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5 Rényi entropy in higher spin theories II: short interval expansion 22

5.1 Higher spin fluctuations on handlebody geometries 23

5.2 Comments 25

6 Chiral asymmetry and cL 6= cR CFTs 25

6.1 Chirally asymmetric states 25

6.2 Chirally asymmetric theories 27

6.3 Spinning twist fields from gravitational anomalies 29

6.4 A holographic perspective 29

7 Discussion 31

A The W3 algebra 34

B Quasiprimaries in tensor product higher spin CFTs 34

C Rényi entropy from W -conformal blocks? 35

– 1 –



J
H
E
P
0
5
(
2
0
1
4
)
0
5
2

1 Introduction

Two-dimensional conformal field theories are among the most well-understood quantum

field theories. Likewise, their occasional duality with theories of gravity in three-dimensional

anti-de Sitter space subjects the AdS/CFT correspondence to some of its most stringent

and detailed checks. Nevertheless, we continue to discover new features of these theories,

even in their ground states or in holographic limits. If we could understand all physics

of the ground state of 2d CFTs at large central charge, this would constitute a major

advancement.

There has been a recent surge of interest in entanglement entropy and the associated

Rényi entropy, partly due to its promise in helping us achieve that goal. These are examples

of quantities that contain all data about a given CFT, processed in a way that emphasizes

the way information is organized. Even in the ground state of a CFT, Rényi entropies

are highly nontrivial; their study provides a quantum entanglement alternative to the

conformal bootstrap.

We can define the ground state Rényi entropy, in any spacetime dimension, as follows.

At some fixed time, we split space into two subspaces. Upon forming a reduced density

matrix ρ by tracing over one subspace, one defines the Rényi entropy Sn as

Sn =
1

1− n
log Trρn (1.1)

where n 6= 1 is a positive, real parameter. In the limit n → 1, this reduces to the von

Neumann entropy, otherwise known as the entanglement entropy, SEE ≡ limn→1 Sn. In

two dimensions, these spatial regions are unions of N disjoint intervals, with endpoints zi,

where i = 1, . . . , 2N . The Rényi entropy can be computed either as the partition function

on a higher genus Riemann surface using the replica trick, or as a correlation function of

2N twist operators Φ± located at the endpoints zi. (See e.g. [1] for an overview.)

It was convincingly argued in [2, 3], building on [4, 5], that ground state Rényi entropies

exhibit universal behavior in certain classes of CFTs at large central charge. This is a

strong statement, akin to the Cardy formula for the asymptotic growth of states in any 2d

CFT. Subject to certain assumptions that we will describe in detail below, local conformal

symmetry is powerful enough to completely fix the Rényi entropies for any number of

disjoint intervals, at leading order in large central charge. Taking the entanglement limit

amounts to a rigorous derivation of the Ryu-Takayanagi formula [4, 6] for entanglement

entropy in the dual 3d gravity theories, as applied to pure AdS3. Similar conclusions apply

to CFTs at finite temperature or on a circle.

It is natural to wonder how far one can push these conclusions. The results of [2, 3]

apply to chirally symmetric states of CFTs with a sparse spectrum at low dimensions, and

equally large left and right central charges, cL = cR. Are there other families of CFTs in

which Rényi entropy behaves universally? Do we know the gravity duals of such theories?

If we do, can we formulate the arguments in gravitational language? Is Rényi entropy

also universal in states with asymmetry between left- and right-movers? Furthermore,

such generalizations would be useful in honing the holographic entanglement dictionary:

if we succeed in generalizing, we can understand which features of these CFTs and their
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duals participate in the universality, and which do not. Inquiries of a similar spirit were

investigated in [5, 7, 8].

The goal of this paper is to show that one can answer each of these questions affir-

matively. We will consider CFTs with higher spin symmetry; with cL 6= cR; and on the

torus with unequal left- and right-moving temperatures. Holographically, we will contend

with higher spin gravity, topologically massive gravity and rotating BTZ black holes, re-

spectively. The punchline is that at leading order in large total central charge, the Rényi

entropies change in a rather straightforward way, if at all, and that the subleading correc-

tions are calculable.

There are various motivations to consider CFTs with higher spin currents. Higher

spin holography has provided valuable perspective on what kinds of CFTs can be expected

to have gravity duals; to boot, there are consistent theories of 3d higher spins that lie

on the gravity side of specific duality proposals [9–11]. These theories are well-known

to present unfamiliar puzzles regarding the roles of spacetime geometry, thermodynamics

and gauge invariance. Likewise, with respect to computing Rényi entropy, they present

an interesting case [12, 13]. On the one hand, from the Virasoro perspective the currents

are not particularly unusual; the original approach of [2] neither ruled out nor addressed

the possible presence of higher spin currents. On the other, the fact that they furnish an

extended chiral algebra implies that the problem may be cast in the language of a larger

symmetry, and the bulk side of the story is far less understood than ordinary gravity. It

turns out that if we inquire about higher spin CFT Rényi entropy for multiple intervals in

the ground state, the result is independent of the existence of higher spin currents to leading

order in large c. On the CFT side, proving this statement boils down to a slightly nontrivial

Virasoro primary counting problem; on the higher spin gravity side, this statement follows

from showing that the computation is identical to the one in pure gravity, in which the

Rényi entropy is computed as a partition function on a handlebody manifold.

A general 2d CFT has cL 6= cR. The universal dynamics of the current sector of such

theories at large cL + cR is described by topologically massive gravity (TMG) [14, 15],

another fairly exotic theory. This time, we find that at leading order in large cL + cR,

the Rényi entropy only reflects the gravitational anomaly [16] for chirally asymmetric

states, such as a spatially compact CFT with unequal left- and right-moving temperatures.

The manner in which it does so is quite clean, is consistent with the Cardy formula [17],

and implies a formula for the on-shell TMG action evaluated on handlebody geometries.

The reason for this simple result is that the conformal block decomposition of a 2d CFT

correlation function holomorphically factorizes for each individual conformal family. The

new contribution can be chalked up to the fact that the twist fields have spin, proportional

to cL − cR.

Let us give a snapshot of these results in equations, deferring full explanation to the

body of the text.1 We mainly have in mind CFTs in their ground state (on the plane), at

finite temperature or on a circle (on the cylinder), or both (on the torus). At large (cL, cR),

1We use the conventions of [2], although we call accessory parameters γi, as in [18], rather than ci.

– 3 –



J
H
E
P
0
5
(
2
0
1
4
)
0
5
2

in a theory with or without higher spin currents, the Rényi entropy Sn is, to leading order,

∂Sn
∂zi

=
n

6(n− 1)
(cLγL,i + cRγR,i) (1.2)

The (γL,i, γR,i) are so-called accessory parameters, which partly determine the behavior of

the stress tensor components (T (z), T (z)), respectively, in the presence of the twist operator

insertions. They are determined by the same trivial monodromy problem given in [2, 3] —

one on the left, and one on the right. For fixed zi, the choice of trivial monodromy cycles

is determined by a minimization condition, just as in [2, 3]. The accessory parameters are

also related to the Virasoro vacuum blocks at large (cL, cR), which we call f0,L and f0,R,

respectively:
∂f0,L

∂zi
= γL,i ,

∂f0,R

∂zi
= γR,i (1.3)

When the state is chirally symmetric (e.g. in the ground state), γL,i = γR,i, only the total

central charge contributes, and we return to the result of [2, 3]. A familiar example of a

chirally asymmetric state to which (1.2) applies is the case of a CFT at finite temperature

and chemical potential for angular momentum. When only, say, cL is large, the leading

order result is again (1.2), but with only the cL piece.2

At leading order in large central charges, (1.2) is the full answer; what about at next-

to-leading order? For the higher spin case, we will focus on the Rényi entropy of two

intervals in the ground state, and explicitly compute corrections at next-to-leading order

in large c = cL = cR. Working in both CFT and gravity, our methodology is as follows.

First, in CFT, we employ the perturbative short interval expansion of [5, 19, 20].

We use it to compute certain universal contributions of a pair of holomorphic and anti-

holomorphic spin-s currents to Rényi and entanglement entropy, working to leading and

next-to-leading order in the interval size. These contributions are manifestly of O(c0).

By “universal,” we mean that these terms are generated in any CFT that possesses these

currents, although in any particular CFT there may be other “non-universal” terms that

are of comparable order; this possibility depends on the details of the spectrum and OPE

data, as we describe in subsection 4.2.

In gravity, AdS/CFT combined with the definition of Rényi entropy tells us that the

1-loop free energy of higher spin gauge fields on the appropriate handlebody geometries

M should be proportional to the O(c0) contribution to the Rényi entropy from their dual

currents. Because the higher spin currents do not contribute at O(c) as described earlier,

this is in fact their leading contribution. Following [18], we compute these 1-loop deter-

minants in the small interval expansion using known formulas for handlebodies [21] and

spin-s gauge fields [22], and find complete agreement with CFT. That is, if S
(s)
n is the

contribution to the CFT Rényi entropy from the pair of spin-s currents, and S
(s)
n (M) is

the holographic contribution to the Rényi entropy obtained from linearized spin-s gauge

2The analog of (1.2) was only proven in [2, 3] to hold for a noncompact CFT in its ground state and,

implicitly, for all states related by conformal transformations. The same is true of our proof of (1.2). As

in [18], we take the perspective that it holds more generally, e.g. for a CFT on the torus. However, it should

be noted that the latter statement has not been proven, either from a CFT or gravitational point of view.
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field fluctuations about M, then to the order to which we compute,

S(s)
n

∣∣
x�1

= S(s)
n (M)

∣∣
1−loop

. (1.4)

The variable x parameterizes the interval size.

We emphasize that this equality holds term-by-term: that is, we will associate a given

term in the bulk determinant to the contribution of a specific CFT operator to the Rényi

entropy. In all, (1.4) is a satisfying check of our proposal that is quite sensitive to the

existence, and choice, of the bulk saddle point: upon picking the right one, the only further

ingredient is the most basic tenet of the AdS/CFT correspondence, ZAdS = ZCFT.

Finally, as a prelude to the O(c0) results just described, we will derive a result appli-

cable to the short interval expansion in any CFT: for the case of two short intervals in

the CFT ground state, we derive the universal contributions to the Rényi and entangle-

ment entropies from Virasoro primaries with arbitrary scaling weights (h, h), at leading

and next-to-leading order in the interval size. The explicit expressions can be found in

equations (4.24) and (4.25) below. If a CFT contains no Virasoro primaries with confor-

mal dimension ∆ = h+ h ≤ 1, these expressions receive no “non-universal” corrections to

the order to which we work. Our result involves a proposed correction to a result in [20]

regarding the role of spinning (not necessarily chiral) primary operators. In particular, our

result is independent of the operator spin, s = h− h.

To those acquainted with calculations involving Rényi entropies, higher spin theories,

or TMG, these conclusions may not be surprising. Nonetheless, we believe that they, and

their implications, are useful.

The paper is organized as follows. In section 2 we review the necessary background

material. Section 3 is devoted to Rényi entropies in higher spin theories at large cL = cR.

Section 4 zooms out and revisits the short interval expansion as applied to generic spinning

primary fields; these results are applied to the higher spin arena in section 5, where we

verify (1.4). In section 6, we consider Rényi entropy in chirally asymmetric theories with

cL 6= cR and in chirally asymmetric states, and its implications for TMG. All of these

arguments are supported by gravity and CFT calculations. We conclude in section 7 with

a discussion. Three appendices act as the caboose.

The day this work appeared on the arXiv, so did [23], which overlaps with sections 4

and 5 below.

2 Review of recent progress in 2d CFT Rényi entropy

What follows is a review of the impressive progress made in the last year on computing

Rényi entropy in 2d CFTs at large central charge. In subsequent sections we will need

more details of the CFT arguments than of their gravity counterparts; accordingly, our

treatment is lopsided. We refer the reader to the original papers [2, 3] for further details

and to their predecessors [4, 5, 24], among many others.

– 5 –



J
H
E
P
0
5
(
2
0
1
4
)
0
5
2

2.1 CFT at large c

We start on the CFT side, following [2] in some detail. We work with families of CFTs

which, basically speaking, are “holographic.” Consider a family of unitary, compact, mod-

ular invariant CFTs — call this family C — with cL = cR = c that admits a large c limit

with the following two key properties. First, it obeys cluster decomposition (and hence

has a unique vacuum), and correlation functions are smooth in a finite neighborhood of

coincident points. This restricts the OPE coefficients of the theory to scale, at most, ex-

ponentially in c. Second, the theory has a gap, in the sense that the density of states of

dimension ∆ . O(c) grows polynomially with c, at most.3 Duals to Einstein gravity with

a finite number of light fields have an O(c0) density of states below the gap, but these are

a mere corner of the general space of holographic CFTs [25, 26].

