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ABSTRACT: In a completely systematic and geometric way, we derive maximal and half-
maximal supersymmetric gauged double field theories in lower than ten dimensions. To
this end, we apply a simple twisting ansatz to the D = 10 ungauged maximal and half-
maximal supersymmetric double field theories constructed previously within the so-called
semi-covariant formalism. The twisting ansatz may not satisfy the section condition.
Nonetheless, all the features of the semi-covariant formalism, including its complete co-
variantizability, are still valid after the twist under alternative consistency conditions. The
twist allows gaugings as supersymmetry preserving deformations of the D = 10 untwisted
theories after Scherk-Schwarz-type dimensional reductions. The maximal supersymmetric
twist requires an extra condition to ensure both the Ramond-Ramond gauge symmetry
and the 32 supersymmetries unbroken.
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1 Introduction

A characteristic of Double Field Theory (DFT) [1-4] is the section condition, a second
order differential constraint imposed on arbitrary fields and their products, such that the
O(D, D) invariant Laplacian should be trivial,

D40 ~ 0. (1.1)

While DFT employs doubled spacetime coordinates [5-7] manifesting the O(D, D) struc-
ture of T-duality, the section condition ensures that DFT lives not on the doubled (D+D)-
dimensional space but on a D-dimensional null hyperspace, i.e. section.

The geometric insight behind the section condition was proposed in [8] to claim that
the coordinate space in DFT is doubled yet gauged: a gauge orbit rather than a point in the
doubled coordinate space corresponds to a physical point. Within this picture, the expo-
nentiation of the generalized Lie derivative which is the infinitesimal DFT-diffeomorphism
generator was shown in [8] to agree with the then-known simple ansatz of the tensorial finite



diffeomorphism & la Hohm and Zwiebach [9], cf. [10-14]. This ‘coordinate gauge symmetry’
was also soon successfully realized on a string worldsheet as a usual gauge symmetry [10]
(cf. [15-17]) , where the spacetime coordinates are dynamical fields. The constructed string
action couples to an arbitrarily curved generalized metric and is still completely covariant
with respect to the coordinate gauge symmetry, DFT-diffeomorphisms, world-sheet dif-
feomorphisms, world-sheet Weyl symmetry and O(D, D) T-duality. While it reduces to
the conventional string action upon the Riemannian parametrization of the generalized
metric, it can also go beyond the Riemannian regime. In this way, DFT is a stringy
gravitational theory which is defined self-consistently adopting the doubled-yet-gauged co-
ordinate system.

On the other hand, somewhat contrary to the geometric significance of the section
condition, it has been also observed that, in order to correctly reproduce a variety of the
known gauged supergravities in lower than ten-dimensions it is necessary to consider “re-
laxing” the section condition. In the supergravity literature, a powerful way of the gauging
has been the embedding tensor method [18] which allows for a systematic classification
of all possible supersymmetric deformations as for gaugings. However, while some of the
gaugings can be obtained by a Scherk-Schwarz dimensional reduction of the eleven- or ten-
dimensional supergravities [19, 20], a class of gaugings has been known to have no such a
higher dimensional origin. This mystery got a new spin when Geissbiihler [21] (cf. [22]) re-
alized the necessity of introducing section-condition-breaking terms for DFT to reproduce
the complete classification of the deformations of N =4, D = 4 supergravity [23]. The
section condition was broken by terms which depend on both the ordinary and the dual
coordinates of the internal manifold, cf. [24]. This was an indication that DFT may go
beyond the ordinary supergravity or Generalized Geometry [25, 26]. Possible modifications
of the section condition were soon investigated by Grana and Marques [27] who looked
for a set of consistency conditions for the closure of the generalized Lie derivative twisted
by the Scherk-Schwarz ansatz. Since then there have been a few proposals made toward
the underlying geometric principle, notably the flux formulation [28] and the torsionful
deformation of the semi-covariant formalism by Berman and Lee [29].

In the flux formulation of DFT [28, 30, 31], the basic building blocks constituting the
Lagrangian are ‘fluxes’ which are diffeomorphic scalars, as in e.g. [1, 32, 33]. Yet, they are
not local Lorentz covariant. The Spin(1, D—1);, x Spin(D—1, 1) local Lorentz symmetry
is only forced at the whole action level. On the other hand, in the semi-covariant formula-
tion of DFT [34, 35], once proper ‘projections’ are imposed, the semi-covariant derivatives
and the semi-covariant curvatures all become completely covariant with respect to both
diffeomorphisms and the local Lorentz symmetry, besides the O(D, D) T-duality. Within
this setup, the maximal as well as half-maximal D = 10 supersymmetric double field the-
ories (SDFT) have been constructed to the full order in fermions [36, 37] where each term
in the Lagrangians is completely covariant, see also the earlier formulation within Gener-
alized Geometry [25, 26]. Berman and Lee then modified the semi-covariant formalism to
be apt for the twisted generalized Lie derivative by introducing torsionful semi-covariant
derivative connections [29]. However, it is fair to say that while these proposals all opened
up novel aspects of the section condition and hence DFT itself, many ingredients were
introduced ad hoc by hand. Deeper systematic understanding has been desirable.



It is the purpose of the present paper to propose such a geometric scheme to twist
the maximal and the half-maximal supersymmetric double field theories of refs. [36, 37]
and systematically derive the gauged supersymmetric double field theories. KEssentially,
as our main results, we show that the semi-covariant formalism itself can be twisted by
the Scherk-Schwarz ansatz, without any arbitrariness. This enables us to address readily
the supersymmetric completions. The twisted and hence gauged maximal as well as half-
maximal supersymmetric double field theories are then completely fixed by requiring the
supersymmetry to be unbroken. Each term in the constructed Lagrangian is completely
covariant with respect to the twisted diffeomorphisms, the Spin(1,9) x Spin(9,1) local
Lorentz symmetries, and a subgroup of O(10,10) which preserves the structure constant.
This complete covariance also ensures the internal coordinate independence.

The organization of the paper is as follows.

e In section 2, we revisit with care the semi-covariant formulation of the ungauged
or untwisted double field theory [34, 35] and its supersymmetric extensions [36-38].
While reviewing them in a self-contained manner, we spell, for later use of twist, all
the relevant exact formulas which hold without assuming any section condition. Such

formulas have not been fully spelled elsewhere before.

e In section 3, we twist the double field theory with a simple Scherk-Schwarz ansatz.
Following closely Grana and Marques [27], we analyze a set of consistency conditions
for the closure of the twisted generalized Lie derivatives, which we call twistability
conditions. We show that all the nice properties of the semi-covariant formalism, in-
cluding its complete covariantizability, are still valid after the twist under the twista-
bility conditions. In particular, we verify that the consistent definition of the twisted
Ramond-Ramond cohomology requires one additional condition which is, after the
diagonal gauge fixing of the twofold local Lorentz symmetries, consistent with the
previous work by Geissbiihler et al. [28].

e Section 4 contains our main results. Readers may want to have a glance of our final
results therein, before reading the preparatory sections, 2 and 3. We present the
maximal and the half-maximal supersymmetric gauged double field theories as the
twists of the A' = 2 and the N' = 1, D = 10 supersymmetric double field theories [36,
37]. In particular, we show the twisted maximal supersymmetric invariance calls for
the same extra condition which the twisted R-R gauge symmetry demands as well.

e In section 5 we conclude with comments.

Although our supersymmetry analyses are explicit only up to the leading order, we argue
in section 3 that the full order supersymmetric completions are guaranteed to work, as the
higher order fermionic terms are immune to the “relaxation” of the section condition.

Conventions. Equations which hold due to the original section condition (1.1) and the
alternative twistability conditions are denoted differently with the two distinct symbols,

3 ) 3 )

~" and ‘=’ respectively, besides the strict equality, ‘=". For the sake of simplicity



Name Schematic formula Debut equation
Semi-covariant derivative Va=0a4+T4 (2.18)
Master semi-covariant derivative Dy=04+T4+Ps+ Dy (2.31)
R-R cohomology differential operators Dy (2.81)
U-derivative DA = 3A + Q4 (3.8)
U-twisted master semi-covariant derivative | D Q= D it r it P it ) i (3.55)

Table 1. Various derivatives employed in the present paper.

Index Representation Raising & Lowering Indices
: 01

A, B,--- | Untwisted O(10,10) vector JaB = (1 0)

i 7 . . 01
A,B,--- | Twisted O(10,10) vector Tip = <1 0)

p,q, Spin(1,9) vector Npg = diag(— + +---+)
p.q, Spin(9, 1) vector Npg = diag(+ — -)
o, B, Spin(1,9) spinor Crap, (V)T = CyyPCT?
a,pB, - Spin(9, 1) spinor Ciap, (7 T = AP0t

Table 2. Index for each symmetry representation and the corresponding “metric” which raises or
lowers its position. Only the capital O(10,10) indices are to be twisted. The ¢+’ subscripts of the
charge conjugation matrices indicate that they are chosen to be symmetric. The doubling of the
local Lorentz symmetries, Spin(1,9) — Spin(1,9) x Spin(9, 1), is crucial to achieve the unification
of ITA and IIB supergravities within the unique ' = 2, D = 10 untwisted SDFT [37].

we shall often adopt a matrix notation to suppress contracted indices, e.g. (PO4P)p" =
PP0,Pp®. Our index conventions follow [37] and are summarized in table 2. In table 1,
we also list various derivatives which are explained and used throughout the paper.

2 The semi-covariant formulation of ungauged DFT

In this preparatory section, we revisit the semi-covariant formulation of ungauged or un-
twisted double field theory [34, 35] and its supersymmetric extensions [36-38]. Our goal
is threefold: to review them in a self-contained manner, to locate the exact places where
the original section condition is assumed, and to collect, for later use of twist, precise for-
mulas which hold without assuming any section condition. Such formulas have not been
fully spelled in the literature before. Every formula which holds up to the original section
condition will be denoted by the symbol, ‘~’, rather than by the strict equality, ‘=

In particular, we pay attention to two strictly-different yet section-condition-equivalent
semi-covariant four-index curvatures, namely Gagcp and Sapop, and analyze their differ-
ences exactly without assuming the section condition.




2.1

Coordinate gauge symmetry, section condition and diffeomorphism

e Doubled-yet-gauged spacetime. The spacetime is formally doubled, being (D + D)-

dimensional. However, the doubled spacetime coordinates are gauged: the coordinate
space is equipped with an equivalence relation,

zt ~ 2t 4 99, (2.1)

which is called ‘coordinate gauge symmetry’ [8, 10]. In (2.1), ¢ and ¢ are arbitrary
functions in DFT.

Each equivalence class, or gauge orbit defined by the equivalence relation (2.1),
represents a single physical point, and diffeomorphism symmetry means an invariance
under arbitrary reparametrizations of the gauge orbits.

Section condition: realization of the coordinate gauge symmetry. The equivalence
relation (2.1) is realized in DFT by enforcing that, arbitrary functions and their
arbitrary derivative descendants, denoted here collectively by ®, are invariant under
the coordinate gauge symmetry shift [8, 10],

Dz +A)~d(z), AY=pdp. (2.2)

This invariance is equivalent, i.e. sufficient [8] and necessary [10] to the section con-
dition,
0404 ~ 0. (2.3)

Acting on arbitrary functions, ®, ®’, and their products, the section condition leads
to the weak constraint, 9494® ~ 0 as well as the strong constraint, 94202 ®’ ~ 0.

