inflation was part of the early history of our Universe it becomes
more and more important to understand how the theory behaves at quantum level, even if
the expected corrections are small. We could make an analogy with the 1950s when QED
was studied to all orders in perturbation theory. Similarly to what happened in that case,
it is not so obvious that quantum corrections are as small as one might expect. While a
simple parametric analysis tells that the corrections to the curvature perturbation should
be of order

<<2>1—100p ~ <<2>1?ree ~ 10_9<C2>tree» (1-1)

no symmetry forbids the presence of potentially large infrared factors, such as

<C1§>1—100p ~ k3<<13>%ree log(kL), (1.2)

where L is the comoving size of the inflationary space, or of the form

<Cl%>1*100p ~ ks<<lz>greth7 (13)

where H is the Hubble constant during inflation and t is time. All these terms have

appeared in partial calculations of the one-loop corrections to the power spectrum [1].

Log(H /) effects. Additionally, infrared effects of the form

<<l?>1—100p ~ k3<<]§>§ree log(k’/ﬂ) ) (14)

with u being the renormalization scale of the theory, have been found in several papers
(see references in [2]). Strictly speaking, a correction of the form log(k/u) is not allowed
by symmetries, representing a breaking of zero-mode gauge invariance x — Ax,a — a/},
where a is the scale factor of the FRW metric. Its presence was due to a mistake in the
implementation of a diff. invariant regularization, and some of us addressed this issue in [2],
where it was shown that the logarithmic running takes the form

(¢ 1-100p ~ K*(C2)? log(H/ 1) . (1.5)

Notice that if a result of the form log(k/u) were to be correct, then the effect could have
been potentially very large when k — 0.

Contrary to the case of log(k/u), logarithmic corrections of the form log(kL) or
log(a(t)) ~ Ht are allowed by symmetries.



Log(kL) effects. The factor of log(kL) can be potentially very large, as log(kL) is of
order Npeginning, the number of e-foldings of Inflation that have occurred before the mode
k has crossed the horizon. Even for the standard inflation that we might have in our past,
Npeginning can be a large enhancement factor. Furthermore in situations where Npeginning
might be large, (¢2) for modes exiting the horizon at the beginning of inflation might also
be significantly larger as one could be near an eternal inflation regime. The infrared factor
log(kL) does appear in the one-loop correction to the power spectrum [3, 4], and in [5] some
of us have shown that it is simply a projection effect that is completely removed when one
computes observable quantities and that does not affect our ability to extract predictions
from inflation.

Log(a(t)) effects and the predictivity of inflation. In this paper we try to address
the question of wether the one-loop correction to the power spectrum is time dependent,
or in other words if at loop level (; is constant after the mode &k has crossed the horizon.
We notice that for our current inflationary patch, since we observe around 50 e-foldings
of inflation and ¢ ~ 3 x 107°, such a correction factor, even if present, would represent a
correction at most of order 50 x 107 ~ 5 x 10~%. From an observational perspective this
is a very small correction. Regardless of this fact, as a matter of principle if such a time-
dependent factor were to be present the consequences for the inflationary theory would be
profound. Such a result would imply that short scale fluctuations, say of the size of the
horizon, can change the amplitude of a mode after it has crossed the horizon. In standard
inflation the amplitude of the short perturbations is very small and the duration of inflation
is relatively short so the resulting evolution of the long modes is negligible. However,
fluctuations might not be small during other epochs of the evolution of the universe, such
as reheating and baryogenesis or if the dynamics of inflation changes dramatically at some
point. We know little about these epochs, but if perturbations were to be large on Hubble
scales during those times, the time-dependence induced on long, observable, modes could
change their amplitude significantly. We would lose the predictions of Inflation unless we
know the details of the physics governing reheating or baryogenesis, which we hardly do.

The potential for a time dependence of the power spectrum at loop level was pointed
out by Weinberg in [1]. He noticed that many diagrams naively induce a time-dependence
of ¢.!' The question of weather a time dependence persists after we sum all the diagrams
has remained open. In [2] we addressed this issue in certain simplified examples involving
spectator fields running in the loops. Although the physics we identified in that paper will
basically apply unchanged in this study, the fact of the matter is that no proper calculation
in the context of single clock inflation has been presented. Ref. [10] claims to have done this
and to have found a time dependence. In reality they only presented results for a severely
truncated and simplified Lagrangian and of course they did not recover the cancellations
we identify in this paper and thus claimed a spurious time dependence.

'Such a result would not be in contradiction with the many proofs available in the literature on the
conservation of ¢ outside of the horizon (see for example [6-8]). The fact that the constant solution is the
attractor one, and not simply one of the two solutions, was proven in [9]. All these proofs work in the limit
in which all modes are longer than the horizon, so that gradients of all fluctuations can be neglected.



Slow roll eternal inflation. From a more theoretical point of view, a time-dependence of
¢ would have important consequences for slow-roll eternal inflation. In recent years [11-14],
there has been remarkable progress in understanding slow roll eternal inflation at a quan-
titative level. The study of eternal inflation (usually of the false vacuum type) has been
largely motivated by the fact that the universe is currently accelerating and by the appar-
ent existence of a landscape of vacua in String Theory which put together suggest that
the current acceleration can be understood as resulting from an anthropic selection of the
vacuum energy made possible by an epoch of eternal inflation in our past. Another piece of
motivation to study eternal inflation relies on the perhaps mysterious connections between
gravity and quantum mechanics in the presence of a horizon. De Sitter space, with its
supposedly finite entropy, represents a mystery, and slow roll (eternal) inflation represents
a natural regularization of de Sitter space. In [11] it was shown that slow roll inflation
undergoes a phase transition when a parameter

2 ;2

0- 2%% , (1.6)
becomes less than one. At that point, the probability to develop an infinite volume goes
from being strictly zero to non-zero. This is the phase transition to eternal inflation.
Subsequently, in [12], it was found that there is a sharp upper bound to how large a finite
volume can be created: the probability to produce a finite volume larger than e%Ve, with
N, representing the classical number of e-foldings, is non-perturbatively small from the
point of view of quantum gravity:

P (Viinite > €8) < e ME/H? (1.7)

By connecting the classical number of e-foldings to the the entropy of de Sitter space Syg
at the end of inflation, this bound can be recast as

P (Vﬁnite > eSdS/2> < e Ma/H? (1.8)

This bound is a generalization to the quantum and eternal regime of the bound found
in [15], that was much stronger than the one in (1.8). Further, in [13], it was shown that
this bound is actually universal: it holds for any number of spacetime dimensions and for
any number of inflating fields. Moreover it holds unchanged also when considering higher-
order corrections to the theory of gravity and of the inflaton, and it does so to all orders in
perturbation theory. In an upcoming paper [14], some of us will show that it holds also when
including slow-roll corrections. All of these results strongly suggest that the bound in (1.8)
is a true fact of nature connected to the holographic interpretation of de Sitter space.

All these new results on Eternal Inflation assumed that the ¢ two-point function at
coincidence takes the form?

(C(x)?) ~ Ht, (1.9)

2Studies of the phase transition to slow-roll eternal inflation have only been done at lowest order in
slow-roll, where there is basically no distinction between ¢ and §¢.



which is a direct consequence of its scale invariance and time-independence in Fourier space

(G) ~ JZ; : (1.10)
If the two point function of the inflaton in Fourier space were to go as
@~ Lrogh), o ()~ (L1
then in real space it would go as
(C(x)?) ~ H't?, (1.12)

and all the above-mentioned new results on slow roll eternal inflation would fail.> Depend-
ing on the sign of the loop correction, we would be lead to conclude that all inflationary
models are either eternal or never-eternal. This motivates us to study the possible time-
dependence of ¢ at loop level.

1.2 Simple arguments

There are several simple intuitive arguments that suggest that short scale fluctuations
cannot induce a time dependence on a long wavelength ¢ mode that is much longer than
the horizon. The simplest and most intuitive argument relies on the fact that at long
wavelengths a ( mode is indistinguishable in practice from a rescaling of the scale factor
a — aeS. This means that a time dependent ¢ is more or less equivalent to a change in
the local value of the expansion rate H: ( ~ 6H. In order for short-scale fluctuations to
create a time-dependent long wavelength ¢, the short scale fluctuations should create a
modulation of the Hubble parameter that is coherent over a very large scale, the scale of
the long wavelength ¢ mode.

One could imagine two mechanisms through which this could happen. The random
small scale fluctuations could lead by chance to a large scale fluctuation, but simple ‘square
root of N’ type of arguments show that this is not the case. Another option is that the
short modes are sensitive to the long wavelength fluctuations through tidal-type effects
and thus their expectation values, their energy density say, varies over the long scales and
leads to a modulation in the expansion rate. This last possibility also sounds quite unrea-
sonable. Because of the attractor nature of the inflationary background, a long wavelength
¢ fluctuation is locally almost indistinguishable from a rescaling of the background, with
corrections that rapidly redshift to zero. This means that short wavelength fluctuations
should behave in very much the same way in the presence of a long ¢ mode as they do
in its absence (apart for a trivial rescaling of the coordinates). This is what the so-called
Maldacena consistency condition of curvature fluctuations actually states [6, 9, 16], and it
has been shown to work at tree-level in several calculations.

Perhaps a better way to illustrate the point we are trying to make is the following.
Assume that short wavelength modes running in the loop lead to a time dependence of

3We acknowledge David Gross for pointing this out to us.



the two point function of a long wavelength mode. This one loop calculation is just giving
the change of the long modes produced by the short modes when averaged over the short
ones. If the short modes can be observed directly the effect of the short modes on the long
should lead to an observable correlation between short and long modes. In other words, it
should lead for example to a non-zero three point function in the squeezed limit. However,
since the work of Maldacena [6] we know that there is no such effect in the squeezed three
point function. It is hard to imagine that one would not be able to detect a correlation
between short and long modes when both short and long modes are measured, but that on
average the short modes do lead to an evolution of the long modes.

All of this suggests that it would be quite surprising if short modes were to induce
time-dependence in a long wavelength ¢ fluctuation.? We note that the essence of these
arguments were already given by some of us in [2].

1.3 Summary of the strategy

Let us make the simple arguments above a bit more precise highlighting our strategy to
prove the time-independence of (. Since we are interested in a late time-dependence of (,
we can restrict ourselves to the case in which we let only short wavelength modes run in
the loops. The constancy of ¢ when all modes are outside the horizon was already proved
in [6]. In the present case, computing one-loop effects can be thought as solving the non-
linear evolution equations for a long wavelength ¢ operator, (7, up to cubic order in the
fluctuations. This will take the form

O [¢r] = S [¢s,Cs:Cel (1.13)

where S represent a generic sum of operators that are quadratic in the short wavelength
¢, (g, and that can also eventually depend on (;, both explicitly and implicitly through a
dependence of (g on (7. Each monomial in S can contain derivatives acting on the various
(’s. The solution is schematically of the form

(L = o1 [S[¢s,Cs,CL]] - (1.14)

It should be noted the (S [(s, (s, (z]) is in general not zero. There are tadpole contributions
for ¢ because at loop level we are expanding around the incorrect background history.
We will add tadpole counterterms to the action to ensure that the background solution
we started with satisfies the equations of motion. These counterterms lead to additional
diagrams that will cancel many of the one loop diagrams in our power spectrum calculation.
The one loop power spectrum will be given by

(CLlL) ~ (O[S [Cs, Cs CLl] CL) + (O[S [Cs, Cs, ¢ = 0] O[S [€s, G G = 0]]) - (1.15)
We call the first contribution on the right the cut-in-the-side (CIS) diagrams, while the
second contribution on the right cut-in-the-middle (CTM) diagrams.