We now consider computing the Rényi entropy in some state that admits use of the

replica trick, via twist field correlation functions. For concreteness, consider the case of

two disjoint spatial intervals in the ground state, whereby

Trρn = 〈Φ+(0)Φ−(z)Φ+(1)Φ−(∞)〉Cn/Zn
(2.1)

where z = z. (We have used conformal invariance to fix three positions.) These twist fields

have dimensions

hΦ = hΦ =
c

24

(
n− 1

n

)
(2.2)

The calculation is performed in the orbifold theory Cn/Zn, which inherits a Virasoro ×
Virasoro symmetry from C, so we can expand this in Virasoro conformal blocks. In the

z → 0 channel, say,

〈Φ+(0)Φ−(z)Φ+(1)Φ−(∞)〉Cn/Zn =
∑

p (Cp)2F(hp, hΦ, nc, z) F(hp, hΦ, nc, z) (2.3)

The sum is over Virasoro primaries in the untwisted sector of Cn/Zn labeled by p, with

Φ+Φ− OPE coefficients Cp. The orbifold theory has central charge nc.

Unitarity, compactness, modular invariance and cluster decomposition tell us that this

sum is over a consistent, discrete set of positive energy states with a unique vacuum and

good behavior as operators collide. To understand the role of our other assumptions, we

take the large c limit. This limit is nontrivial if we hold hΦ/nc and hp/nc fixed. There is

strong evidence [27, 28] that in this limit, the Virasoro blocks exponentiate:

lim
c→∞

F(hp, hΦ, nc, z) ≈ exp

[
−nc

6
f

(
hp
nc
,
hΦ

nc
, z

)]
(2.4)

We will say more about f shortly. For now, we note only that for hp . O(nc), it is an

increasing function of hp at fixed z � 1.

3Actually, [2] makes a stronger claim, but this relaxation is allowed, and we will relax even further in

the next section. We thank Tom Hartman for valuable discussions on these matters.
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In the large c limit, we can approximate the sum over p in (2.3) by an integral. Defining

δp ≡ hp/nc and δp ≡ hp/nc,

〈Φ+(0)Φ−(z)Φ+(1)Φ−(∞)〉Cn/Zn

≈
∫ ∞

0
dδp

∫ ∞
0

dδp C
2(δp, δp, nc) exp

[
−nc

6

(
f

(
δp,

hΦ

nc
, z

)
+ f

(
δp,

hΦ

nc
, z

))]
(2.5)

This is our key equation. The function C2(δp, δp, nc) is the sum of all squared OPE co-

efficients of internal primaries with dimensions (δp, δp). This definition accounts for any

degeneracy d(p) of such operators:

C2(δp, δp, nc) =

d(p)∑
i=1

(Cpi )2 (2.6)

As our definition makes clear, C2(δp, δp, nc) depends on the central charge. Note, however,

that C2(0, 0, nc) is of order one.

Having massaged the correlator into the form (2.5), what can we conclude? This

depends strongly on the growth of the measure, C2(δp, δp, nc). [2] made the following

observations. First, at any fixed z in the neighborhood of z = 0, the heavy operators

with δp + δp > O(c) are exponentially suppressed. This is required if the identity is to be

the dominant contribution for a finite region around z = 0. Hence the integration in (2.5)

is bounded from above by δp ∼ δp ∼ O(1).

Second, (2.5) is in fact exponentially dominated by the vacuum contribution, δp = δp =

0, in a finite region around z = 0. Denoting the vacuum block as f0

(
hΦ
nc , z

)
≡ f

(
0, hΦ

nc , z
)

,

this means that

〈Φ+(0)Φ−(z)Φ+(1)Φ−(∞)〉Cn/Zn ≈ exp

[
−nc

6

(
f0

(
hΦ

nc
, z

)
+ f0

(
hΦ

nc
, z

))]
, (2.7)

times non-exponential contributions in c. The reason is that our assumptions about the

bounded growth of states, and of the OPE coefficients, imply that C2(δp, δp, nc) grows at

most exponentially in c.4

First treating the more manageable case that C2(δp, δp, nc) grows polynomially with c

— as it does for a theory with an Einstein gravity dual – (2.5) is exponentially dominated

by the δp = δp = 0 blocks, on account of the fact that f is an increasing function of δp for

fixed z. We can also expand (2.5) in the t-channel, whereupon z → 1 − z, with the same

conclusions, this time in a region around z = 1. The most optimistic perspective is that

the integrals are always dominated by the vacuum saddle, δp = δp = 0. Then (2.7) holds

for 0 < z < 1
2 , at which point there is a transition to the t-channel. Using (2.2), one thus

derives the leading order result for the Rényi entropy at small z:

Sn ≈
nc

3(n− 1)
f0

(
hΦ

nc
, z

)
, 0 < z <

1

2
(2.8)

4We will examine this statement more closely in section 3.
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A parallel analysis holds in the t-channel, and the final answer for the Rényi entropy, to

leading order in large c, is then

Sn ≈
nc

3(n− 1)
min

{
f0

(
hΦ

nc
, z

)
, f0

(
hΦ

nc
, 1− z

)}
(2.9)

The physical statement is that only the vacuum and its Virasoro descendants contribute

to the Rényi entropy.

In the more extreme scenario that the measure factor in (2.5) grows like exp[cβ(δp, δp)]

where β(δp, δp) is a c-independent function, these conclusions still hold on account of cluster

decomposition, but in a smaller region around z = 0 or z = 1. The precise size of this

region depends on the theory.

To actually compute the form of vacuum block f0 connects onto the geometric inter-

pretation of Rényi entropy. Twist fields aside, the Rényi entropy can be defined in terms

of a partition function on a singular genus g Riemann surface, Σ. One can always write

any Riemann surface as a quotient of the complex plane, Σ = C/Γ, where Γ is an order

g discrete subgroup of PSL(2,C), the Möbius group. Γ is called the Schottky group, and

the procedure of writing Σ as such a quotient is known as Schottky uniformization; more

details in this context can be found in [2, 3, 18].

If v is the complex coordinate on the cut surface, the equation that uniformizes the

surface is

ψ′′(v) + T (v)ψ(v) = 0 (2.10)

T (v) can be regarded as the expectation value of the stress tensor in the presence of heavy

background fields (to wit, the twist fields). Writing the two linearly independent solutions

as ψ1(v) and ψ2(v), the coordinate w = ψ1(v)/ψ2(v) is single-valued on Σ.

Specifying to the computation of Rényi entropy for two intervals in the ground state,

the intervals are bounded by endpoints {z1, z2, z3, z4}. Σ has genus g = n− 1. In this case

T (v) takes the form [27]5

T (v) =

4∑
i=1

(
6hΦ

c

1

(v − zi)2
− γi
v − zi

)
(2.11)

The parameters γi are called accessory parameters, and they are determined by demand-

ing that ψ(v) has trivial monodromy around g contractible cycles of Σ. The specific

monodromy condition on ψ1,2(v) is discussed in detail in [2, 3]; we only wish to emphasize

that there is a choice of trivial monodromy cycles. These accessory parameters, finally, are

related to the Virasoro vacuum block f0 as

∂f0

∂zi
= γi (2.12)

The upshot is that we can rewrite (2.9) in terms of the accessory parameters as

∂Sn
∂z
≈ nc

3(n− 1)
minkγ

(k) (2.13)

where we minimize over the s- and t-channel monodromies, indexed by k. (2.13) generalizes

to any number of intervals [2].

5This equation assumes that the uniformization preserves the Zn replica symmetry.
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2.2 Gravity at small GN

On the bulk side, the goal is in principle straightforward. We want to compute the higher

genus partition function holographically, by performing the bulk gravitational path integral

over metrics asymptotic to Σ with appropriate boundary conditions. This was done in [3].

All solutions of pure 3d gravity can be written as quotients of AdS3 (in Euclidean signa-

ture, H3). In particular, solutions of the form M = H3/Γ asymptote at conformal infinity

to quotients of the plane. So among the contributions to the bulk path integral with Σ

boundary topology are the so-called handlebody solutions M, which realize the boundary

quotient Σ = C/Γ. Handlebodies are not the only bulk solutions with Σ on the boundary;

but, while unproven, [3] motivated the proposal that the holographic Rényi entropy should

be determined by saddle point contributions of handlebodies. Furthermore, [3] assumed

that the dominant saddles respect the Zn replica symmetry. The semiclassical approxima-

tion of the path integral as a sum over saddle points leads us to identify the renormalized,

on-shell bulk action, Sgrav, with minus the log of the CFT partition function; this implies

the holographic relation

Sn = − 1

1− n
Sgrav(M) (2.14)

To actually evaluate Sgrav(M) is a fairly technical procedure. The result is that it is

fixed by the relation
∂Sgrav(M)

∂zi
≈ nc

3
γi (2.15)

where the γi are the accessory parameters defining the Schottky uniformization of Σ as

in (2.11). That is, Sgrav(M) is proportional to the large c Virasoro vacuum block. From

this perspective, the enforcement of trivial monodromy around specific pairs of points on

the boundary is equivalent to demanding the smooth contraction of a specific set of g cycles

in the bulk interior. The minimization condition that determines the Rényi entropy follows

from the usual Hawking-Page-type transition among competing saddles of fixed genus.

Building on [2, 3, 18] generalized this construction to the case of a single interval in

a CFT of finite size and at finite temperature T , under the assumption that the single-

interval version of (2.9) still holds on the torus. Among other results, this showed that

finite size effects are invisible at O(c).

2.3 Quantum corrections

What about beyond O(c)? This is where the details of the particular CFT in question

become apparent. In the bulk, the idea is straightforward: AdS/CFT instructs us to

compute 1-loop determinants on the handlebody geometries, for whatever bulk fields are

present. The formula for such determinants is known for a generic handlebody solution [21]:

ZH3/Γ =
∏
γ∈P

(
ZH3/Z(qγ)

)1/2
(2.16)

The qγ are (squared) eigenvalues of a certain set of elements γ belonging to the Schottky

group Γ; we defer more technical explanation to section 5. The full bulk answer is a product

– 9 –
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of (2.16) for all linearized excitations, but the graviton contribution is universal. Unless

M is the solid torus, this expression is generally not 1-loop exact.

This technology was put to use in [18] for the graviton, with physically interesting

results. First, [18] provided a systematic algorithm for computing the eigenvalues qγ for

the case of two intervals in the ground state, in an expansion in short intervals. (“Short”

means parametrically smaller than any other length scale in the problem; in the ground

state of a CFT on a line, the only scale is the interval separation.) This revealed, among

other things, a nonvanishing mutual information for widely separated intervals, in contrast

to the classical result of Ryu-Takayanagi. [18] also showed that for a single interval on the

torus, finite size effects do appear at 1-loop. Similar calculations were carried out in [29].

The CFT side of this story is also straightforward in principle: one must correct the

leading saddle point approximation to (2.5). Using results of [20, 30] successfully carried

this out for ground state, two interval Rényi entropy due to the vacuum block alone, i.e.

the exchange of the stress tensor and its descendants. This is sufficient to match to the

bulk graviton determinant.

3 Rényi entropy in higher spin theories

We now turn our attention to theories with higher spin symmetry. Before addressing Rényi

entropy, we recall some basic ingredients.

3.1 Rudiments of higher spin holography

Let us first define what we mean by a higher spin CFT. The theories we consider obey

all assumptions laid out in section 2 and contain, in addition to the stress tensor, extra

holomorphic and anti-holomorphic conserved currents (J (s), J
(s)

) of integer spin s > 2.

The holomorphic currents have dimension (s, 0), and a planar mode expansion

J (s) =
∑
n∈Z

J
(s)
n

zs+n
(3.1)

and similarly for the anti-holomorphic currents. These currents are Virasoro primary fields,

T (z)J (s)(0) ∼ sJ (s)(0)

z2
+
∂J (s)(0)

z
+ . . . (3.2)

The full set of currents furnishes an extended conformal algebra (i.e. a W -algebra) with

central extension. There exists a zoo of W -algebras; for the sake of clarity, we will focus

exclusively on CFTs with no more than one current at each spin. In particular we will

make use of the WN algebra, which contains one current at each integer spin 2 ≤ s ≤ N ,

as well as the W∞[λ] algebra [31], which contains an infinite tower of integer spin currents

s ≥ 2 and a free parameter, λ. The simplest such algebra beyond Virasoro (≡ W2) is the

W3 algebra, whose commutation relations we provide in appendix A for handy reference;

see [32] for an extensive review of W -algebras.
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It is convenient to present the representation content of a given CFT using characters.

