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Abstract

Let 1 <p1,pr < 00,0 < p3 < 00 and wy, w,, w; be weight functions on R”. Assume
that w1, w, are slowly increasing functions.

We say that a bounded function m(&, ) defined on R" x R" is a bilinear multiplier
on R” of type (p1, wy; P2, ws; p3, ws3) (shortly (w1, w7, ws)) if

Bm(f,g)x) = / FE)GmmE, me?™ € dg dn
Rn Rﬂ

is a bounded bilinear operator from L2}, (R") x L7, (R") to Ly, (R"). We denote by
BM(py, @1; p2, @s; p3, w3) (shortly BM(wq, w,, ws3)) the vector space of bilinear
multipliers of type (w1, @, ws).

In this paper first we discuss some properties of the space BM(w;, @, ws).
Furthermore, we give some examples of bilinear multipliers.

At the end of this paper, by using variable exponent Lebesgue spaces LP1¥(R"),
[P2W(R") and LP3¥(R™), we define the space of bilinear multipliers from
LPIOR) x LP2Y(R") to LP3W(R") and discuss some properties of this space.
MSC: 42A45;42B15;42B35

Keywords: bilinear multipliers; weighted Lebesgue space; variable exponent
Lebesgue space

1 Introduction

Throughout this paper C2°(R"), C,(R") and S(R") denote the space of infinitely differen-
tiable complex-valued functions with compact support on R”, the space of all continuous,
complex-valued functions with compact support on R” and the space of infinitely differ-
entiable complex-valued functions on R” rapidly decreasing at infinity, respectively. For
1 < p < o0, I(R") denotes the usual Lebesgue space. A continuous function w satisfying
1 < w(x) and w(x + y) < wx)w(y) for x,y € R” will be called a weight function on R”. If
w1(x) < wy(x) for all x € R”, we say that w; < w,. We say that a weight function vy is of
polynomial type if vs(x) = (1 + |x|)° for s > 0. Let f be a measurable function on R”. If there
exist C >0 and N € N such that

[f(x)| < C(l + xz)N
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for all x € R”, then f is said to be a slowly increasing function. It is easy to see that
polynomial-type weight functions are slowly increasing.

For1 < p < oo, we set
L2(R") = {f :fo e I”(R")}.

It is known that L% (R”) is a Banach space under the norm

iy =, = | [ oo asl’, 12p<oo

or

If oo = If@lloo = ess%ng(x)w(x) . p=09,[1,2].

The dual of the space L%, (R”) is the space LZrl (R™), where }7 + % =land w™'(x) = ﬁ For
f € LY(R"), the Fourier transform of f is denoted by f . We know that f is a continuous
function on R”, which vanishes at infinity, and it has the inequality I[}?IIOo < |Ifll: [3, 4].
Let f be a measurable function on R”. The translation, character and dilation operators
Ty, M, and Dy are defined by Tof () = f(y — x), Mo f(y) = e f(y) and DLf (y) = t_zgf(%)
respectively for x,y € R”, 0 < p,t < co. With this notation out of the way one has, for 1 <

pfooand1%+1§=1,

(T) €)= MfE),  MS) ) =TfE),  (Df) &) =D"fE)

We denote by M(R") the space of bounded regular Borel measures, by M(w) the space of
w in M(R") such that

||u||w=/ wdjul < oo.
]Rn

If u € M(R™), the Fourier-Stieltjes transform of u is denoted by & [5]. In this paper, P(R")
denotes the family of all measurable functions p : R” — [1, 00). We put

P+ = essinfp(x), p* = esssupp(x).
xeR” xeRH

We shall also use the notation
Qoo = {x eR":p(x) = oo}.

The generalized Lebesgue space (or the variable exponent Lebesgue space) L*®(R") is

defined to be a space of (equivalence classes) measurable functions f such that

0p(Mf) = An\g |3f (x) |p(x) dx +esssup(Af(x)) < 00

x€Qoo
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for some A = A(f) > 0. If p* < 00, then
p(x)
op(Af) = / A )| dx,  [6,7].
R\ Qoo

It is known by Theorem 2.5 in [6] that Z#®(R”) is a Banach space with the Luxemburg

norm

Wl = inf{x 20 gp(g) - 1}.

If p* < 00, then C°(R”) is dense in LPW(R™). Also, if p(x) = p is a constant function, then
the above norm || - ||, coincides with the usual norm || - ||,. The vector space of locally
integrable functions on R” is denoted by LllOC (R"). The space L”™(R") is a solid space, that

is, if f € LP®(R") is given and g € L1 (R") satisfies |g(x)| < |[f(x)| a.e., then g € LZ¥(R")

loc

and ||gllpe) < Ilfllp@) by [8]. In this paper we assume that p* < co.

2 The bilinear multipliers space BM(p,, @1; p2, @2; p3, ®3)
Lemma 2.1 Let 1 < p < 0o and let w be a slowly increasing weight function. Then S(R") is
dense in LE,(R").

Proof Let f € S(R") be given. Since w is a slowly increasing weight function, there exist
C>0and N € N such that

lo(x)| < C(1+ xz)N = m(x) (2.1)

for all x € R”. Also, since m is a polynomial, then by Proposition 19.2.2 in [9], we have
S(R™) C L, (R™). Hence, by (2.1), we obtain S(R”) C L4, (R") C L, (R").

Now, we show that C*°(R") is dense L},(R"). Let f € L}, (R") be given. Then fin € L (R").
Since C°(R”) is dense L?(IR") by [6], for given ¢ > 0, there exists g € C2°(R") such that

Ifim gl <& (2.2)

Therefore, by using the inequality (2.2), we write

fim —glly = If —gm™],,, <e.