Diffeomorphism. Diffeomorphism symmetry in DFT is generated by a generalized
Lie derivative [1, 39, 40],

n
LxTa,..a, = XBagTAl...An + w@BXBTAl...An + Z(aAiXB — aBXAi)TAl"'Ai—lBAi+1"'An ,

=1
(2.4)

where w denotes the weight of the field, T'4,...4,. In particular, the generalized Lie
derivative of the O(D, D) invariant metric is trivial,

LxTap=0. (2.5)

The commutator of the generalized Lie derivatives is closed by C-bracket [1, 41] up
to the section condition,

[£x.2v] ~ Ly
. . (2.6)
(X, V]84 = XxPopy? —vyBopx4 + 5YBaAXB — §XB(9AYB ,



since the following strict equality holds without resorting to the section condition [34],
L . 1
([EX, Ly] — ['[X,Y]C) Ty a, = §(XN9MYN —YNOMXN)OuTa, .,

1
+ iw(XNaMaMYN — YNaMaMXN)TAl...An

n
+ Z(@MYAZ.QMXB — aMXAiaMYB)TAlmAi_lBAi+1~~-An ,
i=1
(2.7)
of which the right hand side clearly vanishes upon the section condition. We shall
come back to this expression when we perform the twist.

2.2 Dilaton, vielbeins and projectors

e Dilaton and a pair of vielbeins. The geometric objects in DFT come from the closed
string NS-NS sector and consist of a dilaton, d, and a pair of vielbeins, Va,, Vap.
While the vielbeins are weightless, the dilaton gives rise to the O(D, D) invariant
integral measure with weight one [41], after exponentiation,

e 2. (2.8)
The vielbeins satisfy the following four defining properties [35, 42] (see also [1, 40]):

VAPVAq = Tpq » VAﬁVAq = 1lpq » VAPVAQ =0, VApVBp + VAﬁVBﬁ =JaB -
(2.9)
That is to say, they are normalized, orthogonal and complete. The vielbeins are
O(D, D) vectors as their indices indicate. In fact, they are the only O(D, D) non-
singlet field variables even in the supersymmetric extensions of DFT [36, 37]. As a
solution to (2.9), they can be parametrized in terms of ordinary zehnbeins and B-
field, in various ways up to O(D, D) rotations and field redefinitions, e.g. [38, 43, 44].
Due to the defining properties of (2.9), arbitrary variations of the vielbeins meet

Vap = PAB5VBp + VAq(;VB[pVBq} , 5VA;3 = PAB5VB;3 + VAq(SVB[pVBq] .
(2.10)

e Projectors. The vielbeins generate a pair of symmetric, orthogonal and complete
two-index projectors,’

Pap = Ppa = ValVp,, Pap = Ppa = VaPVp;, (2.11)
satisfying
PAPPpC =P,“, PAPPg = P4“, PAPPs =0,
PP+ PaB =647, tr(P) = Pa* = D, tr(P) = Pa? = D.
(2.12)

'The difference of the two projectors, , Pap —Pip = H g, corresponds to the “generalized metric” in [4]7
which can be also independently defined as a symmetric O(D, D) element, i.e. Hap = Hpa, HaPHp =
85 . However, in the ‘full order’ supersymmetric extensions of DFT [36, 37] where e.g. the 1.5 formalism
works, it appears that the projectors are more fundamental than the “generalized metric”.



Further, the two-index projectors generate a pair of six-index projectors,

2
pABCDEF — PADP[B[EPC]F] + 5 1PA[BPC] [E pF]D :
) (2.13)
PABCDEF — PADP[B[EPC]F] + 5 1PA[BPC] [E pF]D :
which satisfy the ‘projection’ property,
PapcPFE Ppprt! = PapcHl, PapcPFEPppr! = Papct!,  (2.14)
symmetric and traceless properties,
Pascper = Pperapc,  Pascper = Papcppr:  PPPascper =0,
Papcper = Pperasc Papcper = 75A[BC]D[EF] ) PABPypepEr =0,
(2.15)
as well as further properties like
P’ "t = Poas [EFID. Pragic” "t = Poas [EFID
2 1
gP[AB}cDEF + gPCABDEF = Pupc)”"" = Pupc [DEF] (2.16)
2 - 1= _ _
gP[AB}CDEF + gPCABDEF = Pusc)”?" = Plapa!PP.
In addition to the six-index projection operators (2.13), we also set for later use,
_ 2 _
Ploap’™ = PCFP[A[DPB}E] t 5= 1PC[APB] b pEIE
(2.17)
PICABFDE — PCFP[A[DPB}E] + 5 IPC[APB] [D pEIF

2.3 Semi-covariant derivatives, curvatures and their complete covariantiza-

tions

o Semi-covariant derivative and the torsionless connection. The semi-covariant deriva-
tive is defined by [34, 35]

n
B B
VCTA1A2~~~An = 6CTA1A2~~An —wp I BCTA1A2-~~An + E FCAi TAl"'Ai—lBAi+1"'A7L .
=1
(2.18)

It satisfies the Leibniz rule and is compatible with the O(D, D) invariant constant
metric,
Vadee =0. (2.19)

We choose the connection to be the torsionless one from ref. [35]:2

Leap =2 (POCPP) g +2 (Pa” Py ® — Pu"Pp®) dpPec
(2.20)

4 _ _ _
T D_-1 (PepaPp)” + PojaPp)”) (0pd + (PO PP)gp)) |

2The connection (2.20) of [35] was reviewed further from a slightly different angle in [45].




which is a unique solution to the following five constraints [35]:

VaPpc =0, VaPpc =0, (2.21)
1 1
Vad = —§e2dvA(e*2d) =0ad + 5PBBA =0, (2.22)
Fapc +Tacs =0, (2.23)
F'ac +T'Bca+Tcap =0, (2.24)
PapcPE Tppr =0, PapcPE Tppr =0. (2.25)

The first two relations, (2.21), (2.22), are the compatibility conditions with the dilaton
and the projectors, i.e. the whole NS-NS sector. The third constraint (2.23) is the
compatibility condition with the O(D, D) invariant constant metric, (2.19). The
next cyclic property, (2.24), makes the semi-covariant derivative compatible with the
generalized Lie derivative as well as with the C-bracket,

£x(9) = £x(V),  [X,Y]e(d) = [X.Y]e(V). (2.26)
The last formulae (2.25) are projection conditions which ensure the uniqueness.
While the torsionless connection satisfies all the five constraints, (2.21)—(2.25)
and thus uniquely determined, a generic torsionful connection meets only the first
three conditions, (2.21), (2.22), (2.23), and decomposes into the torsionless connection
and torsions [25, 36],
Loap + AcpgVaPVe? + AcpgVaP Vi1 . (2.27)
In order to maintain (2.22), the torsions must satisfy
Aapg=Dapg.  ADapgV? =0,  Augyg=DBupg. AapgV*?=0. (2.28)
In the full order supersymmetric extensions of DFT [36, 37], they are given by
quadratic fermions.
It is worth while to note
P P;PToap = (POcPP)1y, (2.29)

such that
1¢,00 = VA VBIY 4500 ~ 0. (2.30)

Spin connections and semi-covariant master derivative. The master semi-covariant
derivative [42],

Dypi=Va+Ps+Ps4=04+Ta+ P4+ Py, (2.31)
generalizes the semi-covariant derivative, V4 (2.18), to include the spin connections,
®4 and @4, for the two local Lorentz groups, Spin(1, D—1); and Spin(D—1,1)g
respectively. By definition, it is compatible with the vielbeins,

DaVip = 9aVip + TanVep + @'V = 0,

_ _ O o (2.32)
DaVap =04aVBp+Tap~ Vep + (I)AﬁqVBg =0,



and, from (2.22), also with the dilaton,
Dad=Vad=0. (2.33)
The connections are then related to each other by
Dapg = Papy = VZoVaVBe,  Papg= Papg =V"5VaVsg, (2.34)
and o - o
Capc = VBP(0aVep + ®ap?Vieq) + VBP (04Ves + ©ap'Vieg) (2.35)
= VEP0aVey + VEP0AVey + Pape + Pabc - ‘

Consequently, their generic infinitesimal variations satisfy

0B 4y =Da(VE,6Vp)+VE,VC 6T apc, 0@ apg=Da(VE;0V)+VE;VC 0T apc .
(2.36)
The master semi-covariant derivative is also compatible with all the constant
metrics and the gamma matrices in table 2,

DaJdpc =0, Damyg =0, Dallpg=0, Da(¥)*s=0, Da(’3")%5=0.
(2.37)
The well known relation between the spinorial and the vectorial representations of
the spin connections follows

1 -
DA% = 7Papg ("), Ba%5 = ;ap(P)°5. (2.38)

Semi-covariant four-index curvatures. The usual “field strengths” of the three con-
nections,

Repag = 0alsep — 08T acp + Tac®Teep — T T akD,
FAqu = aAq)qu - aBCI)qu + (I)Aprq)qu - (I)Bprq)Arq ) (239)
Fappg = 0a®ppg — 0P apg + Papr®p g — Pppr®a’y,

are, from [Dy, DplVep =0 and [Da, DplVep = 0, related to each other by
Rapcep = FoppgVaP Ve + FoppsVa? Ve = Fepas + Fopas - (2.40)
This implies
Rapep = Riap)cpy Rygep = VA VB Ragep = 0. (2.41)

Following [46], replacing the ordinary or the naked derivatives in (2.39) by the semi-
covariant derivatives we define

JT:Aqu = VA@qu - vB(I)qu + (I)ApT(I)qu - (I)Bprq)Arq s

_ _ _ o o (2.42)
Fappg = VaPppg — VBPap; + Pay’ Porg — Py Parg,



which are, with the torsion-free condition (2.24), related to (2.39) by
Faspg = Fappg — T aBPcpq » Fanpg = Fappg— T apPcpq (2.43)
and appear in the commutators of the master semi-covariant derivatives,

[Da, DB|T) = FappgT? — T¢ 4pdcT,, [Da, DB|Ty = FappgT? — TC 4pdc Ty .
(2.44)
Further, they can be rewritten in terms of the master semi-covariant derivatives, then
to carry some opposite signs in comparison to (2.42),

-;EAqu = 'DA(I)qu — DB(I)qu - (I)APT(I)BT‘I + (I)Bprq)Arq’ (2 45)
Fanpg = Da®ppg — DpPapg — Pay ®org + Py’ Parg.-

Hence, contracted with the vielbeins — which are compatible with D4 but not with
V 4 — we may write

Fapcep = FappVePVp? = Va®pep — VePacp — @ac®®ppp + @@ arp ,

Fapcp = FappgVePVp? = Va®pop — VpPacp — @act®ppp + e ®app .
(2.46)

Now we are ready to define two kinds of semi-covariant four-index curvatures:

— Semi-covariant four-index curvature of the spin connections, cf. [28],

(F+F)apcp + (F+Fepap + (@ + @) ap(@+ @)pen] -
(2.47)

GaBcD =

DN

— Semi-covariant Riemann curvature of the diffeomorphic connection [34, 35],
1
Sapep = 5 (Rapep + Repas — TP apTeep) - (2.48)

These two four-index curvatures are closely related to each other,

1 _ _
Gapep = Sapep + §(F —®—D)pap(l - @ —d)%cp

(2.49)
1 . .
= Sapcp + 5 (VaP0pViy + VaP0pVip) (Ve 0" Ving + Vo0 Vig)
such that upon the section condition we have
Gapcp ~ SABeD - (2.50)

As a bonus, this implies that, up to the section condition Gagcp is local Lorentz
invariant as Sapcp is so. Note that while F4p,, and Fy Bpg are local Lorentz covari-
ant, Fappg and F ABpg are not.