For WN , the Verma module character, which we denote χh,N , is

χh,N = qh−c/24
∞∏
n=1

1

(1− qn)N−1
≡ qh−c/24F (q)N−1 (3.3)

where h is the L0 eigenvalue of the primary field. The function F (q) is simply the generating

function for partitions. The CFT vacuum state |0〉 is invariant under a so-called “wedge

algebra,” which acts as the analog of sl(2,R) in the Virasoro case. In particular, it is

annihilated by modes

J
(s)
−n|0〉 = 0 , |n| < s (3.4)

For the WN algebra, the wedge algebra is sl(N,R). Accordingly we must project these

states out of the vacuum representation. After modding out the null states from the

vacuum Verma module χ0,N , it is easy to see that the vacuum character of the WN algebra,

χN ≡ χ0,N/(null states), is

χN = q−c/24
N∏
s=2

∞∏
n=s

1

1− qn
(3.5)

At certain values of c at which WN is the chiral algebra of a rational CFT (e.g. the 3-

state Potts model with W3 symmetry), the vacuum representation contains even more null

states; at generic c > N − 1, however, all states counted by (3.5) have positive norm.

For W∞[λ], the vacuum character, χ∞, is the N → ∞ limit of (3.5), and the wedge

algebra is hs[λ], a higher spin Lie algebra. For all W -algebras, the wedge algebras become

proper subalgebras only upon taking c → ∞ due to (1/c suppressed) nonlinearities. (See

appendix A for the case of W3.)

Given that our CFT is assumed to not have an exponential (in c) number density

of light Virasoro primaries in a large c limit, the limit theory can be expected to have

a classical gravity dual. The AdS/CFT correspondence tells us that each pair of spin-s

currents is dual to a spin-s gauge field in AdS3, denoted ϕ(s). Like ordinary AdS gravity,

theories of pure higher spins can be efficiently written using two copies of Chern-Simons

theory with gauge algebra G × G,

Sbulk =
k

4π

(
SCS [A]− SCS [A]

)
(3.6)

with

SCS [A] =

∫
Tr

(
A ∧ dA +

2

3
A ∧A ∧A

)
(3.7)

where Tr is the invariant quadratic bilinear form of G. Also like ordinary AdS gravity,

these fields are topological and form a consistent (classical) theory by themselves. This

theory can also be supersymmetrized, non-Abelianized, and/or consistently coupled to

propagating matter. The latter defines the Vasiliev theories of higher spins [9, 33].

The realization of symmetries in this formulation is quite elegant: G × G is identified

with the wedge algebra of the CFT, and the asymptotic symmetry of the theory with

suitably defined AdS boundary conditions is the extension of G × G beyond the wedge to
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the full higher spin conformal algebra [34–36]. The generators of G, which we label V s
n , are

identified with the wedge modes J
(s)
n , with |n| < s, and the level k is proportional to the

CFT central charge c = 3`/2G. The vacuum character (3.5) arises as (a chiral half of) the

AdS3 1-loop determinant of the sl(N,R) × sl(N,R) theory [37].

One can make contact with a familiar metric-like formulation in terms of tensors as

follows. Expanding the connections along the internal directions,

A =
∑
s

∑
|n|<s

A(s)
n (xµ)V s

n , A =
∑
s

∑
|n|<s

A
(s)
n (xµ)V s

n (3.8)

and similarly for the barred connection, one associates the spin-s components of the con-

nection with the spin-s field, ϕ(s). One can form a G-valued vielbein and spin connection,

e =
`(A−A)

2
, ω =

A+A

2
(3.9)

whereupon the metric-like fields ϕ(s) are linear combinations of products of trace invariants,

of order s in the vielbein. (The precise map beyond low spins is subject to some ambiguities

that have yet to be resolved [38].)

An important point is that we always demand that our theory contain a metric. Thus

we require that G ⊃ sl(2,R); the latter corresponds to metric degrees of freedom, and the

theory (3.6) admits a consistent truncation to the pure gravity sector. This feature is not

shared by the 4d Vasiliev theory, which explains why AdS-Schwarzchild is not a solution

of the 4d theory, but all solutions of pure 3d gravity are solutions of (3.6). In particular,

this last statement applies to the handlebody solutions used to compute holographic Rényi

entropies in pure gravity.

3.2 Bulk arguments

We now consider the higher spin holographic computation of ground state Rényi entropies

for multiple disjoint intervals. Thinking of the Rényi entropy as proportional to the free

energy of the CFT on a prescribed Riemann surface Σ, we aim to establish the following

three facts:

1. The Rényi entropy can be computed using a saddle point approximation to the

higher spin gravitational path integral.

2. The relevant saddle points are the same ones as in pure gravity, namely, the

handlebody solutions considered in [3].

3. The free energy itself, and therefore the holographic Rényi entropy, is the same as

in pure gravity.

We start by recalling what exactly it is that we are trying to compute. As we noted, Σ

can always be described as a quotient of the plane by a subgroup Γ ∈ PSL(2,C), the global

conformal group. This statement is independent of whether there are higher spin currents

in the CFT. We are sitting in the ground state, so there is no higher spin charge.
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So our goal is to compute the bulk path integral over field configurations that include

a metric which asymptotes to Σ = C/Γ at conformal infinity, and higher spin fields which

vanish there. In ordinary gravity, these metrics are the quotientsM = H3/Γ, which remain

solutions of the higher spin theory. Are there other configurations in the higher spin theory

that satisfy the requisite boundary conditions? In particular, the higher spin theory admits

many more solutions that are quotients of AdS3, and we need to address whether any of

these enters the computation of Rényi entropy.

The null vectors in the CFT vacuum Verma module map to a G × G symmetry of

AdS3. This bulk symmetry action induces a boundary action of the wedge algebra. The

latter includes the subalgebra of global conformal transformations, whose generators are

represented as differential bulk operators. But G is larger than sl(2,R), and the remainder

of the symmetry cannot be described as pure coordinate transformations. This is a global

version of the statement that higher spin gauge symmetries mix diffeomorphisms with

other, non-geometric symmetries.6 Given that the construction of a Riemann surface is

purely geometric, none of the G symmetries sitting outside of the sl(2,R) subalgebra is

relevant — these are bona fide higher spin symmetries. Put another way, bulk quotients

H3/Γ′ with Γ′ /∈ sl(2,R) will turn on higher spin fields and/or charge. Therefore, we only

focus on Einstein quotients of H3.

Having localized the problem to the pure gravity sector, it is plain to see the final result.

First, we follow [3] in assuming that the replica-symmetric handlebodies M dominate the

path integral. So our goal is to evaluate the on-shell action of the higher spin theory on the

handlebodiesM. But this must take the same value as in pure gravity, due to the allowed

consistent truncation of the higher spin fields, ϕ(s) = 0.

Perhaps it is helpful to write an equation. In [40], the authors converted the Chern-

Simons action (3.6) for G = sl(3,R) to metric-like language, working to quadratic order in

the spin-3 field, ϕ ≡ ϕ(3), and to all orders in the metric. Assuming invertibility of the

gravitational vielbein, the result is

S =
1

16πG

∫
d3x
√
−g
[
(R+ 2Λ) + ϕ�′ϕ+O(ϕ4)

]
(3.10)

where �′ is a particular two-derivative operator derived in [40]. The pure metric part of the

action is simply Einstein-Hilbert, as follows from the existence of a pure gravity subsector.

Since the asymptotic chiral W3 algebra has central charge c = 3`/2G, the coefficient of the

gravity action is also the same as in pure gravity. It follows that the renormalized on-shell

action for the handlebody geometriesM is the same as in pure gravity. This action-based

argument is not unique to G = sl(3,R).

We emphasize that these conclusions hold even for a bulk theory with an infinite tower

of higher spins, such as the G = hs[λ] theory.7

6See [39] for a discussion of how to think of the action of sl(3,R) transformations on CFT observables.
7When these are further coupled to matter a la Vasiliev, the situation is less clear. In particular, the

Vasiliev path integral is not expected to admit a clean description in terms of saddle points. In the discussion

section, we will remark on this in the context of the proposed duality of 3d Vasiliev theory with WN minimal

models at large c.
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In section 5, we will check this proposal at the quantum level by computing 1-loop

determinants of higher spin fields on M and showing that they match a dual CFT calcu-

lation. Had we chosen the wrong saddle — or if there was no dominant saddle point at all

— that agreement would disappear.

3.3 CFT arguments

An efficient strategy here is to phrase the problem in Virasoro language, rather than W -

language.8 In a W -algebra, the W currents are Virasoro primary (see appendix A for the

W3 algebra, for instance). So are many of their W -descendants. If we can show that there

are not too many light Virasoro primaries as a function of c, then the arguments of [2]

apply without modification.

A more precise statement is as follows: as long as the growth of light Virasoro pri-

maries at some fixed dimension in the orbifold theory Cn/Zn is less than exp(βc) for a

c-independent constant β, the measure factor in (2.5) does not grow fast enough to spoil

the conclusions of section 2, and the Rényi entropy is still given by the original results

obtained in the absence of higher spin symmetry. The twist field correlators involved in

the Rényi entropy computations are performed in the orbifold theory Cn/Zn. This theory

has many more Virasoro primaries than C, and it is these states that run in the virtual

channels whose growth we need to count. We now show that the above condition is met

by CFTs obeying our assumptions that have essentially any W -symmetry.

Let us first phrase the problem for a general W -algebra. The spectrum of a CFT C
with (two copies of) a W -symmetry can be organized into irreducible representations of

the W -algebra. Accordingly the partition function can be written as a sum over its highest

weight characters. Highest weight representations may contain null states, but these are

absent at large c for a generic representation, and we remain indifferent about their possible

appearance for now. We thus write a generic partition function as

ZC = Tr
(

qL0−c/24qL0−c/24
)

= |χ̂0|2 +
∑
h,h

Nhhχ̂hχ̂h (3.11)

The trace is over the entire spectrum of W -primaries. χ̂0 is the vacuum character, and

χ̂h is the character of an irreducible highest weight representation labeled by dimension h

(and other W -quantum numbers that do not feature in this trace). As for the multiplicities

Nhh, we require only that for dimensions populating the O(c) gap, they grow slower than

exp(βc) as we take c→∞, where β is a c-independent constant.

We are interested in counting light Virasoro primaries with h . O(c) in the orbifold

theory Cn/Zn at large c. We ignore the orbifold for the time being and focus on the tensor

product theory Cn, which has partition function ZCn = (ZC)
n. Using (3.11), this can be

expanded as a sum over terms of the form

(χ̂0χ̂0)n−k
k∏
i=1

Nhihiχ̂hiχ̂hi × (Constant) , 0 ≤ k ≤ n (3.12)

8Organizing the problem using the full W symmetry of the theory turns out to be unproductive, on

account of complications of W -algebra representation theory. We briefly discuss such an approach in

appendix C.
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(hi, hi) can take any allowed values in the spectrum of C. If we continue to ignore the

orbifold, we can place a crude upper bound on the growth of light Virasoro primaries

by branching (3.12) into Virasoro highest weight characters, and estimating their growth

at large dimension. The constant is a combinatoric factor we will not need, and our

assumption about Nhihi allows us to ignore that too.

In general, it is a simple matter to branch a given character χ into generic Virasoro

highest weight characters, which are given in (3.3) with N = 2,

χh ≡ χh,2 = qh−c/24F (q) (3.13)

To execute the branching of χ without including the Virasoro vacuum character in the

decomposition, we write χ =
∑

h d(h)χh. Using (3.13), the generating function for Virasoro

primaries is then

χ/F (q) = q−c/24
∑
h

d(h)qh (3.14)

If we wish to include the vacuum in this decomposition, one simply subtracts 1 − q from

the left-hand side of (3.14). Of course, in estimating the growth of d(h) at large h, this

makes no difference.

Applying (3.14) for present purposes, we take χ to be the holomorphic part of (3.12),

χ ≡ (χ̂0)n−k
k∏
i=1

χ̂hi , 0 ≤ k ≤ n (3.15)

and estimate the growth of d(h) at asymptotically large h using saddle point methods.