Also, since m # 0 and m is a polynomial, we have gm™ € C2°(R”). Thus, we have C®(R”) =
L, (R"). By using the inclusion C®°(R") C S(R”) C L,(R"), we obtain S(R") = L},(R").
Now, take any f € L (R"). Since C.(R”) = L4,(R") = L}, (R"), there exists g € L1, (R") such

that

&
“f_g”p,w < E (2.3)

Furthermore, since S(R”) is dense L5,(R"), there exists # € S(R”) such that

&
"g - h”p,m < 5 (2'4)
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Combining the inequalities (2.3) and (2.4), we have

Vf = gllpw < IIf —&llpo + 11=gllpo < If —gllpw + 11 —gllpm < s,
which means S(R”) = L2 (R"). O
Definition 2.1 Let1 < p;,p; < 00, 0 < p3 < 00 and w1, wy, w3 be weight functions on R”.

Assume that w;, w, are slowly increasing functions and m(&, n) is a bounded function on
R” x R”. Define

Bulfo0)(x f/fé)g (g, m)e ) e dy

for all f,g € S(R").

m is said to be a bilinear multiplier on R” of type (p1, @1; P2, w2; p3, w3) (shortly (w1, ws,
3)) if there exists C > 0 such that

|Bn(f>2) ||p3,w3 = Cllf Npren l1€1pg,e0
for all f,g € S(R"). That means B,, extends to a bounded bilinear operator from L5} (R") x
LE, (R™) to Lej (R™).
We denote by BM(p1, w1; pa, w2; p3, ws) (shortly BM(ws, ws, w3)) the space of all bilinear

multipliers of type (w1, wy, ws) and |7l (ay,w9,03) = 1Bl

Theorem 2.1 Let p% + piz = pis and w3 < wy. IfK € L}os (R™), then m(&,n) = k(& —1n) defines
a bilinear multiplier and |m||(w),wy,03) < 1K 11,05

Proof For f,g € S(R"), we have f(x — y) = fR,,jA”(S)ez”“"‘y’f> dg and g(x +y) = [z 8(n) x
e¥ i@ gy Thus, by the Fubini theorem, we write

Balf- 0= [ [ ke -me e de an

/ f (/ K(y —2mi(E-1,y) dy) 27 i (& +1,x) d$ dﬁ
n JR

/ / f K(y —2mi(E-n.y) 2R i(E+1,%) d& dndy. (2.5)
n n RVI
Since f, g € S(R"), we havef‘,g € S(R") C L(R"). Hence, by (2.5), we obtain

Balf. )= [ ( [ o) ( | gtnerien dn)K(y) dy

- [ =gt KO 2.6
Since w3 < wy, then

[f G = )es |, < @30 I1f lpn (2.7)
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and hence f(x — y)ws € LP1(R"). Therefore from (2.6) and the Minkowski inequality, we

write

18Dl = [ [ 112t 9], KO

- [, [ Ve=sets ], [x0) . 8)

Hence, using the generalized Holder inequality and combining (2.7), (2.8), we have

[Bntf, )]0, = /R Nfe=es], e +nl,,00)[K)| dy
< /R Wl el ) KO | dy

< /}R U llpsen [€lppop 30| K| dy

= [ llpr.n 1811200 1K 105 (2.9)

If we set C = ||K||1,3, we obtain

|Bulf: D], 0y < Cl llpr.en 1€

p3,03 —

Then m € BM(w1, wy, w3). Consequently, using (2.9), we have

” m ” (w1,02,03)

||Bm(f’g)||p3w3
upy — 2B 1 < L 1Ig ey <1
{ufnm,wlligllm,m e e

1K 1,5+ O

A

Definition 2.2 Let 1 < p;,ps < 00, 0 < p3 < 00 and wy, wy, ws be weight functions on R”.
Suppose that oy, w, are slowly increasing functions. We denote by M (w1, wo, w3) the space
of measurable functions M : R” — C such that m(&,n) = M(& — n) € BM(w;, w,, w3), that

is to say,

BM(f g)(x /H;n Rnf(g)g é,: n)ebnéﬂ]x d‘& d’?

extends to a bounded bilinear map from L%} (R") x L% (R") to L%} (R"). We denote
”M||(w1,w2,a)3) = ”BM”'

Theorem 2.2 Let p3 > 1 and w3(—x) = ws(x). Then m € BM(wy, w, w3) if and only if there
exists C > 0 such that

/ F&&mAE + nym&, n)ds dn| < Cllf lpyor 181ps.00 1721 5
n RH

forallf,g,h e S(R"), where ot pi, =1.

