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Abstract We consider the long time, large scale behavior of the Wigner transform
We(t, x, k) of the wave function corresponding to a discrete wave equation on a 1-d in-
teger lattice, with a weak multiplicative noise. This model has been introduced in Basile et
al. in Phys. Rev. Lett. 96 (2006) to describe a system of interacting linear oscillators with a
weak noise that conserves locally the kinetic energy and the momentum. The kinetic limit
for the Wigner transform has been shown in Basile et al. in Arch. Rat. Mech. 195(1):171-
203 (2009). In the present paper we prove that in the unpinned case there exists 3y > 0
such that for any y € (0, y5] the weak limit of W, (t/e3/2V, x/€”, k), as € K 1, satisfies a
one dimensional fractional heat equation 9, W (¢, x) = —8(—8§)3/ AW (t, x) with & > 0. In the
pinned case an analogous result can be claimed for W, (¢/€%”, x /€”, k) but the limit satisfies
then the usual heat equation.

Keywords Wigner transform - Interacting harmonic oscillators - Fractional diffusion

1 Introduction

In the present paper we are concerned with the asymptotic behavior of the Wigner transform
of the wave function corresponding to a discrete wave equation on a one dimensional integer
lattice with a weak multiplicative noise, see (2.1) below. This kind of an equation arises
naturally while considering a stochastically perturbed chain of oscillators with harmonic
interactions, see [1] and also [15]. It has been argued in [1] that, due to the presence of the
noise conserving both the energy and the momentum (in fact the latter property is crucial),
in the low dimensions (d = 1, or 2) conductivity of this explicitly solvable model diverges
as N'/2 in dimension d = 1 and log N, when d =2, where N is the length of the chain. This
complies with numerical results concerning some anharmonic chains with no noise, see e.g.
[14] and [13]. We refer an interested reader to the review papers [5, 13] and the references
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therein for more background information on the subject of heat transport in anharmonic
crystals.

It has been shown in [3] that in the weakly coupled case, i.e. when the coupling param-
eter € is small, the asymptotics of the Wigner function W, (, x, k) (defined below by (2.8),
with y = 0), that describes the resolution of the energy in spatial and momentum coordinates
(x,k) at time t ~ €', is given by a linear Boltzmann equation, see (2.9) below. Further-
more, since in the dimension d = 1 the scattering rate of a phonon is of order k> for small
wavenumber k, in the unpinned case (then the dispersion relation satisfies o’ (k) ~ signk,
for |k| < 1) the long time, large space asymptotics of the solution of the transport equation
can be described by a fractional (in space) heat equation

AW, x) =—&(=02) "W, x)

for some ¢ > 0. The initial condition W (0, x) is the limit of the average of the initial Wigner
transform over the wavenumbers, see [10] and also [2, 16]. Note that the above equation
is invariant under time-space scalings ¢t ~ t'/e*/2, x ~ x'/e" for an arbitrary y > 0. This
suggests that the fractional heat equation is the limit of the Wigner transform in the above
time space scaling. In our first main result, see part (1) of Theorem 2.1 below, we prove that
it is indeed the case when y € (0, ] for some yy > 0.

On the other hand, in the pinned case, i.e. when the dispersion relation satisfies o’ (k) =~ 0,
as |k| < 1, one can show that the solution of the Boltzmann equation approximates the
regular heat equation

dW(t, x) =’ W(t, x). (1.1)

In part (2) of Theorem 2.1 below we assert that if the Wigner transform is considered under
the scaling (¢, x) ~ (¢'/€*, x'/e?), for ¥ € (0, yy] and some y, > 0, then it converges to
W(z,x), as € < 1. The coefficient ¢ in the heat equation (1.1) is related with the thermal
conductivity coefficient «. Recall that the latter is calculated explicitly in the pinned case
with the help of the Green-Kubo formula in [1, see (16)] for the model without weak noise
assumption. It corresponds to the system of harmonic oscillators described by (2.5) below
with € = 1. The Green-Kubo formula reads then

1 +00

K:3+—/ C(t)dt, (1.2)
262 0

where C(¢) is the current-current correlation function. In fact, after detailed computation,

see formulas (3.13) and (6.12)—(6.14) below, one obtains that the integral of the current

correlation function in (1.2) equals [e?/(4872)]¢, cf. [1, see (12)]. Therefore, we can write

¢

K_3+967r2' (1.3)

Finally, we mention also the results concerning the diffusive limits for the Wigner transform
of a solution of the wave equation on a lattice with a random local velocity in the weak cou-
pling regime (see [15]), for the geometric optics regime for the wave equation in continuum
(see [12]) and in the case of Schrodinger equation in the radiative transport regime (see [9]).
The proof of Theorem 2.1 is made of two principal ingredients: the estimates of the
convergence rate for the Wigner transform towards the solution of the kinetic equation, see
Theorem 3.2 below in the unpinned case (resp. Theorem 3.5 for the pinned case), and the
respective rate of convergence estimates for the solutions of the scaled kinetic equation, see
Theorem 3.3 (resp. Theorem 3.6). To prove the latter we show two probabilistic results:
Theorems 5.5 and 5.8 that are of interest on their own. They provide estimates of the rate of
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Long Time, Large Scale Limit of the Wigner Transform for a System 3

convergence of the characteristic functions corresponding to a scaled additive functional of
a stationary Markov chain towards the characteristic function of an appropriate stable limit
and the respective result in the continuous time case.

2 Description of the Model and Preliminaries
2.1 Discrete Wave Equation with a Noise

We consider a discrete wave equation with the multiplicative noise on a one dimensional
integer lattice, see [1],

dax

=0
dt pr(p’ q) 51
dp, . 2.1
o = =0, H(p,q) + £ ().

Here (p, q) = {(px, q1), x € Z}, where the component labelled by x corresponds to the one
dimensional momentum p, and position q,. The Hamiltonian corresponds to an infinite
chain of harmonic oscillators and is given by

1 1
HE =30 p+5 D aly=y)aa.
y€EZ v,y €L

The interaction potential {a,,x € Z} will be further specified later on. The noises
{€© (1), x € Z} are defined by the following stochastic differentials

dEP () =€ Y (Yeupy) o dwygi (1), (2.2)
k=—1,0,1
understood in the Stratonovich sense. Here € > 0 and
Yei=(Px = Pay1) O,y + Prg1 — Pr1)0p, + (Pact — P)p,

and {w,(t),t > 0}, x € Z are i.i.d. standard, one dimensional Brownian motions over a
certain probability space (§2, F, IP). Note that the vector field Y, is tangent to the surfaces

p§71 + pi + piﬂ = const 2.3)
and
Px—1+ Px + Pxy1 = const 24)

therefore the system (2.1) conserves the total energy and momentum.
System (2.1) can be rewritten formally in the It6 form:

dq,(t) =p,(t)dt

dp, (1) = [—(a *q(D), — S(/3 * p(t))}} dr, 2.5)
+ e Z >+ka(f) dwy (1), y€Z.
k=—1,0,1
Here B, := AB"”, with
-4, y=0,
pO={ -1, y==1,

0, if otherwise.