4There is one subtlety which has to do with the renormalization of the background. Short wavelength
fluctuations do renormalize the background, so that H(¢) is different from its value at tree level when the
short fluctuations are neglected. It is important to take this fact into account properly in order for ¢ not
to have a time-dependence.



The CIM diagrams represent the effect of the short scale modes in their unperturbed
state directly on the power spectrum of the long wavelength modes. These diagrams will
not lead to any time-dependence of the long modes simply because it is very hard for short
mode fluctuations to be coherent over long scales.

Many of the CIS diagrams cancel with diagrams coming from the tadpole countert-
erms. The remaining C'IS diagrams represent instead the evolution of (7, due to the effect
that (7, itself has on the expectation value of quadratic operators made of short modes.
These diagrams involve the correlation between this short-mode expectation value and the
long wavelength mode itself.> This short-mode long-mode correlation sources (..

The Maldacena consistency condition implies that this short-mode long-mode correla-
tion actually vanishes,

(O[S [¢s, ¢s: CLll Co) = 0. (1.16)

This is so because the consistency condition means that in the limit in which the long
mode has a wavelength much longer than the horizon, it simply acts as a rescaling of the
coordinates. So the correlation function between short and long modes can be understood
in terms of the power spectrum of the short modes computed in a rescaled background.
Since in the loop the short-mode expectation value is integrated over all the short-mode
momenta the rescaling is irrelevant and as a result there is no correlation between the short
scale power and the long mode.

Even though the former arguments are quite compelling, the calculation is very com-
plex, and many subtleties are hidden in the above equations. They include the identification
of the Lagrangian of the ¢ zero-mode, that will turn out to be delicate and to affect the
definition of the tadpole counterterms. Because of diff. invariance, these counterterms
will play a role even for the finite momentum correlation functions. Additionally, it will
be non-trivial to see how the Maldacena consistency condition works when dealing with
operators involving derivatives.

In summary, since the interactions are dominated by the gravitational ones, our one-
loop computation amounts to doing a one loop calculation in gravity in an accelerating
universe. This is quite a hard task, at least for us! In particular, there are many many
many diagrams involved, and many many of these naively induce a time-dependence on
¢. The time independence will result from cancellations among diagrams. We will now try
to move step by step to make our arguments explicit and precise, finally proving that ¢ is
constant outside of the horizon also at one-loop level.

2 An intuitive organization of the diagrams

It is possible to organize the one-loop diagrams in a way that is particularly close to our
intuition. This approach was originally developed in [17] for a restricted set of theories,
and it was noted in [18] that the derivation was not consistent with the i e prescription for
choosing the interacting vacuum in the past. This approach has been generalized in [2] to

5Tt will become clear later that this remaining CIS diagrams depend both on the cubic and quartic
Hamiltonians.



more generic theories and a correct i€ prescription has been implemented. Here we will
see that the implementation of the i€ prescription can be performed in a very simple way.
For concreteness let us specialize to the ¢ two-point function. We have to compute

(QIC(1)[) = (0|Uins (t, —004) 17 (#)Uing (t, —00)[0) , (2.1)
where |(2) is the vacuum of the interacting theory, |0) is the one of the free theory,

-t ! 17, /
Uint(ta —OO+) _ 1’*677’\1‘—00+ dt Hlnt(t ) , (22)

and the subscript ; stays for interaction picture. Finally, the symbol —co4 represents the
fact that the time-integration contour has been rotated so as to project the free vacuum on
the interacting vacuum. In practice, this amounts to choosing the contour that suppresses
the oscillatory terms in the infinite past.

We start by taking expression (2.1) and inserting the unit operator

1 = Ui (t, —00) U (t, —00) (2.3)

between the two (’s, to obtain

(C2(1)) = (U, —00)Cr (O Uima(t,—00) ) (Ut =00)Cr (DU (t, —004) ), (2:4)

where we have ignored to specify the state upon which we compute the correlation function,
either |2) or |0), as it is clear from the context. Ignoring for a moment the issue of the ie
prescription, we have written the expectation of the operator ¢(¢)? as the product of two
interaction picture (;(t)’s, each evolved with the interaction picture time evolution operator
Ut. In other words, the (()? correlation function is simply given by the correlation
function of the evolved ((t)’s. We can Taylor expand in Hj, to obtain

(C2(t)) (2.5)

<<Z / dtN/tthN . / dty [Him (11, [Hina (t2), - [Hwn (tx), 1t )]...]])
(Z /dtN/tthN 1 /_dtl[ Hint (1), [Hing (£5), -+ - [Hine (t), 1 (¢ )]...]]>T>.

Expanding (2.5) up to second order in Hj,, we obtain

() = (C®)ars + (1), (2.6)
where we have defined
(opas = —2Re ([ an [ a2, 00 ) )

4(/taﬂmwmgwogwﬂ,

— 00

<&mmm=(/twﬂﬂwmgm0</tﬁuamu@@m). 2.7)

—0o0 —00



The subscript crs denotes what we call cut-in-the-side diagrams, while ¢y denotes cut-
in-the-middle diagrams. Here by Hs, Hy,... we mean the cubic, quartic, ... interaction
Hamiltonians. We see that the CIM diagrams are made up by evolving each of the two
(’s to first order in the cubic interactions. The CIS diagrams corresponds to evolving only
one of the two (’s, either twice with cubic interactions or once with a quartic interaction.

This form of organizing the diagrams is particularly intuitive. If we remind ourselves
that the ¢ retarded Green’s function is given by

G?(a:, ) =if(t—t) [Cj(m), (1(3;’)] , (2.8)
we have that 5e
[Hi ()~ GIE (2.9)

Then the CIM diagrams approximately correspond to considering the sourcing of ¢ from
the vacuum correlation function of §£3/0¢. This is very similar to the case when we try
to solve some equations of motion perturbatively. We can define the solution of order n in
the perturbation as ¢(™. If we have schematically:

DD — M2 o @)= / dt'Ge(t, )¢ (t)? (2.10)

where D is the differential operator of the free equations of motion, of which the Green’s
function is the inverse, then the CIM diagram is represented by the following

CIM = (P ¢@y | (2.11)

The CIM diagram is diagrammatically represented in figure 1. Intuitively, it can be
thought of as taking into account of the backreaction on ¢ from the quantum variance of
the operator 6L3/d¢.

On the other hand, the C'IS diagrams correspond to two sort of diagrams. The ones
involving the quartic interactions, C'I Sy, correspond to considering the effect of the expec-
tation value of the vacuum fluctuations of two fluctuations on the external (. Schematically,
it is given by

D¢=¢M3 = (®= / d'Ge(t, )¢V = CIS;=(¥I¢Dy, (212

and it is represented in figure 2.

The CIS diagrams that involve two cubic interactions can in turn be divided in two
subclasses. The first are of the non-1PI form, C'I1S,n_1p1, and describe the effect of the
expectation value of two fluctuations on the ( zero mode, (y, and how then the zero mode
affects the ¢ propagation. Schematically, this is given by

DG =¢? o ()= /dt’G¢<t,t'><<<1><t'>2> (2.13)

D(® = (W) = c“”=/dt'G<<t,t’><<l><t’><cé”><t’> = CISuon-1p1 = ((P¢)



and it is represented in figure 3. This diagram intuitively represents how a perturbation to
the background (the zero mode) affects the evolution of the finite-k modes.

The second kind of CIS diagram, CISyp; is 1PI and corresponds to considering the
sourcing on ( from two fluctuations, one of which has been perturbed by an initial
fluctuation.

DO = (@ = (B = / e Ge(t, )¢V (E) = CISipr = (D¢,

and it is represented in figure 4. Physically, this represents how a fluctuation is affected
by two fluctuations, one of which has been already perturbed. If we imagine for a moment
that only short fluctuations run in the loop, this diagram would represent how a long mode
affects through tidal effects the dynamics of the short modes, and how these backreact on
the long mode.

Let us finally comment on how to implement the ie prescription. When we insert
the unit operator in (2.4), we should keep in mind that the integration contours of the
time evolutors on the sides of the expectation value are rotated, while the ones in the
middle are not. This means that when we Taylor expand in Hj,, the various terms do not
really regroup and form commutators, because they are evaluated on different contours. A
solution to this problem was provided in [2] where the rotation was performed only at very
early times and the commutator form applied only at late time. Here we implement the
correct 7 e rotation in a different way. We perform no contour rotation, but we multiply
our expression by ¢kt where the sum runs over all the momenta involved in the loops
and € > 0, so that the time integrals are convergent in the far past, and then take the
limit ¢ — 0t. While the multiplication by e**(X%)t is not a rotation of the contour of
integration, it converges to one in the limit ¢ — 0%. It can be easily checked that this
procedure agrees with the rotation of the contour.

3 Loops as the integral of the three-point function

Let us consider a cubic Lagrangian of the form
Lz= £y (3.1)

where the sum over n runs over all possible monomials constituting £3. We will schemati-
cally write

£ o D" ¢D{ Dy, (3.2)

where D&n), a = 1,2, 3 are the differential operator acting on {(z) in position a. It includes
both time and spatial derivatives, as well as the identity operator.

There are certain quartic diagrams which we call Quartics g,. They are the quartic
diagrams with the quartic vertices that arise because the cubic Lagrangian contains C ,

~10 -
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Figure 1. Cut-in-the-middle (CIM) diagrams. Green continuos lines represent Green’s func-

tions, red dashed lines represent free fields, and red crosses circled by a blue dotted line represent
correlations of free fields. Two crosses have to be contracted together in order for the diagram not
to be zero. This diagram represents how vacuum correlation functions of quadratic operators (1?2,

(¢M2¢M2y source perturbed correlation functions for ¢(2): (¢()¢@).
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the ¢ correlation function: ((()¢(1).

Hy D Hys = 6C/6P x (6L£3/6()%/2. We want to prove that we can write the sum of
CIS1p1 + CIM + Quartics g, diagrams as:
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-0

. 1 o) ekt
>.Ds )GCk(tatl)QRe< a(t1)3+9 5 n)Ca(lh) kU:;t(tl:_ 00) e, () Utnt (1, OO)>€ e

a,n

- 11 -



x1 T2 t= tﬁnal“ t

Ry

,
. ’ A
. ’ .
. ’ Ay
. ’ A
) cm N e
) ‘
' " I' Ay
oy "y an
o g, \
5 X Xz
“ W
: \
,’I"IIII\I”\\\\

Figure 3. Non-1PI cut-in-the-side quartic (CISyon—1p1) diagrams. These diagrams represent how
vacuum expectation values of quadratic operators (¢ (1)2) affect the propagation of the zero mode
C(()Q), and therefore the evolution of a mode by a non linear coupling ¢(3) ~ §(1)C62). This sources a
correlation function of the form: (¢(3)¢(M).
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Figure 4. 1PI cut-in-the-side quartic (CISp1) diagrams. These diagrams represent how the
propagation of a mode is perturbed at two different times by two fluctuations that are correlated
among themselves. This sources a correlation function of the form: (¢ M¢ (3)>.

In this formula

1 el (1)
[a(t1)3+5 5D (a(tl)] i (34)

represents the k-Fourier component of what is left of the the cubic Lagrangian term Eén)
after the removal of a(t;)3*+° Dé”)ga(tl). (7 is again the interaction picture field.

Eq. (3.3) is a remarkably simple formula given that it sums up a very large number of
diagrams. It shows that the sum of all these diagrams can be written as a sum of integrals of
three-point functions. Since we are interested in the case in which the fluctuations running
in the loop are much shorter-wavelength than the one in the external fields, the three-point
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functions are computed in the squeezed limit, a fact that simplifies largely their behavior
and makes them describable using the consistency condition of three-point functions. This

will turn out to be very useful.