Page 5 of 21
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Proof Let m € BM(wy, w;, ws). We take any f,g, k1 € S(R”). From the Fubini theorem, we

write

‘ / / FORAE + nym(E, n) d dn'
Rn RVI

/Rn /Wf(é)ﬁ(n){/w h(y)e 2T dy}m(g,n) dg dﬁ’

[ 10Butr ) dy‘ - ‘ [ 10Batr.00) dy‘
RYI RVI
= [ 1h0)|IEutr 00| .10)
Rn
where Bm(f,g)(y) = Bu(f,2)(-y). On the other hand, since m € BM(w;, w;, w3), then

Bu(f,g) € L% (R"). Thus we obtain B, (f,g) € L2 (R"). Also, h € S(R") C LP(R") C
L3, (R"). Hence, using the Holder inequality and the inequality (2.10), we write
@3

/ f FERNE + nyme,n) de di
Rn Rn

< [ 110105 0) |37 0000500

< Bl @1, 0, 121 - (2.11)

pP3,03

Moreover, since m € BM(w1, w2, @3), there exists C > 0 such that

1Bn(£:2)] . .. < Clifllpror 1€l pn- (2.12)

p3,03

If we combine (2.11) and (2.12), we write

[ [ F@tie + e, de

< Cf Wy 18 i Wl -

For the proof of converse, assume that there exists a constant C > 0 such that

/ ) / F@gnhE + mym(&, n) dé dn‘ < Clf llpr.on 1o Wl 1

for all f,g,h € S(R"). From the assumption and (2.10), we write

[ OB 0V D] < CUf i el 0 (213)

Define a function / from S(R") C Lpé_1 (R™) to C such that
@3

0= [ HB.f 0

It is clear that the function ¢ is linear and bounded by (2.13). By using C,(R") = Lié_l (R™)
3

in [10], it is easy to show that C®*(R”) = Liégl (R™). So, by the inclusion C:°(R") C S(R") C
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I3 (R"), we have S(R”) = L"*, (R"). Thus ¢ extends to a bounded function from L3, (R")
@3 @3 @3

to C. Then £ € (Lié‘g1 (R"))* = LI (R") and by (2.13), we have

P |L(h)]|
|BulF- @],y y = 1BF2] ., = 11611 = P Tl
- sup CHf“phwl €115, ”h“pé,wgl < C|[f||p1,w1||g||p2,w2.
il 1 <1 ||h||p'3,w§1
Hence, we obtain m € BM(w1, wq, w3). O
Theorem 2.3 Let pil + piz = pis’ p3 > 1and v(x) = (1 + |x])*, s > 0 be a weight function of

polynomial type such that v; < wy. If | € M(vs) and m(&,n) = (& + Bn) for a, B € R, then

m € BM(wy, wy, us). Moreover,

”m||(w1,w2,vs) =< ||/’L||vs lf|Ol| <1

70l @1,wa00 = e Fllllo, i l] > 1.

Proof Let f,g,€ S(R"). Then
Bulf. 00 = [ [ Fermiat + pren e dg ay
— /Rn /an?(g)é(n){‘/ﬂv e—27ri(ot§+ﬁn,t> du(t)}ehi(ém,x) d%' dﬁ

:/ { f@)eZnﬂxanS)ds”/ g(n)ez”i("’ﬂt’”> dn}d,u(t)
R” LJR" R”

= Rnf (x—at)gx - Bt)du(t). (2.14)

On the other hand, by the assumption vs; < wy, it is easy to see that f(x — at)v; € LP1(R")

and

[f e = atyus|,, < vs@)Ifllpn- (2.15)

Also, g(x — Bt) € LP2(R"). Then, by (2.14), (2.15) and the generalized Ho6lder inequality, we

have
18,5, = [ 5= atigta=pol,, diui)
< [ It-anul,, lots— ol dulo
< [ oyl 0

<l 1€]son /R vy (@t) Il (0). 2.16)
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Now, suppose that |«| < 1. Then we write
/ vy(at) dipal(t) = / (1 + loet])* dlul (0
R” R”
5/ 1+ 121)° Il (©) = el
]Rn
Hence by (2.16)
|BnlF D 0, = W pron 1€l g 12 -

Thus m € BM(w, @,, Us) and by (2.17), we have

B (fs&)lps s

: ”f”pl,wl <1, ”g”pz,wz =< 1} < Il
I Nl pgson 1€l ’

[[77]] (w1,w9,U5) = Sup{

Similarly, if || > 1, then we write

f vs(at)dm|(t)</ (Il + lrl£])° e 0)
R” R7
- '“'S/R (O () = Ll Il
Again, by (2.16) we have
1Bt . < 11 Dpon 1€l I

Hence, we obtain m € BM(w;, w,, us) and by (2.18)

”Bm(fyg)”pg,vs

A lprer =L l1ENp20 51} < la Pl
I Nl oy o1 1€ 1 g0 v v ’

” m ” (w1,w2,Us) = Sup{

Theorem 2.4 Let m € BM(wq, wy, w3).
(@) Tigyn0)™ € BM(w1, w2, w3) for each (£, n0) € R* and

”T(Eo,rlo)m”(wbwz,wg) = ”m”(wbwz,wg)'

(b) Mgy ,ne)m € BM(wy, s, w3) for each (€y,1m0) € R*" and

”M(Eo,no)m ” (w1,w2,w3) <mw (_'5;:0 )602 (_770) ” m ” (w1,w2,w3)*

Page 8 of 21

(2.17)

(2.18)

O

Proof (a)Letustakeanyf € If} (R")and g € L1} (R"). If we say that £ —&y = uand n—ng = v,

then

Br, . m(f,@)®) = FEZM) Ty noym(E, m)e?™ ) d dn
0-10 R’ JRA

:/ f(u + go)g(v_}_ ﬂo)m(u, V)eZni(IHEQ,x)eZni<v+n0,x) dudv
n Rn

:/ / T_goj?(u)T_,wg(v)n/t(u,v)ez’”‘@‘)""o”c)627”'(’”‘""> dudv.
n RVI

(2.19)


http://www.journalofinequalitiesandapplications.com/content/2013/1/259

Kulak and Gurkanli Journal of Inequalities and Applications 2013, 2013:259 Page 9 of 21
http://www.journalofinequalitiesandapplications.com/content/2013/1/259