The lattice Laplacian for a given g : Z — C is defined as Agy 1= gy41 + gy—1 — 28y-
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4 T. Komorowski, L. Stgpien

2.2 Formulation of the Main Results

To describe the distribution of the energy of the chain over the position and momentum coor-
dinates it is convenient to consider the Wigner transform of the wave function corresponding
to the chain. Adjusting the time variable to the macroscopic scale it is defined as

V@) :=5)*q<5> +ip<5). (2.6)
€ €

Here @ is the inverse Fourier transform, see (2.17), of the dispersion relation function given
by w(k) = /a(k), with @(k) the direct Fourier transform of the potential, defined on T—
the one dimensional torus, see (2.16). Suppose that the initial condition in (2.1) is random,
independent of the realizations of the noise and such that for some y > 0

limsup Y 7|y 0) ), < +oo. 2.7)

=0t yez

Here (-). denotes the average with respect to the probability measure 1. corresponding to the
randomness in the initial data. In fact, since the total energy of the system ) _, |1pff)(t)|2
is conserved in time, see Sect. 2 of [3], an analogue of condition (2.7) holds for any t>0.

The (averaged) Wigner transform of the wave function, see [3], is a distribution defined
as follows

2 Eler i2m(x'—x)k T €|+y
(We,y(t), J>:T Z /Eez ( )kJ*<T(X+x/),k>

x,x'€Z
x E[(vS () v 1)) (2.8)

for any J belonging to S—the Schwartz class of functions on R x T, see Sect. 2.4. Here E,
is the average with respect to the product measure p. ® IP. It has been shown in [3], see
Theorem 5, that, under appropriate assumptions on the potential «(-), see conditions (al)
and (a2) below, the respective Wigner transforms W, ¢(¢) converge in a distribution sense,
as € — 0+, to the solution of the linear kinetic equation

' (k)
"4

U, x, k) +

o U(t,x,k)=LU(t,x,k), (2.9)

where L is the scattering operator defined in (2.35). Our principal result concerning this
model deals with the limit of the Wigner transform in the longer time scales, i.e. when
y > 0. It is a direct consequence of Theorems 3.1 and 3.4 formulated below that contain
also the information on the convergence rates. Before its statement let us recall the notion
of a solution of a fractional heat equation. Assume that W is a function from the Schwartz
class on R. The solution of the Cauchy problem for the fractional heat equation

A

G (—=02)"* W, x) (2.10)

with b, ¢ > 0 and W (0, x) = Wy(x) is given by

aW(t,x)=

Wz, x) :=/ei2”x”‘f‘p'b’Wo(p)dp,
R
where
Wo(p) :=/e_i2”"”W0(x)dx
R

is the Fourier transform of Wy (x).
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Long Time, Large Scale Limit of the Wigner Transform for a System 5

Theorem 2.1 Suppose that potential {a,, y € Z} satisfy assumptions (al)—(a2) formulated
in Sect. 2.3. Then, the following are true.

(1) Assume that @(0) = 0 (no pinning case), y € (0,2a/3) for some a € (0, 1] and

dk
Ka,y :=limsupe]“’/(
T

2 (€) 2
p— o O i

< 400, (2.11)

where 12/66) (k) is the Fourier transform of the initial condition ¥ ©(0). Suppose also that
for some Wy with the norm (2.24) finite we have

lim (W, (0), J) =/ Wo(x, k)J*(x, k) dx dk, (2.12)
€0+ RxT
for all Jes. Then, for any fixed t > 0 we have
t ~ ~
lim (We | = ). J)= W(t,x)J"(x,k)dx dk, (2.13)
e—0+ ’ €3v/2 RxT

where W (t, x) satisfies (2.10) with b = 3/2 and the initial condition given by
W (0, x) ::/ Wo(x, k) dk. (2.14)
T

The coefficient ¢ is given by (3.5).
(2) Suppose that &(0) > 0 (pinned case), y € (0,1/2) and coqditions (2.11) and (2.12) for
Wo with the norm (2.24) finite are satisfied. Then, for any J € S and fixed t > 0 we have

e—~>0+

t ~ ~
lim <W€’V<GTV>’J>: A TW(t,x)J*()c,/’c)dxdk, (2.15)

where W (t, x) is the solution of the ordinary heat equation, i.e. (2.10) with b = 2, with
the initial condition given by (2.14) and coefficient ¢ as in (3.13).

2.3 Fourier Transform of the Wave Function

The one dimensional torus T is understood here as the interval [—1/2, 1/2] with its end-
points identified. Let e, (k) := exp{—i2nrk}, r € Z. It is a standard orthonormal base in
L%(T)—the space of complex valued, square integrable functions. The Fourier transform of
a given square integrable sequence of complex numbers {gy, y € Z} is defined as

2ky=>) g k), keT (2.16)
YEL

and the inverse transform is given by
ﬁ:/e;‘,(k)f(k)dk, yeZi (2.17)
T

for any f belonging to LA (T).

A straightforward calculation shows that 1/7(‘)0, k)—the Fourier transform of the (com-
plex valued) wave function given by (2.6)—satisfies the following It6 stochastic differential
equation, cf. formula (7.0.7) of [4],

diOD =A[TOO]d+ > Q[P0 (e, dw, (1),
rez (2.18)

¥ (0) = o,
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6 T. Komorowski, L. Stgpien

where 1#0 is the Fourier transform of ¥ (¢ (0). Here, a (nonlinear) mapping A : L2 o(T) —
L%(T) is given by

Al f1k) == ——w(k)f(k)—&zofg(k), VfeLg(), (2.19)
=+

where

fe(k):=f(k) and f_(k):= f*(=k),

R 2.20
B (k) = 8sin*(wk)[1 + 2 cos*(k)]. 220

For any g € L2 ¢ (T) alinear mapping Q[g]: L2 (M — L2 ¢(T) is given by
Olgl(f)Htk) =i Za [Er(k, k/)ga(k —k/)f(k/) dk', Vfe L%(']I’),
o=+

where

r(k, k') := sin(2mk) + sin[27 (k — k') ] + sin[27 (k' — 2k) ]
= 4sin(wk) sin[7 (k — k') ] sin[(2k — k)7 ], k,k'€T.

Finally, {w,(¢),t > 0}, r € Z are i.i.d. one dimensional, standard Brownian motions, on a
probability space (§2, F, P), that are non-anticipative w.r.t. the given filtration {F;, r > 0}.
We assume, as in [3], that

(al) {a,, y € Z}isreal valued and there exists C > 0 such that |a,| < Ce V€ forall y € Z,
(a2) a(k) is also real valued, & (k) > O for k # 0 and in case a(0) = 0 we have a”(0) > 0.

The above assumptions imply that both y — o, and k > @(k) are real valued, even func-
tions. In addition & € C*°(T) and if &(0) = 0 then &(k) = k*¢ (k?) for some strictly pos-
itive ¢ € C*°(T). This in particular implies that, in the latter case, the dispersion relation
w (k) = /a(k) belongs to C=(T \ {0}).