A notable difference between Gapop and Sapcp is that while the latter can be
expressed in terms of the dilaton and the projectors, the former cannot be defined
thoroughly by them: it requires the vielbeins. In the following section, we shall see

,10,



that it is G4pop rather than S pcop that survives to serve as the semi-covariant
curvature after the twist.

It is worth while to note that, in the expressions of ® 4, P Apg (2.34), FaBpgs
Fa Bpg (2.42) and Gapcp (2.47), the ordinary naked derivative and the I'-connection
are completely ‘confined’ into the semi-covariant derivative. On the other hand, it is
not the case with Rapcp, FaBpgs FAqu and Sagcp.

A crucial defining property of the semi-covariant Riemann curvature is that,
under arbitrary transformation of the connection, it transforms as

3 3
0Sapep = Vadl'giep + Vol pjap — §F[ABE}5FECD - iF[CDE}(SFEAB . (2.51)

Surely for the torsion-free connection (2.20), the last two terms are absent and only
the first two total derivative terms remain,

6Sapcp = Vadl'gep + Vicdlpjap - (2.52)

Yet, in the full order supersymmetric extensions of DFT [36, 37], the connection
includes bi-fermionic torsions and the above general relation (2.51) enables the ‘1.5
formalism’ to work.

Without necessity of the section condition, Sspcp satisfies [34],

Sapcp = SaBjicp] = ScpAB (2.53)

and, especially for the torsionless connection, a Bianchi identity,?

Sapep) = 0. (2.54)

Further, for the torsionless connection (2.20), one can show by a brute-force method,*

_ _ 1
(PABpPCD  pABPCDYG \ oppy = 40404 d — 404d0d + §aAPCDaf“PCD ~ 0,

o 1 _ _
PP PO PLPSupep = §(P8APP)IL(P8APP>JK
1 _ _
— 5(PaAPP),K(PaAPP)JL ~ 0, (2.55)
_ _ 1 _ _
PAPEPLCPLPSapep = —i(P(‘)APP)U(PaAPP)KL ~ 0,

_ _ 1 . _
PAPB(P — P)PSucpp = —§PIAPJ38080PAB + (POcPP)1;0d ~ 0,

of which the right hand sides all vanish upon the section condition, 9494 ~ 0.
It follows, from (2.50), that identical relations hold for Gapcp, either by the
strict equality or up to the section condition, for example,

Gapep = Yap)cp) = YcpAB Gaep) ~ 0. (2.56)

3See eq. (2.46) of [34] for a simple proof of the Bianchi identity.
“To obtain (2.55), we have used the computer algebra, Cadabra [47, 48].
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o Complete covariantizations. The ordinary derivative of a covariant tensor is no longer
covariant under diffeomorphisms. The difference between its actual diffeomorphic
transformation and the generalized Lie derivative reads precisely,

(Ox — Lx)0cTa,..a, = [50, ﬁx} T, ..A,

= 0" Xc0pTa, A, +wrdcOpX T, a, (2.57)

n
+ Z QaCa[AiXB]TAlmAi_lBAi+1~~-An .
=1

Especially for the connection we have
(Ox—Lx)Tcap =2[(P+P)cas™™PF — 64664 |0r0pXpy
+2(P' =P eap"PE0% Prp 06 XE + 2P4" P ®0° Ppp 0 Xc

2 o
+ m(PC[ APp " + PopaPpP) (060 X — 209d 06 XE) .

(2.58)

It follows that
(5x—ﬁx)FAAB = —28CdacXB + 8BOCXC = —2(5x—£x)83d. (2.59)

Further, using

[VC , ﬁx} Ta,.n, = (9BXcaBTA1...An + wr (8(;83XB + ﬁxFBB(j)TAI...An

(2.60)

n
+ Z <2808[AiXB] — £XPCAiB) TAl"'AileAiﬁ»l"‘An ,
=1

we may obtain an exact expression of the diffeomorphic anomaly of the semi-covariant
derivative,

(5)( — ﬁx)(VCTAl.A.An) = aBXcaBTAI...An + wr [8083)(3 — (5)( — [‘,X)PBBC T, ...q,

n

+ Z [28Ca[AiXB} + (0x — EAX)FCAZB} Tyt 12 agpreAn s
=1
(2.61)

into which (2.58) can be readily substituted.
Lastly for the semi-covariant Riemannian curvature of the torsionless connec-
tion, from

LxSapcp = V[AﬁXFB}CD_Qv[AaB]a[CXD}_aEX[AaEFB]CD+[(Aa B) < (C, D)] :
(2.62)
we get an exact formula,

(Ox — Lx)Sapcp = Via(6x — Lx)Tpiop + 2V (405100 X p) + 05 X(40 T giep

+ |(A,B) «< (C,D)].
(2.63)
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Now, we consider imposing the section condition, 9404 ~ 0. Clearly, from (2.58),
(2.61), (2.63) and (2.49), we note

(Ox—Lx)Tcap ~ 2[(P+P)cap™ — 646 P54 0r0p X gy, (2.64)

n
(5X_EAX)VCTA1~~AR ~ Z 2(P+75)CAiBDEF8DaEXF TAI"‘Ai—lBAi+1"'An , (2.65)
i=1
and for the four-index curvatures,

(6x — Lx)Gapcp ~ (6x — Lx)Sapcp

~ 2904 (P+P) pyom) " 0w X ) + (4, B)  (C. D).
(2.66)
Thus, upon the section condition, it is the six-index projection operators that dictate
the anomalies in the diffeomorphic transformations of the semi-covariant derivative
and the semi-covariant curvatures. This also explains or motivates the naming, ‘sems-
covariant’: we say a tensor is semi-covariant if its diffeomorphic anomaly, if any, is
governed by the six-index projectors.
The anomalous terms can be easily projected out through appropriate contrac-
tions with the two-index projectors. In this manner, the completely covariant deriva-
tives are given by

PP Py Pr Py PV pTg, .. 5, PP Py Pr Py PV pTs, ..,
PABPo P Po PN uTsp,..p,,  PABPc, P Po, PV aTgp,. b, (divergences),
PABPo P Po PrV AV BTp,..p,, PABPqPr...Po PV sVpTh, . p, (Laplacians).
(2.67)
These can be also freely pull-backed by the vielbeins to take the form:
DyTy40s Dilygns DpTPqg0s DilPqrgns DpDPTy g D,;DquZ...qn )
2.68

Similarly we obtain completely covariant two-index as well as zero-index curvatures
from the semi-covariant four-index curvatures.

— Completely covariant “Ricci” curvatures,®
1 1 _
Gprg' = §~7:C7Tpr = Sprq + §PABaEVAp8EVBq’a
1 1 (2.69)
Gprq' = 5Fprq = Sprg + 5P AP 0pVapd Vg,
whose sum gives [38]
1 _
Gpg = Spg + 5a,praf“qu ~ Spy - (2.70)

— Completely covariant scalar curvatures,

1 1
Gpg" = Fpg™ + §(I)qu<I>qu = PACPBDSABCD+§PAB3EVAp OFVBP ~ Spg,

(2.71)

5The expression (2.69) is for the torsionless connection. For torsionful extension, see [36, 37] and espe-
cially (A.71) of [38].
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In fact, the two “Ricci” curvatures agree to each other upon the section condition:
from the identity (2.55), their difference reads exactly,

_ _ 1 1 _ _
Gprd” — Gprg® = VALV, <6EPA38Ed — 28E8EPAB> + 5(P — P)Y*BopVa,0FVp,,
(2.72)

and hence,
1

2

Similarly the two scalar curvatures are related to each other: from (2.55), their sum

Gord ~ Gprd ~ 55 - (2.73)

reads exactly,
__ _ _ 1 _ _ o
gpqpq _|_gﬁqpq — (PACPBD +PACPBD)SABCD 4 5 (PCDaAVCpaAVDp+PCD8AVCZ§8AVDP)

1 _ o
:4aAaAd—4aAdaAd+i(aAVBpaAvBuaAvBﬁaAva) :
(2.74)
and hence, upon the section condition,

Gpd™ + Gpg?? ~ 0. (2.75)

The other formulas in (2.55) also imply a pair of ‘trivial’ four-index covariant quan-
tities,

Gpars = GapcpVAVE VO VP~ 0, Gugrs = GapepVA,VEVE, VP~ 0.
(2.76)

2.4 Fermions, Ramond-Ramond cohomology and completely covariant Dirac
operators

e Fermions and Ramond-Ramond cohomology . In addition to the NS-NS sector com-
posed of the dilaton and the pair of vielbeins, the N' = 2 D = 10 supersymmetric
extension of DFT [37] calls for a Ramond-Ramond potential, a pair of dilatinos and a
pair of gravitinos: the fundamental fields of the supersymmetric theory are precisely,

d7 VAp 3 ‘_/Aﬁ ) Ca& 3 Pa ) Pld ) ¢g ) ;}@ . (277)

The whole R-R sector is represented by a single potential, C%5. As its indices indicate
(cf. table 2), it assumes the bi-fundamental spinorial representation of Spin(1,9) x
Spin(9, 1) [25, 26, 38].

All the fermions, i.e. dilatinos, gravitinos and supersymmetry parameters, are
not twenty, but ten-dimensional Majorana-Weyl spinors. The chirality of the theory
reads with two arbitrary sign factors, c, ¢’ (¢? = c/2 = 1),

Y Wys =cipp, Y Wp=—cp, YWy =y, 3 =y,

’)/(11)6 =ce, ’_}’(11)6/ _ CIE,, 7(11)6,—)/(11) —ccC.
(2.78)
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A priori, there are four different sign choices. But, they are all equivalent up to
the field redefinitions through Pin(1,9) x Pin(9, 1) rotations. That is to say, N = 2
D = 10 SDFT is chiral with respect to both Spin(1,9) and Spin(9, 1), and the theory
is unique. Without loss of generality, henceforth we set

c=+1, ¢ =+1. (2.79)

Although the theory is unique, the Riemannian solutions are twofold and can be
identified as type IIA or IIB supergravity backgrounds [37]. The theory admits also
non-Riemannian backgrounds [10] (cf. math literature [49]). The R-R field strength,
F%s, and its charge conjugation are defined by [38]

F=D.C, F:=CF)0y. (2.80)

Here D, corresponds to one of the two completely covariant differential operators,
D4, which are defined by the torsionless connection (2.20) to act on an arbitrary
Spin(1,9) x Spin(9, 1) bi-fundamental field, 7<5:

DoT :=~PD,T + VD, TH? (2.81)

where we put D), = VAPDA, Dy = VAﬁDA and with (2.38), DAT = 0T +®AT —T .
The crucial property of the differential operators, D, is that upon the section
condition they are nilpotent [38]. Straightforward computation can show

(D2)?T = — ~(Gpg? + Gpg™ )T + Oa0NT — 204d0T
+ =Vip0aV P 10T — %VBﬁaAquaAT,—Yﬁq
+ —(Vpp0ad2V B, — 2V, 04V E 04d)yP1T

N N N I S

(Vp0a0 VB 5 — 2Vs0,4V B :04d) T (2.82)

—_

1 1 _
+ égpqrﬂpqrsT - ngqfﬂpq'rﬁrs + ggﬁqﬁTﬁpqm

1 . .
+ 17(11)(gqu§’YpT’qus — GpgrsV" " TH?)