By (2.19), we have

BT@O_”O)W,(f,g)(x):/ / T_g(f(u)T_,,Og(v)ezni@“”o'x)eZ”i<”+V”‘>m(u,v)dudv

= g¥ritbo+no) /Rn /Rn(M_gaf)A(u)(M_,,Og)A(v)m(u, V)X A dy dy

= 20N (M . £, M. )(%). (2.20)

Since m € BM(wy, w2, w3), IM_gof lp1,op = If lpr,op a0 1Mo 215y = €]l py,0, are satisfied
for all f € L} (R") and g € L1 (R"). Hence, by (2.20), we have

|Bricy gyl @)y = €770 B (M of Moro)|

p3,w3 P3,03

< Cllf llppen 181200

for some C > 0. Thus Tg, n0)m € BM(wi, @2, w3). Also, we obtain

1 T g9,n0) 72|l (@1,00,03)

= ”BT(E(),no)m ”

(€0.10) P3.@3
= { ”_f” ”g” . ||f||p1,w1 =< 1; ||g||p2,w2 < 1}
p1,01 p2,02

-5 { ”Bm(M—Eof»M—nog)”pg,a)g
IM_gof Nl pr,o M8 llps,con

= 1Bl = Imll(w09.03)-

: ”M—E()f”pl,a)l = 1, ||M—I]0g||p2,u)2 =< 1}

(b) Let us rewrite the value B,,(f, g) as follows:

B oy f>8) ) = / FEZMMsg o m(E, e dt dn
R JR7
:/ / f(g)g(n)eZﬂK(EOJZO),@,’I))m(g}n)62ni(§+n,x) d%. d"]
R JRA
= / / M f (€)M g(m)m(E, m)e €% de dn
R JR7

- / (Teof ) €)(Tong) ()l )™ €19 de dy
R” JR?
= Bol(Tsof, Ty @) ). (2.21)
AlSO, the inequalities ||T—§af||p1,w1 S wl(_SO)”f”pl,wl and ”T—i’]og”pz,wz S wZ(_nO)”g”[ﬂz,wz

are satisfied for all f € L%} (R"), g € L1 (R"). Hence, since m € BM(wy, w,, w3), by (2.21) we

have

”BM(EO,,}0>m(frg) ”PS'GB = ”Bm(T—Eofr T—?]og) HP&LDS = ”Bm” ”T—Eaf”pl,wl”T—nog”pz,wz
< w1(=80)2(=10) 1By | I1f l| py 0 1€ | 00 - (2.22)
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Then Mg, .y € BM(w1, w2, w3), and by (2.22) we obtain

||BM(50J70)m(f’g) ”[73,(1)3
I 111,00 1€ 1 2,0

< w1(=&0)w2(—10) 1Ml (@1,09.03)- 0

1M 6,100l (@1,09,08) = SUP{ Afllpren <1 €1l pp.wp < 1}

Lemma 2.2 Ifv; is a polynomial-type weight function and f € L%, (R"), then DVf € L%, (R").

Moreover,
1DVf [, < Wllp <1,
1DEFN L < EWF s iFE> 1.

PiUs
Proof Let v be a polynomial-type weight function and f € L} (R"). Assume that ¢ < 1. If

we get ’—t‘ =u,

|Dt]

bUs

/Rn ‘fo(x) ’pvs(x)p dx}p

5 tzﬂff(;) (1+ %)% } {/ @) (1+ |utl)” d }

/]R” [f(u)\p(1+ |u|)5pdu}5

I 11,05 < 0. (2.23)

IA

Thus we have D}f € LY, (R") and 1 D}f llp.u, < If |-
Now, assume that ¢ > 1. Similarly by (2.23)

||foHp,US = {/ﬂ;ﬂ [F@)]” (L + |ut])*” du}p

L o] roro sl

= E||fllp, < 00.
Hence D}f € LY, (R"), and we also have ||D}f ||,u, < £][f llp,u,- O

Theorem 2.5 Let vy, USZ, Us; be weight functions of polynomial type and let m €

BM(vy,, Us,, Usy). If 2= 17_1 + piz - p—3 and 0 < t < 0o, then Dim ¢ BM(vy,, Us,, Us,). More-

over, then
1\*%
q .
||Dth| (Usl;Usszsg) S (E) ”m”(Usl,UsZ:Usg) l.ft 5 1;
1 +5 ,
||Dtm| (v 5y U53) < P18 ||m||(v31,v32,u53) {flf >1.

Page 10 of 21
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Proof Let f € I}! (R") and g € I%? (R") be given. We know by Lemma 2.2 that D}'f

Us; Usy
L%, (R") and D*g € LY} (R™). If we get £ =y and 2 = v, we obtain

B0 = [ [ Ferpnptmte,mec ddi

A 2n .
= ) gt T m(u, v)eX W 21 gy gy,
g
rr JRe

Hence, from the equality 21,1 _ 1 wehave
g9 p ' p2 b3

1

By, (f,9)x) = /R i (E)R(EV)E " P73 75 )20 21 iy iy
:/ / L‘_n(l_”%>]A’(1,‘u)L‘_n(l_”_li)g(tv)tpl3 m(u, v)eX" IR 2 gy dy
& R
_ 7 /R n /R DDA ) )
= t7s /Rn fRn (Dflf)A(u)(D’;zg)A(v)m(u, V2T gy dy
= D2 B, (D'f, D?g) (). (2.24)

Assume that t < 1. Since m € B, (vy), U, Us;), by Lemma 2.2 and using equality (2.24),

we obtain

1B s &) 5., = |1D/2B (DS, D) )]
t P3:Us3

P35Us3

1\*
(1) Iantotrorgo, .,
1 $3 1 2
< <t) 1Ball[ D71, 107,
1\%
=< <E) ”m“(vsl»vszvvsg)”f”Pl’Usl “g”pz;Usz‘ (225)

Then Dfm e BM(vy,, us,, Us,), and by (2.25)

| D]

1\*%
(USI:USZrUS3) = (E) ”m"(l}sl,vsg,l}s?,).

