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1 Introduction and main result
We consider the following second order Hamiltonian system:

u'(t) - A(Ou(t) + VH(u(t)) =0, teR, (1.1)

where H € C{(R x RN, R) is T-periodic in £, VH(¢,x) denotes its gradient with respect to
the x variable, and A(t) is the T-periodic N x N matrix that satisfies

A(r) € C(R,RYY), (1.2)

and it is symmetric and positive definite uniformly for ¢ € [0, T']. We say that a solution
u(t) of (1.1) is homoclinic (with 0) if u(t) € C*(R,RYN) such that u(t) — 0 and «'(t) — 0 as
[t]| = oo. If u(t) #£ 0, then u(¢) is called a nontrivial homoclinic solution.

Let G(t,u) := %(VH(t, u), u) — H(t, u). We assume:

(H) He C'YR x RN,R) is T-periodic in t, and H(t,u) > 0, ¥(t,u) € R x RN,
(Hy) There are some constants ¢, R; > 0 and u > 2 such that |[VH (¢, u)| < c|lu|*Vif |u| <R;.
(H3) There is a constant V > 0 such that

H(t,u) = %VWI2 + F(t,u), \VF(t, u)| = o(|u|) as |u| — oo.

(Ha) G(t,u) >0, V(t,u) € R x RN, and there exist o € (1,2), ¢1,¢3 > 0, and Ry > R; such
that

Gt u) = cilul”  if lul <Ry, Gt u) > colul™  if |u| > R,.
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Let

do:=max sup (A(t)u, u)
LER RN -1

Now, our main result reads as follows.

Theorem 1.1 If(1.2) and (H;)-(Hy) with V' > ag hold, then (1.1) has a nontrivial homoclinic
orbit.

Example 1.1 Let

GV —-h@)lul*  iflul <1,

H(tu) =
(&) LY ul? — h(Olul® if | > 1,

where & € C}(R,R) is T-periodic in ¢, 0 < infier h(£) < sup,g h(f) < %V and u>2>a>1.
It is not hard to check that the above function satisfies (H;)-(Hy).

We will use the following theorem to prove our main result.

Theorem A ([1]) Let E be a Banach space equipped with the norm || - || and let ] C R* be
an interval. We consider a family (I,.),cy of C'-functionals on E of the form

L (u) = A(u) — 1B(u),

where B(u) > 0, Yu € E and such that either A(u) — +00 or B(u) — +00 as ||u|| — +oo.

We assume there are two points (v1,v,) in E such that setting

I'= {)’ € C([Orl]rE)r J/(O) =1, )/(1) = V2}
we have, VA €],

.= inf max L, (y (¢ L), L. (v)}.
¢ := inf max (v (0) > max{L,(n1), L(v2) }

Then, for almost every A € ], there is a sequence {v,} C E such that
{vu} is bounded, L (v,)— ¢, and I, (v,)— 0 inthedual E1 of E.

In recent decades, many authors are devoted to the existence and multiplicity of ho-
moclinic orbits for second order Hamiltonian systems with super or asymptotically linear
terms by critical point theory, see [2—22] and the references therein. Many authors [2-7,
9,11-13, 15, 17-19] have studied the existence of homoclinic orbits of (1.1) by considering
the following so-called global Ambrosetti-Rabinowitz condition on H due to Ambrosetti

and Rabinowitz (e.g, [3]): there exists a constant u > 2 such that

0 < uH(t,u) < (VH(t,u),u), ueRV\{0}, (1.3)
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where (-,-) denotes the inner product in R, and the corresponding norm is denoted by
| - |. Roughly speaking the role of (1.3) is to insure that all Palais-Smale sequences for the
corresponding function of (1.1) at the mountain-pass level are bounded. By removing or
weakening the condition (1.3), some authors studied the homoclinic orbits of (1.1). For
example, Zou and Li [22] proved that the system (1.1) has infinitely many homoclinic orbits
by using the variant fountain theorem; Chen [8] obtained the existence of a ground state
homoclinic orbit for (1.1) by a variant generalized weak linking theorem due to Schechter
and Zou. Ou and Tang [16] obtained the existence of a homoclinic solution of (1.1) by
the minimax methods in the critical point theory. For second order Hamiltonian systems
without periodicity, we refer the readers to [20—22] and so on.