It can be easily checked that under the hypotheses made about the potential ay the map-
ping given by (2.19) is Lipschitz from L2 (D toitself and D, |l Q[g](e,)|| < C||g||i2
for some C >0 and all g € L2 ¢(T) so O[g] is Hilbert-Schmidt. Using Theorem 7.4, p. 186,
of [6] one can show that for any L2 (T)-valued, Fy-measurable, initial data w(e) there ex-
ists a unique solution to (2.18) understood as L% (T)-valued, continuous trajectory, adapted
process {1/}(5)(1), t > 0} a.s. satisfying (2.18). In addition, see Sect. 2 of [3], for every initial
data ¥/, € LA(T) we have

H ASIOH) ||L2 =const, Vt>0, Pas. (2.21)
2.4 Wigner Transform
2.4.1 Some Function Spaces
Denote by S the set of functions J : R x T — C that are of C* class and such that for any

integers [, m, n we have sup,, , (1+ pz)”/zlaﬁ,a,’(”J(p, k)| < +o0. For any a € R we introduce
the norm

a 2
1714, :=f(1+p ! sule(p k)|dp, (2.22)
R
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Long Time, Large Scale Limit of the Wigner Transform for a System 7

for a given J € S. By A, we denote the completion of S in the norm || - || 4. Note that A,
is dual to A, defined as the completion of S in the norm

104, = sup(1+p2)’“/2/|1(p,k)|dk. (2.23)
4 T

We use a shorthand notation A := A4y and A" := Aj. With some abuse of notation by (-,-)
we denote the scalar product in Lé('ﬂ‘) and the extension of

(J1, J2) :/ Ji(p,k)J; (p,k)dpdk
RxT

fromS x Sto A x A'.
We shall also use the space B, obtained by the completion of S in the norm

k
b2 [P BL

T 2.24)

17115, :=sup(1 + p?)
14
When b = 0 we shall write B, instead of B, .
2.4.2 Random and Average Wigner Transform

For a given € > 0 let ¥ ©(¢) be a solution of (2.18) with a random initial condition ¥ (0)
distributed according to a probability measure . on L% (T). Define

We(t, p,k) = <(1ﬁ<€>)*<t, k — %)&@ (r, k + %» (2.25)
and
Y.(t, p k)= <1ﬁ<€> (z, —k+ %’)g&@ <t, k+ %>> , (2.26)

where, as we recall, (). is the average with respect to the initial condition. Using (2.7) and
(2.21) we conclude that both We (t) and ?e(t) belong to L'(P; A)—the space of .A-valued
random elements possessing the absolute moment, for any ¢+ > 0. We also introduce the av-
erage objects We(t, p,k)and Y. (¢, p, k) using formulas analogous to (2.25) and (2.26) with
()¢ replaced by E, corresponding to the average over both the initial data and realization of
Brownian motion.

The (averaged) Wigner transform W, , (¢) is defined as

1+y

(Ww(r),j):'E /RTwe(z,eyp,k)J*(p,k)dpdk (2.27)

where J € A" and

J(x,k) ::/Rexp{iznpxw(p,k)dp.
The anti-transform Y, , (¢) is defined by an analogous formula, with W, replaced by Y.
2.5 Evolution of the Wigner Transform

Using It6 formula for the solution of (2.18), see Theorem 4.17 of [6], we conclude that
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8 T. Komorowski, L. Stgpien

dw.(t, p,k)

ffwerw -2 )
o tenens )

+Z< 9] (e)) (:,k— %)Q[x@(f)](e_,»)(t,k+€7p>> }d:

JEZ
+dM (p, k), (2.28)

where the {M;e), t > 0} is an {F;, t > 0}-adapted local martingale, given by

M (p, k)
_Z/< 1p(e)(‘g) (e])) < %)@(e)<s,k+%>> dw;(s)
JEL €
+Z/ < () ( )Q[‘/}(e)(s)](e_i)(k+%€>> dw;(s). (2.29)
JEZL €

In order to guarantee that the stochastic integrals defined above are martingales, not merely
local ones, we need to make an additional assumption that . has the 4-th absolute moment.
Taking the expectation of both sides of (2.28) with respect to the realizations of the Brownian
motion we conclude that W (¢, p, k) = IEVT/E (t, p, k) satisfies

_ 1_ _
IWe(t, p, k)= —[iaew(p, b+ 2 Bp, k)]wea, p. k) + RO, p.k)

—4/Tp€(k,k—k/,p)E|:(ﬁ(€)) (r kK — >p(5)<t K+ )]dk/

(2.30)
where
N 1 "
PO k) = Z[w“)(z ky— (¥) . b,
, €p ., €p .,
(kk ) r(k—;,k)r(k—l—;,k),
ep ep (2.31)
Sew(p, k) g[w<k+7>—w<k—7>:|,
1[4 €p A €p
Be(k, p) 5[,3<k+ 7) +ﬂ<k— 7)]
and

1{ 4 €p\— A ep \—
REO)(L psk) = Z:ﬂ(k - ;)Yé(tv [Lk) +ﬂ<k+ ;)Y:(L _p,k)},
with Y (1, p, k) = EY. (¢, p, k).

Formula (2.30) remains valid also when only the second absolute moment exists. This
can be easily argued by an approximation of the initial condition by random elements that
are deterministically bounded.
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Long Time, Large Scale Limit of the Wigner Transform for a System 9

Since the momentum, that is the inverse Fourier transform of p(© (¢, k), is real valued,
the expression under the expectation appearing on the right hand side of (2.30) is an even
function of k’, thus the last term appearing on the right hand side of the equation can be

replaced by
—4/ Rg(p,k,k/)IEg[(ﬁ(E)) (r K — )p(5)<t K+ S 5 >]dk/ (2.32)
T
where
Re(p,k,K) = Zpekk—}—tk/ p).
L +1
Note that

R(k, k') :=Ro(p. k. k') = %[rz(k, k—k)+r*(k.k+k)]
= 8sin’ (k) sin’* (k') {sin*[7 (k + k') ] + sin*[7 (k — k') ]}.
The following relation holds
4/ R(k, k’) dk' = Bk), VkeT. (2.33)
T
We conclude therefore that W, (t, p, k) satisfies the following
(W), J)=(Wc@), (B+L)J)+(R(t). J), VJIES, (2.34)

where Bf (p, k) := pa'(k) f(p, k), for any f € S. We let @’(0) := 0 in case w is not differ-
entiable at 0. In addition,

L£:=r0, (2.35)

where for each € € [0, 1] operator £© acts on S according to the formula
/ 1 0
L7k =2 [ RApokoK)F (po ) dK = SF 0 f ok
T

= 2/TR€(p,k,k/)[f(p,k’) — f(p.B)]dk', feS, (2.36)

and extends to a bounded operator on either A, or A’. Finally,

Re(t, p. k) =RV, p. k) + RO (¢, p,k), (2.37)
with
R, p. k) :=[i(pa/ (k) = cw(p, 0)) + (L9 = L) [We(t, p. k), 038
RO, p, k) =R (1, p, k) + [RE 0, —p, 0], '
where
R (@, p k) = —ﬂ(k— —)Yea,p,k) —fRe(p,k,k/)?g(z,p,k')dk'.
T
Similar calculations show that
d— 2i _ _
Vet pok) = —:ld)e(p,k)Yé(t, )+ U1, p, k), (2.39)

where
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10 T. Komorowski, L. Stgpien

_ 1. _ _ /
it = =3 fup DT p ) = 3 010 [ u(p k)
T

o1,00=%

x Ee{w;? (r, k—kK — %”)(w;?)*(n k+k + %’) } dk’

_ 1 € €
Be(p, k) = §|:a)<k n 7") —l—a)(k - 7”)]
pe(p k. k) :=r<k - %,k/)r<k+ z, —k/>.