Now let ¢ > 1. Again, since m € BM(uvy,, Us,, Us;), by Lemma 2.2 and using equality (2.24),

we obtain

||BD?m(f’g) ||p3,v53 < “Bm (Dflf’szg) ||p3,U53
< IBull| DY'f],,, 0P|
< 2Bl 1 llpr.vs, 11€11p2,04,

= (17 ||m||(vgl,u32,us3)”f”pl,usl ||g||p2,ug2 . (2'26)

PUsy
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Thus Dim e BM(vy,, us,, Us;) and by (2.26)

|tm] <Py ) -

(Usl »Usy st3)

Theorem 2.6 Let vy, Us,, Us; be weight functions of polynomial type and let m €

BM(vy,, Us,, U, ) such that m(t€, tn) = m(&,n) forany t > 0, where 7= pil + p% — —. Then
2 s
P ift<1,
q n
2 +
2, ar® ift>1.
q n

Proof Take any f € L%} (

Usl

(R"), g € L, (R™). It is known by Theorem 2.5 that
By, (f-8) (%) = D, B, (D', Dj?g) (x),  x €R". (2.27)

On the other hand, using m(t§,tn) = m(&, n) and changing the variables tu = &, tv = ), we
note that

DB, (D;'f,D}*g) (x)
:tp%/‘ (DY) () (D2 g) " (V)m(u, v)e™ ™) dy dv

— 73 / / u)Dpzlg(v)m(u, V)eX W) gy dy
RVI

n . e St
= / F©mm(¢ g, ¢71n) i e e £ 2 g dn
n Rn

-th / FEamm(E, n)e w5 d dn

= "5 h 2B (f, 0) (). (2.28)
Hence by (2.27) and (2.28), we have
m(f g)(x) t p3_171_172 BDq (fg)(x

Since Dfm = m for t = 1, we let t # 1. Assume first that ¢ < 1. Also, since m € BM(vy,, vs,
Us;), by Theorem 2.5 we have Dim € BM(vy,, vs,, Us;) and ||D?m||(vsl,vs2 < (%)S3 X

711l (w05, ,05)- Then by (2.28)

JUs3)
3

R Byt 00|

|
~

| Bl )@

P3sVUs3 P3Vs3

<t (Pls_ﬁ_ﬂz)Hqu|

(s I Iy 1€

n(L-oLl_Lly
25722 || gy gy o) U vy 1€ 11,

(L - L Ly g
252 Bl lpavn, 1€ oy -

<t

=t
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Thus,

2n _

(L1 1,y
IByll < £ 775 P12 ™3 |B,, | = £9 3 ||B .

m_ g .
Hence 1<t . Since t < 1, we have %” — 83 < 0. Thus, we write %1 <3,
Assume now that ¢ > 1. Again, by Theorem 2.5, we have D?m € BM(vy,, sy, Us;) and

IDF 11 (v 05y 55) < EVF 2 172 (04 5y 0, Similarly,

Usy »Usy

1 1
= )+S1+S:
PP B 1 e, 1€,

1Bl 0@, . <t

P35Us3

Thus, we have

1

g1 2n
Byl < £ " %5 P p) 2B |l = a2 B
2514850 @ 2n ite 2 51152
ence 1 < mcer>1,wehave =— +8; +8 > 0. us, we write = > ———=,
Hence 1< £ ™™ Since £ > 1, we have 2 0.Th te 2 > -4 O

Theorem 2.7 Let m € BM(wy, wy, w3) and p3 > 1.
(a) If ® € LY(R"), then ® * m € BM(w,, wy, w3) and

||d) * m”(a)l,wz,wg) =< “q)”l ||m||(a)1,w2,w3)~
(b) If ® € LL (R") such that w(u,v) = w1 (u)wz (v), then dm € BM(wi, ws, w3) and
”q)m”(w],wz,wg) E ”q)”l,w”m”(wl,wg,wg)-

Proof (a) Letf € L, (R")and g € LY (R™). Since L5} (R") C L7 (R") and L% (R”) C LP2(R”),
then by Proposition 2.5 in [11]

Bownlf,0)(x) = fR n fR DBy f Q)0

Also, since m € BM(w,, wy, w3), we have T, ,,m € BM(w,, ws, w3) by Theorem 2.4. So, we

write

Bountl- Dy = [ [ 19060E 0.,
< [ ] 19Tl v €l s
= 11l or0300) 1P 1 1 1 < 00- (229)
Hence ® x m € BM(w;, w, w3). Finally, by (2.29), we obtain
1© 5 Milwnnon) < 1117 w00

(b) Let ® € L (R"). Take any f € L5 (R™) and g € I£2 (R"). It is known by Proposition 2.5
in [11] that the equality

Banf: 0w = [ [ @m0 duds
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Since m € BM(wy, w2, w3), by Theorem 2.4 we have M(_,,_,ym € BM(w1, w,, w3) and