3.1 Quasi 3-point function

In order to prove the master eq. (3.3), let us start by considering the 3-point function

appearing there:

1 oM |
2Re< a(t)3+9 5D§)Ca(t1) kUint(tla_ 00)Cr ks (8) Uint (t1, — oo)>:

1 L
2Re{<Uint<t17OO)T[a(tl)S—HS 6’D((z7?;)<'((l(1t)1) I(k{int<t17 )Ultlt(tla )CI k( ) 1nt(t17 )>+

z (n,out) 1 525(3n)(t1)
; 2< [pb [Hs(t1), (1) (a(t1)3+5 5D£"><a<t1>5<'b<t1>> 4
(n)
( N OV )Dé"”““ [Ha(tl),C(tl)]] <k<t>>}, (35)
k

(830 5D ¢, (41)56 (1)
2L (1
(et 9)
6Da " Ca(t1)G(t1)
represents the removal of C'(tl) in position b from the quadratic term
(6£ (t )/573(” Ca(t1)> Finally Dén’om) is the derivative operator acting on (p

where

outstripped of the time derivative. For example if Dy, = Oéb, then Dl()om) = 0. The
last contact terms are due to the fact that ¢ is not the momentum conjugate to ¢. The
simplest way to obtain its time evolution is using 9 ( mt( )Cr(t)Uint(t)). When the time
derivative acts on the Ujys it results in contact terms. We have also symmetrized its
expression because L3 is hermitian. Straightforward manipulations lead to

el
sy

1 65( )(t1)
3+6 Ca(tl)

(n)
dtz Hj(tz), ! (M G ))] Ck(t)> (3.8)

(t1)3+5 ga(tl
(m)
b ) ] > (3.9)

a(t)

Z<[ ; )(m] / dts D" Ge, (1 1)

2\ | a(tr)*+0 57)2” Glt) ] S0 T T 6D (1) |,
1

32

(n,out) 523 (tl) 1 52£(n) (tl)
& <5P(t1) ) ( (t0)7*° DL G ()06 (1) (310

1 52£(n)( ) (n,out) 5£3(t1)
+< (t )3”5@(”)(@(751)5@@1))D” OP(t1) kgk(t)> ’

UlLt(t17 )CI k( ) 1nt(t17 )> = (37)
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where

Ge(t,tr) = i0(t — t1)[C(t), C(t1)] (3.11)

is the ¢ Green’s function from ¢; to t. The second term is obtained upon noticing that

t . (m)
. , . d ,D(m)G ’ M , 3.12
[/OO to H3(t2) Ck(t)} Z/OO t2 % b Galtstz) laDém)Cb(m) k o

and the third term through the following

OHs 6L

[H3(t1), ()] = ~isp = i5p s (3.13)

where P is the momentum conjugate to ¢ in the interaction picture: P = 0Ls/ 8¢, and we
introduced H3 because any additional (spatial) derivatives acting on P have been integrated
by parts and now act on Hs. Let us label the term in line (3.8) by I{n), the one in line (3.9)
by Ién) and the one in line (3.10) by I?(,n):

. ()
79 (1) =2Re{< [z/ dty H3(t2), (t113+5 0% C( (t))] Ck(t)>} ; (3.14)
—00 al\ll

)
. 1oL (t) (m) 0Ly (ts) ] }
_QZR {< ] / it DG t,1)| S k> ,

)3+ 51)(” Calt) ],
(n)
B R (n,out) 5£3 tl 52£ ( )
zb: e{< [ (51’ (t2) t1 ) 6D ”)ca(tl)écb(h)

ﬁgn (tl) (n,out) M
" ( (t1)3+0 5D(n)Ca(t1)5Cb( )) o (MD(tl) )] k Ck(t)>} ’

so that

1 o (t)

2Re( a(t1)**° spiMe, (1)

] G()) = T (8) + T (0) + T8 (1) . (3.15)

We are now going to see that the CIS diagrams reduce to the sum over a and n of the

)

integral of the Green’s function times Ifn’a , the CIM diagrams reduce to the integral of

a)

the quartic vertices associated to the cubic Lagrangian reduce to the integral of Green’s

(na).

function times the sum over a and n of Z

Green’s function or of its derivatives times Ién’ , and finally the quartic diagrams using
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3.2 (CISpiCIS(1 PI) diagrams

The C151p; diagrams read

Crsim =2 [t [ dtaf{Ha(a), [ Halon) (0 G0 = (316)
t1 5£(n) (t1) o) B
QRGZ / dtl/ dt2< [HS t2), D n)Ca(tl) D" G, (t,11) k(k(t)> =

o0 DS ¢ (1
— Z/ dty a(t)* P DIGE (1 41) T (1) .

t1 (n)
QRGZ/ dtl'DC(ln)ng (t,t1)< [l/ dt2H3(t2)a 563(1&1))] Ck(t)>
- k

So the CIS diagrams are the integral of the Green’s function times the sum over a and
n of I%n’a).

3.3 CIM diagrams

The C'IM diagrams read

CIM=— <[ / "y Hy(ty), Ck(t)] [ / _n Hg(t2),gk(t)]> (3.17)

—00

(n) ¢ (m)
=, / it DG tt1><[5f;§)<t1)] / dtQDz()m)Gck(t,@)[W] >

n,m,a,b Ca(tl) YT 6Db )Cb(t2) k

(n) (m)
—2 A DG (8,1 )< oL () ] DG, (1, 1) | 258 12) ] >
n%b/ 1 1 ) Caltr) ] oo e 5D£m)Cb(t2) k

= Z/ dty a(t)*T DIGe, (t, 1) Ty (1)

so the CIM diagrams are the integral of the Green’s function times the sum over a and
n of Ién’a).

3.4 Quartic diagrams from cubic Lagrangian

The fact that the cubic Lagrangian depends on C means that the interaction picture quartic
Hamiltonian receives a contribution that we call Hy 32, equal to

~ 2 ~
16P (6L 16P < (nout) [ 0L3\ [ 6£5”
Hyp=-" [223]) = 3" plmend) (225 1
45 2 64 ( 0P ) 2 6C b,n ’ ( g ) ( 5Pb 7 (3 8)

where in the second term we have explicitly stressed the sum over b and we have integrated

by parts any possible residual derivative (notice that the sign is re-absorbed in the definition
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of £~3) The resulting quartic diagram is

Quartics p, = (3.19)

e ([ /toodt1H4,sz<t1>,c<t>}k¢k<t>>}=Re (| /Oo e (55?’)2,4@) k<k<t>>

t
= —Rez {/ dtl Dgn)GCk (t,tl) X

n,a —00

525;@ (tl) ) (n,out) (653( ) (n,out) (5 ~3 ) < 525;(:) (tl) >] >}
—=— |D;" + D, t
< Kwé”) Cdls) oP 5o J\anest, ))

= Z/ dty a(t)*H DG, (t,t1) TS (1)

So the Quartics 5, diagrams are the integral of the Green’s function times the sum over a
and n of Ién’a). By summing the final expressions from the C1S1p1, CIM and Quartics p,,
we obtain the remarkably simple formula in eq. (3.3), as we wanted to show.

4 Time-(in)dependence of ¢ from cubic diagrams

We can now ask ourselves if the contribution from the diagrams considered in the former
section can lead to a time dependence on the (i correlation function after the comoving
mode k has crossed the horizon.

4.1 Quarticy, diagrams

To understand wether the diagrams considered so far can lead to a time dependence, it will
turn out to be useful to first add the quartic diagrams that are associated to the rescaling
of the spatial derivatives in the cubic vertices. We call these Quarticy,. They take the form

oL
n vt

The symbol [ d¢ represents the fact that we multiply 0L3/9(9;0;'C) by ¢ if there is no ¢
without any derivative acting on it in 9L3/0(0;0;'C), we multiply by (/2 if there is one
¢ without any derivative acting on it. The reason why we wish to include these quartic
diagrams with the former is due to the fact that whenever an operator contains a spatial
derivative, we expect that in the presence of long ( mode the coordinates are effectively
rescaled in a form 9; — e ¢9;. As we will explain more in detail, the former interactions do
not take into account of this rescaling, which is instead implemented by the quartic terms
we are singling out. More formally, we can understand the presence of these terms in the
following way. In the ADM parametrization

ds* = —N%dt* + hij(da’ + N'dt)(da! + N7dt), (4.2)

The last remaining option, two ¢’s in 8L3/9(9;07¢) without any derivatives acting on them, is forbidden
by rotational invariance.
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¢ gauge and the { perturbation are defined by fixing the spatial diff.s by imposing the
spatial metric to take the form

hij = a(t)*e* @16, (4.3)

and the time diff.s are fixed by imposing the inflaton perturbations to be zero. This gauge
choice leaves some zero-mode spatial diff.s unfixed. For example those that are associated
to a time dependent rescaling and translation of the spatial coordinates:

o = 2= 4 O, (4.4)
with B(t), Ci(t) generic functions of time. Under this rescaling, ¢ and N transform as

( = C=C(+B@), (4.5)
Nt = N'= Ne P4 p(t)7 4 e PCU1).

Thus the ¢ zero mode has not been gauge fixed. For our purposes, we therefore learn
that the ¢ action must be diff. invariant under this restricted group of diff.s. Therefore,
any combination of J; must actually take the form e=¢9; to be diff. invariant. By Taylor
expanding this exponential, we clearly see that there is a connection between linear and
quadratic terms, or from cubic and quartic terms.

To be even more explicit, let us give some examples. Given a vertex in the cubic
Lagrangian, we identify the necessary vertex to be considered from the quartic Lagrangian
in the following way

L3200 = L1 -Ca), (4.6)
L3000 = LaD-20¢(8:0)% .
4.2 Time independence and the consistency condition

It is useful to split formula (3.3) into the sum of two terms. Let us introduce a time t_
quite after the mode k has crossed the horizon k/a(tg..,) = €outH (tk,,, ), With €ony < 1.
Eq. (3.3) can be written as

tkout t
(CkCk) CIS  pr+CIM+Quarticy 5, = lim / dt1 + / dty (4.7)
9t e—0 — 00 e

[a(t1)3+5 > DG, (t. 1)

><2Re<

The contribution from the first term represents the case where the three-point function is

1 o (t)
a(t1)* 5D ¢, (1)

UL (t1, —00)Ch,r (8) Usne (t1, _OO)> 6ekt1] .
k

evaluated at a time before the time ¢y, , while the second integral represents the contri-
bution from evaluating the contribution of the three-point function from time #;_, up to
the present time t.
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Clearly, the first term is time-independent. The only dependence on ¢ appears in the
last term (7(t), the interaction picture field that is constant at ¢ > tj_ . Let us therefore
concentrate on the second term. Since we are considering times when the mode & is very
outside of the horizon, we can expand the Green’s function at late times k/a(t1) < H. In
conformal time, we have

2

G (n,m) = % (n® =) 0(n—m), (4.8)

obtaining
4+6
<C G > i ~ lim nd _L ZD(n,out)E( 3 3) 9( _ )
kSk CISint+CIM+Quart1C373t7t = m Hnl 2 b 3 n n n—m

nkout
2 Re<

where the subscript ; in <Cka>CISlpI+CIM+Quartic3 ot refers to the fact that we are concen-

1y ()
a(n)* 5D ¢, (m)

U (1, —00) s (m)U (i, —oo>>e6’“0g<a<m”/ff , (49)
k

trating only on the time dependent part, and where the appearance of ’D,(In’out) is due to

the fact that the commutators of [¢x, x| and [Cy, C] scale in the same way at late times.
Neglecting any possible time dependence from the terms in the second line, we see that
naively the time integral diverges as

n 1 1
dn—r5 ~—5 — log(-n)~Ht as 6—0. (4.10)
+
™ n

We see the potential risk of linear infrared divergencies in cosmic time t (logarithmic
in conformal time 7)) in the case the three-point function’s contribution, that we have
neglected in this formula, does not decay in time. Contributions from terms with Dc(ln’out)
being non-unity are clearly more convergent by powers of ;.