Despite doubly overcounting by computing the growth of Virasoro primaries in the product

theory Cn at asymptotically large h , this will be sufficient in a wide range of cases to show

that the growth of Virasoro primaries in Cn/Zn with h . O(c) is slow enough to leave the

large c Rényi entropy unaltered.

i) WN CFT:

Having presented our algorithm for general higher spin CFTs, we apply it to a CFT

with WN symmetry. The WN Verma module character (χh,N ) and vacuum character (χN )

were given in (3.3) and (3.5), respectively; note that χN can be written conveniently as

χN = q−c/24F (q)N−1 · V (3.16)

where V is the Vandermonde determinant,

V =

N∏
i=2

i−1∏
j=1

(1− qi−j) (3.17)

Furthermore, let us assume that the only null states lie in the vacuum representation (this

only serves to increase the total number of states), so the highest weight characters are

indeed given by χh,N . Our CFT partition function is then the WN version of (3.11),

ZC = |χN |2 +
∑
h,h

Nhhχh,Nχh,N (3.18)
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Consequently, we want to apply our algorithm with the WN substitutions χ̂0 7→ χN and

χ̂hi 7→ χhi,N .

Applying these substitutions to (3.14) and (3.15), we want to estimate the asymptotic

growth of dN,n(h) as defined by

qxF (q)(N−1)n−1V n−k = q−c/24
∑
h

dN,n(h)qh (3.19)

where x = −nc/24 +
∑k

i=1 hi, and 0 ≤ k ≤ n. We have labeled the degeneracy dN,n(h) to

reflect its dependence on the n-fold product and our choice of WN . The qx factor is not

relevant for what follows.

We see now that we are in the clear: since V is a finite polynomial in q, the leading

growth is generically controlled by the F (q) factor, which is nothing but a colored partition

function with a finite number (N − 1)n− 1 of colors. Colored partitions grow like d(h) ≈
h−α exp(2π

√
βh) with color-dependent constants (α, β). Crucially for us, this growth is

slower than exp(βh).

A more careful analysis confirms this expectation. A very similar calculation was done

in [41] using traditional saddle point methods, and we utilize their approach here. The

leading order result for the asymptotic growth of dN,n(h) in (3.19) is found to be

dN,n(h) ∼ h−α exp
(

2π
√
βh
)
, (3.20)

where

α =
3

4
+

1

4

(
(N2 − 1)n+N(N − 1)k − 1

)
, β =

(N − 1)n− 1

6
(3.21)

We are interested in finite (N,n) only, whereupon (3.20) is valid (for h � nN3) and the

constants α and β are finite. Therefore, despite overcounting in several ways, we can

conclude that a WN CFT subject to our assumptions does not lead to an unacceptable

number of Virasoro primary states in the orbifold theory Cn/Zn.

This conclusion extends to any W -algebra with a finite number of currents. Actually,

we note in passing that this argument is necessary for the original conclusions of [2] to hold

in the Virasoro case, which corresponds to N = 2 in the above.

ii) W∞[λ] CFT:

We can even extend this type of argument to the case of W∞[λ] for generic λ. This

is slightly trickier because the Verma module has an infinite number of states at all levels

above the ground state; some examples of W∞[λ] highest weight characters of degener-

ate representations are given in [42, 43]. Rather than specifying precisely which of these

representations we allow in our CFT, let us just write its partition function as

ZC = |χ∞|2 +
∑
h,h

Nh,hχhχh (3.22)

The first term is the vacuum character, given in (3.5) with N → ∞. We have implicitly

branched all W∞[λ] highest weight representations of our theory into Virasoro representa-

tions, which the second term sums over. In doing so, we only require that Nhh does not
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grow exponentially with c for dimensions populating the gap (which we will further justify

in a moment).

Using (3.22) and our previous branching formulas, this time we wish to estimate the

growth of

qxF (q)k−1(χ∞)n−k = q−c/24
∑
h

d∞,n(h)qh (3.23)

at large h, where x = −kc/24 +
∑k

i=1 hi. Again using saddle point techniques as in [41],

the asymptotic degeneracy is

d∞,n(h) ∼ h−α exp
(
h2/3β

)
, (3.24)

where

α =
1

2
+

1

36
(11k − 5n) , β =

(
27ζ(3)(n− k)

4

)1/3

(3.25)

While faster than the WN growth of primaries, this is not fast enough to spoil the conclu-

sions, despite the infinite tower of spins and our overcounting.9

This same logic applies to all W -algebras with an infinite tower of currents, with any

finite number of currents at each spin. The latter group includes algebras that should

arise as asymptotic symmetries in non-Abelian Vasiliev theories, for example, the sW̃(4)
∞ [γ]

algebra with large N = 4 supersymmetry that has recently featured in an attempt to

connect 3d higher spins to string theory [44].

3.4 Looking ahead

We have argued that the leading order Rényi entropy is unaffected by the presence of higher

spin currents in the CFT spectrum. These currents do, however, affect the Rényi entropy

at O(c0) and beyond, and we would like to compute their contributions and match them

to a gravity calculation at 1-loop. Our strategy will be to focus on the case of two intervals

in the ground state and perform a short interval expansion.

4 The short interval expansion for spinning Virasoro primaries

The short interval expansion of Rényi entropies was initialized in [5, 19] and presented in

full generality by [20]. (See also [45].) We will provide a streamlined, and slightly different,

version of their presentation here. This will lead us to propose a correction to a result

in [20] regarding the contributions of spinning (not necessarily chiral) Virasoro primary

fields.

9This calculation also partially justifies our assumption about the growth of Nh,h in (3.22). Characters

of a simple class of degenerate representations of W∞[λ] can be written as χ∞ times the large N limit of

u(N) characters (i.e. characters of hs[λ]) [42] Given our result (3.24), these representations do not contain

more than exp(βc) Virasoro primaries below the gap. This essentially follows from the fact that the hs[λ]

characters can be viewed as restricted partitions into a finite set, which have only polynomial asymptotic

growth. Thus if the spectrum of C contains fewer than exp(βc) such degenerate representations of W∞[λ],

its branching into Virasoro representations is sufficiently bounded.
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4.1 Generalities

Consider a reduced density matrix, ρ, obtained by tracing over some degrees of freedom of

a CFT we again label C. It was shown that in the short interval expansion, Trρn can be

written in terms of correlation functions of operators in the spectrum of Cn. Let us quickly

establish some notation pertaining to Cn. We refer to operators in the mother CFT, C,
as O, and to operators of Cn as Ô. If C has an extended chiral algebra, so does Cn. The

modes of the latter, call them Ŵn, are written in terms of the modes of the former, Wn,

as a sum over n copies of C,

Ŵn = Wn ⊗ 1⊗ . . .⊗ 1 + perms (4.1)

Here, 1 denotes the vacuum, and the product is over n sheets of Cn. These modes Ŵn

include the privileged Virasoro modes, L̂n. We will be mostly interested in quasiprimaries

of Cn, which obey L̂1Ô = 0.

Henceforth we specify to the two-interval case in the ground state of C on the infinite

line. As in (2.1), we want to compute the orbifold theory twist field four-point function,

Trρn = 〈Φ+(z1)Φ−(z2)Φ+(z3)Φ−(z4)〉Cn/Zn
(4.2)

Using conformal symmetry to fix two of the positions by taking z1 = 0, z3 = 1 and relabeling

z2 = `1, z4 = 1 + `2, the cross ratio x is

x = x =
z12z34

z13z24
=

`1`2
1− (`1 − `2)

(4.3)

where `i are the interval lengths obeying 0 < `1 < 1 and `2 > 0. The essential features of

what follows depend only on the cross-ratio, so to make life simpler we take `1 = `2 = `;

then the small interval expansion is in a small cross-ratio, x = `2 � 1.

In this regime, the calculation can be efficiently organized as a sum over correlators of

quasiprimaries of Cn and their descendants. This amounts to deriving the fusion rule for

the twist operators,

[Φ+]× [Φ−] = [1] +
∑
K

[ÔK ] (4.4)

where K indexes quasiprimaries {ÔK} of Cn, and the bracket denotes the entire SO(2,1)

× SO(2,1) conformal family. We take the operators ÔK to have dimension ∆K and norm

NK = 〈ÔK |ÔK〉, and we write their OPE coefficients appearing in the fusion (4.4) as dK .

Then we can write Trρn very neatly as a sum over global conformal blocks:10

Trρn = x−2∆Φ
∑
K

d2
K

NK
x∆K

∣∣
2F1(hK,hK; 2hK; x)

∣∣2 (4.6)

10We have used the fact that x = x̄ to simplify the more general expression for the global conformal

blocks first derived in [46]. An exchanged field of dimension ∆ = h+ h and spin s = h− h contributes as

G∆,s(z, z) =
1

2

∣∣zh2F1(h, h; 2h; z)
∣∣2 + (z ↔ z) (4.5)

where zz =
∣∣∣ z12z34z13z24

∣∣∣2.
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The leading term in (4.6) is due to the vacuum exchange, whose entire contribution is

simply 1 on account of global conformal symmetry. Pulling this factor out and summing

over non-vacuum quasiprimaries only, we can thus write the Rényi entropy (1.1) in the

small x expansion as

Sn =
c

6

(
1 +

1

n

)
log x+

1

1− n
log

[
1 +

∑
K

d2
K

NK
x∆K

∣∣
2F1(hK , hK ; 2hK ;x)

∣∣2] (4.7)

By Taylor expanding the log, we can isolate the leading contributions of the K
′th quasipri-

mary field to the Rényi entropy. In the event that ∆K > 1, the leading and next-to-leading

order terms are simply

Sn
∣∣
ÔK ,∆K>1,x�1

≈
d2
K

(1− n)NK
x∆K

(
1 +

hK + hK
2

x+O(x2)

)
(4.8)

which come from the quasiprimary and its first descendant. We will need this formula

later. At any given order in x, these terms mix with descendant contributions of other

conformal families of lower dimension.

So, computing the contribution of the K’th conformal family boils down to finding the

OPE coefficients dK and norm NK . A key point is that not all quasiprimaries ÔK have

dK nonzero. This is evident from the formula for the OPE coefficients [20]11

dK = `−∆K lim
z→∞

|z2hK |2〈ÔK(z, z)〉Rn,1 (4.9)

The one-point function is computed on the Riemann surface Rn,1, defined as the n-sheeted

replica surface used to compute the single-interval Rényi entropy for an interval of length

` on the infinite line. As is well known, this surface can be conformally mapped back to C
by the transformation

z 7→ f(z) =

(
z − `
z

)1/n

(4.10)

which we can use to compute the one-point functions in (4.9). Therefore, dK is only nonzero

if the one-point function of ÔK on Rn,1 is nonvanishing.

4.2 Spinning primaries revisited

In this subsection we address the following question: given the presence of a Virasoro

primary field O of scaling dimensions (h, h) in the spectrum of C, what are its universal

contributions to the Rényi entropy to leading and next-to-leading order in the short interval

expansion? By “universal” we mean contributions that appear in any CFT containing the

operator O, irrespective of the remaining spectral and OPE data of that CFT. To answer

this, we must enumerate all quasiprimaries Ô that are built out of O with sufficiently low

dimension and appear in the Φ+Φ− OPE. Our answer will also easily admit an n → 1

limit, which yields spinning primary contributions to entanglement entropy.

11We use slightly different normalization conventions compared to [30] (they include a factor of the norm,

which they call αK) and [20] (they orthonormalize their operators).
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i) Leading order:

Equation (4.9) implies that the leading contribution from the presence of O in the

spectrum of C comes from a quasiprimary Ô that is made of two copies of O living on

different sheets. It is easy to appreciate this point. A general quasiprimary operator Ô of

Cn can be written as a linear combination of operators of the form

O1(z1, z1)⊗O2(z2, z2)⊗ . . .⊗On(zn, zn) ≡
n∏
i=1

Oi(zi, zi) (4.11)

Because 〈∂nO〉Rn,1 ∝ 〈∂nO〉C = 0 for all n, the first operator of the form (4.11) with

nonzero OPE coefficient is made of two O living on different sheets of Cn [5, 20]. Let us

call this operator ÔOj1Oj2 , defined as12

ÔOj1Oj2 ≡ O(zj1 , zj1)⊗O(zj2 , zj2) , j1 6= j2 (4.12)

There are n−k distinct quasiprimaries ÔOj1Oj2 for which the operators O are spaced by k

sheets, |j1− j2| = k, and the leading order effect on the Rényi entropy due to the existence

of O is a sum over all such operators.