”M(—u,—v)m I (o1,03.03) = wl(”)w2 (U) [[a]| (w1,w2,w3)*

Then we write
|Bontf &l = [ [ 190G0Ew -0, dud
< [ 06D IM o € il

< / / |9, )] 01 ()220 1720 ooy 1 o 1€ it
R” JR”

= 1Ml w1,02.09) If lpr.cr 1€l pp.0 | P10 (2.30)

Thus from (2.30), we obtain ®m € BM(w;, w2, w3) and

||d)m||(w1,w2,a)3) =< ”d)”Lu)”m”(wl,wz,wg)' g

Theorem 2.8 Let vy, vy, Us, bgn weight functions of polynomial type and let m €
BM(uvy,, Usy, Usy). If W € LYR*, ¢ 7 dt) such that % = 1%1 + piz - pis, then my(€,n) =
15" m(t€, )W (t) dt € BM(vy,, vs,, vs,). Moreover,

”m‘-I/”(vsl,USTvs.a.) < ”llI”Ll(R*',t_Zl ||m||(usl,v3-2,us3)'

4 dr)

Proof Let us take f,g € S(R"). Then
B (.90 = [ [ Fezmmate,me e de dy
R JR7
= / A f(é)g(n){/ m(té, tn)W(t) dt}eZ”“”*"”‘) de dn
n n 0
Y, o 2n .
- / f(E)é(n){ f DL m(E W (e T dr}ehlww dé dn
R7 JR7 0
=/ By (WO 7 de
0 1
Since m € BM(vy,, Us,, Us3), Df,lm € BM(vy,, Us,, Us;) by Theorem 2.5, thus we observe that

\I/(t)|f% dt

o0
e 0,0 = [ 1Bz 0,

\I/(t)|t‘27" dt

o0
< / 1Bt 1 s I
0 =

- [ 1Dt

1
< / £ ”W’”(1151,1132,1153)”f”pl,us1 ||g||p2,u52
0

2n
()|t a dt

J W s, 1€ 11,0,

(Usl »Usp »Us3

11!(t)|t‘27" dt

W) de

oo
+/ £ 1m | gy gy o) U N0, 1€ 1120,
1
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= ”m”(usl,st,USS)”f”pl,vxl ||g||p2,u52

1 2n o0 2n
x {/ 3|t 7 dt + / R (| dt}. (2.31)
0 1
Also, since t3 <1forss > 0,¢ <1land 172 <1 for —s; —s3 <0, t > 1, by (2.31)

||Bm\y (f;g)(x) ||p3,vs3 < ”\IJHLl(R*,f%n dt)||m||(USlyU52yUS3) ”f”pl,usl ”g”pz,usZ .

Hence, my € BM(vy,, vs,, Us;) and

[y ||(vs1,u32,v53) < || ”LI(R*,f%n a0 ”m”(usl,vsz,uss)o O

Theorem 2.9 Let p3 > 1 and m € BM(w1, w3, w3). If Q1, Qa2 are bounded measurable sets
in R”, then

1
h(&,n) = m / ~/Ql><Q2 m(& +u,n +v)dudv € BM(wy, wy, ws).

(

Proof Take any f,g € S(R”). Then we write

By(f,g)(x)
= / FE&mh(g, n)e?™ € de dn
R” JR”

e f(£)3 2wt na) g g }d 4
w(Qr x Q) //leQz{/R” Anf(f)g(ﬁ)M($+u,n+v)e £dn dudy

1
T QX Q) B 2)(x) dudv.
w(Q1 x Qo) //Q1XQ2 Ty &)%) dutdv

By using Theorem 2.4, we have

1
||Bh(f,g) Hps,w3 < M//leQz HBT(‘“"")”'(f'g)Hm,m dudy

1
=< m/](;lez ”T(—u,—v)m”(wl,wz,wg)”f”pl,wl ”g”pz,wg dudv

S i 1€l 2(Q1 X Q)
T 0 x Q) W1,W2,0 @ oy M X
w(Qr x Qq) (w1,02,03) I 11,01 1€ 11 pa,wz 1 7

||m||(w1,w2,w3) ||f||p1,a)1 ||g||p2,w2~

Hence, we obtain 4(&,n) € BM(w;, s, ws). O

Theorem 2.10 Let w(u,v) = wy(u)wy(v), ws < w1, w3(—u) = w3(u) and pil + piz = 1%3 1

<1
Assume that ® € LY (R*), ¥ € L) (R") and W, € L} (R"). If m(€,7) = By (£)DE, ) W2 (n),
then m € BM(L, wy; 1, wo; p3, ws3).
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Proof For the proof we will use Theorem 2.2. Take any f, g, € S(R”). Then
[ [ Fewite « ivnte,maz
| [ [ Feemi@beniome e gz o)
< ./]R” |h(y)w§1(y)B&>(f x W, g % \IJZ)(—y)a)g(y)| dy. (2.32)
Since the spaces L%} (R") and L£2(R") are Banach convolution module over the spaces
L}, (R"), L, (R") respectively, we write f W, € LY}, (R”) and g W, € L¢j, (R”). Also, by The-

orem 2.7, <I> € BM(p1, wi; p2, w2; p3, w3). Therefore we obtain Bg (f * Wy, g+ Wy) € o 5 (R™).
By using the Holder inequality and the inequality (2.32), we find

/ FE&mAE + n)m(g,n) de dn
R” JR"

< hll1, _1||B (f Wy, g x W)

p3,03

< Wl 51,051 1B N lop W1 1py o1 1811105 W21 0

If we say C = ||B4 1 W1llpy,0; 1| W2 |l py,0p then we obtain

f(E) (A& +n)m(E,n) dg dy < Cllf o w1151 4515

which means m € BM(1, w1; 1, w3; p3, w3). 0

The following theorem can be proved easily by using the technique of the proof in The-
orem 2.10.