Let us therefore concentrate on the three point function, which can be schematically

written as a convolution:
- / d¥%q (DiCo(t)DaGy_(t1) Ultr, —00) Grr (8)U (1, —o0)) (4.11)

where Dj o represent generic differential operators (including the identity operator) that
could be present. The integral in ¢ runs from very small wavenumbers (much smaller than
k) up to infinity because we are working in dimensional regularization.

The contribution from momenta smaller than k/eq, cannot give a time dependence.
This is so because as these modes are longer than k/eqyt, the three-point function is eval-
uated when all the Fourier modes are very outside of the horizon. A remarkable prop-
erty of the cubic interaction Lagrangian of ¢, which can be traced back to the original
diff. invariance of the Lagrangian, is the fact that it can be written in a form where
there are no operators with either no derivative or just a time derivative [6]. This
means that if we decide to consider the contribution from terms where D((ln’om) is ab-
sent, so that they are potentially IR divergent, we are forced to consider an operator
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[55:(;1) (nl)/é(DC(Ln)Ca(nl)) L Cq(h)(,;_(y(tl) with at least a derivative acting on one of the

two operators. This therefore leads to a time-convergent integral.”

We are finally lead to consider the remaining part of the integral where we include
modes q 2 k/eout. These modes are at horizon crossing or well inside the horizon when the
three-point function is evaluated, and so, contrary to what happens in the former regime
q < k/éout, there is no suppression for derivatives acting on these modes. However, in
this regime we can use a remarkable property of the three-point function in the regime
k < ¢, the so called ‘consistency condition’ of the three-point function, which states that
at leading order in k/q < 1, k/(aH) < 1, the three-point function has the following form

< 1 oLl (m)
a(n)3+° 5D ¢a(m) k, (g>k)

8< [q“a ) 5%?)(”1) } > 2 2
alm e an al\T1
! P 0l () + 0 Max (k) (k> .
(m)

Ck,l(m)> ~ (4.13)

I ianl dlogq a(m)H q

The last term represents the subleading correction to the squeezed limit. Let us understand
the Max [m, ﬂ term. If we expand in gradients in the long wavelength fluctuation,
the natural quantity to consider is clearly the physical wavenumber k/(aH). So, this is
the natural size of the correction in the squeezed limit. The calculation of the three-
point function in this limit involves a time integral in a variable that we can call 7.
Subleading corrections in the squeezed limit are contained in the integrand are proportional
to k/(a(n2)H (n2)). If the short modes g are longer than the horizon at the time 7y, then
the time integral is peaked at the time 72 when the modes ¢ crossed the horizon. This gives
q/(a(n2)H (n2)) ~ 1, which gives a correction of the form k/q. If the modes ¢ are instead
still inside the horizon at 7, the integral is peaked at no ~ 71, giving a correction of the
form k/(a(n1)H (n1))-

There are two subtleties to discuss about the above formula (4.13). The first regards

the case in which the operator [5£§n) (m)/é (D,S”) Ca(m)) i contains spatial derivatives of the

short modes, for example if it is of the form (9;¢)?. In this case the consistency condition
does not hold. The consistency condition implies that in the squeezed limit the 3-point
function follows directly from the fact that in this limit the long mode acts as a rescaling of
the spatial coordinates & — e~¢#. However, when we compute the 3-point function with the
usual formulas ~ [ [ dt Hins, ¢3], we are evolving in the interaction picture the operators ,
not the spatial coordinates themselves. This means that evaluation of the 3-point function
amounts to effectively rescaling the argument of the operators ((Z) — ((e ¢%). The
computation does not implement the rescaling of the spatial derivatives, simply because

"Similar conclusion applies also to the case where we consider the operator
9 . .
550:¢C (4.12)

as even if we remove first non-local term by inserting it in the Green’s function, we are left with 8;¢¢ that
has enough derivatives to compensate for the non local term.
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they ‘go along with the ride’, unaffected by the interacting Hamiltonian. Formula (4.13)
does not hold. Although this seems to challenge the very intuitive result that a long
wavelength ¢ acts as a rescaling of the coordinates, diff. invariance provides a solution.
The quartic vertex Quarticy,in eq. (4.1) provides precisely the contact term necessary to
rescale the coordinates in the spatial derivative. So, eq. (4.13) holds after we add to all
the diagrams considered so far also the Quartics,. In appendix A, we discuss examples
of three-point functions in the squeezed limit in which one of the modes has much longer
wavelength than the others, involving short modes that are still inside the horizon and
that are acted upon by space and time derivatives. There we show that the consistency
condition holds after the addition of the relevant contact operators.

The second subtlety in using (4.13) is that in the three-point function we are computing
the last term should be

Uint(nh )Tgkl( ) mt(nl) )7

which is different from (g (11). This is equivalent to the situation where we were to
arbitrarily shut down Hj, at t; and the theory become free after that. Even though this
is not the case in the actual physical system, it can be straightforwardly realized that this
difference does not matter, because at the time t; the k-mode is already well outside the
horizon. We therefore are free to use (4.13) at leading order in k/(aH).

By substituting (4.13) into (4.9), we obtain:

‘ n 1 446
<Cka>CIS1P1+CIM+QuartiCB,3t +Quartico,t = lg% Nk o <_£[771> (4.14)
out
S —
H2 400 1 ( ) + 6D " Ca(nl)
pnout) 22 =) 0(n—m 2Re/ d*tg G(6))
ayzn a 3 ( ].) ( ) k?/fout q3+6 8logq < () >

The rotational integral is trivially performed, and the remaining momentum ¢-integral is
a total derivative. This leads to

{CkCr) CI8+CIM+Quartics o, +Quartic, ,t

446
o [ IR (o H (3 3y a0
lim dm Z D, 3 (n° = n7) 0(n —m)

e—0 H
nkout 771

1 628 (m) )
8 < [ 1) 57 n)Ca(m)] >q:k/ (C()7) (4.15)

where the contribution from ¢ = oo is zero as the integral is made convergent in dim-reg.
As we evaluate the term

ss 1oL (p)
<[q a(n )3+55D(n Ca(m)] > (4.16)

q:k/fout

and we take the limit 71 — 0 as n — 0, we notice the property of the cubic (-Lagrangian
that we mentioned before: there is no operator {55 (m)/6(Dq )(a(m))]k that does not
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vanish as some power of k/(a(n1)H (n1)) ~ kn — 0. This is so because in order for this
term to have any chance to contribute at late times we had to restrict ourselves to choosing
an operator that had at least one derivative acting on one of the two ( operators. Since
this terms is evaluated when momenta are outside the horizon, it vanishes as 17y — 0. This
means that the resulting time integral is convergent.

We stress that there is no time dependence because, as a result of the consistency
condition, the integrand in the internal momenta ¢ becomes a total derivative. If this had
not been the case, it would have been less trivial to show that the result of the integration
leads to a time independent answer.®

This result can probably be stated more intuitively by simply noticing that the consis-
tency condition implies that in the extreme squeezed limit k& < q the effect of the long mode
on the dynamics is to do nothing: its effect is simply a trivial rescaling of the comoving mo-
menta. Since we compute the integrals over the whole high momentum modes, this rescaling
has no effect apart for changing the boundary of integration for the most infrared modes of
order k/eoyt. But the integral has no support in that region. This is a simple explanation
of the reason why the loop integral becomes a total derivative in the squeezed limit.

This is enough to make the subleading corrections time convergent. We have at this
point gone through the whole phase space in CIM+CIS+Quartics g, +Quarticy, diagrams,
finding that their sum leads to no time dependence.

A note on the counterterms. It is important to realize that (4.15) is the result of the
full loops integrals in the squeezed limit k¥ < ¢, k/(aH) < 1. The integral is therefore
UV finite, even in the limit in which we send the number of spatial dimensions to three,
or the regulator to infinity. This is a very important consistency check. If the integral in
this regime were to be UV divergent we would have had a divergent time dependence piece
and we would have needed a counterterm that cancelled the divergent time-dependence
of (. But there are no counterterms in the action that induce a time-dependence for (
because that is equivalent to inducing at quadratic level a mass for ¢ which does not
happen for the terms allowed by the symmetries. As we will see in the next section, the
only quadratic counterterms that induce a mass for ¢ are the ones associated to the tadpole
terms, that induce also a linear tadpole for (. We will verify they will exactly cancel the
time-dependence from the diagrams built with the quartic vertices.

8Let us comment on the contribution of the subleading corrections in eq. (4.13), which do not take
the form of a total derivative. Those contributions are not scale invariant in the external wavenumber k,
having one additional factor of k in the numerator with respect to the leading, scale invariant contribution.
This means that the resulting contribution goes to zero at late times as (k7:)* and so they lead to a time-
convergent contribution as 7 — 0. The fact that the contribution to the subleading corrections in eq. (4.13)
is not scale invariant comes from the following. If we consider the contribution from any fixed momentum
shell in g between g ~ k/€eout t0 g ~ vk with v > 1/€out, with v a time independent number small enough
so that ¢ is outside the horizon, the contribution from that shell of momenta goes to zero as some power
of kni. This is so because the operator [55:(,)")(771)/6(1)?)(& (171))} contains some derivatives of the fields.
This means that the contributions in the integrand coming from nfomenta outside of the horizon is peaked
at those momenta at horizon crossing ¢ ~ aH, which meanS that the subleading corrections are of the form
k/q ~ k/(aH) and so the integrand goes to zero as 1 — 0. Finally, the contribution from momenta ¢ that
are inside the horizon is explicitly down by powers of k/(aH) and so they are as well convergent.
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4.3 Example

It is instructive to find a simple example where this can be seen explicitly. Thanks to the
Effective Field Theory of Inflation [19, 20], it is possible to find a consistent inflationary
Lagrangian which has the properties we discussed.” By parametrizing the fluctuations in
terms of the Goldstone boson 7 and going to the decoupling limit, the algebra becomes
very simple. Let us take for example the following Lagrangian in the decoupling limit

S = /d4x V=g {—HMI%I (7’72 — ;(am)) + MY (t+7) (7 +..) (4.17)

where ... represent cubic or quartic terms in 7 that have one derivative acting on each
fluctuation. Those terms do not lead to any diagram with an explicit time dependence,
and we neglect them here. For illustrative purposes, let us suppose now that the function
M?*(t) depends linearly on time. By Taylor expanding in 7, we notice that we have the
cubic interaction

Ly =0, (M*t)) ni? . (4.18)

This interaction in very dangerous. If we imagine forming a loop with two of these vertices
and using a 7 in the first vertex to contract with the external leg, the resulting diagram
will become time-dependent. This means that time-independence can come only from a
quartic interaction. Indeed, this is exactly the kind of cubic Lagrangians that leads to a
non-trivial Hy 3.