First we compute the norm NOj1Oj2 , which is just the square of the normalization of

the two point function:

NOj1Oj2 = 〈O|O〉2 (4.13)

(4.9) tells us that it will drop out of the Rényi entropy (4.8), so we need not compute this

explicitly. For primary fields,

〈O(zj1 , zj1)O(zj2 , zj2)〉Rn,1 =
2∏
i=1

f ′(zji)
hf ′(zji)

h · 〈O(f(zj1), f(zj1))O(f(zj2), f(zj2))〉C

(4.14)

Now, we note that the transformation (4.10) and its derivatives are multi-valued.13 In the

limit zji →∞ji , f(zji) behaves like

f(zji →∞ji) ≈ e2πiji/n

f (m)(zji →∞ji) ≈ e2πiji/n
`m!

n
(−zji)−m−1 , m 6= 0 (4.15)

For our operator, (4.9) can be written as

dOj1Oj2 =

∣∣∣∣∣
2∏
i=1

lim
zji→∞ji

z2h
ji

`h
f ′(zji)

h

∣∣∣∣∣
2

〈O(e2πij1/n)O(e2πij2/n)〉C (4.16)

Combining (4.15) and (4.16) with the form of CFT two-point functions on C, the OPE

coefficient dOj1Oj2 is

dOj1Oj2 =
√
NOj1Oj2

(
2n sin

πj12

n

)−2(h+h)

(4.17)

12To avoid clutter, we have suppressed the sheets on which the operators do not live; these sheets sit in

the vacuum, as in (4.1).
13This point, also noted in [30], explains the discrepancy between what follows and the results of [20].
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where j12 ≡ j1 − j2. This result is independent of the spin and depends only on the sheet

separation. Compared to the same result in [20], it differs by a spin-dependent phase factor.

With an eye toward our application to higher spin currents, we can consider the case

∆(ÔOj1Oj2 ) = 2(h + h) > 1. Then plugging (4.17) into (4.8), and summing over the full

set of distinct operators labeled by (j1, j2), we obtain the leading and next-to-leading order

contributions to the small x Rényi entropy from the quadratic operators ÔOj1Oj2 :

Sn

∣∣∣
ÔOO,x�1

≈ x2(h+h)

1− n

n−1∑
k=1

(n− k)

(
1

4n2 sin2 πk
n

)2(h+h) [
1 + (h+ h)x+O(x2)

]
(4.18)

where k = |j12|. Note that this result is of O(c0).

ii) Next-to-leading order

The first universal subleading contribution of the operator O comes from the following

set of quasiprimaries of dimension ∆ = 2(h+ h) + 1:

ÔOj1∂Oj2 ≡ O(zj1 , zj1)⊗ ∂O(zj2 , zj2)− (−1)2s(j2 ↔ j1) , j1 6= j2 (4.19)

and

ÔOj1∂Oj2 ≡ O(zj1 , zj1)⊗ ∂O(zj2 , zj2)− (−1)2s(j2 ↔ j1) , j1 6= j2 (4.20)

where s = h − h. These are quasiprimaries due to a cancellation between the two terms,

and there are again n− k distinct quasiprimaries for which the operators are spaced by k

sheets. The (−1)2s factor accounts for possible fermionic statistics.

There are many possible “non-universal” — that is, theory-specific — contributions

at this or lower order in x. For instance, if ∆ ≤ 1
2 , one could form Cn quasiprimary

operators quartic (or higher) in O that have dimension less than 2∆ + 1, and which are

guaranteed to appear in the twist field fusion rule due to the appearance of the identity

in the fusion of two O’s. However, the full contribution of such quartic operators would

be non-universal, due to the definition of the OPE coefficient (4.9) and the basic fact that

four-point functions on the plane are not fixed by conformal symmetry. If ∆ < 1, an

operator of Cn comprised solely of three O’s will contribute to the Rényi entropy with

a smaller power of x than (4.19) and (4.20), if the 3-point function coefficient COOO is

nonzero. Similarly, the contributions of (4.19) and (4.20) may not be next-to-leading if

the CFT possesses other operators besides O that have conformal dimension less than one.

In the spirit of universality, we focus on the derivative operators (4.19) and (4.20) which

appear in any CFT for any ∆.

Moving on, the treatment of (4.19) and (4.20) is quite similar to our leading order

analysis, so we will be briefer. We focus on the holomorphic derivative operator (4.19)

only; the analogous contribution from operators (4.20) is obtained by taking h ↔ h in

all that follows. We also assume (h, h) ∈ Z for simplicity, but this makes little essential

difference. The norm of such states is

NÔOj1∂Oj2
= 4h NÔOj1Oj2

(4.21)
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which one proves using L̂−1 = ∂ and L̂1O = 0. The OPE coefficient is

dÔOj1∂Oj2
= 2h

cos πj12

n

n sin πj12

n

×

[√
NOj1Oj2

(
2n sin

πj12

n

)−2(h+h)
]

(4.22)

The factor in brackets is simply the OPE coefficient of the operators ÔOj1Oj2 considered

previously, cf. (4.17).

Plugging into (4.8), keeping only the leading term and summing over the full set of

distinct operators labeled by (j1, j2), the leading contribution to the Rényi entropy from

operators (4.19) is

Sn

∣∣∣
ÔO∂O,x�1

≈ x2(h+h)

1−n
∑n−1

k=1(n− k)

(
1

4n2 sin2 πk
n

)2(h+h)
[
xh

(
cos πk

n

n sin πk
n

)2

+O(x2)

]
(4.23)

Notice that the summand is simply the leading term of (4.18), times the factor in brackets.

4.3 Summary of results and their entanglement entropy limit

Collecting our results, the universal Rényi entropy contribution S
(∆,s)
n of a Virasoro primary

operator with conformal dimension ∆ = h + h and arbitrary spin s = h − h, to next-to-
leading order in small x, is given by the sum of (4.18), (4.23) and the anti-holomorphic
(h→ h) version of (4.23). Putting these together, we find

S(∆,s)
n

∣∣∣
x�1
≈ x2∆

1− n

n−1∑
k=1

(n− k)

(
1

4n2 sin2 πk
n

)2∆
1 + ∆x+ ∆x

(
cos πkn
n sin πk

n

)2

+O(x2)

 (4.24)

This is manifestly of O(c0), for any c. Notably, it is spin-independent. If the CFT contains

no Virasoro primary operators with conformal dimension less than or equal to one, (4.24)

is the full contribution of O to this order in x.

Happily, (4.24) also admits a tidy analytic continuation n → 1, using the method

of [20]. This yields the entanglement entropy contribution of this spinning primary, S
(∆,s)
EE =

limn→1 S
(∆,s)
n . We find

S
(∆,s)
EE

∣∣∣
x�1

=
(x

4

)2∆
√
π

4

[
Γ(2∆ + 1)

Γ(2∆ + 3
2)

+ x∆
Γ(2∆ + 2)

Γ(2∆ + 5
2)

+O(x2)

]
(4.25)

The leading term in x was known for spinless operators only [5, 20]. The next-to-leading

term is new.

5 Rényi entropy in higher spin theories II: short interval expansion

We return to the calculation of the ground state two interval Rényi entropy of a higher

spin CFT. To leading and next-to-leading order in small x, the contributions to the

Rényi entropy from a given pair of higher spin currents (J (s), J
(s)

) can be simply read
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off from (4.24).14 The holomorphic current has (h, h) = (s, 0), and the antiholomorphic

current with (h, h) = (0, s) contributes identically. Denoting their combined contribution

as S
(s)
n so as to make contact with the bulk calculation involving a spin-s gauge field,

we find

S
(s)
n

∣∣
x�1
≈ 2x2s

1−n
∑n−1

k=1(n− k)

(
1

4n2 sin2 πk
n

)2s
[

1 + sx+ sx

(
cos πk

n

n sin πk
n

)2

+O(x2)

]
(5.1)

Our charge is to show that

S(s)
n

∣∣
x�1

= S(s)
n (M)

∣∣
1−loop

(5.2)

where S
(s)
n (M)

∣∣
1−loop

is the 1-loop determinant on handlebody geometries M for a spin-s

gauge field, evaluated for x� 1.

5.1 Higher spin fluctuations on handlebody geometries

In section 2 we recalled the formula for the 1-loop partition function on a handlebody

geometry M = H3/Γ, which we reproduce here for convenience:

ZH3/Γ =
∏
γ∈P

(
ZH3/Z(qγ)

)1/2
(5.3)

The legend is as follows. The elements15 γ belong to P, a set of representatives of the

primitive conjugacy classes of Γ. “Primitive” means that Γ cannot be written as βn for

β ∈ Γ and n > 1. The eigenvalues of the element γ are parameterized as q
±1/2
γ with

|qγ | < 1, and are functions of the geometric data of M.

Now we note that the 1-loop partition function for spin-s gauge fields on the solid

torus H3/Z is known [22]; plugging this into (5.3), we find

Z
(s)
H3/Γ

=
∏
γ∈P

∞∏
n=s

1

|1− qnγ |
(5.4)

The loop counting parameter is 1/k ∼ 1/c. Our conjecture thus implies that (5.4) yields

the O(c0) contribution to the Rényi entropy from a pair of spin-s chiral currents in a dual

CFT:

S(s)
n (M)

∣∣
1−loop

= − 1

1− n
∑
γ∈P

∞∑
n=s

log |1− qnγ | (5.5)

It also implies that the set of elements γ ∈ Γ over which we sum in (5.5) is the same as

in pure gravity, hence so are the eigenvalues qγ . The algorithm for computing the qγ in a

short interval expansion, and performing the sum over γ ∈ P, was presented in [18]. At

1-loop, only the cross ratio appears in the Rényi entropy, so “short interval” means small x.

14For those who wish to see more details on the spectrum of quasiprimaries of Cn when C possesses higher

spin symmetry, in appendix B we give an explicit accounting of these fields by studying the decomposition

of the relevant character into sl(2,R) highest weight representations.
15A word on notation: these γ are not accessory parameters!
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Let us recall the salient features of the computations of [18]. For n > 2, the sum over

γ ∈ P in (5.5) is infinite. However, in a small x expansion, only a finite subset of the

representatives (“words”) γ of the primitive conjugacy classes of Γ contribute at a given

order in x. [18] systematically organized how the eigenvalues qγ scale with x, depending on

the nature of the word γ.

All words are constructed from the Schottky generators Li, where i = 1, . . . , g = n−1.

A basis of words that can be used to construct all other words is spanned by the so-called

“consecutively decreasing words” (CDWs), which take the form

γk,m = Lk+mLk+m−1 . . . Lm+1 (5.6)

They are built from k generators Li ordered in obvious reference to the nomenclature. At

length k, there are n− k unique CDWs indexed by m in (5.6), where 0 ≤ m ≤ n− 1− k.

At k = 1 the set of n − 1 CDWs is just given by the Li themselves; at k = 2, we have

{L2L1, L3L2, . . . , Ln−1Ln−2}; and so on.

Having laid this groundwork, we list the facts we will need:

1. The eigenvalues of γk,m are m-independent.

2. All non-CDWs can be formed by gluing CDWs together; following [18], we call

these more general words p-CDWs.

3. In a small x expansion, the larger of the two eigenvalues of p-CDWs, q
−1/2
γ , scales

as x−p to leading order in x, and is real. Thus, small x means small qγ .

At small qγ ,

S
(s)
n (M)

∣∣
1−loop

= 1
1−n

∑
γ∈P Re[qsγ +O(qs+1

γ )] (5.7)

Therefore, the contribution of a p-CDW to the 1-loop Rényi entropy from a spin-s current

starts at O(x2sp). For the sake of comparison with CFT, we content ourselves with a

presentation of the leading and next-to-leading order contributions in x. As the higher

spin fields have s ≥ 2, we can focus exclusively on the CDW contribution.

Employing the algorithm of [18] to compute qγ at small x, we find the larger of the

two CDW eigenvalues to be

q−1/2
γ = −

4n2 sin2 πk
n

x
+ 2 cos2 πk

n
+ 2n2 sin2 πk

n
+O(x) (5.8)

Summing over the n − k inequivalent CDWs of length k = 1, . . . , n − 1 and their inverses

in (5.7), we obtain the desired result,

S
(s)
n (M)

∣∣
1−loop

≈ 2x2s

1−n
∑n−1

k=1(n− k)

(
1

4n2 sin2 πk
n

)2s
[

1 + sx+ sx

(
cos πk

n

n sin πk
n

)2

+O(x2)

]
(5.9)

This is precisely (5.1): in other words,

S(s)
n

∣∣
x�1

= S(s)
n (M)

∣∣
1−loop

(5.10)

Subsequent holographic calculations [47] of higher spin gauge field contributions to entan-

glement entropy have reproduced the n → 1 limit of (5.9), which is twice equation (4.25)

with ∆ = s.
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5.2 Comments

This match gives an appealing flavor to the bulk result: the individual terms in the sum over

CFT operators are in one-to-one correspondence with CDW contributions to the expansion

of the bulk determinant. It is highly sensitive to the existence and use of the correct saddle

point geometry.