The rest of our paper is organized as follows. In Section 2, we give some preliminary
lemmas, which are useful in the proof of our result. In Section 3, we give the detailed

proof of our result.

2 Preliminary lemmas
Throughout this paper we denote by || - ||z¢ the usual LI(R,RY) norm and C for generic
constants.

In what follows, we always assume (1.2) and (H;)-(H4) with V > ag hold. Let E :=

H'(R,RY) under the usual norm

+00 2
= [+ ')

(o¢}

Thus E is a Hilbert space and it is not difficult to show that E C C°(R,RY), the space of
continuous functions # on R such that u(t) — 0 as |¢] — oo (see, e.g., [18]). We will seek
solutions of (1.1) as critical points of the functional I associated with (1.1) and given by
1 +00 ) +00
I(u) := —/ (|u/| + (A(®)u, u)) dt—/ H(t,u)dt.
2 o0 -0

We define a new norm

lul)? 1= f (A + i P,

o0

and its corresponding inner product is denoted by (-, ). By (1.2), || - || can and will be taken

as an equivalent norm on E. Hence I can be written as

I(u) := %Hu”z - /m H(t,u)dt. (2.1)

The assumptions on H imply that I € C'(E, R). Moreover, critical points of I are classical
solutions of (1.1) satisfying u'(t) — 0 as |¢| — oc. Thus u is a homoclinic solution of (1.1).
Let us show that I has a mountain-pass geometry. Since I(0) = 0 this is a consequence of

the two following results.

Lemma 2.1 I(x) = 1 |lu|* + o([|u||?) as u — 0.
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Proof By (H,) and (H3), we know for any ¢ > 0 there exists a C, > 0 such that
’VH(t,u)‘ <elul + CelulP™t, V(,u) eR x RY, (2.2)

where p > 2. It follows from %(VH(t, u),u) > H(t, u) (see (Hy)) that

Ce
’H(t,u)| < §|u|2+7|u|1’, Y(t,u) e R x RN, (2.3)

By (2.3) and the Sobolev embedding theorem, we deduce that

+00 8
/ |H(t,u)|dt < 5||u||2 + Cllull?,

oe]

which implies the conclusion. d
Lemma 2.2 There is a function v € E with v # 0 satisfying I1(v) < 0.

Proof Let

+00 5
d2::N/ e dt, 0<a<V—ay,

o]

1
W (£) 1= Ee""‘tz, i=1,..,N and wy(®):= (Was(®),..., wen(0)).

Obviously, w, ,(¢) := —%2ate—ﬂtt2, i=1,...,N. Straightforward calculations show that
2
[Woll2 =1 and ||w,[,,=c. (2.4)

For every ¢t € R, |sw,| — +00 as s — oo. It follows from (Hs) that

. H(t,sw . H(t,sw, 1
lim u = lim ¥|Wo’|2 = —Viwe|?>, ae.teR,
§—00 s s—>00 § |W0[|2 2

which together with (2.4), the definition of a¢ (above Theorem 1.1) and the Fatou lemma

implies
. [(SWa) 1 ;12 1 o0 . oo H(t,SWa)
tim T g2, / (O w)de- fim [
+00 H t,

< o+ 2DYw,2, - lim Htswe)
2 2 s—>00 J_ o 52
1 ag 1

- o+ _Zveo
2% 72

Therefore, we can choose v := sw, with s big enough such that v € E with v # 0 satisfying
Iv) <o. a

We define on E the family of functionals

L(u) = %Hu”z —x/mH(t,u)dt, rell,2]. (2.5)

Page 4 of 9
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Lemma 2.3 The family (I,) with A € [1,2] satisfies the hypotheses of Theorem A. In par-
ticular for almost every A € [1,2] there is a bounded sequence {v;} C E satisfying

L)) > ¢, and I (v;)— 0.