2.6 Probabilistic Interpretation of the Kinetic Linear Equation

and

Denote by u(t, p, k) the Fourier transform of the solution of (2.9) in the x variable. Let
K, (k) be a T-valued, Markov ju_mp process, defined over (§2, F, P), starting at k, with the
generator £. Suppose also that U € A. Then

aU@) —iBUWM)=LU@), U0 =U, (2.40)

is understood as a continuous .A-valued function U (¢) such that
t
(U@, J)= (U, J) =/ (U@s), (iB+10)J)ds (2.41)
0

for all J € A'. It is well known that this solution admits the following probabilistic repre-
sentation

U, p, k) :=E|:exp{—ip /tw’(Ks(k)) ds}Uo(p, K,(k))]. (2.42)
0

Here E is the expectation over P. For given J € A" we let

J(t, p.k):= E[exp{ip/ o' (K, (k) ds}J(p, K,(k))]. (2.43)
0

Therefore J(r) € A’. Using the reversibility of the Lebesgue measure under the dynamics
of K;, we conclude that the law of {K,_;,s € [0, ¢]} and that of {K,,s € [0, ¢]} coincide.
Hence,

(U0, J)=(Uy, J (). (2.44)
Likewise, using the definition of R.(¢) (see (2.37)), from (2.34) and the Duhamel formula

we get

<W5(t),J):(WE(O),J(t))+/ (Re(s), J(t —5))ds, VJeS. (2.45)
0

3 Convergence of the Wigner Transform

For a given a € R define the norm
IFRPR N\
—a = dk .
1l ( Rariz
Recall also that p is the distribution of the initial data for Eq. (2.18). We assume that:
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Long Time, Large Scale Limit of the Wigner Transform for a System 11

(A,) foragivena >0
Ka.y :=limsupe'* / 11 e e (df) < +00. (3.1)
e—>0+

Let K, :=Ko,,.

3.1 No Pinning

Since

t A et — [t y .
<W€’y(m)7j>:T e W€<m,p6 ,k).] (p,k)dpdk,

part (1) of Theorem 2.1 is a consequence of the following result.

Theorem 3.1 Assume that ty > 0, @(0) =0 and a € (0, 1] is such that (3.1) holds. Then, for
any y € (0,2a/3),

3 1
0 ! in| —, —— 32
<y <ym1n[13 a+li| (3.2)
and b > 1 one can find C > 0 such that

eltr __ t — —epPe | g
/ TWG m, pe’ k| — Wo(ple™? J*(p,k)dpdk
RxT

ety A 13/2, =
f [ 5 We(O,pfy,k)—Wo(p,k)]e“"" ’J*(p)dpdk‘
RxT

<

: t
+ Ct(Kya+ 1Wolls, ) (1 1Lag + 1115, )" + CKyell Tl 4 (m + 1)

2 t t

+Cel | a,,, P (Kym + Ka,)/) (3.3)

foralle € (0,11, pe, t > 19, J € A5N B, and Wy € B,. Here
Wo(p)=/wo(p,k)dk and 7(p)=/](p,k)dk (3.4)

T T

and
nZ&//(O) 3/4

éi= ( 5 ) . (3.5)

Proof Denote by U, (t, p, k) the solution of (2.41) with the initial condition U, O, p,k) =
Wo(pe7, k). The left hand side of (3.3) can be estimated by

61+V_ t v — t y *
Jo F () =T e ) [ ana

— t — Y
/ [U<m pe’, k) B Wo(p)e‘c""g/z’}f “(p, k) dp dk ’ (3.6)
RxT

+

Denote the terms appearing above by 7, and 7, respectively. The proof is made of two
principal ingredients: the estimates of the convergence rates of the averaged Wigner trans-
form of the wave function given by (2.18) to the solution of the linear equation (2.40) (that
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12 T. Komorowski, L. Stgpien

correspond to the estimates of 7;) and further estimates for the long time-large scale asymp-
totics of these solutions (these will allow us to estimate 7). To deal with the first issue we
formulate the following.

Theorem 3.2 Suppose that {1/A/<E)(t), t > 0} is the solution of (2.18) with coefficients satis-

fying (al)—=(a2) with &(0) = 0 and (A,) for some a € (0, 1]. Assume also that U (t) and J ()
are given by (2.42) and (2.43) respectively. Then, there exists a constant C > 0 such that

=

ety __ — ety __ —
‘<7We(t)—U(1),J> <TW5(0)—U0»1(0>‘

+ Cely (t + DI Il + CE1y +Ka) I Ly,
3.7)

forall J €S,e€(0,1]andt > 0.

We postpone the proof of this theorem until Sect. 4.1, proceeding instead with estimates
of J;. Using (3.7) we can write that

T =

f dp dkW). (p, k)
RxT

W%
X E|:J*(p, Kt/63y/2(k)) exp{—ipey / a)/(Ks(k)) ds”‘
0

t t t
+ CRyellella, (m + 1) + C el s, 7 (/cym + /cw), (3.8)

where J.(p, k) ;=€ 7V J(pe~7, k) and

l+y_

GW)e(p. k) i= =W (0. pe” . k) = Wo(p. ).

Since || Je ||A/h < ||J||A;, for every € € (0, 1] and b > 0, we obtain the last two terms on the
right hand side of (3.8) account for the last two terms on the right hand side of (3.3).

Denote the first term on the right hand side of (3.8) by Z. We can write that 7 <7} + I,
where

7, = / (5W)€(p,k)e*""”'f*(p)dpdk‘,
RxT
L= f (awx(p,k){e*‘ﬁ‘”zfi*(p)
RxT
%
—JE[J*(p, Kt,€3,/z(k))exp=—ipeV/ w’(Ks(k))ds]“dpdk‘.
0

Here for any function f : R x T — C we denote

F(p) = /T F(pok)dk.

Term 7, accounts for the first term on the right hand side of (3.3). Using the reversibility of
the Lebesgue measure under the dynamics of K, (see (2.44)), we conclude that
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Long Time, Large Scale Limit of the Wigner Transform for a System 13

I, =

/ J*(p,k>{e’é‘p'g/2’<6W>e<p>
RxT

1)1
_ ]E[(SW)E (p. K, jesvn (k) exp{ —ipe” / o' (K(k))ds ” } dp dk’.
0

To estimate 7, (and then further to estimate 7,) we need a bound on the convergence rate of
the scaled functionals of the form (2.42). Let

W, p) = Wo(p)exp{—¢lpP/t}. (3.9

Theorem 3.3 For any tg > 0, a € (0,1], b > 1 and y’ as in (3.2) there exists a constant
C > 0 such that

o 1/
/ {W(t, p) —E[Wo(p, K, 912 (k)) exp{—ipeV/ o' (K, (k) ds”}
RxT 0

x J*(p,k)dpdk‘ < Ctl|Wolls, (I 1l a, + 11s,,)e", (3.10)

foralle € (0,11, ¢t > 1y, Woe B, and J € A;N B, .

The proof of this result shall be presented in Sect. 6.1. Using the above theorem we can
estimate

dk

’ ]+V —
T < Ct(1 g + 1 15, )€” sup/[—e2 [We (0. pe” k)| + |Wo<p,k>|}—|k|2a
; p JT

< Ct(Kya + 1Wolls,) (I11lag + 1 115,,)€”"-
Invoking again Proposition 3.3, this time to estimate 7>, we obtain that
Ja < Ct|Wolls, (Il 1lag + 17115, )€”"

The above estimates account for the second term on the right hand side of (3.3), thus con-
cluding the proof of the estimate in (3.3).