Theorem 2.11 Let w(u,v) = w1(w)wy(v), ws < w1, ws(—u) = ws () and + ot p—2 p3 <lLIf
m(E,n) = W1 (8)D(E, n)Wa(n) such that ® € LL(R), W, € L], (R") and W, € L., (R"), then

m € BM(p1, w1; p2, wo; p3, w3).

3 The bilinear multipliers space BM(p, (x), p2(x), p3(x))
Definition 3.1 Let p; (x), p2(x), p3(x) € P(R") and let p] < 00, p} < 00, p} < 0o. Assume that
m(&,n) is a bounded function on R” x R”. Define

Balf. 0= [ [ F@mmte,mec ey

forall f,g € C2°(R").
m is said to be a bilinear multiplier on R” of type (p1(x), p2(x), p3(x)) if there exists C > 0
such that

|BalFo &),y = CIF o 1€l

for all f,g € C®(R"), i.e., B, extends to a bounded bilinear operator from L/1¥(R") x
LP2@(R™) to LP3@(IR™). We denote by BM(p; (%), pa (x) p3(x)) the space of bilinear multipli-
ers of type (p1(x), p2(%), p3(x)) and [|72| py (x),p2.(x),p3.x)) = 1B |l-
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The following theorem can be proved easily by using the technique of the proof in The-

orem 2.2.

Theorem 3.1 Let p3(—x) = p3(x) and 7 x) q(x =1 for all x € R". Then m € BM(p;(x),
P2(x), p3(x)) if and only if there exists C > 0 such that

f(‘i:) ) E + 77)7”(‘5 77) d";’_ d)’] = C”f”pl x)”g”pz x)”h”q(x

forallf,g,h e C*(R").

Theorem 3.2 Let -

ot =L If o e LNR"), then m(§,n) = (& + 1) e BM(p(x), (%), 7).

Proof Take any f,g,h € C°(R"). Then

| @& + ) + n)ds dn‘

| [ [ 7oy e« aean

_ 7 S —27 (£ +7,x)
‘ /R nx cb)(x){ /1; n /R Feione de dn} dx

< [ Jtre o)) |Butf. 000 (31)
Rn
Since the space L” (R") is the Banach convolution module over L}(R") such that ! + =1,
we write 1% ® € L (R"). Also, we have 1 € BM(p(x) ,7). Then by (3.1), we ﬁnd Cl >0
such that

/n Rnf(rf h(g +n)D(E +n) dt dn‘ < Gullall I N2 1 1 pe lg Nl g

If we set C = C1|| |1, we obtain

[, [ Feice + ibie + e n| = Caoligln i

and m(&,n) = D& + 1) € BM(p(x), g(x), 7). .

Theorem 3.3 If m € BM(p)(x), p2(%), p3(x)), then T(gy 0)m € BM(p1(x), p2 (%), p3(x)) and
1T 60,107l 16102 @103 @) = 17721 10, )3 )

Sor all (£0,n0) € R>".

Proof Let us take any f,g € C2°(R"). By the proof of (a) Theorem 2.4, we know that

T(g, ,70>m(f g)x) = g iornonp m(M—ﬁuf’M—rzog)(x)’ xeR" (3.2)
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By Lemma 5 in [8], we know |M_¢ f|lp,¢x) = If llpywyand |M_y,&llpsx) = 1€ llpy )~ Since m €
BM(p1 (x), p2(x), p3(x)), by (3.2), there exists C > 0 such that

1By sy &) s = |1BnMtof Moo = CIf InIE st

Thus T(g,,n0) € BM(p1(x), p2(x), p3(x)). Moreover, by using the same technique as in the
proof of Theorem 2.4, we obtain

I Te0.m0) 721l (1 ()02 (30,93 () = 177211 (1 )2 (0,3 ) O
Theorem 3.4 Let ﬁ + q% = r(x .If m € BM(p(x), q(x), r(x)), then ® * m € BM(p(x), q(x),

r(x)) and there exists C > 0 such that
||(‘I) * m”(p(x),q(x ) = CHCDHIHm”(p x),q(x),r(x))
for all ® € LY(R?").

Proof Take any f,g € C2°(R"). By Proposition 2.5 in [11], we know that

Boun(f,2)(x) = /Rn /Rn D (1, V)BT@O,UO),,,(f,g)(x) dudv. (3.3)
Since m € BM(p(x) ,r(x)), then T, ,.ym € BM(p(x), g(x), r(x)) and

I Teo.m0) 721l (o).t = 17721l (o)),

by Theorem 3.3. Using (3.3) and the Minkowski inequality for a variable exponent
Lebesgue space [12], we find C > 0 such that

|Bountf @y = C [ [ 106001 Ery 0]l
< C/]R” Rn|q>(u7 V)|||BT(EO,,70)m””f”p(x)”g”q(x) dudv

_c / / 101t 11106960 1 o 12 ) i
Rn n

= Cllmll p).qe.00) f lpe 1€l g6 | P11 (3.4)