1 _ _ _ _
+ 1’)/(11) [Q(QTpfq - grprq)’ypT:)’q - 4VBpaAVBq’Yp8AT:}/q] .

Thus, up to the section condition, with (2.49), (2.56), (2.55), (2.74), each term on
the right hand side above vanishes and the nilpotency of the differential operators
follows

(DL)*T ~0. (2.83)
This defines the R-R cohomology consistently coupled to the NS-NS sector in an
O(D, D) covariant manner [38]. In particular, the R-R gauge transformations are

given by the same nilpotent differential operator,

6C =DyA — 6F = (D1)?’A ~0. (2.84)
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In a similar fashion to (2.65), upon the section condition, the spin connections
transform anomalously under diffeomorphisms,

(Ox — Lx)Papg ~ 2P ape"FF0p0pXp),  (Ox — Lx)Papg ~ 2Papg T 0pOypXp) -
(2.85)
Thus, like (2.67), these anomalous terms can be easily projected out, such that the
following modules of the spin connections are completely covariant under diffeomor-
phisms,

PaP®ppy, PaPOpp. @apV . CapgVie, PapVA, PapVA.
(2.86)
The completely covariant Dirac operators are then, with respect to both diffeomor-
phisms and local Lorentz symmetries, as follows [36, 42].

. - 1
V'Dpp=7"Dap, V"Dptbs, Dpp, Dpf =Day, 'y, (DAwq—2quA>,

_ _ - 1
VDo’ = '7ADAP/a '7PD151/1;/)» DpP/7 Dypyp'? = DAQ//A, w,A'?ﬁ(DAQ/); - §Dq7/)f4) .
(2.87)
One can also show that DT (2.81) are completely covariant too.

e Completely covariant curvatures from completely covariant derivatives. From (2.30),
(2.44) and the relation,

1 _
gpchB - gAqu = §(F + f)quB, (288)

the completely covariant “Ricci” curvatures (2.69), are related to the commutators
of the completely covariant differential operators (2.68),

1 1 1 1
gprqup - ’-FtirpTTp = *[DINDQ]TP + *FcpqaCTp ~ *[DwDQJTpv
2 2 2 2 (2 89)
I 1 1 , 1 . ’
Gprq T = 5 Fprg T = —5[Dp, DR T" — Qrcqu)CTq ~ =5 [Dp, Dl T*.

In a similar fashion to (2.44), we may obtain the expressions for the commutators
of the master semi-covariant differential operators which act on spinors, e* and £'%,
in Spin(1, D—1);, and Spin(D—1, 1)i representations respectively,

1
[Da,Dple = Z}'Aququé‘ ~T%p50ce,

(2.90)
1 _
[DA, DB]&‘/ = ZfABﬁgﬁpqEI — PCABaCa‘/ .
These immediately imply
1
V' Dy, Dale = Gorg"1Pe = 5 Gaprat™"*e = T pyP0ce
(2.91)

[Dpa ’Yqu]E/ = —gpqu’Y%/ + §gqu§7qr55/ - Fcpq’yqac5/,
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and further give

1 1
’ypq[Dp, Dq]5 = <4~qur57PQT8 - Fprqr'}/pq — 2qupq> g — Fqu’}/pqug,

) : (2.92)
771[Dp, Dyl = (4}})“57@7@ — Fprg V7 - 2qum> e = Tp7" 0
Then, combined with the following relations,
DaDe = 040" — 204d0" e — §q> Apg @ Pl + 4(DA<I>qu) Pag
1
+ 5 Papy™0%e + 5 6<I> Apg® P
1o~ as 1

DDA = 040" — 204d0" e’ — §<I>Aﬁq<1>Aqu’ + 4(DA<I>A 2)7PIE’

+ (I)Ap(jfypquEI + 6(I)qu(1)A 7pqrs{_:/ (293)

Da®?pg = —2Rp " a + 204 Ty, + 04(V 5,04 Viy) — 204dV 7,01V,

2F," gr + 0a(VE,0MVpe) — 204dVP 0%V,

Da®%sy = —2Rip" ga + 204 T g + 04(V 750 Ving) — 20a4dV 5504 Vg
= 2F1 g + 0a(VP 50" Vq) — 204dV 750" Visg

we can derive the following identities,
= 1 1
[(4PDp)? +DyDF| e=— 1"+ ggpqmv”q“a+aAaAs—2aAdaAs
1 1
+7 [04(VB,0MV,) —204dV 7,0 Vp,] ypqe+§VBpaAVqupque :
_ 1
[(’_prﬁ)2+Dpr] g=— ngqpq&'/—i- Q—gfg”ypq’”se’—l—@AaA /—28Ad8A !
1 _ _ _ _ I _
+ Z [8A(V3158AVBQ) — 28AdVBI§8AVBq] ;)/pq€/+ §VBpaAVBq;)/pq8AE/ .
(2.94)
Therefore, upon the section condition the completely covariant “Ricci” and scalar cur-

vatures (2.69), (2.71) are related to the completely covariant Dirac operators (2.87),
cf. Generalized Geometry [25],

[fprIw Dlj]g ~ gprqr7p€ ) [Dpa :Yq,Dq_]éJ ~ _gpﬁjf’yq‘gl ) (295)
and
_ 1 _
(Y?D,)?e + DyDPe ~ —ngqms, (¥Dp)*e’ + D,DPe’ ~ — gpmqg (2.96)

While the completely covariant “Ricci” curvatures can be identified from both vecto-
rial and spinorial commutators, (2.89) and (2.95), it appears that the completely co-
variant scalar curvatures can be only identified in the spinorial representation (2.96).
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2.5

DFT action and supersymmetric extensions

Pure DFT action. The bosonic action of the untwisted DFT for the NS-NS sector,
or the pure DF'T, is given by the fully covariant scalar curvature,

/ 6_2d (PACPBD o pACPBD)SABCD , (297)
Xp

where the integral is taken over a section, X p. The dilaton and the projector equa-
tions of motion correspond to the vanishing of the scalar curvature i.e. the Lagrangian
itself and the “Ricci” curvature, S,g, respectively.

It is precisely this expression of (2.97) that ensures the ‘1.5 formalism’ in the full
order supersymmetric extensions of DFT with torsionful connections [36, 37]. In fact,
without imposing the section condition, the scalar curvature in the Lagrangian (2.97)
precisely agrees with the original DFT Lagrangian ([4]) written in terms of the gen-
eralized metric, H = P — P,

Sp Pl — SpgPT = %HABBA%C’DaBHCD + %HAB&CHAD@DHBC ~ 0a0p M (2.98)

— AHABO4dOgd + AHABOAOpd + 40, HAP DR .

However, due to the relations (2.50), (2.55) which hold for the torsionless connec-
tion (2.20), there exist alternative section-condition-equivalent expressions for the
action, e.g. (P — P)ABS,pp¥ [35], or replacing Sapcp by the spinorial curvature,

| e = Gy ~2 [ g, (2.99)
ED ED

These agree with (2.97) upon the section condition, yet strictly differ by section-
condition-vanishing purely bosonic terms:

_ I | 1_ _ o
Gp"? — Gog?? = SpgP? — SpPT + 5PABaEvApaEVBP — §PAB<9EVAI38EVBP

o ] - (2.100)
= Spg" = Spi”" + 5 (OpVapd" VAP — 0pVapd"VAT)
and
2Gpg"" = Spg"! — Spg" + 4040 d — 404d0" d + Op Va0 VAP (2.101)
The second equality of (2.100) follows from (2.9), (2.11) and an identity,
PABORV4,0F VP = PABORVA0" VP . (2.102)

The full order supersymmetric extensions. Based on the semi-covariant formalism
revisited above, the N' = 2 (maximal) D = 10 supersymmetric double field theory
has been constructed to the full order in fermions [37],

Eg:fo(jABa aAv d7 VAp7 VAﬁv Ca P wﬁv p,7 wg/)) . (2103)
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By truncating the R-R potential and the primed fermions, the N'= 1 (half-maximal)
D = 10 supersymmetric double field theory [36] is also readily obtainable,

Ly=10(TaB,0a,d, Vap, Vag, p, p) - (2.104)

Generically, the supersymmetric double field theory Lagrangians decompose into
three parts,
Lsper = Lpzo) + Li2) + Lio,a7 5 (2.105)

where the subscript indices denote the powers of the derivatives and the fermions sep-
arately, such that for Ly, 4, a +b/2 = 2, as the derivatives and the fermions have the
mass dimensions one and half respectively, while the Lagrangian has the mass dimen-
sion two. Further, the supersymmetry parameter, €, has the mass dimension minus
half, such that under supersymmetry transformations, each part of the Lagrangian
transforms schematically as

0 (L) = Acgys 0e(Lpg) = Alp g+ Aqugs 0:(Lioa) = Al g + Ajos) -
(2.106)

/

where a + b/2 = 5/2 for each Ai[)a -

In particular, the supersymmetry of the ' =1, D = 10 SDFT [36] amounts to the
following algebraic identities,

AE[2,1] + Al&[ll} = aAK[’?J] + [.8A8A e +Jye 8‘40] ,
A + Al g = 9aKfg 5 5 (2.107)
Ao =0,

such that the Lagrangian is invariant up to total derivatives and the section condition,

SLY=l =04 (Kﬁ»l} + Kf&g}) + [oaAaA e+dye 8Ao] 2] - (2.108)

On the other hand, the supersymmetry of the N'=2 D = 10 SDFT [37] means the
invariance of the Lagrangian up to total derivatives, the section condition and the
self-duality of the R-R field strength,

S LN=2 = —%e_%VAqéEVAp Tr <7p]t',ﬁqﬁ,> + 4K + [-aAaA e tJye 8’40] 2]

(2.109)
where F_ is the self-dual part of the R-R field strength (2.80) defined, to the full
order in fermions, by

1, 1 ~ g
Fo=(1- 7(11)) (J:— Z§PP' +12’Yp¢q1/);/ﬁq> ) (2.110)

and F_ denotes, like (2.80), its charge conjugation,

Fo=C7HF )0y, (2.111)
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A crucial fact about the section-condition-vanishing terms, [-aAaA e+dye 8’40] 2,1]°
which is common in (2.108) and (2.109), is that they are strictly linear in the fermions
(dilatinos and gravitinos), and hence they are fully obtainable just from the leading
order supersymmetry transformation rules.

It is also crucial to note that the above form of the algebraic identities, (2.108)
and (2.109), still holds, i.e. the supersymmetry is unbroken upon the section con-
dition, even if we deform the Lagrangian by adding arbitrary section-condition-
vanishing terms, which, counting the mass dimensions, should be purely bosonic. Ex-
amples include the replacement of Sapcp by Gapep and adding Gp,P? + GpgP? (2.74)
to the A/ =1 (but not N’ = 2) D = 10 SDFT Lagrangian, which we shall take below,

for the supersymmetry preserving twist.