Proof For the v € E obtained in Lemma 2.2, we have I, (v) < 0. It follows from (H;) that
L,(v) <I(v) <0, VX € [1,2]. By the proof in Lemma 2.1, we have

/+wH(t,u)dt:o(||u||2) asu — 0. (2.6)
Let

I:= {y € C([O,l],E) :y(0)=0and y(1) = V},
then it follows from (2.5) and (2.6) that

¢, := inf max I, (y(s)) >0, Vre[l,2].
yel'se[0,1]

An application of Theorem A now completes the proof. O

Lemma 2.4 If{u;} C E vanishes and is bounded, then

+00

lim G(t, u))dt =0.

J7 J _x

Proof It is known that if {x;} vanishes, then #; — 0 in LI(R, RN) for all g € (2, 00), which
together with (2.2), (2.3), and the Holder inequality implies

+00
/ (VH(t, w), ) < ellull72 + Cellmllf, — 0

o0
and
+00 e C
/ H(t ) de < S g2y + < gl — 0.
- 2 2
Therefore, the proof follows from the definition of G. O
Lemma 2.5 If{u;} is bounded in E and satisfies
0< lim I,(w) <¢, and I (u)— 0,
1*)00
then up to a subsequence, uj — uy, # 0 with I, (u,) < ¢, and I, (u;) = 0.

Proof Note that {u;} is bounded and

+00
1
/ G(If, l/t]') dt = I)L(I/lj) - E[j\(u,)u, — llm I)L(l/t]') >0,
_ J—> 00

o0
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it follows from Lemma 2.4 that {#;} does not vanish, i.e., there are 7,5 > 0 and a sequence
{s;} C R such that

lim ul dt > 6, (2.7)

700 JBy(s))

where B,(s;) := [s; — r,s; + r]. The fact that {«;} is bounded implies that #; — u; in E and

2
loc

uj — uy in L2 (R, RN) (see [23]) after passing to a subsequence, thus we get u;, # 0 by (2.7).

By I} (4;) — 0 and the fact I} is weakly sequentially continuous [24], we have
L(u)v=lim I (u;)v=0, VveE.
]—)OC/

It implies that 7 (#,) = 0.
Observe that (H4) implies G(t,u) > 0 for all (t,u) € R x RY, which together with the

Fatou lemma and [ (&) = 0 implies

. 1,
= 11_1)1110 <1x(uj) - EIA(M;‘)M;)

+00
= lim A/ G(t, uj)dt

J—> 00 —00

+00
> A / G(t,u;)dt

{o¢]

1
= L(uw) - EI,I\(MA)MA =L(u5).
Therefore, the proof is finished. O

By Lemmas 2.3 and 2.5, we deduce the existence of a sequence {(};, #;)} C [1,2] x E such
that:

e }; — land {};} is decreasing,
(2.8)
® U #O,])L/.(MI') < C)‘I' and I;L](I/l/) =0.

Since

1 +00 +00
5||u,||2 - / H(t,w)dt <c;; and |lul|® = 4, / (VH(t,u;), u;) dt,
o _

o]

we have
+00 ¢y
f G(t,uj)dt < —.
s Aj
[
m

Clearly 1’ is increasing and bounded by ¢ = ¢;, and it follows that

/ G(t,uj)dt <c, VjeN. (2.9)

o]

Lemma 2.6 The sequence {u;} obtained in (2.8) is bounded.
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Proof Since H € CY(R x RN, R) is T-periodic in ¢, by (H4) and (H3), respectively,

/ G(t,u;) dt = / G(t, u;) dt
{teR:|uj| =Ry } {teR:Ry <|uj| <R JU{t€R:|uj| > Ro}

> ci/ |u;|* dt (2.10)
{teR:|uj| >R, }
and
f |VH(t, w)]| - |ujl dt < f |u;|* dt (2.11)
{teR:|uj| >Ry} {teR:|uj| =R }

for some positive constants ¢; and c}. Note that (2.8) implies

L (uw) - %Ii].(%j)u;‘

<C,
Aj

thus it follows from (H,) and (2.10) that

L, () = 313 ()
> S—

> ”
- f Glt,u) dt
R

=/ G(t,uj)dt+/ G(t, u;)dt
{t€R:|uj <Ry {t€R:|uj| >R )