Bu concentrating only on the effects proportional to (9;M*)?, the action can be re-
cast as

4 -H Mg (.o < 2 4 )
S= /d r\/—g [CE <7T - ﬁ(aﬂr) > + (8 (M*(t)) mir )] . (4.19)

The speed of sound is ¢2 = —HMg,/(—HMg3,+ M?*(t)). The momentum conjugate to 7, P,
is given by

5L 5 [ —HME A ,
and the Hamiltonian is therefore
: : p? 3 (g2 L 2
H=Pi(r, P) — L(m,7(r, P))=———— ta (—HMPI) G
4a3 (721?1 + 8y (MA()) 7r>
(4.21)
We can identify the quartic Hamiltonian of order (9;M*)? to be
a; (MA(t))]? a; (MA(t))]?
o= LOTON oo 5[0 (MWO)] o (4.22)
4a3 (*H;‘@l) 7_112/[1’1

9The Effective Field Theory of Inflation is a quite powerful new formalism to describe the theory of infla-
tion in very general terms. A sample of recent works that have been developing it is given by [2, 9, 19-32].
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where in the second passage we have written the expression in terms of the interaction
picture fields. It can be easily checked that this agrees with (3.18). Quartic diagrams built
with H43 lead also to time dependence, a time-dependence that indeed cancels the one
from the cubic diagrams built with (0;(M*(t))w#2. This example is discussed in detail
in appendix A.2.

5 Time-(in)dependence of ¢ from quartic diagrams

In order to complete the study of the possible infrared effects we need to look at the
contribution from the remaining quartic interactions Hy O Hyy = —L4 — L4,, where
L4 p, represents the terms that were borrowed in the former section to give the Quarticy,
diagrams. These remaining diagrams contribute to the two point function as

<Ck<k>QuartiC4 — (51)
t 1 i)
— lim dty a(t)*0> " DWG, (t,t 2Re< 4 1 Gt >e€kt1.
0 ) o " ®) azr; alt:t) a(ty)3+o §D ¢, (t) X (i)

Like in the former section, it is straightforward to see that the factor before the four-
point function on the left of the above formula leads to a time dependence proportional to
Ht if the four-point function does not have a suppression at late time. Contrary to what
happened in the former section with the three-point function after it was integrated over
comoving monenta, there is no such a cancellation from diagrams within Hy. So there is a
subset of diagrams that naively lead to a time-dependence. We are now going to show that
there is a cancellation that leads to absence of a time dependence of { at late times after
adding a new set of diagrams. These new diagrams come from effectively quartic vertices
that arise when we insert the couterterms for the tadpoles.

Let us see this in detail. At one loop order the first diagrams we should consider are
the tadpole diagrams, that can be written as

(Ck)Taa = li o (*T > DG, (t, 1) L 0L ) [ o, (5.2)
R T N A (YR T DT | VA

Very simple counting arguments shows that these diagrams can lead to a time dependence
of the zero mode (p—g. If these diagrams are not zero it is because we are expanding around
the wrong unperturbed history. Indeed, by translation invariance, only the & = 0 mode
is directly affected, and the zero mode can be totally reabsorbed in the definition of the
unperturbed history. However this does not mean that these diagrams affect only the zero
mode: they can be attached with a cubic vertex to a propagator to affect the two point
function of modes at finite k£ in a non-1PI diagram (figure 3), and possibly induce a time
dependence even there. The fact that this diagrams is not zero is clearly a nuisance.
Fortunately, these diagrams can be set to zero by inserting proper counterterms. In
order to cancel tadpole diagrams, they must start linear in the fluctuations. In principle,
there are many possible operators of this form, but luckily we can use a theorem proved in
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the context of the Effective Field Theory of inflation [19, 20]. It states that all the possible
tadpole counterterms can be reduced to just two operators.'® In unitary gauge, these are

Stad,counter :/d4xm [9006M4(t)+5A(t)] . (5'3)

Up to one loop level, the terms starting linear in the fluctuations take the form
Sead — / diz/—g [900 (MI%IH + 5M4) ~ M3, <<3H2 + H) + 5A)] . (54)

The coefficients H MI%I and —Mgl(?)H 2+ H ) are uniquely fixed by the background, as proven
in [19, 20], while the terms §M* and §A represent the one-loop counterterms that are chosen
to cancel the tadpole diagrams. The most important point that we need to realize is that
these operators that start linear in the fluctuations necessarily contain higher order terms.
This is so because of the non-linear realization of time diffs. In particular this means that
there will be quadratic terms that can contribute to the two-point function effectively as
one-loop terms. In this section we are going to prove that they exactly cancel the quartic
diagrams constructed with H, that would lead to a time dependence.

5.1 Example

Since the algebra quickly becomes very complicated, we use the Effective Field Theory
of Inflation [19, 20] to find a consistent inflationary model where this cancellation can be
studied in the simplest context. Let us consider the following Lagrangian in unitary gauge

S = / diay/ g [900 (Mng n 5M4) ~ Mg ((3H2 + H) + 5A) + M2 (5900)3] (5.5)

and let us imagine that M?‘} depends rapidly linearly in time. This means that we can
concentrate on that interaction and study it in the decoupling limit. Upon reinserting the
Goldstone boson 7 by performing a time-diff ¢ — ¢ + 7, the Lagrangian reduces to

S = / diey/—g [(_1 — i+ (97)?) (Mglﬁ FOMAt + w)) ~ Mg <<3H2 + H) + 5A> +
Mj(t + m)7°] (5.6)

where we have stopped at quartic level and we have kept only the interactions proportional
to M3(t). By Taylor expanding the last term, we have a vertex of the form Mglm'rg’ which, if
we contract 7 as the final leg in the Green’s function, leads to a quartic diagram that naively
induces a time-dependence. Let us see how it cancels with the operators induced by the
tadpole counterterms. By the non-linear realization of time diffs., this same operator starts
cubic, and it therefore induces a tadpole. All diagrams with only one vertex can be most
simply studied directly in the Lagrangian by taking the expectation value of the quadratic
operators contracted in the loop, and studying the resulting quadratic Lagrangian. This

10We stress that this is one of the advantages of using the Effective Field Theory of Inflation: by concen-
trating directly on the fluctuations, it allows immediately to identify the operators with the correct number
of fluctuating fields to be tadpole counterterms.
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Figure 6. Cancellation of the C'IS,,,_1p1 diagrams with the CIS,,,_1p1 diagrams constructed
with the tadpole counterterms.

is equivalent to resuming all the non-1PI diagrams obtained by multiple insertion of the
same loop. So we notice that the last term induces a tadpole term of the form

5501 = / dhay/=g [BM(6)5™((54°)2)] . (5.7)
This means that in order to cancel this diagram we have to choose 6M* as
OM(t)" = =3M;(1)((69™)?) . (5.8)

This is shown diagrammatically in figure 5 where we call the variables directly (. The
cancellation of the tadpole terms automatically guarantees the cancellation of the non-1PI
diagrams, that otherwise should be included (see figure 6).

In unitary gauge, the resulting tadpole operator in §¢g" is of the form

Stadcoumter = / dizy/=g [~6g03ME(t)((6g%)2)] , (5.9)

But since this has the same form as the induced tadpole operator that we have from
(5 900)3, then the resulting quadratic (and higher order) terms that we obtain by expanding
V=g M3 (t) will also cancel. This removes the contribution from the quartic operators that
would induce a time dependence.

— 95—



3] ) t=tanal t 1 T t = thna t

€T T
G'” : g(ﬂ)

oMY, sA

Figure 7. Cancellation of some quartic diagrams with the tree diagrams with an insertion of a
counterterm-induced quadratic vertex.

This can also be checked directly at the level of m. The dangerous term Mglm'r?’
effectively gives a contribution that in the action can be represented as

8842 = / diay/ g [3M§17T7'r<7'r2>} : (5.10)
which is exactly cancelled by the tadpole term at second order

s%)dmumer: / d*zy/—g [~73M5(t + 7)(7%)] D / d*z/—g [—3M§1(t)7r7'r<7'r2>}. (5.11)

This is represented in figure 7. Other quadratic terms induced by this tadpole operator
are of the form 72 and (9;7)? and so do not induce time-dependent effects.

This cancellation can be intuitively summarized by noticing that the  action at tree-
level cannot have any mass term once expressed around the correct background. This is
so because ( constant must be a solution of the equations of motion when the mode is
outside the horizon. The counterterms for tadpole diagrams ensure that we are around
the correct history, and so the quartic diagrams must cancel with the induced-quadratic
diagrams from the tadpoles counterterms.

6 Quartic diagrams: verification for purely gravitational interactions

Let us now move on and consider the most generic example for Hy where we take generic
coefficients and we do not neglect interactions mediated by gravity. Because of the com-
plexity of this kind of interactions, the discussion becomes quite complicated even though
all the essential points have already been highlighted using the Effective Field Theory of
Inflation in the former section. We will therefore perform the study in several steps.

The first step will be to study the induced time dependence on the ( zero mode, (p.
As we discussed in eq. (4.4) and (4.5), the zero mode is not gauge fixed in the ordinary
¢ gauge. We can fix the two functions in eq. (4.5) in the following way: first we impose
periodic boundary conditions. We imagine that the system is in a very large periodic box
of comoving size L. In this way we forbid any dependence proportional to x*. This fixes
B(t). Second, we can fix C*(t) by imposing that the zero mode component of N* vanishes:
N%zo(t) =0.
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6.1 On the gauge choice for the zero mode

Before proceeding, it is very interesting to notice the following. At finite k, N is deter-
mined by being the solution of a constraint equation. At linear level, for example, the
equation reads:

AN ~ ¢ (6.1)
which can be solved at finite k to give

In real space this term is often reported in a non-local fashion as N? ~ g—;é . The zero
momentum limit of that expression gives something that in real space reads as

Ni(t) ~ Cat . (6.3)

By using our freedom in choosing the function 3, we decided to set this term to zero.
Therefore our solution for N? is not the k — 0 limit of the solution for N* at finite k. We
choose to work in a gauge where the limit is discontinuous. Of course any gauge choice
should be as good as any other one.

Working within the gauge where the limit k& — 0 of N’ is continuous, that we can call
‘continuous gauge’, raises several complications that we prefer to avoid. First of all, the
continous gauge looks very unfamiliar when there is only a zero mode present. In this case
the spacetime is described by an FRW metric but the gauge choice makes us use unusual
coordinates where go; # 0. But the situation becomes even more complicated. For example
if in the continuous gauge we naively Taylor expand the action at linear level, we find that
there is a tadpole term for the zero mode. The action starts linear, proportional to

M2 . .
S:;/d%\/jg[R+H5900+3H2+H+...] D) (6.4)

~ Mgl/d4xa3 HO;N' ~ Mgl/d4:p a? %C .
where ... stands for terms that start explicitly quadratic in the fluctuations. This is of
course a wrong result, as the action for the fluctuations should start at quadratic order if
we expand around a solution to the classical equations of motion, as we are doing. The
reason for the mistake is that in this case the action has a boundary term that does not
decouple in the limit in which we send the boundary to infinity. This is due to the behavior
of N* & 2*. Indeed the boundary term is the Gibbons-Hawking-York one:

Sany = Mgl/ Bz vV-hK, (6.5)
ov(4)

where h is the induced metric on the boundary described by coordinates £ and K the trace
of the extrinsic curvature. It is easy to check that this boundary term cancels the tadpole
for the zero mode that we obtain from the bulk action.
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The situation is instead much simpler in the ‘discontinuous gauge’ where the limit
k — 0 of N; is discontinuous. In this case, for a fixed comoving box, the boundary terms
become irrelevant as we send the boundary to infinity, and indeed the bulk action starts
quadratic in the fluctuations. Furthermore, zero mode fluctuations appear to be directly
in a standard FRW slicing. We will therefore work with this discontinuous gauge.