3 U-twisted double field theory

Here we twist the double field theory formulated within the semi-covariant formalism. Our
twist is a DFT generalization of the Scherk-Schwarz twist, based on [21, 22, 27, 28|, and
will be from time to time referred to as U-twist. In section 3.1, we introduce our ansatz
of the twist. It involves a scalar and a local O(D, D) group element which may not obey
the section condition. In section 3.3, following closely Grana and Marques [27], from the
closure of the U-twisted generalized Lie derivative we derive a set of consistency conditions
which we call twistability conditions. They generalize the original section condition and
slightly differ from [27]. In section 3.4, we perform the U-twist on the semi-covariant
formalism and verify that, with the replacement of Sapcp by Gapcp, essentially all the
nice properties of the semi-covariant formalism, including the complete covariantizability,
survive after the twist, subject to the twistability conditions. We also verify that both the
N = 2 supersymmetric invariance and the nilpotency of the differential operators which
define the twisted Ramond-Ramond cohomology commonly require an extra condition.
Consequently, the maximal supersymmetric twist of the N' = 2 D = 10 SDFT requires
one more twistability condition compared to the half-maximal supersymmetric twist of the
N =1 D =10 SDFT.

3.1 Ansatz for U-twist

U-twist calls for two local variables, or the twisting data: a scalar function, A(z), and an
O(D, D) element, U(x). Both of them do not necessarily satisfy the section condition (2.3),
but shall be required to meet consistency conditions, or the twistability conditions.

The local O(D, D) element, U ™V, carries one undotted (untwisted) row index and
the other dotted (twisted) column index, such that, with the introduction of an additional

Tnaw = <§) é) ; (3.1)

UJgUt = 7. (3.2)

O(D, D) invariant metric,

it satisfies
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While the dotted (twisted) metric, J, N> may coincide numerically with the undotted
(untwisted) metric, Jyn (cf. table 2), hereafter we deliberately distinguish them. In
particular, the two different kinds of indices will never be contracted.

U-twist prescribes substituting the following expression for each untwisted (undotted)
field, T4, ...4,, into the D = 10 ungauged DFT Lagrangians, cf. [27],

Tp,..a, = 672W/\UA1A1 T UAnAnTAl...An . (3-3)

Equivalently, twisted fields are defined to carry dotted O(D, D) indices with a relevant
weight factor,

Ty, 4, =0, P U, Ty en, - (3.4)

1

The derivatives of the untwisted fields then assume a generic form,
0cTa,...a, = 6_2"»‘UCCU,41A1 e UAnAnDC’TA1~--An , (3.5)

which naturally leads to the definition of what we call U-derivative: with the pull-back of
the naked derivative,

8'0- = U_lccﬁc , (3.6)

and a pure gauge “connection”,
B._ 14 B
Qea” = (U710:U) 2 (3.7)
the U-derivative, DC" is defined to act on a twisted field by

n
. . L . . . . B .
DC’TA1~~-An = 6C’TA1-~An — 2w80)\ TA1~--An =+ Z QC’A,- TA1-~B~~~An . (3.8)

i=1
In particular, the twist of the A/ =1 or the A/ = 2, D = 10 SDFT amounts to inserting
the following expressions for the dilaton and the vielbeins into the untwisted Lagrangian,

e 24 = €_2>‘6_2d, Vap = UAAVAP, VAﬁ = UAAVA (3.9)

5
They are the only field variables to be twisted, since other fields (fermions and the R-R
potential) are weightless and O(D, D) singlet. We shall not put a dot on those effectively
untwisted fields for simplicity. The replacement naturally leads to the twisted, half-maximal
or maximal SDFT Lagrangians, cf. (4.1), (4.7),

LY=10(TaB, 04, d, Vap, Vag, p, ) =¢ 2 LA itie(Tag D ard, Vi, ‘7,45,7 P ¥p) s
LY=30(Tan, 0a,d, Vap, Vag, C, p, s, 0 by) =€~ Ly soer(Taps D s d, Vi, ‘7,45,7 C,pybp, Py y) -
(3.10)
As seen from the right hand sides of the equalities, — since every DFT Lagrangian is
O(D, D) singlet and possesses the diffeomorphic weight of unity — after the replacement, )
the twisting matrix, U AA, effectively drops out in the Lagrangian, i) the O(D, D) invariant
constant metric gets ‘dotted’, and #4i) the naked derivatives become the U-derivatives.
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The twist translates the original section condition as
. . A
D;D" ~0. (3.11)

However, we do not intend to impose this condition on the twisted theory. Imposing
this would lead to a mere equivalent reformulation of the untwisted double field theory
where (3.3) corresponded to field redefinition. In section 3.3, we shall look for alterna-
tive inequivalent conditions, or the twistability conditions. Before doing so, in the next
subsection we pause to collect some useful properties of the U-derivative, DO'

3.2 Properties of the U-derivative and its connection
Since UAB is an O(D, D) element, we have
QC'«AB—FQCBA:aC (jUtjflUj>AB:3chB:0. (3.12)

Hence, the U-derivative “connection” is skew-symmetric for the last two indices,

Qeip = —Lepa = Qerin - (3.13)

It is worth while to note
QP4 =0fupt, 0P =0sU),;", (3:14)
0074 = —§QAABQCC-B - 5QC-BAWBCA. (3.15)

Pulling back the dotted derivative index to a undotted index, it is useful to consider

n
. C . . . . B .
DeTy .4 =Uc“DeTy iy =0cTy 4 —2w0cATy 4 +> Qi "Ti g s

i=1
(3.16)
where naturally we put
Qo =07 = (U 'ocU) ;7. (3.17)
This corresponds to “pure gauge” and thus its “field strength” vanishes identically,
0=040p:" = 05Qye" + e Qg — Ve s (3.18)

= DaQpe” = DBy — Q6" + Q057
By construction, the U-derivative (3.8) can be rewritten as

DC’TAl...An _ e2w)\(U71)CC(U71)A A (Ufl)AnAnac (ewi)\UAlBl ... UAanTBlmBn) ,

(3.19)

1

®Eq. (3.15) can be derived from the following manipulation,

8,054 = UP 1050cUY = 0c(UC 50u5") — Qep i = —0,0,4% — QAP0 1y — Qpp 1 Q594
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and is compatible with the U matrix itself,

DAUEC = 0,U5° — U0, 1€ =0, D, UsY =0, 520)
DAU NP = 04U P+, PO =0, DuUT)E=0,
as well as with both the dotted and the undotted O(D, D) invariant metrics,
Dedip =2 s =0, Dedip=0,  DeJap=0pJas=0. (3.21)

Pushing back the undotted indices of (3.18) to the dotted ones, utilizing the above U matrix
compatibility (3.20), we also get another useful relation,

: C CE
D[AQB] D= Q[A QB}ED . (3.22)
We emphasize that, the U matrix compatibility is only possible because we distinguish the
dotted and the undotted O(D, D) indices deliberately.

Furthermore, from

DADBTC:lCn — GQMA(U—I)C C1 . (U—l)cncnaAaB (6—2w)\UclEl . UCnEnTE‘lEn> ,

(3.23)

1

the U-derivatives are all commutative,
(DA, Dg] =0, [Da,Dp| =0, [DsDy| =0 (3.24)

This is a crucial result. It means that there is no ordering ambiguity of the U-derivatives,
as one might worry while performing the twist, (3.10). Namely, the ‘field strength’ and
the ‘torsion’ of the U-derivative are all trivial. It is also worth while to compare with the
Weitzenbdck connection, e.g. [30]. Although it appears formally similar to our 2, there is a
crucial difference: we intentionally distinguish the dotted indices from the undotted indices,
while the Weitzenbock connection and hence the corresponding Weitzenbdck derivative do
not. Consequently, the Weitzenbock derivatives do not commute, unlike (3.24), and the
Weizenbock connection is torsionful.

The dilaton, d, corresponds to the logarithm of a weightful scalar density. Its U-
derivative is then determined from

Ope 2 = e 2D ye 2 = —2(Dpd)e A2 (3.25)

by
Dyd = dad + 0a\ = Oad, Djd=0;d+ 090 =0,d. (326)

Further, its second order derivatives are”

040pd = 04(Us" D yd) = DA(UpP D yd) = Us"UpPD ;D ypd = DaDpd,  (3.27)

"This is also consistent with the following manipulation,

(—2040pd + 404ddpd) e ¢ = 9adpe 2 = 04 (e*”DBe*”) = ¢ 2 (94 — 204\) Dpe 2

— e D Dpe 24 = ¢ (72DADBJ+ 4DAdDBd) e2d
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and thus, in general,
04,00, Oa,d = Un, MUs A Ux, "Dy Dy oD d=Da, Dy~ Da,d. (3.28)
Now, following [27], we define two key quantities out of the twisting data,
Fii= 08— 20,0 = 00U —20,), (3.29)
and the ‘structure constant’,
Fipe = Qipe + Qpea +Qeip = flise - (3.30)
Through straightforward computations, one can verify
0%Qip = 0% foap + Oafs — OpFa + 1 Upe — 1 ic (3.31)
and

B
Fasplfep” =®ipenp—Ppicn+Picsp—PpeipTPripe—PippetPeins—Penpa

+ Q45 e — 06 Qpap + 0pQ¢in — 0isen + 05Qacp

(3.32)
where we set
o
Cipen = 04U p0cUpp = Pepas - (3.33)
In particular, this implies
O in QP = f o F 0 L 4
plass ap = flas" Teype + 9afserp — 390 ane - (3.34)

We shall make use of these identities shortly below.

Finally, from (3.5), the divergence of a vector density with weight one becomes after
the twist,

DAK" = e 2D KA = e N0 KA + fiEY). (3.35)

Thus, after the twist, the potentially anomalous terms in the supersymmetric variations of
the N'=1 or the ' =2 D = 10 SDFT Lagrangian (2.108), (2.109) assume the following
generic form,

<5€£gg§;ed> = KA+ [eD DA + DaeDAe | (3.36)
anomalous (2,1]

In order to ensure the supersymmetry to be unbroken after the twist, we need to show that
these terms vanish up to the twistability conditions. Fortunately, as discussed in section 2.5
and demonstrated in section 4 later, these anomalous terms can be all sufficiently obtained
just from the leading order supersymmetry.