3.2 Pinned Case

Part (2) of Theorem 2.1 is a direct consequence of the following result.

Theorem 3.4 Assume that @(0) > 0 and ty > 0. Then, for any y € (0,1/2), a € (0, 1] and
0<y <2 G.11)
a

one can find C > 0 such that

ety t — A2

— Wl ==, pe’ k| — Wo(p)e™ " |J*(p, k) dp dk
RxTL 2 €%

6H—y_ W -
/ [ 7 Wg(O,pey,k)—Wo(p,k)]e’”"J*(p)dpdk‘
RxT

+ CKye 1|0y + Ct(Kya + I Wolls,) (I 1L + 115, )" (3.12)

foralle € (0,11, 1t > ty, J € Ay N By, and Wy € B,. Here Wo(p), 7(p) are given by (3.4)
and

<

[ (k)]

c:=6
T R(k)

dk. (3.13)
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14 T. Komorowski, L. Stgpien

Proof We proceed in the same fashion as in the proof of Theorem 3.1 so we only outline the
main points of the argument. First, we estimate the left hand side of (3.12) by an expression
corresponding to (3.6). The first term is estimated by an analogue of Theorem 3.2 that in
this case can be formulated as follows.

Theorem 3.5 Assume that conditions (al)—(a2) and (Ao) hold. In addition, we let @(0) > 0.
Then, the average Wigner transform W (t) satisfies the following: there exists a constant
C > 0 such that

=

€l+y_ o 6l+)/_ o
’<TW€(I) -U(@), J> <TW€(O) — Uy, J(t)>’ + CellJllA/]ICyt (3.14)

foralle € (0,1]and t > 0.

The proof of this result is presented in Sect. 4.2. In the next step we can estimate the rate
of convergence of the functional appearing in the formula for the probabilistic solution of the
linear Boltzmann equation towards the solution of the heat equation given in the following
theorem. Let

W(t, p) :=Wo(p)exp{—ép’t}. (3.15)

Theorem 3.6 For any to > 0,a € (0,1], b > 1 and y’ as in (3.11) there exists a constant
C > 0 such that

/€2y
/ {Wa,p)—E[Wo(p,K,/Ezy(k>)exp{—ipey / w’(mk))ds”}
RxT 0

x J*(p,k)dpdk

< CtWolls, (I 1|4, + 1 1s,,)e. (3.16)

foralle € (0,11t >1ty, W e B, and J € Ay N B, .
The proof of the above theorem is contained in Sect. 6.2. The remaining part of the
argument follows the argument of Sect. 3.1.
4 Proofs of Theorems 3.2 and 3.5
4.1 Proof of Theorem 3.2

From (2.45) and (2.44) we conclude that

I+y I+y

(W), J)— (T, J)‘ < Kf W, (0) — U, J(t)>‘

I+y

12

f (Re(s), J(t —5))ds
0

. Vee(0,1],

with R (¢) given by (2.37). Estimates of the last term on the right hand side above shall be
done separately for each term appearing on the right hand side of (2.37).
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Long Time, Large Scale Limit of the Wigner Transform for a System 15

4.1.1 Terms Corresponding to RV

Denote

ety eltr _
EGQ 1, k) ::TWG(t,O,k) and GO, k) ::TYg(t,O,k).

Lemma 4.1 For a given a € (0, 1] there exists C > 0 such that

/ E@(t, k) dk
T

T <Ctk, + Ky, 4.1)

foralle € (0,1],¢t > 0.

Proof Denote the expression on the left hand side of (4.1) by &,(¢). From (2.34) and (2.37)
we conclude that

d&é,(t) dk
‘ ar |~ |k |2 [|£(E9D) "]+ |£(ReG“ 1)) (K)]]. (4.2)
T
Since |k|~2*R(k, k') is bounded when a € (0, 1] we can bound the right hand side of (4.2),
with the help of (2.21), by CK, and (4.1) follows. O

Let Aw.(p,k) := pw'(k) — S.w(p, k). For a given g € R define by mod(g, 1/2) the
unique r € [—1/2, 1/2) such that g = € +r, where £ € Z. Divide the cylinder R x T into two
domains: C—described below—and its complement C¢. The first domain consists of those
(p, k) for which either |[mod(k + ep/2,1/2)| > 1/4, or both points mod(k + ep/2,1/2)
belong to an interval [—1/2, 0], or they belong to [0, 1/2]. We can write then

E1+)/ _
T<Awewe(s), J(t —S)> =h+1,

where the terms on the right hand side correspond to the integration over the aforementioned
domains. One can easily verify that there exists C > 0 such that |Aw.(p, k)| < Ce|p| for
(p, k) € C. We can estimate therefore

I < Celld Ky 3)

On the other hand, when (p, k) € C¢, with no loss of generality assume that 1/2 > k +
e€p/2 >0>k —ep/2 > —1/2 (the other cases can be handled analogously) p is positive
and k € (—ep/2,€p/2). Since |Aw.(p, k)| < C|p|, for a given a € (0, 1] we can write

sin[n (k + ?):H < Ce®|p|Pt!

for some constant C > 0. Using the above estimate we obtain

|Awc(p. b] ]

o=%1

L] scéaf PPHE[T (p, K — 5, 0)]
RxT
—a
sin| 7 k—i—ﬂ u© s,k—i—ﬂ
2 2
By virtue of (4.1) we get that

|l < CX 5Ky + Ka) I L - 4.5)

6lJr)/

XT<1‘[

o==%1

> dpdk. (4.4)
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16 T. Komorowski, L. Stgpien

Taking the Taylor expansion of R.(p, k, k'), up to terms of order €, it is also straightforward
to conclude that

I+y o
S(EO = L) We(0). Tt = 9)| < €K, 1 L (4.6)
Summarizing, (4.3), (4.5) and (4.6) together imply
6H—y t
/ (RW(s), J(t —s))ds
2 Jo
=CellJlla Kyt + Ce™t(tK, + Ko 4y, 4.7

4.1.2 Terms Corresponding to Rf)

Straightforward computations, taking the Taylor expansions of 3(k —ep/2)and R.(p, k, k')
up to €, show that

1

R
T/ (RP(s), J(t —s))ds —
0

< CellT[lukyt.

I+y

/I(L(ReYE(s)), J(t—s))ds
0

From (2.39) we conclude the following estimate.

Lemma 4.2 Suppose that ¢. : R x T — R is such that

(D, k
I, :=sup M < 400. 4.8)
e,p.k We (P, k)
Then, there exists C > 0 such that
1+y r_
o [ (e 10 = s)as| = cerc, (1711 + 11L4) 49)
0

forall J €S,e€(0,1],¢t>0.