6.2 Time-independence for the zero-mode

We are now going to prove that the zero-mode is time-independent at one-loop. In order
to do this, we need to expand the action to quadratic order in the zero-mode and inde-
pendently up to quadratic order in the non-zero-modes. We count them as independent
parameters. Since we expand only up to second order in each of the parameters, we need
to solve the constraint solutions in the zero and in the short modes only at linear level in
each of those. We work in Fourier space directly, and write

N = 14+ dNg(t) + 0Ny(t), (6.6)
N} = Oi(t) -
We start from the action

S / & dtVh (6.7)

1 E;jE—FE;? M2 H : M
{zMgl(J + NR> - =B N, (3H2 + H) _ NoA@) = M) }

N N

where the §M* and SA terms represent the only two tadpole counterterms allowed by
symmetries (all other possible choices are equivalent to those [19, 20]), and should be
intended as objects that are of order C,% The constraint equations read

Mfl {R_;? (EijEji—Ell>2] +$ (MaFr+on) — [Md (3524 1) + 58] =0,

Vi H (EJ - 5@»EQ)} =0, (6.8)

and are solved by

3H .
SNo(t) = —>" ¢y, 6.9
o(t) H+3H240 (6.9)
14 6N,) -
H+ ¢
—2Gota(®) . . .
P =~y (GO — (H 4 G601+ No)?)
2 (H + go)

We plug back the above solutions into the action. At linear order the action is a total
derivative, as it should be. At quadratic order, the zero-mode action reads

3M2H \ .
B 3p(t) [ _ oMpitd 2
ch—/dxdtep ( T ) Co(1)?, (6.10)
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where we are writing a(t) = /(). It is interesting to notice that the quadratic action for
the zero-mode is not the £ — 0 limit of the finite k& ¢ action, the prefactor of {,3 being
different. This is indeed

S¢ :/d?’kdt et (‘%) (C;;(t)é_g(t)—6_2p(t)k2C_EC;;> : (6.11)

6.2.1 Tadpole counterterms’ coefficients

At this point we need to find the expressions for the tadpole counterterms 6A and §M*
that ensure the cancellation of the tadpoles for (y. This is done by finding the cubic
action at order COQ%, taking the expectation value on the short modes and canceling the
resulting tadpole coefficients.!! Leaving out the simple algebra, the solution for the tadpole
counterterms reads

1= W (H (—2@@‘(3@'@:)H+H(<@@ié>+@C@'f))—H2<3iC5ié>+H3(—<5'z'Caz‘C>)>
—e2 0 (6HA(CO) H = 3(COH? = 9H(COH + H ((COH + 200 ) +
6H((C) +(c00)) - (6.12)

M§16_2p(t)

e (H (H(H (2H(9:60:0) +5(01600)) + (960 +(0C0) ~2(0:¢0rC) H )
20 (32 B = 3O H? + 9HH(CO I + H ((COH +2(C0) i)
FOH((CE) + (¢0)) + 36H°(0) ) ) -

In these expressions, a term such as (9;¢9;¢) stands for (9;¢(Z,t)0;((Z,t)). A term like
(¢¢) stays for (CC 4 (¢)/2. No slow roll approximation has been performed nor it has

oM

0N =

ever been performed in this paper. There are three subtleties to stress here. The first is
that the cubic action of order Cog‘lf is not the cubic action C;? with one of the momenta
taken to zero. As before, the limit is discontinuous and the action is different. We do not
report it here because it is very long and comes from trivial substitution of the solutions
of the constraint equations into the action. Second, in taking expectation values ((?),
one might worry about the contribution of the zero-mode, which has a different action
than Cogg. This is irrelevant because the zero mode has measure zero when we perform
the expectation value. The difference in the action is important for the tadpole terms
and for the non 1-PI diagrams because the (y propagator is the only one singled out by
translation invariance. Finally, the third subtlety is about the expectation values involving
two derivatives of (: <CC> Here one can use the linear equation of motion for the short
modes as derived from (6.11) to relate it to expectation values of the form (¢9%¢) or (¢C).

6.2.2 Cancellation between quartic diagrams and diff.-enhanced tadpole coun-
terterms

At this point we are able to address the time (in)dependence of the zero mode two-point
function. In the former section we have discussed the contribution of the diagrams involving

HNotice that since we are working in the gauge N¢ = 0 and we choose a fixed comoving box in this
gauge, there is no need to introduce boundary counterterms.
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two cubic terms. We saw that upon the addition of some quartic diagrams, they induced
no time dependence on (. We have now to deal with the remaining quartic diagrams, that
in this case come from the action of the form ng‘,%.

The simplest way to evaluate the contribution of these diagrams to the (y two-point
function is to derive the quartic action and substitute directly the quadratic pieces in the
short modes with their expectation value. For example

[rare® oeie ;> [ G, (6.13)

and then derive the resulting linear equation of motion for (y. In this way we can incorpo-
rate the effect of this quartic diagrams by simply studying the corrections to the quadratic
action. The symmetries of the problem imply that the quadratic action will have a kinetic
term Cg and a mass terms (3. There is also a term proportional to ¢oCo that can be reduced
to a mass term upon integration by parts. Clearly a time dependence on ((3) can come
only from a non vanishing mass term. These terms read

Ség? ¢oo - (6‘14)
[ [43 (MBHO (H (0,001 + 2(0:¢0:0)) — 9% (M (38H7(CQ) +(C0))
2/ \"P! ' o
+H2 (3MRH (3H(CC) +2(C0)) +2(0A + 6M%)) ))
— (;“i’?)m) (Mngep(t) (3H3<a,-caig> —2<8i€aié>H>

—3e0) (3MR H2H (2H((C) + 3H(CC) = 3((0))
—2ME (Y H? + 3H (OMZH(CC) + 2(5A — 5M4))>)} .

After we substitute in the counterterm solutions from (6.12), and we integrate by parts the
term (y(p, the above expression simplifies to

M2 o)
c /dt Mpy 5 & (6.15)
0 H2 H+3H2)

(200:0,¢0:0,) 1 (1 +312 ) + 0 (2 (H (H(H(9:60:C) + T(0:0i0)) — (9:60iC))
—3H?(H (2H(0:C0C) — (0:C0:C) +0iC0i)) ) + H (20,00 H — 3HY0:COiC) )))

Clearly, a mass term seems to have survived after we have taken into account of the
quadratic terms generated by the counterterm solutions. Unless these remaining terms
are exactly those quartic terms of eq. (4.1), the terms associated with a rescaling of the
spatial coordinates in cubic vertices, we would have a time-dependence for the (y two
point function. Luckily,'? this is exactly what happens. It is indeed indicative that all
the surviving terms have spatial derivatives acting on the (’s inside the expectation values,

120r obviously, depending on the point of view.
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suggesting that they are indeed associated to a rescaling of the spatial coordinates. Let
us therefore discover what are those terms in (4.1) by first finding the cubic Lagrangian
of order COC;% and then taking the expectation value of the finite-k modes. With the usual
procedure, we obtain

CoCk = / & dt < - (;pfgm)) (6.16)
(k2 (013, (Go (= ((0:€ i) —9¢% () H )12 H+9(C) e ) +6(cE) ey )
FBIA(E)Coe2 O+ 650 4Goe? ) —3H (Go (M3, (10, 01C) — 362V () F) — 420 )
—28Ae* 0 1 260 120)) + 203Gy ((0:¢0:C) — 3% () ) )
+3HGo (M3, (— (((0:¢0:0) 182D (CO T ) ~24¢% O I ) ) + 6520 +6aM 62
—~ MEH?H (20(0¢0:¢) +9(0)e* Do ) + MBHI (36(C0)e™ D + 2k2(()6o)

—2MB ()20 12 + IMB T D (3( 0o + 6¢0(¢0) ) +81MEH () e ).

According to the results of section 4, loops formed with cubic operators that contain
spatial derivatives would induce time dependence unless we combine them with quartic
loops constructed with the operators derived from formula (4.1). Applying it to the cubic
action above, we obtain

Mlglep(t)
. 0
H2 (H T 3H2)

SQuartic,ai = /de dt — (6.17)

(—4(0Ca) o + 2HC (06O H + H>Co(0:60C) H + 6H? (9:¢Di€)Go
+6H G (OCOC) + BH(0:601C) ) -

Upon integration by parts, and after using the equation of motions in terms of the form (C ¢),
it is easy to see that these terms are exactly the ones left out in (6.15). Notice that we do
not even need to compute explicitly the value of (9(I(): it cancels with the corresponding
terms. This shows that one can combine the terms in (6.15) with the diagrams built with
cubic interactions to see that all those diagrams do not give a time dependence to (. The
remaining quartic diagrams cancel with the quadratic terms induced by the tadpole terms.

This concludes all the diagrams that appear at one loop. We see that both the 1-PI and
non 1-PI diagrams are important to cancel each other so that, even though naively many
diagrams are dangerous and can potentially give a time dependence to the (y correlation
function, the time-dependence cancels in the sum, and we conclude that the (y two-point
function is time independent.

6.3 Time-independence for the non-zero-modes

We are now ready to begin the study of the case in which the external momentum is finite.
This task is very challenging,'® as the interactions are even more complicated than for

13 At least for our standards.
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the case of the zero mode. Luckily we will be able to do it by employing a trick. As
we discussed, the time-dependence we are interested in ruling out is the one that appears
when the wavelength of the mode is much longer than the horizon, and the loop effect is
due to short wavelength modes running in the loop (modes longer than our mode clearly
cannot induce a time dependence). For this reason, we can simplify the action by taking
the leading term in the smallness of the derivatives of the external mode.

In (-gauge, this simplification is not trivial at all. After substituting the solutions to
the constraint equations, N* becomes larger and larger as we move to finite but smaller and
smaller k’s. This is due to the fact that at finite k, N has the non-local-looking expression
Nt ~ Ei¢ /k? 1% Armed with the experience of the zero-mode, we realize that it would
probably be much better if we could find a gauge where N does not have this bad behavior
at low momenta. Since at finite k all gauge freedoms are completely fixed by the (-gauge
conditions, this is globally impossible. However, we can do this locally. Indeed, we can find
a frame valid in a region of space very small compared to the wavelength of the mode, where
the universe looks like an anisotropic flat universe. Corrections to the results obtained in
this frame will be down by powers of k/(aH) and so will lead to a contribution that is
convergent with time. Since we are dealing with a time-dependent finite-k Fourier mode, the
local frame is not a local FRW universe as it was for the zero mode, but it is an anisotropic
universe. For simplicity, we can choose to work directly with a single Fourier mode

Co(Z,1) = Re [Eo(t) e’ﬂ . Re [50} . (6.18)

Using rotational invariance, we can take the momentum k to be along the %z direction
without loss of generality. The resulting spatial metric in the ADM parametrization is
given by the following:

hiy = gy = €20 +200(D+220(0) 2 (@) (6.19)
has = ezp(t)+2q0(t)—4,\0(t)e2g(5c;t)7

N = Oip(Z,t) + Ni(Z,t),  O'Ny(Z,t) =0

N = 1+ 0Ny(t) + 0N (Z,t) .

Here the fields with the argument Z represent short wavelength fields that will be
integrated over in the loops. We see that there is no N; o(¢) component. This is so because
we can make N} and 6Z~Ng vanish. The field )¢ is the (traceless) anisotropic component
of the metric, related to {y by

t ) .
Jolt) = 3 / dt s, (6.20)

up to an irrelevant constant that can be set to zero using a constant rescaling of the
spatial coordinates. The details of this change of coordinates are given in appendix B.

1YWe stress that since we are trying to investigate if ¢, becomes time-dependent, we cannot assume that
¢~ /<:2C/a2 out of the horizon, as it happens in the free theory. Indeed time derivatives do not count as a
suppression when the mode is part of a commutator in a Green’s function.
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Apart from the terms proportional to g, the treatment is very parallel to the one of
the former subsection. First we find the solution to the tadpole counterterms §M* and
O0A. As expected, there is no tadpole for the terms in Ay because of rotational invariance:
the free vacuum expectation value of product of fields must be rotational invariant and
cannot source any anisotropy. This is indeed the case, and the solutions for §M* and JA
are exactly the same as before eq. (6.12).1

At this point we proceed to find the action for the short modes in this background.
We start with the solution to the constraint equations, that read:

3H .