Beyond lowest orders, however, it becomes increasingly cumbersome to understand

the CFT origin of terms in the bulk determinant, where there is mixing among conformal

families. It would be nice to understand, as we do for the case of 1-loop gravity on the solid

torus, how to re-organize the CFT conformal block decomposition such that the match to

gravity is manifest, or vice-versa.

6 Chiral asymmetry and cL 6= cR CFTs

For the remainder of the paper, we will stay at leading order in large central charge, so

what follows applies to CFTs with or without an extended chiral algebra. We now allow

unequal left and right central charges, cL 6= cR. Our goal is to answer the question, “are

the Rényi entropies similarly universal at large total central charge?” The answer is yes,

and the formula is as follows: at leading order in large (cL, cR),

∂Sn
∂zi

=
n

6(n− 1)
(cLγL,i + cRγR,i) (6.1)

where we have introduced left and right accessory parameters (γL, γR), each of which is

related to the respective chiral, semiclassical Virasoro conformal block as in (2.12). For

only, say, cL large, the formula is again (6.1) at leading order, but with only the left piece.

To explain the uncomplicated origin of this formula, we first need to generalize our

results to chirally asymmetric states, in which left- and right-movers behave differently.

We begin by taking cL = cR = c and generalize in due course.

6.1 Chirally asymmetric states

It is well-known that in general, the accessory parameters appearing in the Schottky uni-

formization are complex. We can parameterize them in terms of independent left and right

accessory parameters, γL and γR. Like 2d complex coordinates, we regard these as gener-

ically independent variables. In the background of the heavy operators, the holomorphic

and anti-holomorphic stress tensors need not be equal as a function of their respective

coordinates, so the uniformization equations

ψ′′(z) + T (z)ψ(z) = 0

ψ
′′
(z) + T (z)ψ(z) = 0 (6.2)

are independent. (We make the associations “left”↔ “unbarred”, and “right”↔ “barred”.)

Indeed, the solutions to these two equations parameterize the most general complex solution

to the Liouville equation [28].
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Based on this factorization, the formula for the Rényi entropy in such a state is

∂Sn
∂zi

=
cn

6(n− 1)
(γL,i + γR,i) =

cn

3(n− 1)
Re[γi] (6.3)

This is manifestly real, as required. We will give an explanation of (6.3) from first principles

in the next subsection.

Let us first discuss an instructive example, namely, the case of a CFT on a circle of unit

radius at nonzero temperature, T = β−1, and chemical potential for angular momentum,

Ω. The presence of nonzero Ω leads to unequal left and right temperatures, (β−1
L , β−1

R ). In

Euclidean signature, the CFT lives on a torus with complex τ ,

τ =
iβ(1 + iΩE)

2π
(6.4)

where we have defined ΩE to be real via the analytic continuation Ω = iΩE . In terms of

βL and βR,

iβL = 2πτ , iβR = −2πτ (6.5)

The coordinates thus obey the identification (z, z) ∼ (z + 2π, z + 2π) ∼ (z + iβL, z + iβR).

We now want to compute the single-interval Rényi entropy on this torus. This was done

in [18] for the case of purely imaginary τ . Our first step is to uniformize this branched cover

of a torus with complex τ , after which we apply (6.3). The uniformization equations (6.2)

are essentially two copies of the equations used to uniformize the branched cover of the

rectangular torus, one each on the left and right. Accordingly, one can simply read off the

desired results from [18], and in our conventions, these equations read

ψ′′(z) +

2∑
i=1

(
6hΦ

c
℘L(z − zi)− γL(−1)i+1ζL(z − zi) + δL

)
ψ(z) = 0

ψ
′′
(z) +

2∑
i=1

(
6hΦ

c
℘R(z − zi)− γR(−1)i+1ζR(z − zi) + δR

)
ψ(z) = 0 (6.6)

Here, ℘L and ζL are shorthand for the Weierstrass elliptic and zeta functions, respectively,

with periodicities fixed with respect to the z coordinate, and similarly for ℘R and ζR with

periodicities fixed with respect to z. (e.g. ℘L(z−zi) is periodic under z ∼ z+2π ∼ z+iβL.)

For a trivial monodromy around the spatial cycle, δL = δR = 1/8; for trivial monodromy

around the thermal cycle, δL = −(πTL)2/2 and δR = −(πTR)2/2.

We can solve these equations analytically in the entanglement limit n→ 1 + ε. In the

case where we trivialize the monodromy around the thermal circle, we find

lim
n→1

γL = −πTL coth(πTLz21) ε+O(ε2)

lim
n→1

γR = −πTR coth(πTRz21) ε+O(ε2) (6.7)
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where z21 = z2 − z1. To obtain the entanglement entropy, we follow [18] in assuming

that (6.3) holds even on the torus.16 Integrating using (6.3), we find the entanglement

entropy at leading order in c,

SEE =
c

6
log [sinh(πTLz21) sinh(πTRz21)] (6.8)

where we have suppressed an integration constant. We find an unsurprising universality:

at large central charge in a spatially compact CFT with TL 6= TR, the finite size of the

circle is invisible in the leading approximation to the single interval entanglement entropy.

The same universality was found in [18] when TL = TR. (6.8) agrees with the universal

part of the bulk result obtained using the covariant generalization of the Ryu-Takayanagi

formula in the rotating BTZ black hole background [49].

When the interval spans the entire circle, z21 = 2π, and taking the high temperature

limit (TL, TR) → ∞, one recovers the Cardy formula for rotating black hole entropy as

applied to theories with cL = cR,

SBTZ =
c

3
π2(TL + TR) (6.9)

Of course, the Cardy formula equally applies to CFTs with cL 6= cR, and our example

suggests that the formula (6.3) for Rényi entropies enjoys an equally straightforward gen-

eralization. Let us turn to this case now.

6.2 Chirally asymmetric theories

We now allow cL 6= cR. To begin, we consider theories in which (cL, cR) are both large.

The correct formula for the Rényi entropy, to leading order in the central charges, is

∂Sn
∂zi

=
n

6(n− 1)
(cLγL,i + cRγR,i) (6.10)

Alternatively, writing γ = Re[γ] + iIm[γ],

∂Sn
∂zi

=
n

6(n− 1)

(
(cL + cR)Re[γ] + i(cL − cR)Im[γ]

)
(6.11)

These formulae reduce to (6.3) when cL = cR. We see that only in a CFT with cL 6= cR does

the chiral asymmetry of a state affect the Rényi entropy to leading order; conversely, only

in chirally asymmetric states does the Rényi entropy receive an anomalous contribution.

It takes little work to derive (6.10). The key point is that the conformal block decom-

position of the twist field correlators holomorphically factorizes for each conformal family.

16As noted in the introduction, it would be very helpful to prove that the procedure utilized here and

in [18] for computing torus Rényi entropy is valid. One may be able to prove (6.3) from CFT by studying

torus conformal blocks. [48] and references therein may be useful. Relatedly, we expect that, in analogy to

the case of two intervals on the plane [27], the torus uniformization equations (6.6) can be understood as

null decoupling equations obeyed by Liouville three-point functions involving two heavy operators and one

light, degenerate operator with a null state at level two. In any case, the arguments of [2, 3] are sufficient to

ensure the validity of our results (6.8) and (6.13) below in the decompactification limit in which the CFT

lives on the cylinder.
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The left and right Virasoro conformal blocks are only functions of their respective central

charges, and they are the generating functions for their respective accessory parameters.

When (cL, cR) are both large, the arguments of [2] apply independently on the left and right.

The result is (6.10). We have derived this formula in the ground state or states related

by conformal transformations which need not have γL = γR (e.g. at finite temperatures

TL 6= TR), though we expect it to hold in more general states, as stressed earlier.17

Perhaps this is surprising: CFTs with cL 6= cR suffer from a gravitational anomaly,

which implies non-conservation of the stress tensor controlled by cL−cR. This can be traded

for an anomaly under local Lorentz transformations by the addition of a local counterterm

to the CFT action. Either way, one might wonder whether the formulae for Rényi entropy

are affected by the anomaly. Regardless of the relative values of (cL, cR), we can continue

to define Rényi entropies via path integrals of singular branched covering spaces. These can

always be traded for correlation functions of twist fields in the orbifold CFT, whereupon

the previous paragraph applies.18

We can also relax our assumption slightly, and consider the regime in which only one

central charge is large: cL + cR � 1, but cL � cR ∼ O(1). In this case, the Rényi entropy

still exhibits universal behavior: to leading order in cL, we have a chiral half of (6.10),

∂Sn
∂zi

=
ncL

6(n− 1)
γL,i (6.12)

The argument is again brief: the left conformal block exponentiates and is dominated by

the vacuum block, but the right conformal block is generic and does not scale with any

power of cL. So the entire leading contribution comes from the left; at subleading orders,

the right conformal block mixes with the O(c0
L) corrections to the result (6.12). Note

that this logic applies to chiral CFTs of the sort considered in the context of topologically

massive gravity, to which we will turn shortly [52, 53].

(6.10) looks like many other formulae in 2d CFT, namely the Cardy formula. Indeed,

we must be able to recover the Cardy formula from the single interval entanglement entropy

on the torus. Combining (6.10) with the results of the previous subsection yields this

entanglement entropy,

SEE =
cL
6

log sinh(πTLz21) +
cR
6

log sinh(πTRz21) (6.13)

Again, we see no finite size effects. In the high temperature limit when z21 = 2π, we recover

the Cardy formula,

SBTZ =
π2

3
(cLTL + cRTR) (6.14)

17(6.10) and (6.11) make the Rényi entropy appear complex. This should be viewed on the same footing

as the rotating BTZ black hole entropy as computed in Euclidean signature: in that case, the analytic

continuation of the chemical potential Ω ensures that the Virasoro zero modes in the original, Lorentzian

theory are real. We thank Matt Headrick for pointing out this analogy.
18We should note that we are not the first to consider entanglement entropy in theories with cL 6= cR:

for a single interval in the ground state, the result following from (6.10) was derived in the original work

of [50]. We also note [51], which derived some holographic results for single interval entanglement. While

that author’s results for the ground state and static BTZ are consistent with (6.10), he appears to get a

different result for rotating BTZ. More investigation in the bulk is warranted.
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So (6.10) passes a necessary check: it gives the correct density of states of a general CFT

on a torus.

6.3 Spinning twist fields from gravitational anomalies

While the anomaly does not affect the prescription, it does have (at least) one interesting

effect. In particular, it forces the twist fields to acquire a nonzero spin, proportional to

cL−cR. The formula (6.10) tells us that this spin only affects the Rényi entropy in chirally

asymmetric states.

To see this, it suffices only to note that the determination of the twist field scaling

dimensions (hΦ, hΦ) is a chiral calculation. The dimensions of these Virasoro primary

operators are fixed by conformal Ward identities of the holomorphic and anti-holomorphic

stress tensors. Retracing the original arguments of Calabrese and Cardy, it is easy to derive

hΦ = cL
24

(
n− 1

n

)
, hΦ = cR

24

(
n− 1

n

)
(6.15)

The twist field has spin controlled by the anomaly coefficient cL − cR.

Even though hΦ 6= hΦ, this only affects the Rényi entropy in chirally asymmetric states

because the chiral semiclassical Virasoro blocks depend only on the combination hΦ/cL or

hΦ/cR. We see in (6.13), for example, that in the absence of rotation, TL = TR and only

the total central charge appears.

Interestingly, the anomaly also manifests itself when the intervals are not purely spatial.

Consider the case of one interval in the ground state with endpoints (z1, z2) = (0, v), with

v complex. When cL = cR = c, we can rotate our axes to put the interval on the real line.

However, in a theory with an anomaly under Lorentz transformations, observables are not

invariant under this rotation. Using conformal invariance to fix the twist field two-point

function, the Rényi entropy is

Sn =
(
1 + 1

n

) [
cL
12 log v + cR

12 log v̄
]

(6.16)

If we write v = `eiθ, we have

Sn =

(
1 +

1

n

)[
cL + cR

12
log

`

ε
+
cL − cR

12
iθ

]
(6.17)

This phase signals the presence of the anomaly.