— 24 —



3.3 Twistability conditions: closure of the diffeomorphisms

Acting on the dotted twisted fields, twisted diffeomorphism is generated by the U-twisted
generalized Lie derivative,

n
. . L . B . . . . B . . . . . . B ) )
LiThq, =XPDpTs i AwDpXPTy 4 > (D Xp=DpXi)Ts i Pi i,
i=1
(3.37)
In an identical manner to the twisting ansatz (3.4), this expression is related to the un-

twisted generalized Lie derivative (2.4) by
LTy 4 =e*MNU) M (U )y A LxTayn, - (3.38)

The commutator of the U-twisted generalized Lie derivatives, without employing any sec-
tion condition, reads readily from (2.7), cf. Grana and Marques [27],

([Ex,ﬁy]—ﬁ[xy](:) Ty, =5 XDV = YVDMX DTy s
+ 5w(XN Dy DYy =YD DX )Ty s

n

+ Z(DMYAiDMXB_DMXAiDMYB)TAlmAi,lBA,L-HMA,L ,

i=1
(3.39)
where [X, Y]C denotes the U-twisted C-bracket,
[X,Y]4 = XDy —yPD X4 4 §YBDAXB — §XBDAYB. (3.40)

Clearly, if the condition of (3.11) were imposed, the right hand side of (3.39) would van-
ish. Yet, we are after other way of ensuring the closure. To this end, we dismantle the
U-derivative and display its connection explicitly: the U-twisted generalized Lie deriva-
tive (3.37) and the U-twisted C-bracket (3.39) can be rewritten, in terms of f; (3.29) and

fABC’ (3.30), as
[’XTA1~~-An = XBaBTAlmAn +w (8BXB + fBXB) TAlmAn
(3.41)

n
. . . . . C B
#2004 = 05%a 4 FapeXC) Thrca P i,
=1
and

(X, Y]& = XBopv A —YBo, x4 + §Y36AXB - 5XBaAYB — A XBYC (342
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Similarly, the right hand side of the equality in (3.39) reads

(['CXa Ly] - ﬁ[x,y}c> Ty, ..4,
_ @XN@MYN S A L NG-XNYG> i a

1 .N. .M. .N. .M. .NM . .G' .NM . .G',
+ 5w XV MYy = VNN X g +2X NN 0, VE — 2V VY {8y, %
+2XNV G0, M g+ Ly (XD VN DMX ) |y,
n
37 V4, 0N Ky = By X4, MY+ 304 p XV OV Vg — 3020,V VOV X
i=1
1 .N.M. .N.M. M .N.G',. B
— 5845 (X 7Yy —Y"0 XN) =3 4, XY ]TAl...Ai_l AgprAn
(3.43)
which further becomes, using (3.31) and (3.34),

<[£Xv ZY] - ﬁ[X,Y]C) TA1~~An
= <2XN8MYN - §YN8MXN + QMNG'XNYG> OnTa, . 4,

1 -N. -M. -Nu .M. -N M . .G -N M . .G'
—|—2w[X 8M8 YN—Y 8M8 XN-|—2X Q NGaMY —2Y" Q) NGOMX

42X Ny¢ (aM Farset £ Farwe+205 fc}) +Fur (XNaMYN—YNéMXN> ]TAl,,, i

n
2 [5MYAi3MXB = Oy X4, 0% = 54 (XN OV - VNV X )
i=1

+ 3QM[AZ~BX 0 YN} — 3QM[AZ~BY 0 XN]

. N . G' . M . . B
+ XY (%fgzvc' = 3fwren S ¢4, _38[BfNG']A¢) ]TAl-..Ai_l Aupredin
(3.44)

Now we can easily read off a set of conditions, or the twistability conditions, which let each

term in the right hand of the above equality vanish. The twistability conditions which
ensure the closure of the U-twisted generalized Lie derivative

L3 Ly] = Lix v (3.45)
are as follows, cf. [27, 29].8
1. The section condition for all the dotted twisted fields,

0,0 =0. (3.46)

8Strictly speaking, our twistability conditions, especially (3.47), do not completely agree with the pre-
vious works. Yet, with the ansatz (3.51) assumed, they agree.
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2. The orthogonality between the connection and the derivatives of the dotted twisted
fields, .
M .. 5. _
QY pe0y =0. (3.47)

3. The Jacobi identity for f;ze = flige
fuas"ferpn =0 (3.48)
4. The constancy of the structure constant, f ABCH
Opfipe =0. (3.49)
5. The triviality of f,
Fi=90C 04— 20,0 = 00U, —20,A=0. (3.50)

We stress that these five constraints, (3.46)—(3.50), are the natural requirement for the
closure (3.45) directly read off from (3.44). In principle, we should solve these constraints.
While we are currently lacking the most general form of the solutions, a class of solutions
are well known which involve dimensional reductions. If we assume the U matrix to be in

v-(30). 51

the dotted O(D, D) indices naturally split into effectively untwisted external indices and

a block diagonal form,

truly twisted internal indices. Letting all the twisted (or dotted) fields depend on the exter-
nal coordinates while allowing the twisting data, u, A, to have only the internal dependency,
the first condition (3.46) is nothing but the ordinary section condition for the twisted fields
living in the dimensionally reduced, external doubled-yet-gauged spacetime, and the sec-
ond condition (3.47) is clearly satisfied. The remaining conditions (3.48), (3.49), (3.50)
are then the genuine consistency conditions for the internal twisting data, u and \. This
‘solution’ then inevitably implies the dimensional reduction of the section, from D = 10 to
a lower value. Namely, the twistability conditions consist of the ordinary section condition
for the external spacetime and a set of consistency conditions for the twisting data, U and
A, of the orthogonal internal “manifold”. It is interesting to explore other type of solution,
if any, generalizing the ansatz (3.51). Anyhow, all the forthcoming analyses require strictly
the five constraints, (3.46)—(3.50) only, and do not necessarily demand the ansatz (3.51).
It is worth while to note from (3.31), (3.34), that the twistability conditions imply

X _
0 QC’AB =0,
B _
Qprist ep =0, (3.52)
Ay — BA AC B BCA

Clearly the five constraints, (3.46)—(3.50), are sufficient for the closure. It remains as an open question
whether they are also necessary.
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Further, from the integrability of the last condition (3.50), we get
(9,4 (UBE30U0E> = 83 (UAE60U0E> . (3.53)
The U-twisted generalized Lie derivative (3.41) reduces, upon the twistability conditions, to

~

Fay, 5
LTy 4 =XPosTy 4 +wdgXPTy 4 +Z(28[A gt faeX )Tjé-h,”Ai_1 P

(3.54)
which clearly has no ‘internal’ coordinate dependency'® and decomposes into the external
diffeomorphism and internal gauge symmetry [27, 29] (see also [50]).

3.4 Twisted semi-covariant formalism

The twisting of the semi-covariant formalism is straightforward. The U-twisted master
semi-covariant derivative is
DA:VA—F(I)A—F(I)A, (3.55)

of which the twisted semi-covariant derivative and the twisted spin connections are given by
. o . ) . ) B - ) o - 37 . ) o )
Vi=Di+T;, @y, =VEVVe, 8, =V, (3.56)
and the twisted torsionless connection reads

Leap = 2(PDyg PP)[AB] +2(P A’ B]E - P[ADPB}E)DDPEC‘

- D_l(PC’[ Py B] +PC[APB] )(Dbd+(PD PP)[ED]) ;
satisfying, in a completely parallel manner to the untwisted cases, (2.21)—(2.25),
. . . - . B . .
ViPpe =0, V,iPge=0, ' pi=—-2D,d, (3.58)
Uiy =0, Liige; =0, (P+Pige”" Tppi =0,
and, as for the torsionless condition (2.26),
Lx(D)=Lx(V), [X,Y]e(D)=[X,Y]c(V). (3.59)
Further, from (2.42), (2.47), in terms of
‘FAqu qu)qu vB(I)qu + (PA.pT(I)qu q)BpT(I)Arq
=Di%p = Pp®ipg = Py Pizrg + Py Py (3.60)
]?Aqu = VA(i)B;E(j - VB(i)A;zT + (i)Aﬁr&)qu - (i)B;aT(T)qu
= D%~ DPp®isg = iy Porg + Py Pirg

OWith the internal/external splitting (3.51), the 3,4‘ derivatives of the dotted fields are independent of
the internal coordinates.

— 28 —



we have the twisted spinorial semi-covariant four-index curvature,

. 1 . iy . iy . - - .
Gisep =5 |(F+Flipen + (F+Flepip+ @+ )" 4@+ @)pep| - (3.61)
Now, from (2.49), it is useful to note
. . 1 . . . . . X . . e o .
QABCD = SABC‘D + i(VApDE‘VBp + VAPDEVBﬁ)(VCqDEVDq + VCqDEVDq) , (3.62)
and thus, upon the twistability conditions,

) ) 1 5
Gisep = Sapen + 5pas ¢p- (3.63)
In the above, for sure, we set
. . . . E .
Sigep = 5 <RABC'D tRepap — T ABTEc'D) ,
(3.64)
. . . . . . E . . E .
Ripep = 9ilpen —9sacn + Vic Vpip —Vie Tien -
Thus, in contrast to the untwisted case (2.50), G ;5 differs from S ipcp after the twist.
In the twisted SDFT to be constructed below, we shall disregard the latter and employ the
former only. The former will be shown to be semi-covariant, while the latter is not.
Starting from the strict equality of (3.62) and using (2.52), one can easily show nev-
ertheless that the infinitesimal transformation of G ipcp induced by the variations of its
constituting all the twisted fields coincides with that of S ipcD> up to the twistability
conditions,
0Gipep = Viadlgep + Viedl plap = 05ip¢0 - (3.65)
This should be a naturally expected result, if we focus on the variation of the equivalence
relation (3.63) rather than the strict equality (3.62). Since Qs is not a field variable but
rather a fixed data for a given internal manifold, it is not taken to transform but must be

inert under any ‘symmetry’,!!

SUAZ =0,  6Qp,5=0, 8(Dg)=0. (3.66)
These are also consistent with (3.4) and (3.38) with the identification of ‘dy = Ly’ for

covariant twisted fields.

o Complete covariantizations after the twist.
Here we focus on the twisted diffeomorphism. We twist the relation (2.57) in
order to obtain the difference between the actual transformation of the U-derivative
of a twisted field and its twisted generalized Lie derivative,

Ox = Lx)DeTh, .4,
= [Dc" ﬁx] Ty, .4,
. . n .
“Bo o S B .. . . B
=1

(3.67)

"' However, /jXUAB :XCDC.UAB +(DBXC. _DCXB)UAC' — DBX,—DaXB £0.
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(65

[2(75’+7>’)CAB +2P[ Pp. }Fé 2

Writing the first equality above, we have implicitly assumed (3.66). It follows for the
twisted connection (3.57),

A . . - D " F D . . .
+ 2P = Pt PEDC Py DXy + 2P Py PDS Py p D X ¢
+ D_1 (PC[APB] + PC‘[APB} )(DGD Xp—2D dDGXE) .
(3.68)
To simplify this expression up to the twistability conditions, we use (3.31) and an

identity,

2 . . P .
51 Perals "’PC[APB]F)jDE] Qerp pic

5. Fp D Fp Dp E G
=3 (P PP Py 4 PP PP Py ) Q0 iy
- E
+ [(P"‘P)CAB — ¢ 5,4 Op }QGDEQ FK
. o N S - - - . = . - 1 .
=3 (POFPADPBE + P P Pg” ) (f[DE Fiyke + Ol i 3af<fDEF>
S5 LD FDE Fe¢D
+[(P+P)C'AB 50 5A 6B}QGDEQ Pio
(3.69)
which follows from (3.34). Eq. (3.68) can be then rewritten as
L) e
5 T FDE F¢D S P .y G K
(P+P)C'AB (50 6A 5B :| <2DFD[DXE] +QGDEQ FKX >

+2(P'~P)eas” P |BaPin+Qar™ Pro+Qon™ Prr) 8 X g+ 86 Ppp0 o XK |
+ 2P[ADPB}E [(8 Py + Qup™ Picp + Q™ Ppi) 0% X e + 06 P E'QGCKXK}