Proof The left hand side of (4.9) can be rewritten as

€l+y

T/ (@Y ()T, J(t —8))ds (4.10)
0

where I, (p, k) := ¢.(p, k)c?)gl (p, k). Using (2.39) we can estimate this expression by

€1+y

t 1+ t
€ T/ (0, Ye() I, J(t —s))ds| + € Ty/ (UL, Tt —9))ds|.  (4.11)
0 0

Thanks to (2.21) and (4.8) the second term is bounded by € I', || J || 4K, t. On the other hand,
integration by parts allows us to estimate the first one by

6H—y r I+y 4
€ T/ (Ye) I, iB+L)J(t —s))ds| +e€ T(1/5(s)r5,1(t—s))
0 s=0
< CRye(tl T g + I 11a), (4.12)
by virtue of (2.21) and (4.8). 0
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Since
R.(p, kK
R@.&K) oo (4.13)
kK p we(Pak)

from the above lemma we conclude that

61+y 1 _
T/o (L(ReYc(s)), J(t —s))ds §C1Cye(t||J||A/l + 1) (4.14)
This ends the proof of (3.7). O

4.2 Proof of Theorem 3.5

‘We maintain the notation from the argument made in the previous section. Estimate (4.4)
can be improved since in this case there exists C > 0 such that |Aw.(p, k)| < Ce|p| for all
(p,k), € € (0, 1]. Thus, we can write

|| < c;cye/ |PIE[J (p, K (t —s,K))|dp dk < CK €|l || a; (4.15)
RxT

for all # > 0. With this improvement in mind we conclude that there is a constant C > 0 such
that

€ I+y t
’T/o (RO(s), J(t = 9))ds| < Cell T || a Iyt (4.16)
forall £ > 0, € € (0, 1]. Repeating the argument from the proof of Theorem 3.2 for the term
corresponding to R? we conclude (3.14). O

5 Convergence Rate for the Characteristic Function of an Additive Functional of a
Markov Process

5.1 Markov Chains

Suppose that {§,,n > 0} is a Markov chain taking values in a Polish metric space (E, d).
Assume that w—the law of £&y—is an invariant and ergodic probability measure for the chain.
The transition operator satisfies:

Condition 5.1 (Spectral gap condition)
a = sup{| Pfll 2y 1 f 2wy =1, L1} <1.

Since P is also a contraction in L'(x) and L®(;r) we conclude, via Riesz-Thorin inter-
polation theorem, that for any 8 € [1, +00):

IPF sy <@ Pl S lLpcrys G.D

forall f e Lg (7t )—the subspace of Lg(n) consisting of functions satisfying f fdm =0,
with «(8) :=1—2/8 — 1| > 0. Thus, Qy := Z,]:’:O P" satisfies

108 Fllise < (1= a D) I Fll oy, Vf € LEGr). (5.2)

Furthermore, we assume the following regularity property of transition of probabilities:

Condition 5.2 (Existence of bounded probability densities w.r.t. w) Transition probability
is of the form P(w, dv) = p(w, v)mw(dv), where the kernel p(-,-) belongs to L* (7w @ ).
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18 T. Komorowski, L. Stgpien

5.2 Convergence of Additive Functionals

Suppose that ¥ : E — R satisfies the tail estimate
C
n(|l1/|>)\)§k—a (5.3)
for some C >0, > 1 and all A > 1 and

/ W dn =0, (5.4)

We wish to describe the behavior of tail probabilities ]P’[|Z,(N >| > N*] when « > 0 for the
scaled partial sum process

1 [N1]
zV =5 Do WE), 120, (5.5)
n=0

To that end we represent Z,(N) as a sum of an L? integrable martingale for 8 € [1, «) and
a boundary term vanishing with N. Let x be the unique solution, belonging to Lg () for
B €[1, @), of the Poisson equation

xX—Px=v. (5.6)
In fact using Condition 5.2 we conclude that Px € L (). Therefore the tails of x and ¥
under 7 are identical. We introduce an L? integrable martingale letting: M, := 0,

N
My:=Y 7, whereZ,:=yx()—PxE 1), N>1 (5.7)

n=1

and the respective partial sum process M," := N~Y¢My,, t > 0.

Using the dual version of Burkholder inequality for L# integrable martingales, when
B € (1,2), see Corollary 4.22, p. 101 of [17] (and also [11]) we conclude that there exists
C > 0 such that

(EIMy1F)? <CNVE, YN >1. (5.8)

Lemma 5.3 Under the assumptions (5.3) and (5.4) for any k > 0 and § € (0, ak) there
exists C > 0 such that

ct+1)
IP’[|Z,(N)|2NK]§T, VN >1,t>0. (5.9
Proof Choose B € [1, o). We can write
[N1]
Z‘I/(Sn) = Minn + x o) — x Giwn)- (5.10)
n=0

From (5.10) and Chebyshev’s inequality we can estimate the left hand side of (5.9) by

Nl/a+/( Nl/a+K
P[|M[Nr]|2 3 i|+P|:|X(§0)|2 3 ]

1/a+k N1/0t+l( C
] < IP|:|M[NI]| > ] +

+P|:‘X(S[Nt])‘ > 3 NB/atc)
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for some C > 0. On the other hand

Nl/a+/( Ct
B
]P’|:|M[Nr]| = 3 ] =< Nﬂ(l/a+K)E|M[N’]| = NAaro 1
The last inequality follows from (5.8). Choosing § sufficiently close to o we conclude the
assertion of the lemma. d

Suppose furthermore that an observable ¥ : E — R is such that

Condition 5.4 f ¥ dr =0 and there exist a € (1,2), a; € (0,2 — ) and nonnegative con-
stants ¢, ¢, C* > 0 such that ¢} + ¢, > 0 and

ﬂ(W>A)—£+n('Il<—A)—£< « (5.11)
e A@| T petal '
forall . > 1.
Let {Z,,t > 0} be an «-stable process with the Levy exponent
: <L) dAr
¥ (p) ::a/(1+mp—e”l’)c A)dr (5.12)
R |)"|1+a
where
. Jecr, wheni <0,
e = {c:, when A > 0. (.13)

In what follows we shall prove the following.

Theorem 5.5 Under the assumptions made above, for any § € (0, a/(a + 1)) there exists
C > 0 such that

inzM) —1(p) 5 1 1
|Eepf _e n/fp|§C(1+|p|) U+1)<W+W (5.14)

forallpeR,t >0, N >1.

Proof In the first step we replace an additive functional of the chain by a martingale partial
sum process. Using (5.10) we conclude that there exists C > 0 such that

Eerz” — Eeir™| < ;'15’&', Vi=0, N>1, peR
and (5.14) shall follow as soon as we can show that for any § € (0, o/(x + 1)) there exist
C > 0 such that

Na/« N?¢

forall p e R, >0, N > 1. The remaining part of the argument is therefore devoted to the
proof of (5.15). Denote Zy , := N~'/*Z, with Z, defined in (5.7) and x the solution of
Poisson equation (5.6) with the right hand side equal to ¥. Introduce also

B — | < 0 (14 Ipl) (@ + 1><# + i) (5.15)

h,(x) = Py — 1 — ipx,

i (5.16)
R :=Eh,(Zy.1)

and ™ (p) := —N]:l;N). Observe that Re E;N) <0.
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20 T. Komorowski, L. Stgpien

Lemma 5.6 There exists a constant C > 0 such that

[y ™M (p) =¥ (p)| < N /alpl( +1pl). (5.17)
In addition, for any bounded set A C R and B € [1, ) there exists C > 0 such that
v A
N/ @) + n(du)§C|p|ﬂ(1+|p|), VpeR, N>1. (5.18)
AeA S NVe

Proof Denote U (w,v) =¥ @)+ P x (v) — Px(w). With this notation the expression on
the left hand side of (5.17) can be rewritten as