SNo(t) = —— (o, 6.21
o(t) o HCo (6.21)
SN, = G HSNy + H — Fani (¢ 3HG ) A

kE — H—2 ( 0 + CO) 2k2H2 (Ck - Ck) 0>
e2e(t) ..
Vi = 5 |2HG (H (2K + 287G + k) — 24760 ) +

Ao (—3H(k (3H2 n H) n (3H2 n 2H) g'k) +
K2HC, ( k2 Ao — 2k (2H5N0 +H - g’om ,

k;e2r() ) ] .
= ]:4H (k kim) )‘0 (SHCk - Ck) y 1 = 17 2,
- kae2e() . )
Ny = =252 (28 — k) do (3HG — &)

where k%2 = k2 + k2 + k% and k2, = k2 + k; — 2k2. Kani has the nice property that

f d2k k:gm = 0. After substitution of the above solutions in the action, we obtain the

i

0

quartic action at order Cg{% As before we evaluate the expectation value on the (;-modes
and isolate the terms in (y (and Ag) that could lead to a time-dependence for (y. Clearly, we
need to keep track only of the terms that contain at least one Ag, the terms quadratic in (y
will cancel exactly as in the former section. Furthermore, because of rotational invariance,
terms proportional to A\g(y are absent. We are left with

4M3 .
sy = [t O (H000) +2(0600)) | (6.22)

5, = e (o) (o)) -
<<32 >—2<<’<'>> e H +2H<aicai<‘>>

5There is only one subtlety here that distinguishes this case from the former one. In the former section

we were studying the effect of loops on the zero mode, and therefore loop integrals whose range is over
momenta that are shorter than the external one, were basically running over all momenta. Here instead,
since we are Taylor expanding in derivatives of the long external mode, loops should formally include only
modes that are shorter than the external one. This is hardly a problem however because in order to prove
that there is no induced time-dependence, we are interested in the case where the external mode k is outside
of the horizon. The contribution from modes longer than the horizon is equivalent to the contribution of
modes that are all out of the horizon. At this point, a nice property of the ¢ action tells that there are
no vertices without at least a derivative acting on one ¢ fluctuation [6]. This guarantees that when all the
modes are outside of the horizon each vertex is suppress by powers of k/(aH). So those contributions would
give rise to a time-convergent contribution and can be safely ignored.
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Here 0?% = 82 + 82 + 82 while 92 .

2. =02+ (95 — 202, The second expression above can be

further simplified by noticing that by rotational invariance
02 . 4 ..
< Pous £ o > = (0, (6.23)

and similar for similar terms. After integrating by parts the term in AgA¢ and summing
with the term in )\%, we obtain the final expression

2M?2
3 —p(t) 2 Pl
)\2 —/d xdte )\ 1

(—20H3629(t)H<8i<8iC> _ 5H4<61C81C>62p(t)H _ 3€4P(t)H3<<~é>

(6.24)

2 ( 5270 [ (9,¢:C) + 2O 1 (1862ﬂ HEC) +5(0:C0; g))
11 (5(0;0:00;0,¢) 66O F(0,¢01C) )) +3H O H (2O F(CC) + 2000, )

As in the former section, if these terms were not to be exactly the ones in Quarticy, then we
will have a time dependence for the { correlation function. To check for this, we move to
the cubic action. Again, we need simply to investigate terms proportional to )\OC%. We have

3

92}
>~
o
It
TN

M2 er®)
/ 3z dt 2 1}1]3 (6.25)

<29(t)H>\0 <3H i o Do CC> 1 (B (ot — 31320
~2H % (HOZ,CC +2 amcg)))

The identification of the quartic vertices starting from the cubic vertices is slightly more
complicated due to the anisotropy. In practice, everytime in the cubic Lagrangian there are
two derivatives that are contracted, they should be thought of as originating from being
contracted with the spatial metric iLZ‘j, and we take the resulting relevant quartic operator.
Let us give a few examples:

L3 ((9:¢)° L1~ ¢§0:6)* — 22060 (Pani€)? (6.26)
L3> (o(9:¢)? L4 D = 20¢0(9:€)? — 22060 (Fani€)? ,

L3 D Xo(8i¢)? L4 D = 20M0(9:€)* = A5 (Dani€)?

L35 Xo(0:¢)? L4 —20X0(0:€)? = 20000(Fani€)

L3 D Co(Dani€)* Ly D (—Co + 2X0)¢0(Fani€)? — 4200(8:€)?,

N A A A

L3 D (o(Dani€)? L4 D (260 + 220)0(Dani€)? — 4000 (0:€)?,
L3 D Ao(Oani€)? Ly D (=20 + Ao)Xo(9ani€)? — 223(0:¢)?,
L3 D )'\o(aam )2 L4 D (—2C0 + 2)\0)5\0(8%102 — 4)\0)\0(8@()2 ,
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where 5ani = (0z, Oy, zﬂ@z) Upon implementing the promotion of the spatial derivative
to include the {y and Ay factors, we have

4M3,
5H(t)?
(58 (o (38H(3:0iC) — (0:0:E)) + Ho (H(0:¢01€) +2(0:¢0:0)) ) ~
3¢ ko (3H(CE) — (C0))) =
= / &Pz dt e~V A%Mig’l.
SHAH
(—20H362”(t)H<8iC8,C> B 5H4 (81C81C>62p(t)H _ 364P(t)H3<éé>

SQuartic,(‘?i: /d333‘ dt ep(t) Ao (627)

+H2 (=5e% 0 [1(9,0,0) + 2O 1 (18620 () +5(0:¢0,0))

—H (5<aj 0:0;0,C) — 662P<t)H<aigaig>>) +3He2p<t>H<e2P<t>H<gg'> +2<aigaig'>H>) .

where in the first passage we have used that by rotational invariance terms involving 92, ; are

)2 — 4(0%)?/5, and
in the second passage we have performed an integration by parts. We see that this Quarticy,

are equal to the same expression with (92

zero and those involving 97 .

ani
term is exactly the one being left out from the loops with the quartic diagrams, and so its
time-dependent contribution will cancel the one coming from the C'IS1p1+CIM+Quarticy,
diagrams. This completes the exploration of all the diagrams entering at one-loop, proving
that the (j correlator does not have a time-dependence even at finite momentum k.

A note on tensor modes. Since in this section we have dealt with gravitational interac-
tions, it is logical to wonder on the contribution of the tensor modes. Indeed, for standard
slow roll inflation, at one-loop the contribution from tensor modes is parametrically the
same as the one from the ¢ short modes. One might wonder why we could neglect them,
or alternatively why time-dependent effects from loops of ( modes cancel independently of
the ones from loops of tensor modes. It is easy to realize that the contribution from tensor
modes must cancel independently. Let us analyze the various diagrams. It is pretty clear
that the diagrams built with cubic vertices will cancel independently in the same way as
they independently did for the ( modes. This cancellation in fact relies on the consistency
condition, that holds for tensor modes as well as for ( modes. A bit less obvious is to
understand why the graviton and ( contribution from quartic and tadpole terms cancel
independently. The fact that the contribution of tensor modes and scalar modes is para-
metrically the same is an accident of standard slow roll inflation. It is possible to engineer
inflationary models where the contribution is parametrically different. If for example we
add to the Effective Field Theory of Inflation an operator of the form (6¢g°°)2, we change
the speed of sound of the ¢ fluctuations, without changing the ones of the tensor modes.
Since the tadpoles and the quartic loops are evaluated on the linear solutions, this shows
that those loops are parametrically different, and they have to cancel independently. We
have explicitly verified that this is the case for the effect on the { zero-mode.
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7 Conclusions

Understanding the behavior of the theory of inflationary fluctuations at one-loop order,
with particular attention to the possible infrared factors, is a very important task. We
have stressed how this is important for the predictivity of inflation as well as for slow
roll eternal inflation and its universal volume bound. In general, it is also important to
understand how the theory we believe to be the strongest contender for describing the first
instants in the history of our universe behaves at quantum level.

In this paper we have proven that the (i correlation function does not receive correc-
tions that grow with time ~ Ht after the mode has crossed the horizon. This result is
achieved by proving that there is a cancellation among the various diagrams that would
naively induce a time-dependence, if taken alone. While this cancellation happens in an
intricate way, its physical origin can be stated in a very simple form. First, since there is a
vacuum contribution to the stress tensor due to the fluctuations, it is important to define
the ¢ fluctuations around the correct one-loop spacetime background. This can be achieved
either by automatically including non —1PI diagrams in the calculation, or, as we do here,
by inserting diff. invariant counterterms that cancel the tadpole correction. Because of
diff. invariance, these tadpole counterterms contain terms quadratic in the fluctuations
that modify the ( propagator and account for a cancellation of the time-dependence in-
duced by many of the diagrams built from quartic vertex. Some of these quartic diagrams
indeed look very much like coming from a renormalization of the background, as they in-
volve vacuum expectation values of quadratic operators on the unperturbed background.
It is not so surprising that they cancel with the tadpole counterterms.

The remaining quartic vertices, that we have called Quarticy, and Quarticy,, induce a
time dependence that cancels with the one from the cubic diagrams that we call CIS p1 +
CIM. The sum of all these diagrams describes how the vacuum expectation value of the
short-wavelength modes is affected by the presence of a long-wavelength mode, and how
the perturbation in this expectation value in turn backreacts on the long-wavelength mode.
Because of the attractor nature of the inflationary solution, a long wavelength ¢ fluctuation
is equivalent to a trivial rescaling of the coordinates in the unperturbed background. So
the vacuum expectation value of the short-wavelength modes should not be affected at all
by the presence of a long wavelength mode making this effect disappear.

Since the ¢ fluctuations are not derivatively coupled, a feature shared also by the
graviton, showing this is not easy. In order to do it we wrote the sum of these diagrams
as the three-point function between two short-wavelength modes and one long-wavelength
mode, integrated over the short-wavelength Fourier components. In this way, after adding
the terms from Quartics, and Quarticy,, we could use the consistency condition to show
that the presence of a long-wavelength ( does not change the expectation value of short
modes in a way that correlates with the long mode and therefore that these diagrams do
not give any time dependence.

By accounting for all the diagrams at one loop order we proved that ( is a constant at
this order.

There are many possible generalizations to our results. In the introduction we gave

— 36 —



arguments that could be easily generalized to arbitrary loops. Furthermore it would be
nice to include in the treatment gravitons both inside the loops as well as in the external
legs. All of this seems doable. The physical principles responsible for the cancellations we
found should hold unchanged also for these more general cases.
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A Consistency condition inside the horizon

In this appendix we discuss the three-point function in the squeezed limit in which one
of the modes is much longer than the other two. While so far the literature has always
concentrated in the limit in which the two short modes are outside of the horizon, as this
is the relevant limit for observed modes in tree-level correlation functions, at loop level we
are also interested in the case in which the two short modes are inside the horizon. We will
verify that the consistency condition also holds in this regime. We will do this at leading
order in slow roll parameters.

For the case in which the short modes are still inside the horizon, the proof at leading
order in slow roll parameters is very easy. In fact, contrary to what happens when we are
interested in computing the correlation function of modes at a time when they are outside
the horizon, in this case the leading interaction is of zero” order in the slow roll parameters.
Indeed, it is not true that the ¢ cubic action starts at first order in slow roll parameters
(relative to the quadratic action). This is so only up to terms that can be removed by a
field redefinition and that can therefore be evaluated at the final time. For modes that are
outside of the horizon at the time of evaluation, these vanish. For modes that are not yet
outside of the horizon, they do not, and they therefore represent the leading contribution
in the slow roll expansion.