. : ) 1. o
EFp Dp Ep Dy G K
+3 ( PPy + P TP PPy ) (f[DE fivice T 9pfimk — 33KfDEF> X
+ ﬁ(PC[APB] + PCV[APB} ) [OGO X+ QQG-EKO X
+(f — 204d) (07 X+ OF e XK )]
(3.70)
Hence, upon the twisted section conditions (3.46)—(3.50), we have a rather simple
seminal expression,

(5)'(_5 )FCAB— <P+P)CABFDE 5CF5AD53} <2D D[D ]+QGDEQGFKXK>
(3.71)
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From this, the diffeomorphic anomaly of the twisted semi-covariant derivative follows
easily,

6y = L) (VeTy,a)
= DEXC’DETA1~-~An + wr [DcDEXE — (6X — ﬁX)PEEC TAl"‘An

n
. . A~ . E
+3 [2D6Dp Xy + Ox = L300 i) Tayod " dd
=1

= Wr fKDKXC’TA1~~-An

n
SN BEDE (of ¥ G gk
+ 3 (P4+P) i, <2DFD[DXE]+QGDE-Q X )T.__AHBAZ,H,_.

i=1
(3.72)
Hence, upon all the twistability conditions, finally we obtain
n .
. . B _ B
(5X - EX)(VC‘TAlmAn) - Z(P+P)CA2 TA1"~A¢_1BA1'+1"'An ’ (3'73)
i=1
where we have introduced shorthand notations,
Pipe = Pipe’ T @DpDpX g + QppQ© pp X
Pige = Page" 77 DpDip X + QeppQ7 p i X7
From (2.16) and (3.34), they satisfy up to the twistability conditions,
P[ABC] = 0, 75[1430} =0. (3.75)
Eq. (3.73) immediately implies for the spin connections,
A . A . B . . o .
(O =Lx)Pip, = 03 = L)(V7ViVp) =Py (376)

(05 = L3)Pipg = 05 = L) VIV 1Vi) =P
Although the final expressions of (3.73) and (3.76) differ in detail from what one
would naively expect by ‘twisting’ the results of (2.65) and (2.85),'? what remains still
true and crucial is that, once again the anomalies are all controlled by the index-six
projection operators. Namely, they are still semi-covariant. Thus, the cancellation
mechanism is identical before and after the twist, and all the previous completely
covariant derivatives, (2.67), (2.68), (2.81) and (2.87) are still completely covariant

2 Twisting (2.65) or (2.85) is naive, because they are not exact formulas. They are valid only up to the
original section condition.
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after the twist. We recall them exhaustively after performing the twist,

. D - B - Bn . . - D . B . Bn . .
Pe P47 Py VT, Pe Py 7t Py TV pTp s
-AB — D - Dn . . ;AB . D . Dn . .
PP Pe, 7 Pe, TV i Tpp, b, PP, 7t B TV i Tp, o,
(divergences) ,
PABP . Dr L P Dny (VT PP P B e T
¢ P, " VaVeTh p, ¢ Pe, " VaVeTh,p,
(Laplacians) ,
(3.77)
prtil'“Qn ) DﬁTQr“qn ) ,D.prfh“'lin ’ DﬁTﬁQr“qn ) prpT(il“@n ) DﬁDﬁTQr“qn )
(3.78)
DT, D_T, F=D.C, (3.79)
and
) . ) . s ) 1.
WPDpP, VPDpT/);% Dpp, Dﬁ@bpa lZJAVp (DA% - 2Dq¢A> )
) (3.80)
PO D, Dl D, 0 <DAw; - 2qu;> .
Now we turn to the curvatures. The relations, (3.75), (3.76), give sequently,
(6% = L) F ippg = 2D1iPppg — (P +P)F 150
A [y o . = . = E =
(5X — ,C)'()]:Aqu = 2D[A7)B]ﬁq —(P+P) ABQ)qu’ (3.81)
(65 = L)F +F)ipep = 2D (P +Plgep — P+ P ip(@ 4+ @) ey s
and thus, another crucial result follows
(6% = L)Gapep = Da(P +P)gep + Dio(P + P)pis - (3.82)

This shows that, in an identical manner to the untwisted case (2.66), G Apcp 18 still
semi-covariant after the twist. The completely covariant index-two (“Ricci”) and

index-zero (scalar) twisted curvatures are as untwisted cases,
> o > T > pq >__pq
Gprq’ Gprq' Gpg™ s pq - (3.83)

Finally we look into § ipcp- It is straightforward to check that it is not semi-
covariant. It produces additional anomalous terms which are not governed by the
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index-six projectors,'3

(0% = £x)Sipen
= Va5~ LT ep+2V D Dy Xy + DX 4 DPT e+ [ (A, B) (€, D)
= Via(P + P)gien — D (9 5yxQpenX ™) + (A B) & (€, D)].
(3.84)
We conclude that S ipcp is of no use in the twisted double field theory. We discard
it and keep G ABCD only.

o [dentities which still hold after the twist.
Straightforward yet useful implications of the twistability conditions include

DADA — 2DAdDA = fADA = 0, Fcpqgc =0. (3.85)

From (2.54), (3.52) and (3.62), the Bianchi identity of G ;;»p is valid upon the
twistability conditions,

Further from (2.55), it is straightforward to show
) 3 : e ) R
Ipgrs = §QEA[BQECD]VAPVBqVCfVD§ =0, Gars =0, Gprg =Gprg = 591,
(3.87)
and notably,
i L 1 S
Goa" + G = g aned (3.88)

That is to say, replacing S ABCD PY G ipc Dy almost all the properties of the four-index
curvature (2.55) still hold after the twist, up to the twistability conditions. The only
exception is (3.88) and this is also crucial.

The relations between the completely covariant curvatures and the completely
covariant derivatives (2.89), (2.95), (2.96) still hold after the twist,

1. . ) 1. . .
§[Dpa Dg|T? = Gprg" 17, §[Dpa Dg|T? = —Gprg T7,
[+ ij, Dg]s = Qprqrvpe, [Dp, "yqbq]el = —prquqe', (3.89)
) oL 1. . . 1.
(Y"Dyp)?e + DyDPe = —19pd"e (¥D;)%e' + D,DPe’ = —ngqpqg’ .

But, in contrast to (2.83), we get after the twist,

(D+)*T = —ifABcfABCT- (3.90)

3Putting the three relations (3.65), (3.66) and (3.82) together, we conjecture an equivalence relation,
. E o . E . K . E . K
LxQpas?en) = 2Dy (Q Bk penX ) = 2D (Q b1 pasX ) :

of which a direct proof is desirable.
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This indicates that in addition to the twistability conditions, in the presence of the
R-R sector, in order to ensure the nilpotency of the differential operators, D+, which
should define the twisted R-R gauge symmetry or the ‘twisted R-R cohomology’
consistently, we should separately impose

Fapet*PC =0. (3.91)

For a relevant previous work we refer the readers to [28] where the R-R sector was
treated as an O(10, 10) spinor which can be related to our treatment after the diagonal
gauge fixing of the twofold local Lorentz symmetries [38]. We shall see shortly that
this extra condition is also required for the supersymmetric invariance of the twisted
maximal SDFT.

“Effective connection” and internal coordinate independence.
Writing explicitly,

DA:6A+QA7 vA:3A+QA+FA; (3.92)

it may appear plausible to view € ; + r 4 as the “effective connection”. Upon
the twistability conditions (3.46)—(3.50), this “effective connection” reads explicitly,
cf. [29],

i+ Leis = 2(POsPP) iy +2(P i Py® = PP Py™)0p P

“ 51 1(PC'[APB] + PC‘[APB] ) (8Dd+ (PO PP)[ED}) (3.93)
+ (PP Py Pg" + PP PP Py") frppe
+ (P +Peap” Q-

In particular, we have

R - T . 1 I R . 1

A B C A B C
VEaVZVErQuipe + Tape) = gfears VIV7 V"7 (Quipe) + Vianey) = 5 fpar-
(3.94)

We may view the last two lines of (3.93) as “effective torsions”. They satisfy the
desired properties (2.28). In this “effective” point of view, the “torsion” should
be defined from the difference, £x (V) — Lx(9), instead of the trivial one (3.59),
Lx(V)—Lx(D) = 0. For further related discussion, we refer readers to section 3.4.2
of [25].

We also note that only the last line, i.e. the six-index projection of € ; -, may de-
pend on the internal coordinates, which could be problematic. However, as seen
in (3.94), it is easy to see that this potentially dangerous internal coordinate de-
pendency disappears thoroughly inside the completely covariant derivatives, listed
in (3.77), (3.78), (3.79) and (3.80). This cancellation further implies that the com-
pletely covariant curvatures (3.83) are also independent of the internal coordinates,
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since the completely covariant curvatures can be constructed from the quadratic com-
pletely covariant differential operators, see (3.89) with (3.80).

The above expression of the effective connection (3.93) is also comparable to the
torsionful connection proposed by Berman and Lee in [29]. With the intention of
handling the twisted generalized Lie derivative [27, 29], i.e. (3.54), they introduced
torsions by clever guess work. Their torsionful connection differs from our effective
connection (3.93). Yet, it nevertheless satisfies (3.94) and the difference amounts
to certain six-index projection terms. Accordingly, their proposal is practically con-
sistent with our result. A novel contribution of the present work is to derive the
effective connection (3.93) straightforwardly by applying the U-twisting ansatz (3.3)
to the semi-covariant formalism, without any ambiguity.

4 Twisted supersymmetric double field theory

Here we present explicitly half-maximal (i.e. sixteen) and maximal (i.e. thirty two) super-
symmetric gauged double field theories as the twists of the previously constructed N' =1
and N =2, D = 10 supersymmetric double field theories. All the fields satisfy the twista-
bility conditions, (3.46)—(3.50), and in the case of the maximal supersymmetric twist, one
extra condition, i.e. (3.91) must be also met in order to ensure both the R-R gauge sym-
metry and the 32 supersymmetries unbroken.

4.1 Half-maximal supersymmetric gauged double field theory

After replacing Sapop by Gapep and adding section-condition-vanishing purely bosonic
terms of (2.75), we twist the ' =1 D = 10 SDFT which was constructed in [36] to the
full order in fermions. The twist leads to a half-maximal supersymmetric gauged double
field theory of which the Lagrangian is

: , i1 1. . 1.

LRty Shee = €720 | {Gpa™ + 507" Dpp — i Dyp — i P Dyt | - (4.1)
Each term in the Lagrangian is completely covariant with respect to the twisted diffeo-
morphisms, (3.37) or (3.54), the Spin(1,9) x Spin(9, 1) local Lorentz symmetries, and a
subgroup of O(10,10) which preserves the structure constant, f;;s. Being completely
covariant, each term is also independent of the internal coordinates.