‘N/ hp(m>p(w,v)n’(dw)n(dv)_ /‘hp()\‘) C*()L) d}\‘
ExE

Nl/oz |A|a+1
@ (w, v) W (v)
= N/EXE[h”( Nl/a )_hp<—N1,a)]P(w,v)N(dw)n(dv)
acs(A)
N | hpG)| Fy(dh) — ——="5dA | . 5.19
+‘ /R 2 )[ VR = e ]’ (5.19)
Here Fy(A) := (¥ < N'/%)). The first term on the right hand side can be estimated by
- V() +2
CNI l/ot/su h/ <7> - dv ,
Ekeg P NV« (dv)

where A is a bounded interval containing all possible values of Py (v) — Py (w). This
expression can be further estimated by

cpZNl-z/“/(\q/(u)| + )7 (dv).
E

As for the second term on the right hand side of (5.19), using integration by parts, we
conclude that it can be bounded by

+o00
VY[,
o=+ 0

sc*|p|N—°‘l/“f
0

The first estimate follows from (5.11), while the last one follows upon the change of vari-
ables A’ := Ap and the fact that 1 <« + o) < 2.
Concerning (5.18) expression appearing there can be estimated by

7 (oW > NVo3) — % d

+00 |eipk _ 1|

YT dr < Clpl(1+ |p[)N~/*. (5.20)

N/yh Fy(d\) + BN~ 1/“/sup\h,,(x+AN—1/“)\‘"“
R A€A
x |h;,(x/+uv V)| Fy (dX). (5.21)
The first term is estimated by
+o00
ﬁN/ oy ()" i, (1) (1971 = NYex') di < Clp)?
0

for some C > 0 and all p € R, N > 1. Since A is bounded the second term on the other
hand is smaller than
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N [ Supl 6+ ) P b 64 AN ()
R A€A

e 1
<CN'"Y |p|ﬂ+]/<|)»|+N|/ ) Fy(d))

< CN'"HP/e p et (5.22)
Hence, (5.18) follows. O

In fact, in light of the above lemma to prove the theorem it suffices only to show that for
any § € (0, /(¢ + 1)) one choose C > 0 so that

}EeipM,(N) tl//”")(p)| P ¢ (1 + |p|) t+1D (5.23)

for all p € R, t > 0, N > 1. To shorten the notation we let M; y := Mj/Nl/"‘. Since
{M,,n >0} 1is (F,) adapted and E[Zy ,,+1 | F,] =0, we can write

B[e1] = B[ B[ | 7]
=E[e?iV {1 +E[h,(Zy ;1) | Fi]}]-
To derive a recursive formula for
W; = exp{y™(p)j/N|EexplipM,.n},
write
Wi = W =exp{y ™ (p)(j + D/ NYE{e ™ [y (Zn j11) — hy"]}
+exp{y ™ ()G + D/NJ(1+ AL = e ) Eerin.

Since My = 0, adding up from j =0 up to [Nt] — 1 and then dividing both sides of the
obtained equality by exp{ys¥) (p)[Nt]/N} we get

Eexp{ipM™}] — exp{—v ™ (p)[N1]/N)

[Nt]—-1 _ [Nt]—1 _ v
= 2 Blew[hy@ugen B0 + Y0 (14 A0 = )Eey . (.24
j=0 j=0

where
en,; :=exp{y ™ (p)(j + 1 — [Nt])/N}e'?Min.
We denote the terms appearing on the right hand side of (5.24) by I and /I and examine
each of them separately. As far as /I is concerned we bound its absolute value by
=) G
Nt[1+h(Y — et | (5.25)
and since Re E;N ) < 0 we obtain the following

. Ctlpl* 2

for some C > 0.
Fix K > 1, to be adjusted later on, and divide the set Ay ={0,...,[Nt] — 1} into £ =
[[N#]/K]+ 1 contiguous subintervals, £ of size K and the last one of size K’ < K, i.e.
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¢
AN=UIma InNIT, =2 form#n,
m=1

Ion=4{jms-esjm+K =1}, m=1,...,£—1
and
IZZ{JM7a]m+K/}

with K’ < K. Here [«] stands for the integer part of a € R. To simplify the notation we shall
assume that K’ = K. This assumption does not influence the asymptotics.
We need to estimate the absolute value of

12

1=Y "% Elew,[hp(Zy i) =]} =1 + b, (5.27)

k=1 jely

where

4
L= "% "Ellen.; — en i JE[h,(Zy j10) —h | 7]}

k=1 jel
L

[2 = Z]E{eN-jk Z[hp(ZN,j+l) - EE,N)]}
k=1 Jjely

The conditional expectation in the formula for 7, equals

/p(gj, v)[h,,(‘””) + va(ffi - Px(fj)> _ ,;;m]n(dv).

The supremum of its absolute value can be estimated by

v()+ A
2ol [ sl (“e

Nl
for some constant C > 0. Here A is a bounded set containing 0 and all possible values of
Px(w) — Px(z) for z, w € E. The last inequality follows from Lemma 5.6. On the other
hand, since the real part of logey ; is non-positive we have

)‘n(dv)g C|P|(1+|P|),
N

Eley,; —en,j| < |P|<K]E‘E§,N)‘ +E[SUP|M1,N - M_,'k,N|]), Vj eI
lely

According to (5.18) the first term in parentheses can be estimated by C|p|(1 4+ |[p)K/N.
Choose B € (1, «). From (5.8) and Doob’s inequality we can estimate the second term by
CK'8/N'/* Summarizing we have shown that

s(K'F K
Ih] < C@+D(1+1pl) (WJFN). (5.28)

On the other hand,

£
12 = ZE{eN,jk ZE[hp(ZN,j+l) - ]/_lioN) ‘ f]k]}

k=1 Jjelx
¢ k-1

= Z]E{EN,jk |:Z PJgN(gjk)i| },
k=1 =0
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where

—P _
gv(w) 1=/M<W>p(w, V) (dv) — h;N).

Fix 8 € (1, @). Since ngdT[ =0and £ =[[Nt]/K]+ 1, from (5.2) we conclude that

—1{ Nt
Ll < (1—-a*?) (?+1>“gN”L5(n)

5.18 _ N1-1/8
° (1 - a®) "+ DIpI(1+ Ipl)

Hence, we have shown that

Ne TNTTE

s(KYF K NP
< C@+1)(1+]pl) ( .

Choose K = N°® with § € (0, 1). It is easy to see that

1 6

l1-8>———, VBe(l,w)
«a B

thus the middle term on the right hand side is smaller than the first one. The optimal rate is

obtained therefore when

—8—1—1 1
B )

°
B

QRI|m—

or equivalently

5= ljaa+2 _
I/g+1
From the above we get, that the optimal rate of convergence is obtained when f is as close
to « as possible, and for each §; < «/(« + 1) we can choose then C > 0 so that

Cl+1
%(Hm)f’.

Taking into account the above and (5.26) we conclude (5.23). O

1] <

5.3 Convergence Rates in the Central Limit Theorem Regime

‘We maintain assumptions made about the chain in the previous section. This time however
we assume instead of Condition 5.4 the following.

Condition 5.7 [Wdrx =0and ¥ € L*().