Hence ® % m € BM(p(x), g(x), r(x)) and by (3.4), we have

1D * m |l (o), g0, ) < CNPNL NI (o)), () - O

Theorem 3.5 Let r(—x) = r(x).
(a) If ¥, € LP(R"), W, € L1Y(R") and m € BM(p, g, r(x)), then
W1(&)m(&, )2 (n) € BM(L, 1, r(x)).
(b) I W1, W, € L\(R") and m € BM(p,q,r(x)), then $(&)m(&, n) ¥ () € BM(p, g, ().
(c) If ¥, € LP(R") and m € BM(p, q,r(x)), then \fll(é)m(é, n) € BM(1, g(x), r(x)).
(d) If ¥, € LYR") and m € BM(p, q, r(x)), then \le(E)m(S, n) € BM(p, g(x), r(x)).
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Proof (a) Let f,g,h € C°(R") be given. Then

f / FERAE + 0 E)m(&, m)ba () de dn‘
Rn Rn

/Rnh(ﬂ{/n Rnf(é)@(n)\ifl(é)M(E,n)‘i/z(n)e‘z””é””” d§ dn}dy‘

f h(y){ f / (f*wl)ﬂ(s)(ng)%n)m@,me2m’<f+"'y>dsdn}dy‘
R7 R” JR"

< [ JHO)IButf * Wig x 020 d (35)
Rn

Since the spaces L”(R”) and LY(R”") are Banach convolution module over L}(R"), we have

fx W € L[P(R”) and g x ¥, € L1(R"). Also, since m € BM(p, g, r(x)), we write B,,(f * W1,
g * W,)(y) € 'W(R"). Then, by the equality

B 5 2 00 g, = B g 92000,

the Holder inequality and the inequality (3.5), we have

[ [ F@woice + misiemte, ibain de

< Il [ Bulf * Wrig + ¥2) 0],

< e 1B I Il gl I W2l -

If we say C = || By ||| 1 [, | Wy ||, we obtain

fR |, SR + mEa(Ems, m) bl d dn‘ < CIf I gl Wl o

Hence, U, (£)m(g, n) ¥ (n) € BM(1, 1, (x)).
(b) Take any f, g, € C°(R"). By (a), we know that

! f / FEEAE + n) ¥ (E)m(g, n)Wa(n) dt dn‘
R” JR”
5/ |hO)||Bn(f * W1, g % Wa) ()| d.
]Rn

Similarly, if we say C = || By ||| W1 |1 ]| W2]|1, we obtain

/R ) Rnﬁ(s)g(n)ﬁ(s+n)®1(5)m(s,n)®z(n)d5dn < Clflpllglg Al e,

which means ¥ (§)m(&, )W (n) € BM(p, g, r(x)).

In this theorem, (c) and (d) can be proved easily by using the technique of the proof in

(a) and (b), respectively. O
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Theorem 3.6 Let m € BM(p;(x), p2(x), p3(x)). If Q1, Q2 C R” are bounded sets, then

hen) = m / fQ e ) dud € BM(p (3t o).

(

Proof Letf,g,h € C°(R") be given. By using the Fubini theorem, we can easily prove the
following equality:

1
Bilf.9)) = — oo / /Q il W dudy

Also, by the Minkowski inequality and Theorem 3.3, we find Cj > 0 such that
”Bh(f’g) ”pg(x)

1
o xonC B ) dud
= 1@ x Q) Of/leQz 1Bl &)y A

1
=< m% / fQ o, I Tty 1 @02 )03 ) IUF Nl 1 ) 1€ Wl iy () At A

1
= —————Collmll ) pow), I 10 € 1o ey 12 ( Q1 % Q2)
1(Q1 X Qy) (p1(x),p2(x),p3 () IV 11 p1 (%) p2(x)
= Collmll y ()2 61,30 U Nl 1 ) 1€ 1|y )

If we say C = Col|m]| (p, (x),p5.(x),p3 (x))» We Obtain

1Bill @203 @) < CIf Ny 181l g2 -

Hence h(£,7) € BM(p1(x), pa (%), p3(x)). 0
Theorem 3.7
(a) IfLS(")(R”) C LR and m € BM(p(x), q(x),s(x)), then m € BM(p(x), q(x), r(x)).
(b) IFL*W(R™) C L'®(R™), LPX(R") € LK®(R?), L19(R") € L*¥)(R") and
m € BM(k(x), t(x), s(x)), then m € BM(p(x), q(x), r(x)).

Proof (a) Take any f,g € C2°(R"). Since m € BM(p(x), g(x), s(x)), there exists C; > 0 such
that

|BnlF:0) ||y < CLllf Nyt 1o (3.6)
Also, since L™ (R") ¢ L' (R"), there exists C, > 0 such that

|Bu(f.2) ”r(x) =G HBm(f’g)Hs(x)' (3.7)
If we set C = C;C; and combine the inequalities (3.6) and (3.7), we have

1Bl 0],y < CILf llpiw g lg-

Therefore m € BM(p(x), q(x), r(x)).
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(b) Let us take any f,g € C°(R"). Since m € BM(k(x), £(x), s(x)), there exists C3 > 0 such
that

|Bn(f>0) ||s(x) < Gllf lx) gl e)- (3.8)

By using the inclusions L*®(R”) ¢ L™ (R"), L®(R") ¢ L*¥(R") and L1®)(R") C L¥)(R™),
we find Cy, Cs, Cg > 0 such that

|Bin(f.8) ”r(x) < Cu|[Bu(f.9) “s(x)’ (3.9)

W llk) < Cslif llpe) (3.10)
and

llgllsx) < Cellgllge)- (3.11)

If we set C = C3C4C5Cs and combine the inequalities (3.8), (3.9), (3.10) and (3.11), we have

|Bnlf- ), < CUFllpto 1€l

Then m € BM(p(x), g(x), r(x)). a
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