The leading order half-maximal (i.e. sixteen) twisted supersymmetry transformation
rules are, for the twisted bosons,

. i 1 B . T - . -
0cd = —i5p, 0:Vap = —iValeyig, 0:Vap = +iValevyp, (4.2)
and for the ‘untwisted’ fermions,

0ep = _PYp,nga Octhp = bﬁg : (4.3)
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The supersymmetry works, as the induced leading order variation of the Lagrangian van-
ishes, up to total derivatives and the twistability conditions, thanks to (3.89),

OLIL Yty = —ie 0| (D4 D7+ 10y i 07 (G274 (BB =0,

(4.4)
As discussed at the end of section 3.2, the leading order supersymmetric invariance is
sufficient to guarantee the full order completion. Outsourcing from the full order untwisted
N =1 D =10 SDFT [36], we only need to add the quartic fermions therein to the twisted
Lagrangian (4.1) and the cubic fermions to the twisted supersymmetry transformation rules
for the fermions (4.3).

As in the untwisted SDFT [36], the conventional Rarita-Schwinger term is forbidden,
and this is due to the hybrid nature of the gravitino indices, ¢5: one Spin(9, 1) vectorial
and the other Spin(1,9) spinorial. Simply they cannot be mixed. Nonetheless, the N' =1
D = 10 SDFT reduces consistently to the minimal supergravity in ten-dimensions after
the diagonal gauge fixing, Spin(1,9) x Spin(9,1) — Spin(1,9),, see the appendix of [36]
for details.

It is worth while to note from the Zs symmetry which exchanges the two spin groups,
Spin(1,9) <> Spin(9, 1), there is a parallel formulation of the half-maximal SDFT,

1. 1, o 1o,
LHarmasimel = =2 *Zgﬁqm — Zip'vpl)ﬁp' + ip"PDyp’ +Z§¢’p7ql?q¢; . (4.5)

The supersymmetry is realized by

. 1. . L . L . )
0ed = —z§€’p’, 5£VAp = +25/7A1/’;7 58VA15 = —25’7]51/114, 6ep = —APDpe’, (551/1; =Dye' .
(4.6)

4.2 Maximal supersymmetric gauged double field theory

The twisting of the N' = 2 D = 10 SDFT which was constructed to the full order in
fermions in [37], leads to the following maximal supersymmetric gauged double field theory
Lagrangian,

o 1 | L L 1.
Lriitisoen = €70 | S (Gpg™ = Gpa™) + 5 Te(FF) = ipFp + ity PP + iy Dpp

PP quq%

T 1 p  rpa 1
—ipPDyp — z§1/1pfyq2)q¢p — i=p AP Dpp’ + ip'PDpp’ + is

2

(4.7)

As in the half-maximal case (4.1), each term in the Lagrangian is independent of the inter-
nal coordinates, and is completely covariant with respect to the twisted diffeomorphisms,
the Spin(1,9) x Spin(9,1) local Lorentz symmetries, the structure constant preserving
subgroup of O(10, 10), and further the R-R gauge symmetry provided the extra condition

of (3.91),
5C = DA —s 6F = (D, )?A = —ifABCfABCA —0. (4.8)
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The leading order maximal (i.e. thirty two) twisted supersymmetry transformation rules
are, for the bosons,

. 1 . ., 3 - - B o,
0cd = —25(5p +&p), 0:Vi, = iVi1(E g0, — Evptlq) 6:Vip = iV, (Evqtp — Epiby)

1 _ B o T -
5.C = zi(fypsw;, —ep — AP + pe’) + Co.d — i(VAq 68VAp)'y(11)7pC7q,
(4.9)

and for the fermions,
5.p=—"Dpe, 0:p = —F"Dpe’, Octhy = Dpe + Fipe’, 6], = Dpe’ + Frpe. (4.10)

Ignoring total derivatives and up to the twistability conditions, the supersymmetric in-
finitesimal variation of the Lagrangian is, from (3.87), (3.88), (3.89), (3.90) and the appen-
dices of [37],

1 o . A P o . -
OcLrsiied sorr = ige”*(pe =) (Gpg +Gpg" ) —ige (P e+ U Y ) (Gprg” —Gprq')

1 j -
+ zée*“ Tr [(¢'g + pen? + €' + 7Pe'15) (D) *C]
1 —
+ize (g — Eg¢y) Tr (7’777‘]}"7 )
8
1 . _ _ .
= i@e—Zd (pe — ple’ + &Cp' + enPCy), + pCe’ + PsCAPE") X fipef PC
1 . =
+ ige*Qd(éfypz/Jq — &Fq1p,,) Tr <7p.7:_'7q.7:_ ) .
(4.11)
Here F_ denotes the (leading order) self-dual part of the R-R field strength, cf. (2.110),

Fo=1—-~M)F. (4.12)
Thus, requiring the extra condition (3.91) which we recall here,
Figel B¢ =0, (4.13)

the action is supersymmetric invariant modulo the self-duality,!* up to surface integrals.
Once again, the leading order supersymmetric invariance guarantees the full order
completion.

4.3 Explicit comparison with the untwisted case

To compare with the untwisted DFT and to identify the newly added terms after the
U-twist, we dismantle the U-derivatives, D i» explicitly and obtain up to the twistability

YFor consistency , the supersymmetric variation of the self-duality relation is, even in the full order
supersymmetric completion, precisely closed by the gravitino equations of motion [37].
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conditions,

Gt = S HAPO H D HOD 4 HAPOOHL 0P M — 5030570
— 2HAB 1doyd + 2HAP D 40 d + 20, 1AL D pd
n % Finef B HED 2174 FinefoprHADHBEFCE i FineHEDHOED 3 A
+ %fABC'fABC ;

Gy = AP He DD - HABOOHL 0P M — 503050
— 2HAB 1d0yd + 2HAP 40 5d + 20, 7LD 5d
n é Finef B HED 2174 FinefoprHADHBEHCE i FineHEPHOED 3 A
- %fABC'f e,

(4.14)

It follows that the sum, Gy "I +GpgP? = fageS ABC indeed gives (3.88), and the difference
reads

> pqg _ (G__DPq
gpq Pq

’HABﬁA%C-DOBHCD + §HABGC7‘[AD8D'HBC — 3AOBHAB

oo =

. A Sy . .. . . A S . . . . . A S . .
—4H BaAdaBd + 4H BE)AE?Bd + 43A7'[ 38361

+ %fABCf ATpHED — %fABOfDE'F%AD%BE%CF - %fABc'ﬁBDﬁCE%%EA-

(4.15)

In the above, i.e. (4.14) and (4.15), the first two lines on the right hand sides essentially

correspond to the original untwisted DFT Lagrangian [4] i.e. (2.98) written in terms of the

generalized metric. The third line then matches with the literature [21, 22, 27, 29, 50]. The

last lines in (4.14) correspond to the DFT cosmological constant [35] which is apparently

the special feature of the half~mazimal supersymmetric DFT [21, 22, 27, 29]. Depending

on the choice of +G,,"7 or —GpsP7 we may freely fix the sign of it.

It is further worth while to note

. ) . . 1 1 _F
F = D+C = DJFC‘D = DJFC‘B + Equr’yquC - prqf’prWQT

: (4.16)
D) ey DCYPT + zquf’Y(H)’qucﬁr )
. . . 1
V’Dpp = ’YprP‘D = ’YprP}é + Equr’ypqrp»
. . . 1
Dpp = Dﬁﬂ) b= Dﬁp( o, T o P, (4.17)

) ) . 1 _
VDyp = Y Dytg| , = 1" Datlp|, + 75 farsV U+ Fra ¥,

— 38 —



and

g 1 -
= "Dyp’ 5T ﬁfﬁqﬂpqrpla

YDsp' = 7' Dyp’ b

) . 1 o
el = Dyel|, = Do!|, + 3500770 (4.18)

31 Dgity, = ¥ Dgly,

1 o
5 + ﬁfﬁﬂqm@% + frpg¥ 'Y

As expected from the consistency of the “effective connection”, (4.17) and (4.18) agree
with Berman and Lee [29], while (4.16) is a new result we report in this work.

5 Discussion

In this paper, we have successfully twisted the semi-covariant formulations of the N = 2
and the N/ = 1, D = 10 SDFT constructed in [36, 37], and systematically derived the
gauged maximal and half-maximal supersymmetric double field theories, (4.1) (4.5), (4.7),
along with their supersymmetry transformation rules, (4.2), (4.3), (4.9), (4.5), (4.10). Our
derivation is systematic in the sense that, we only applied the twisting ansatz (3.3) to the
untwisted SDFT of [36, 37], and then without any ambiguity the gauged supersymmetric
double field theories were straightforwardly derived. Further, just like the untwisted SDE'T
yet now subject to the twistability conditions, (3.46)—(3.50) and also (3.91) for the maximal
supersymmetric twist, each term in the constructed Lagrangian is completely covariant.
Namely, the NS-NS curvature term, the fermionic kinetic terms and the R-R kinetic term
are all completely covariant, with respect to the twisted diffeomorphisms, the Spin(1,9) x
Spin(9,1) local Lorentz symmetries, the R-R gauge symmetry for the maximal case, and
a subgroup of O(10,10) which preserves the structure constant. The twofold Lorentz
symmetries are ‘local’ with respect to the dimensionally reduced external spacetime. The
twisted and hence gauged SDFTs are completely fixed by requiring the supersymmetry to
be unbroken, in the precisely same manner as the untwisted SDFTs.

The nilpotency of the twisted R-R cohomology differential operators (3.90), (3.91),
implies the Bianchi identity for the twisted R-R flux,

D,F=(Dy)’)C=0. (5.1)

As demonstrated in the section 4.3 of [38], one may take the diagonal gauge fixing of the
local Lorentz symmetry, expand the R-R potential in terms of the conventional p-form
fields coupled to gamma matrices in a ‘democratic’ manner [51], and compute the R-R
field strengths explicitly. The above Bianchi identity is then naturally expected to produce
the ‘tensor hierarchy’ [52-54].

It is worth while to note that, while the twist breaks the O(10,10) T-duality to its
subgroup which preserves the structure constant, f e, the Spin(1,9) x Spin(9, 1) local
Lorentz symmetries are still all unbroken after the twist and the dimensional reduction.

When the twisting data, U, AA,)\, do not satisfy the original section condition, the
corresponding background cannot be identified as a solution to the untwisted ‘D = 10’
supersymmetric double field theories. This might well motivate one to wonder about the
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existence of unknown genuinely ten-dimensional “generalized double field theory” with
“relaxed” section conditions. However, the twistability conditions seem to admit only lower
dimensional sections, as the non-trivial solutions. In those lower dimensions, the standard
section condition must be obeyed, see (3.46), and its doubled coordinates are still to be
gauged. We regard the twist not as an indication of the existence of any unknown D = 10
“generalized DFT” but as a lower dimensional deformation of the known rigid untwisted
D = 10 theories, i.e. [36, 37]. A well known such example is the massive supersymmetric
deformations of the super Yang-Mills quantum mechanics [55, 56]. The deformations do not
necessarily mean that the parental super Yang-Mills field theories can be likely deformed.

In this work, the R-R sector is taken as O(10, 10) singlet and assumes the Spin(1, 9) x
Spin(9,1) local Lorentz bi-spinorial representation [25, 26, 37, 38, 57-60].1 This made
the twisting of the R-R sector rather trivial. Essentially, the R-R potential, C% , is not
twisted, like other fermions. Only the R-R field strength, F = @+C , is influenced by the
twist through the twisted nilpotent differential operator. We expect that this feature should
change when the U-duality group is twisted in M-theory setup, but this goes beyond the
scope of the present work.
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