6.4 A holographic perspective

The stress tensor sector of a holographic CFT with cL 6= cR is dual to topologically massive

gravity (TMG). This theory augments pure 3d gravity with a propagating spin-2 degree of

freedom. In metric language, the Lorentzian theory has an action

STMG =
1

16πG

∫
d3x
√
−g(R− 2Λ) + αSCS [Γ] + Sbndy (6.18)

where

SCS [Γ] =

∫
Tr

(
Γ ∧ dΓ +

2

3
Γ ∧ Γ ∧ Γ

)
(6.19)
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Sbndy denotes a boundary action. The second term is the gravitational Chern-Simons term

for the Christoffel connection, written here as a connection one-form with two implicit

matrix indices, Γ = Γρdx
ρ. With standard asymptotically AdS boundary conditions, the

Virasoro central charges are

cL + cR =
3`

G
, cL − cR = 96πα (6.20)

This theory is classical as long as the total central charge is large. Bulk diffeomorphisms

leave the action invariant up to a boundary term that reflects the CFT gravitational

anomaly [54].

At least classically, TMG can be written in a first-order formulation. The action

is given by a sum of sl(2,R) Chern-Simons actions with unequal levels and a Lagrange

multiplier term enforcing the zero torsion constraint:

STMG =
kL
4π
SCS [A]− kR

4π
SCS [A] +

kL − kR
8π

∫
Tr
(
χ ∧ (F− F)

)
(6.21)

χ is a Lagrange multiplier that enforces zero torsion, F = F [55]. The levels kL,R relate to

the CFT central charges as

cL = 6kL , cR = 6kR (6.22)

In this language, χ is the new degree of freedom. Without it, the theory is a pure topological

Chern-Simons theory, which is not TMG.

From the point of view of the AdS/CFT correspondence, we identify CFT Rényi en-

tropy Sn with the Euclidean bulk path integral over manifolds with the desired replica

surface at conformal infinity. Our CFT result (6.10) implies that the on-shell TMG action

STMG, evaluated on Rényi handlebody solutionsM characterized by accessory parameters

(γL,i, γR,i) coming from the Schottky uniformization of ∂M = Σ, is given by the factorized

expression
∂STMG[M]

∂zi
=
n

6
(cLγL,i + cRγR,i) (6.23)

This result assumed that both (cL, cR) are large; if only, say, cL is large, we should only

take the cL term seriously at leading order. This scenario occurs at the much-studied chiral

point, cR = 0 [52, 53].

It would be nice to rigorously prove (6.23). Here, we put forth some bulk arguments

as to how one might do so.

We will employ the first-order formalism (6.21). This theory admits all the solutions of

pure AdS gravity (F = F = χ = 0), as well as new solutions that are not flat connections.

Evaluated on-shell on any solution of the theory, the Lagrange multiplier term vanishes.

So the full on-shell action is given by the on-shell Chern-Simons actions, appropriately

renormalized.19

19We are evaluating the classical action on an Einstein saddle point, so we can ignore the subtleties

regarding the relation between Chern-Simons theory and quantum gravity. We also note that this argument

has been used in the literature before. For instance, evaluated on real Euclidean metrics, the action of

Euclidean TMG reduces to that of pure Chern-Simons theory [53].
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We want to evaluate (6.21) on the handlebody solutions, M. By “solution” we mean

the pair of flat connections (A,A) which maps back to a given handlebody in metric

language.20 As in the metric formulation, we must add boundary terms linear in kL or

kR to render the result finite. A natural outcome is that the left and right Chern-Simons

actions are renormalized individually. Denoting the renormalized actions with a hat, we

can then write the on-shell action as

ŜTMG[M] =
kL
4π
ŜCS [A]− kR

4π
ŜCS [A] (6.24)

and (6.23) then implies that

∂ŜCS [A]

∂zi
= 4πnγL,i ,

∂ŜCS [A]

∂zi
= −4πnγR,i (6.25)

This kind of holomorphic factorization of classical actions has some precedent in 3d

gravity. From the point of view of classical gravity as a pair of decoupled Chern-Simons

theories, this factorization is a sensible expectation. (6.25) says that the holomorphic Chern-

Simons action is determined by the residue of the holomorphic stress tensor T (z) in the

background of the heavy twist fields as we take z → zi, and an identical statement holds on

the anti-holomorphic side. The boundary monodromy problem maps to a bulk holonomy

problem, and the two bulk sectors are completely decoupled in this respect, just as they

are in the determination of asymptotic symmetries.

When the bulk has the topology of a solid torus with modular parameter τ — cor-

responding to the BTZ black hole or SL(2,Z) images thereof — factorization of the

classical contribution of a fixed saddle is known to hold [57]. We are holographically

computing a CFT partition function in the canonical ensemble, which takes the form

Z = Tr(qL0−
cL
24 qL0−

cR
24 ) where q = e2πiτ . The semiclassical bulk action yields the leading

term in this trace. Higher genus examples of factorized tree-level partition functions in

Einstein gravity are given in [58].

Finally, recalling that our CFT result applies even in the presence of a higher spin sym-

metry, we should address proposals for theories of topologically massive higher spins [59,

60]. Their actions are quite like (6.21): a pair of Chern-Simons actions with kL 6= kR for

gauge fields valued in some higher spin algebra G, accompanied by one Lagrange multiplier

for each member of the Cartan subalgebra of G. The latter enforce the vanishing of all

components of the G-valued torsion. Our problem is again reduced to evaluating Chern-

Simons actions on the sl(2,R) × sl(2,R) handlebody solutions, which yields the same result

as in ordinary TMG.

7 Discussion

To conclude, we have shown that the formulae of [2, 3] for multiple interval Rényi entropies

in 2d CFTs at large central charge generalize straightforwardly to a very wide class of

20The evaluation of the on-shell Einstein action for the handlebodies was done in metric language in [3].

As a warm-up to the TMG case discussed here, it would be instructive to translate that procedure to

Chern-Simons language [56].
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theories. This class includes nearly all CFTs which have been considered in the context

of a holographic correspondence. In the ground state, this amounts to an extension of the

Ryu-Takayanagi formula for holographic entanglement entropy to theories beyond higher-

derivative-corrected Einstein gravity.

In the main text, we alluded to various next steps that we would like to see carried

out. Let us close with some related ideas.

• WN minimal models

The WN minimal model holography proposals [10, 43] do not fit neatly into our

discussion. While they possess the right algebras, they either fail to be unitary [43, 61]

or spectrally sparse [10, 62, 63] depending on the precise large c limit taken. In the

better-studied ’t Hooft limit, these theories have a near-continuum of light states

below the gap that grows exponentially with c. These states pollute the large c

factorization properties of the theory and wash out any bulk phase transitions [63, 64].

It is fair to say that the precise holographic dictionary with the Vasiliev theory has

yet to be fully understood. In any case, we cannot yet say anything about the ground

state Rényi entropies of these theories.

• Backgrounds with higher spin charge

An obvious limitation of this work is that we have nothing to say about Rényi en-

tropies in states of higher spin CFTs with nonzero higher spin charge, chemical

potential or both. We expect that higher spin symmetry may be powerful enough to

determine the answer completely. There has been progress in evaluating bulk par-

tition functions in higher spin theories for solutions with solid torus topology and

nonzero higher spin charge [65–67], and we may hope to apply those lessons to the

bulk Rényi calculations. Perhaps this should involve classifying quotients of AdS3 by

generic elements of the bulk higher spin gauge algebra.

The bulk solution of this problem is bound to be interesting. There are already two

proposals [12, 13] for computing single interval entanglement entropy in generic back-

grounds of sl(N,R) × sl(N,R) Chern-Simons theories.21 These prescriptions are quite

natural from a Chern-Simons perspective: they are given in terms of Wilson lines

for the bulk connection. An extension to Rényi entropies and to multiple intervals

begs to be discovered. It would be satisfying to forge a link between these higher

spin Rényi entropies and the full family of topological observables in Chern-Simons

theories.22

• Rényi entropy in moduli space

It is interesting to consider theories with a moduli space at large central charge. In

some regions of the moduli space, the conclusions herein may hold, but not in other

regions where the CFT fails to obey our assumptions. It would be instructive to try

21They appear to be distinct, but give the same answers for the handful of backgrounds in which they

have been evaluated explicitly. This coincidence has yet to be understood.
22We thank Alejandra Castro, Nabil Iqbal, Juan Jottar and Wei Li for discussions on these topics.
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to microscopically and quantitatively understand how the Rényi entropy changes as

one moves in such a moduli space.

To this end, a family of CFTs that one might consider is the family of large N = 4

superconformal field theories, recently considered in a higher spin light [44]. A specific

class of coset CFTs has been identified that admits a large c limit in which the theory

is conjecturally dual to a supersymmetrized, non-Abelian Vasiliev theory of 3d higher

spins. On the other hand, type IIB supergravity on AdS3 × S3 × S3 × S1 has the

same large N = 4 supersymmetry, though no widely accepted proposal exists for its

CFT dual [68]. Nevertheless, the arguments of [44] imply that the high energy limit

of type IIB string theory on the above background contains a Vasiliev sector. There

should be a family of dual CFTs that mirrors this interpolation; while it has yet to

be found, there is promising quantitative evidence that it should exist.

At the higher spin point where there is a specific conjectured coset CFT dual to the

Vasiliev theory, the CFT enjoys a W symmetry, labeled sW̃(4)
∞ [γ], that includes eight

fields at each spin s = 3/2, 2, 5/2, . . ., in addition to seven spin-1 currents. To leading

order, this spectrum in itself would lead to the same large c Rényi entropies as WN

and W∞[λ]; however, like the bosonic WN minimal models, the coset also contains a

tower of matter primaries that includes (too) many light primaries. These should lift

upon passage to the string theory regime. We hope that this case might give a fully

tractable instance of holography along the full moduli space, in which we can study

the breakdown of classical entanglement entropy explicitly.

• Rényi entropy in TMG

The extension of the Ryu-Takayanagi prescription to general TMG backgrounds is

an open problem. Whatever the correct prescription, it should reproduce the re-

sult (6.13) when applied to the rotating BTZ black hole background. One should

be able to apply recent techniques involving regulated cones to this problem. These

issues are currently being taken up in [69].

One of the mysteries of TMG is why the rotating BTZ black hole entropy picks up a

contribution proportional to the inner horizon area [70–74]. That this must be true

follows from Cardy’s formula, but we lack a geometric picture for this. Hopefully,

entanglement calculations can shed some light; indeed, it seems that the nonzero

spin (6.15) of the twist field in the dual CFT makes an essential difference [69].

We also note that the on-shell action methods of [66, 67] fix kL = kR, but appear to

admit a generalization to kL 6= kR. It would also be worthwhile to investigate whether

their formulae admit straightforward extensions to higher genus, which would allow

a direct calculation of (6.23).

Besides AdS and its quotients, the most intriguing backgrounds of TMG are warped

AdS and its quotients [75]. The results in section 6 do not apply to warped AdS, nor

to warped CFTs [76]: we do not yet understand warped CFT conformal blocks, nor

is warped AdS a quotient of ordinary AdS. Some work on entanglement entropy in

– 33 –



J
H
E
P
0
5
(
2
0
1
4
)
0
5
2

warped AdS has been done on the gravity side [77], but not in a TMG context. It

would be quite interesting to investigate entanglement entropy in warped CFTs.

Acknowledgments

We thank Martin Ammon, Taylor Barrella, Andrea Campoleoni, John Cardy, Alejandra

Castro, Stephane Detournay, Matthias Gaberdiel, Matt Headrick, Nabil Iqbal, Juan Jottar,

Per Kraus, Albion Lawrence, Wei Li, Mukund Rangamani, Evgeny Skvortsov and Erik

Tonni for very helpful discussions; Alejandra Castro, Nabil Iqbal and an anonymous referee

for comments on the manuscript; and especially Tom Hartman for crucial feedback and

conversations. We also wish to thank the Isaac Newton Institute (Cambridge), CERN, and

the Max Planck Institute for Gravitational Physics (Potsdam-Golm) for hospitality while

this work was in progress. The author has received funding from the European Research

Council under the European Union’s Seventh Framework Programme (FP7/2007-2013),

ERC Grant agreement STG 279943, “Strongly Coupled Systems”.

A The W3 algebra

The quantum W3 algebra has commutation relations

[Ln, Lm] = (n−m)Ln+m +
c

12
n(n2 − 1)δm,−n

[Ln,Wm] = (2n−m)Wn+m

[Wn,Wm] =
c

360
n(n2 − 1)(n2 − 4)δm,−n +

16

22 + 5c
(n−m)Λm+n

+ (n−m)

(
1

15
(m+ n+ 3)(m+ n+ 2)− 1

6
(m+ 2)(n+ 2)

)
Lm+n (A.1)

where

Λm =
∑
p∈Z

: Lm−pLp : − 3

10
(m+ 3)(m+ 2)Lm (A.2)

The notation : : denotes normal ordering, and all generators are integrally moded. The

first line is the Virasoro algebra; the second line is the statement that the W current is

Virasoro primary; and the third line is the juicy part. Note the non-linearities, down

by 1/c, permitting a definition of the wedge algebra spanned by modes (Lm,Wn) with

|m| ≤ 1, |n| ≤ 2.