Following [6], the term we are discussing comes from the field redefinition:

¢
where ... represent terms suppressed by slow roll parameters. The variable (, has a cubic
action that is suppressed by slow roll parameters, and so negligible. At this point computing
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the three-point function is very straightforward. In the limit in which the long mode k3 is
much longer than the horizon k3/a(n) < H and k3 < ko ~ ki, we have

(o (1) iy () Gis () = (2726 (B + Kz + Ez’))%(ilekl + Gy )’ (G, (A.2)
= @Oy + B+ B 0l (@) bk,

where the ()’ symbol stays for the fact that we have removed the delta function from
the expectation value. Using the wavefunction of the modes at leading order in slow

roll parameters
H 1

cl _ -

where € is the slow roll parameter e = —H /H?, we obtain

(1 — ikn) e, (A.3)

4 2
(o (1) Caa ()G () = — i T

S A4
SMAE kk3 (A4)

In order to satisfy the consistency condition, the above result should be equal to

. B L 0 3/r2 \/
(G )Gis ) = —(m 5 + By 4 R Db Lz )

Notice that since the short modes are still inside the horizon, their power spectrum is not
yet scale invariant, so 0 [ki’((,fl)’ ] /0log ky is not slow-roll suppressed. Upon substitution
of (A.3), this is indeed equal to (A.4), verifying the consistency condition for modes inside
the horizon.

A.1 Consistency condition for operators with spatial derivatives

Let us now consider the three-point function in the same regime of momenta as above for
a derivative operator of the form

<a(j7)2@@-ckl<n>ai<k2<n><k3<n>> | (A.6)

Since when we compute the three-point function we simply evolve the operators and not
their spatial derivatives, the result can be trivially obtained from the one above in eq. (A.4)
to be

o L. 2
(a7 @, () PO, (o)) = ()50 + o+ o) r0u(GE) (Y
- g L k1 < ks (A7)

8Mper k3
This operator does not satisfy the consistency condition, that reads

! v 1 AR, e
<0L(77)2 0Oy (1) (DiC)y, (77)<k3(77)> 2—(27r)35(3)(k:1+k2+k3)a(n)Q [mlogl;ﬁ ]@1) ()

H6 2 1+ 2k,2
o (it k) (A.8)
8MP162 k1k3
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The reason for this mismatch is that in the consistency condition we are rescaling all the
momenta, including the ones representing the external derivatives.

An operator that instead satisfies the consistency condition (A.8) is one in which the
derivatives go together with factors of e 3. In the squeezed limit we have

<(77)2;€(77) (0iC)k, (1) (9iC)y, <n><k3<n>> -

<a(177)2 (0iQ)g, (M)(9i€) 1y (W)Ck3:0(77)>

P <(1m (01 (1) (), <n>ck3:o<n><_k3:o<n>> , (A.9)

as it can be readily verified.

We see that the consistency condition is satisfied by considering the sum of the oper-
ator we considered initially (9;¢), (9i()y, Cks Plus a contact quartic operator of the form
=2 (0iQ)y, (9iQ)y, Crs2. As we argued in the main text, this additional contact operator
comes automatically in the quartic Lagrangian, its presence being indeed guaranteed by
the residual diff. invariance that we have in { gauge. The factor of 2 apparent mismatch in
the contact operator we insert in (A.9) and the one we identify in the quartic Lagrangian
in (4.6) takes into account the combinatorial factor that we have when we contract the
operator with the external wavefunctions. This is the kind of combination of operators we
consider in section 4 when we use the consistency condition to show that some combination
of diagrams do not lead to time dependence in the ( correlators.

A.2 Consistency condition for operators with time derivatives

Here we want to show that time derivatives of operators, even when inside the horizon,
will obey the consistency condition, when correlated with a long wavelength mode. In
particular, we want to study a correlation function of the form (Cx, (17)Cr, (7)Crs (1)) in the
regime k3 < k1 &~ ko, and the long mode has exited the horizon.

As discussed in section 4.3, there is a contribution from contact terms that is essential
for the consistency condition to be satisfied. For operators that involved spatial derivatives,
we had to borrow terms from the quartic Hamiltonian. Here, we have a very similar
situation. For operators with time derivatives, these operators came naturally from Hy 3,
i.e., the quartic Hamiltonian induced by the cubic Lagrangian. A more rigorous parallel
between these cases is made at the end of this subsection.

We will study an example in the Effective Field Theory of inflation where the speed of
sound deviates from the speed of light, and the other background quantities, like H and H,
are assumed to be constant, for effects of computing the tilt of the spectrum. The action
was written in (4.17) but let us write it before taking the decoupling limit:

S = / d*z\/—g [HMlglgOO + MA(t)(6g°)?| . (A.10)

Let us further assume that M*(t) has a linear dependence in time and we will concen-
trate only on the effects that are proportional to 9;(M?). That is, we imagine that M*(t)
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varies on time scales that are slow with respect to H !, but fast with respect to e 1. Us-
ing the Stueckelberg procedure to recover gauge invariance, we perform a diffeomorphism
t — t+ m and consider the limit where the longitudinal mode decouples from the graviton.
The action, up to cubic order, reads:

2 N\ 2
S = /dtdsfm { HMPI [7%2 —c (8171-) ]
a

40, (M) + AMA(4)73 — AMA(t)7 (a"”>2} . (A.11)

a

The speed of sound breaks the equivalent footing of time and space derivatives in the
quadratic term, and is given by
T2
2= MMa
*AMA(t) — HME

(A.12)

To write (Cg,CryCrs) We first compute (7g, 7p, Ty ). In order to do it, we need the
following operator equation, in Heisemberg picture:

7 (t) = Oy (Ul (t, —00 71 (£) Uini (£, —001)) =
iU (8, =00 4 ) [Hint (t), 71 ()] Uit (£, —001 )+ Ul (£, =004 ) () Uini (£, —00) . (A.13)

The quantum field 7 can be written as 74 (n) = a_p7(k, ) +aJ,L7TCl(k:, n)*, with the classical
wavefunction given by:

7 (k,n) = — (1 — icgkm)eteskn (A.14)

i
2/ ecgk3 Mpy

Then the three point function (7, (7)7k, (1) 7ks (1)) is given by:

(g (1) 701y (n)ﬁka(n»:i/n dr([H3(7), 7k, (0)7k, (1) 785 (1)]) + (A.15)

+ i([H3(n), Ty ()] 71y (1) 7hg (1)) + 8T8y (M) [H3(0), Ty (1) |70k (7)) -

The first term in the right hand side is the usual in-in expression, and the terms in the
second line are the extra contact terms that come from using (A.13). A straightforward
computation of the three terms yields, in the squeezed limit:

[ dn(it ) e () = 200 (3 k) 5°
i{[E3(0), iy ()t () ey ()

c4 ; 4(¢ 4
= 17k, (0) [H3(n), 7y ()] (0)) = (Zk)i 8M]§ 3( : (Z%Zé’ '

S0/(MA (1)) (kin)?
M}6>1€3 k%kg 7
(A.16)

So adding these terms will give us (7g, (7)7k, (1) 7Ky (n)). Now, we are interested in
(Cey (1) Cry (M) Chs (1)) But the ¢ and 7 fields are related through ¢ = —Hr + Har [9],'6 so

18There are additional quadratic corrections to this expression, but they will give corrections to the three
point function that are subleading when at least one of the modes is outside of the horizon or that are slow
roll suppressed.
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we can write our desired correlator:

(s (1) (1) Gy (m)) = (A.17)
3t (M) H® ()t | 1 0GR 5,
8 MGS KK T H o ok
C§H44(7€177)4
4€MF2)1 k3

<k%<<—]%1>/) <<]§3>/ ) k3<<k1 %kQ )

(2m)36) (ky + ko + ks3)

=—(2m)360) (ky + ko + k3) () =

1

= —(27)36®) (kg + kot k3) > —

(2m)70" (k1 +ka+Kg) k3 dlog ky
where we have used that

H2(1 + c2k3n?)

(G 1) = (269 -+ L) A
. . 3 fr4 k 4
(o)) = 289+ ) S

Notice that the effect of the field redefinition is to remove the time derivatives associated
to terms that do not depend explicitly on kn, such as cs, so that the consistency condition
works. This concludes our check of the consistency condition for modes inside the horizon,
with time derivative operators.

As a last remark, we now discuss the relation between the contact terms that con-
tributed to (777), and the contact terms arising from the quartic Hamiltonian Hy 3, which
is discussed in the main text. They are playing the exact same role: accounting for the
action of the time derivative on Ujy:. The results of this subsection can be cast in a form
that makes this connection more manifest. We use here the notation “S, L.” for short and
long modes.

In the main text, we are computing a three point function of the following
schematic form:

3 /ndn’ <(£)€Za>S(n')gL(n)>DaG<(n’, n) N/ndn’ <i[Hfés’L’L(n’), CL(n)]CL(n)>+ e

(A.19)
where . .. are contributions to the one-loop two point function coming from other diagrams.

Now, we can recast the three point function (777) as:

(s (n)es () () = <<5f;; ) (n) m<n>> , (4.20)
S

and the contact term as:

i([Hs(n). s ) s (s ) ~ <<ff;)“<n) (‘”{;ﬂ ) <n>> A
’ S,L

So we see that if the three point function involved the full Lagrangian, the contact term

would be proportional to the squeezed quartic Hamiltonian, <Hf§qLL> As the one loop
diagram involves a commutator instead of a tree level four point function, we need to
insert the Green’s function on the left hand side of (A.19), thus seeing how both three
point functions are affected by contact terms coming from Hy 3.
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B Local anisotropic universe

We aim here to provide the change of coordinates that locally takes us from the metric writ-
ten in standard ¢ gauge to a form that is locally of the form of (6.19). We need to work only
at linear order in the long wavelength fluctuations (j, because in the loop we integrate over
the short wavelength fluctuations (g. We start from the metric in ADM parametrization

ds* = —N?dt* + ) 6;ja(t)*e* (da’ + N'dt) (da’ + N7dt) (B.1)
]
where in this appendix we suspend the convention of summing over repeated indices. We
can perform the following change of coordinates

2t = Pz 4 C(t), (B.2)

without introducing perturbations in the field that is driving inflation. Since we can work
at linear order in the long modes, we can use rotational invariance to consider a long mode
with wavenumber only along the Z direction,

(L(Z,t) = Re [Eo(t) eikz} ; Re [CNO} =Co - (B.3)

It will be enough to take §;; = B(t)di30;3. The only subtle point in this change of variables
is that at linear order in the long modes, we have

==

L2 ikeds

Ny = {0,0,Re

} +O(K*Go) (B4)

which does not have a nice behavior for kK — 0. We need therefore to enforce that our
change of coordinates not only fixes to zero N at one point, say the origin, Né =0, but
also it must set to zero 9; N7 at the origin, (0; N7)o = 0. This will guarantee that neglected
terms are suppressed in the limit £ — 0.

Simple algebra shows that the solution is

G = /dt{o,o,iilm M} , (B.5)

H .
The metric then takes the form of (6.19), with, in the new coordinates
i i o+ = 2 [t H
Ni=0,  (9N) =0, C@E0=¢(#E0.0)+3 [ dt 5. (B

Notice that the short mode fluctuations (g transform as a scalar under this change
of coordinates

(s(E,t) = ¢s (7(E,0).1) (B:3)
The same procedure can be clearly performed at non-linear level in (; using a generic
matrix 3;;, but this is not necessary for a one-loop calculation.
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