> C1/ |M1'|Mdt + Ci/ |uj|°‘ dt. (2.12)
{teR:|uj| <Ry} {teR:|uj| =R }

Take s € (0, ), then by (2.12), the Holder inequality, and the Sobolev imbedding theorem,

/ |uj|* dt
{teR:|uj| >Ry}

- / logj ||| 1) it
{teR:|uj| >Ry }

2s a=2s
o o 2a(1-s) o
< ] e
{teR:|uj| >Ry } {teR:|uj| >Ry }
< Gyl (2.13)
for some positive constant C;, where 22%12_;) > 2. Note that Ig/(uj)u,» = 0, it follows from

(Hyp), (2.11)-(2.13), the Holder inequality and the Sobolev imbedding theorem that
[l 1 =)\,/(VH(t, ), u;) dt
R
< sz |VH(t,u;)| - || dt + CZ/ |VH(t,u))| - || dt
{teR:|uj|<R1} {teR:|uj| >Ry }

< C3/ |ogi |7 | At + C3/ |uj|* dt
{t€R:|uj| <R} {teR:|uj| >Ry }

< Cy + GGyl |0 (2.14)


http://www.advancesindifferenceequations.com/content/2014/1/114

Chen Advances in Difference Equations 2014, 2014:114 Page 8 of 9
http://www.advancesindifferenceequations.com/content/2014/1/114

for some positive constants C,, C3, and Cy, where 0 < 2(1 —s) < 2. Therefore, (2.14) implies
that {1} is bounded and the proof is finished. O

3 Proof of main result

We are now in a position to prove our main result.

Proof of Theorem 1.1 {u;} is bounded by Lemma 2.6, so we can assume #; — # and u; — u

a.e.t € R, up to a subsequence. By (2.8), we have

+00

lim I'(uj)¢ = lim (Ij\]_(u,)go + (A — 1)/ (VH(t, u)), 0) dt) =0, VgeE.
j—>o00 j—>o00 _

o]

Note that

+00

lim I()) = lim (le.(uj) +(0 - 1)/ H(t,u)) dt).
j=o0 j—oo —o0

We distinguish two cases: either limsup;_, ., [;,(;) > 0 or limsup;_, . [, (4;) < 0. If the

first case holds, we get limsup;_,,, I(#;) > 0 and the result follows from Lemma 2.5. If

lim sup/ﬁoolkj(u/) < 0, we define the sequence {z;} € E by z; = tju; with ¢; € [0,1] satisfying
[)Lj(Z]') = max I;\j(tuj). (31)
te[0,1]

(Ifforaj e N, ; defined by (3.1) is not unique we choose the smaller possible value.) Since
{uj} is bounded, {z;} is bounded. Note that 1;/_ (z))zj = 0, Vj € N, thus

+00 1
)»]/ G(lf, Zj) dt = IA/-(Zj) - EIQJ(Z])ZI = I)\].(ZI'), (32)

(o]

On the other hand it is easily seen, following the proof of Lemma 2.1, that I ;j(u)u = |lul)® +
o(||u||?) as u — 0, uniformly in j € N. Therefore, since Il/\j(u,») =0, there is 6 > 0 such that
llzill = 6, Vj € N. Recording that lim supjﬁwl;\j(uj) < 0, then we obtain from Lemma 2.1
and (3.1) liminf;_, o I, py (zj) > 0, and from (3.2) it follows that

+00
lim inf / G(t,z) dt = lim inf Ix,(Z/) > 0.
_ ]—)OO

J— 00 00

It follows from the fact {z;} is bounded and Lemma 2.4 that {z;} does not vanish, so {u;}

does not vanish. The proof of u # 0 and I'(u) = 0 is similar to the proof of Lemma 2.5. [
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