B Quasiprimaries in tensor product higher spin CFTs

One can easily understand the spectrum of quasiprimaries of a product theory Cn by

branching the characters of Cn into characters of sl(2,R) highest weight representations.

The latter is given by

χ
sl(2,R)
h =

qh

1− q
(B.1)
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for a quasiprimary of highest weight h. For present purposes, we are interested in isolating

quasiprimaries made solely of current modes. A current of spin s is a level s descendant of

the vacuum, so we want to branch n powers of the vacuum character.

To be completely explicit, we focus on the case where C has W3 symmetry. Decompo-

sition of the n’th power of the W3 vacuum character, χ3, will count all quasiprimaries Ô
made of only current modes. To isolate those built from at least one W current, we should

subtract the pure Virasoro part, (χV ir)
n. Writing

(χ3)n − (χV ir)
n =

1

1− q
∑
h

dW (h)qh (B.2)

we obtain a generating functional for quasiprimaries of Cn involving at least one W current:∑
h

dW (h)qh = ((χ3)n − (χV ir)
n) (1− q) ≈ nq3 + n2q5 +

n(3n+ 1)

2
q6 +O(q7) (B.3)

At level three, these are the W currents living on any of n sheets. At level five, we find

quasiprimaries with T and W living on separate sheets; there are n(n − 1) of these. We

also find n operators corresponding to the quasiprimary O = (TW )− 3
14∂

2W living on any

of n sheets, where (TW ) denotes the normal ordered product (e.g. [32], p.33). All of the

aforementioned are obviously quasiprimaries of Cn, but none of them appears in the Φ+Φ−
OPE, on account of 〈W 〉C = 〈TW 〉C = 0. Finally at level six, we see the n(n−1)

2 operators

comprised of two W currents that were analyzed in section 4.3 and 4.4:

ÔWj1
Wj2

= W (zj1)⊗W (zj2) (B.4)

In modes, (B.4) is just W−3 acting on the vacuum of the j1 and j2 sheets. There are also

other quasiprimaries at level six that do not contribute.

This easily generalizes to the case of any spin-s current living in an arbitrary higher

spin algebra: we simply replace χ3 by the appropriate character.

C Rényi entropy from W -conformal blocks?

A natural starting point for the computation of twist field correlators in higher spin CFTs

seems to be a conformal block decomposition under the full W symmetry of the theory.

This turns out to make things more complicated.

The twist fields are W -primaries: they are annihilated by W -raising operators and are

eigenfunctions of the W -zero modes,

J (s)
n |Φ±〉 = 0 , n > 0J

(s)
0 |Φ±〉 = Q

(s)
Φ±
|Φ±〉 (C.1)

However, one generically cannot, for instance, write a four-point function of W -primaries

as a sum over products of three-point functions of primaries [78].

Despite this, we are entitled to ask how the twist field correlators specifically behave

in the semiclassical limit, c → ∞. When the higher spin algebra is WN , for example, the
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universal dynamics of the current sector are controlled by sl(N,R) Toda theory, with flat

space action

SToda =
1

8π

∫
d2z

(∂~φ)2 + µ

N−1∑
j=1

eb(ej ,
~φ)

 (C.2)

where ~φ is an N − 1 vector, ej are simple roots of sl(N,R), and (·, ·) denotes an inner

product on the weight space. The central charge is

c = N − 1 +N(N2 − 1)(b+ b−1)2 (C.3)

The semiclassical b → 0 limit of correlation functions is, as in Liouville theory, controlled

by a saddle point approximation, so

〈Φ+(0)Φ−(z)Φ+(1)Φ−(∞)〉Cn/Zn ≈ exp
[
−c(fToda + fToda)

]
(C.4)

where the semiclassical block fToda is determined by a regularized on-shell Toda action

evaluated on some solution of the Toda equation [79]. However, unlike in Liouville theory,

for generic external states the correlator does not obey an ordinary differential equation

that could be used to fix fToda. (This is related to our previous point about W conformal

blocks [79].) In the case that the external operators have some degeneracy, the correlator

does obey a differential equation, but it is of higher than second order [79, 80].

It would be interesting to understand this work’s conclusions from the behavior of fToda
for the specific case of external twist operators Φ±. A relevant fact seems to be that Φ± have

vanishing higher spin charge, Q
(s>2)
Φ±

= 0. To see this, we follow the arguments of [24]. On

the one hand, 〈J (s)(z)Φ+(z1)Φ−(z2)〉C ∝ 〈J (s)(z)〉C = 0, where the correlator on the left is

evaluated in the Cn/Zn theory, and we have used that J (s) is Virasoro primary. On the other

hand, conformal invariance together with (C.1) imply that 〈J (s)(z)Φ+(z1)Φ−(z2)〉C ∝ Q
(s)
Φ±

times a fixed function of coordinates. Thus, Q
(s)
Φ±

= 0. This is intimately related to the

truncation of the bulk problem to the pure gravity sector.
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[arXiv:1309.5453] [INSPIRE].

[31] J.M. Figueroa-O’Farrill, J. Mas and E. Ramos, A One parameter family of Hamiltonian

structures for the KP hierarchy and a continuous deformation of the nonlinear W(KP)

algebra, Commun. Math. Phys. 158 (1993) 17 [hep-th/9207092] [INSPIRE].

[32] P. Bouwknegt and K. Schoutens, W symmetry in conformal field theory, Phys. Rept. 223

(1993) 183 [hep-th/9210010] [INSPIRE].

[33] M.A. Vasiliev, Higher spin gauge theories: Star product and AdS space, hep-th/9910096

[INSPIRE].

[34] A. Campoleoni, S. Fredenhagen, S. Pfenninger and S. Theisen, Asymptotic symmetries of

three-dimensional gravity coupled to higher-spin fields, JHEP 11 (2010) 007

[arXiv:1008.4744] [INSPIRE].

[35] M. Henneaux and S.-J. Rey, Nonlinear Winfinity as Asymptotic Symmetry of

Three-Dimensional Higher Spin Anti-de Sitter Gravity, JHEP 12 (2010) 007

[arXiv:1008.4579] [INSPIRE].

[36] M.R. Gaberdiel and T. Hartman, Symmetries of Holographic Minimal Models, JHEP 05

(2011) 031 [arXiv:1101.2910] [INSPIRE].

[37] M.R. Gaberdiel, R. Gopakumar and A. Saha, Quantum W -symmetry in AdS3, JHEP 02

(2011) 004 [arXiv:1009.6087] [INSPIRE].

[38] A. Campoleoni, S. Fredenhagen and S. Pfenninger, Asymptotic W-symmetries in

three-dimensional higher-spin gauge theories, JHEP 09 (2011) 113 [arXiv:1107.0290]

[INSPIRE].

[39] V. Fateev and S. Ribault, The Large central charge limit of conformal blocks, JHEP 02

(2012) 001 [arXiv:1109.6764] [INSPIRE].

[40] A. Campoleoni, S. Fredenhagen, S. Pfenninger and S. Theisen, Towards metric-like

higher-spin gauge theories in three dimensions, J. Phys. A 46 (2013) 214017

[arXiv:1208.1851] [INSPIRE].

[41] A. Castro, A. Lepage-Jutier and A. Maloney, Higher Spin Theories in AdS3 and a

Gravitational Exclusion Principle, JHEP 01 (2011) 142 [arXiv:1012.0598] [INSPIRE].

[42] M.R. Gaberdiel, R. Gopakumar, T. Hartman and S. Raju, Partition Functions of

Holographic Minimal Models, JHEP 08 (2011) 077 [arXiv:1106.1897] [INSPIRE].

[43] M.R. Gaberdiel and R. Gopakumar, Triality in Minimal Model Holography, JHEP 07 (2012)

127 [arXiv:1205.2472] [INSPIRE].

– 38 –

http://dx.doi.org/10.1007/JHEP10(2012)106
http://dx.doi.org/10.1007/JHEP10(2012)106
http://arxiv.org/abs/1101.4163
http://inspirehep.net/search?p=find+EPRINT+arXiv:1101.4163
http://dx.doi.org/10.1007/JHEP12(2011)071
http://dx.doi.org/10.1007/JHEP12(2011)071
http://arxiv.org/abs/1108.4417
http://inspirehep.net/search?p=find+EPRINT+arXiv:1108.4417
http://dx.doi.org/10.1007/JHEP04(2014)081
http://dx.doi.org/10.1007/JHEP04(2014)081
http://arxiv.org/abs/1311.1218
http://inspirehep.net/search?p=find+EPRINT+arXiv:1311.1218
http://dx.doi.org/10.1007/JHEP11(2013)164
http://arxiv.org/abs/1309.5453
http://inspirehep.net/search?p=find+EPRINT+arXiv:1309.5453
http://dx.doi.org/10.1007/BF02097230
http://arxiv.org/abs/hep-th/9207092
http://inspirehep.net/search?p=find+EPRINT+hep-th/9207092
http://dx.doi.org/10.1016/0370-1573(93)90111-P
http://dx.doi.org/10.1016/0370-1573(93)90111-P
http://arxiv.org/abs/hep-th/9210010
http://inspirehep.net/search?p=find+EPRINT+hep-th/9210010
http://arxiv.org/abs/hep-th/9910096
http://inspirehep.net/search?p=find+EPRINT+hep-th/9910096
http://dx.doi.org/10.1007/JHEP11(2010)007
http://arxiv.org/abs/1008.4744
http://inspirehep.net/search?p=find+EPRINT+arXiv:1008.4744
http://dx.doi.org/10.1007/JHEP12(2010)007
http://arxiv.org/abs/1008.4579
http://inspirehep.net/search?p=find+EPRINT+arXiv:1008.4579
http://dx.doi.org/10.1007/JHEP05(2011)031
http://dx.doi.org/10.1007/JHEP05(2011)031
http://arxiv.org/abs/1101.2910
http://inspirehep.net/search?p=find+EPRINT+arXiv:1101.2910
http://dx.doi.org/10.1007/JHEP02(2011)004
http://dx.doi.org/10.1007/JHEP02(2011)004
http://arxiv.org/abs/1009.6087
http://inspirehep.net/search?p=find+EPRINT+arXiv:1009.6087
http://dx.doi.org/10.1007/JHEP09(2011)113
http://arxiv.org/abs/1107.0290
http://inspirehep.net/search?p=find+EPRINT+arXiv:1107.0290
http://dx.doi.org/10.1007/JHEP02(2012)001
http://dx.doi.org/10.1007/JHEP02(2012)001
http://arxiv.org/abs/1109.6764
http://inspirehep.net/search?p=find+EPRINT+arXiv:1109.6764
http://dx.doi.org/10.1088/1751-8113/46/21/214017
http://arxiv.org/abs/1208.1851
http://inspirehep.net/search?p=find+EPRINT+arXiv:1208.1851
http://dx.doi.org/10.1007/JHEP01(2011)142
http://arxiv.org/abs/1012.0598
http://inspirehep.net/search?p=find+EPRINT+arXiv:1012.0598
http://dx.doi.org/10.1007/JHEP08(2011)077
http://arxiv.org/abs/1106.1897
http://inspirehep.net/search?p=find+EPRINT+arXiv:1106.1897
http://dx.doi.org/10.1007/JHEP07(2012)127
http://dx.doi.org/10.1007/JHEP07(2012)127
http://arxiv.org/abs/1205.2472
http://inspirehep.net/search?p=find+EPRINT+arXiv:1205.2472


J
H
E
P
0
5
(
2
0
1
4
)
0
5
2

[44] M.R. Gaberdiel and R. Gopakumar, Large-N=4 Holography, JHEP 09 (2013) 036

[arXiv:1305.4181] [INSPIRE].

[45] M.A. Rajabpour and F. Gliozzi, Entanglement Entropy of Two Disjoint Intervals from

Fusion Algebra of Twist Fields, J. Stat. Mech. 1202 (2012) P02016 [arXiv:1112.1225]

[INSPIRE].

[46] A.B. Zamolodchikov, Conformal symmetry in two-dimensions: an explicit recurrence formula

for the conformal partial wave amplitude, Commun. Math. Phys. 96 (1984) 419 [INSPIRE].

[47] M. Beccaria and G. Macorini, On the next-to-leading holographic entanglement entropy in

AdS3/CFT2, JHEP 04 (2014) 045 [arXiv:1402.0659] [INSPIRE].

[48] M. Piatek, Classical torus conformal block, N = 2∗ twisted superpotential and the accessory
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