We define the martingale approximation, using (5.7) from the previous section. Decom-
position (5.10) remains in force. Instead of (5.8) we have then an inequality
(ElMy?)'* <CN'2, VYN =1, (5.29)
where C > 0 is independent of N > 1. Let
o?:=EM} and v (p):=o*p?/2.

Define the partial sum process zN by (5.5) with « replaced by 2. Our main result concern-
ing the convergence of characteristic functions reads as follows.
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Theorem 5.8 There exists C > 0 such that
Dz 4t +1
[Eer2" — =0 < C(1 +|pl) N (5.30)

forallpeR,t >0, N>1.

Proof Denote Zy , :== N~'*Z, with Z, defined in (5.7) and M, y := M;/N'/?. Using this
notation as well as the notation from the previous section we can write that

Clp|
N1/2°

. (N) inm ™)
UECIPZI _]Ee’th | < vVt > O, N > 1: P eR.

It suffices therefore to prove
st +1
NL/3 :
Let /1, (x) be given by (5.16). We denote ﬁ;’v) :=—(op)?/(2N) and
W; = exp{(Up)zj/(2N)}E[exp{ipMj,N}].

Analogously to what has been done in the previous section we obtain
Wist = W, =exp{(op)*(( + D/QN)E{e ¥ [h,(Zy, 1) — by ]}

+exp{(0p)?(( + D/CN)) } (1 +h0 — " )EeirMi,

Adding up from j =0 up to [N¢] — 1 and then dividing both sides of the obtained equality
by exp{(cp)?[Nt]/(2N)} we conclude that

E[exp{ipM;"’}] - exp{—(op)[N11/2N))
(V1] ) (N1] ) -
=Y Efen[hp(Zy ) —hOY + ) (142N — &' YRy, (5.32)

j=0 j=0

‘Eeier(N) . e—n//(p)‘ < C(l + |P|) (5.31)

where
e = exp|(op)?(j + 1 — [Nt])/2N) }ePMi/N'?

Denote the absolute value of the terms appearing on the right hand side by 7 and II respec-
tively. We can easily estimate

t4
n<ct
N

for some constant C > 0O and allz >0, N> 1and p € R.

To estimate / we invoke the block argument from the previous section. Fix K > 1 and
divide the set Ay ={0,..., N — 1} in £ = [[Nt]/K] + 1 contiguous subintervals, £ of size
K and the last one of size K’ < K. In fact for simplicity sake we just assume that all in-
tervals have the same size and maintain the notation introduced in the previous section.
Estimate (5.27) remains in force with the obvious adjustments needed for o = 2. Repeating
the argument leading to (5.28) with (5.29) used in place of (5.8) we conclude that

12 2
2 rK 'K
[I|<Cp (t‘f‘l)(W'i‘T). (5.33)
On the other hand,
[ Nt @+ 1)p?
L] < (1—a) I(? + 1>||gN||L2(7r) <C(l-a) IT.
Choosing K = N'/3 in the above estimates we conclude (5.31). O
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5.4 Convergence Rates for Additive Functionals of Jump Processes

Assume that {t,,n > 0} are i.i.d. exponentially distributed random variables with Ery = 1
that are independent of the Markov chain {§,,n > 0} considered in the previous section.
Suppose furthermore that V, 6 are Borel measurable functions on E such that:

Condition 5.9 For some t* > 0
O(w)>t, VweeE, (5.34)

there exist C* > 0 and oy > 1 such that

*

7@ >N <
>0 <

. Va>1. (5.35)

We shall also assume that either ¥ (w) := V (w)6 (w) satisfies Condition 5.4, or it satisfies
Condition 5.7.

Let ¢, := Z;ﬁ)e(sk)rk and let {X;,? > 0} be a jump process given by X, := §,, where
n,:=nfort, <t <t,;. The process conditioned on & = w shall be denoted by X;(w). The
corresponding chain shall be called a skeleton, while 6! (w) is the jump rate at w. Note that
measure 7 (dw) := 0710 (w)m (dw) is invariant under the process. Here 0 :=E0(&).

We also define processes

Ni
Y\ = N’l/’f’/ V(X,)ds, (5.36)
0
with 8 = @ when this condition holds and 8 =2, in case Condition 5.7 is in place.

Observe that the integral above can be written as a random length sum formed over a
Markov chain. More precisely, when (5.11) holds

1 nyi—1
= N1/ Z v &)+ R, (5.37)
where
R(N) N'/“ VEny )t = tuy,)s (5.38)

{5,,, n >0} is an E x (0, 4-00)-valued Markov chain given by £, := (&, 1, and ¥(w, 1) :=
¥ (w)t. Its invariant measure 7 is given by 7 (dw, dt) := e "mw(dw)dt and the transi-
tion probability kernel equals f’(w, 7,dv,dt’) .= p(w, v)eif/n(dv) dt’. Tt is elementary to
verify that this chain and the observable ¥ satisfy Conditions 5.1-5.4 with the constants
appearing in Condition 5.4 given by ¢T := I'(@ + 1)c%, where I'(:) is the Euler gamma
function. In case Condition 5.7 holds we can still write (5.37) and (5.38) with o = 2.

Consider the stable process {Z;,t > 0} whose Levy exponent is given by (5.12) with
¢, (1) replaced by

6=“I'(a+ 1)c;, wheni <0,

c0) =1 5.39
=0 Gt 1het, when i > 0. 639

Let {B,, t > 0} be a zero mean Brownian motion whose variance equals
& :=20"%¢2 (5.40)

The aim of this section is to prove the following.
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Theorem 5.10 In addition to the assumptions made in Sect. 5.1 suppose that Condition 5.9
holds. Then, for any

0 <8 <8, :=min[a/(e + 1), (@2 — 1)/ (e + 1)] (5.41)

there exists C > 0 such that
[Eexp{ip¥"'} —EexplipZ}| < C(Ip| + 1)’ + 1) ! +i (5.42)
p p p p t p Nal/a NB ’ .

forallpeR,t >0, N> 1.
If, on the other hand the assumptions made in Sect. 5.3 and Condition 5.9 hold then for
any
0<d<éi=(—1)/(1 +22) (5.43)

there exists C > 0 such that
. ) 1 1
’Eexp{lpyt(N)} _Eexp{lpB,}| < C(Ipl + ) (t+ 1)<N1/3 + m) (5.44)
forallpeR,t>0,N > 1.

The proof of this result is carried out below. It relies on Theorem 5.5. The principal
difficulty is that definition of Y(N) involves a random sum instead of a deterministic one as
in the previous section. This shall be resolved by replacing ny, appearing in the upper limit
of the sum in (5.37) by the deterministic limit [Nt], where N := N /9, that can be done with
a large probability, according to the lemma formulated below.

5.4.1 From a Random to Deterministic Sum

Lemma 5.11 Suppose that k > 0. Then, for any § € (0, axx) there exists C > O such that

P[|ny, — [Nt]] = N<H/2] < % VN >1,t>0. (5.45)

Proof Denote
A 1= vy — [N1] = NVt (5.46)
Ay = [nvg — [Nt] < =NV Ay := A} UAj. '

Let «’ € (0, k) be arbitrary and

[Nt]+N/e2+r 1
cN;:[ 3 Tnszw}_

n=[Nt]

We adopt the convention of summing up to the largest integer smaller than, or equal to the
upper limit of summation. Note that on A}, we have

[Nt]+N/eatr

[INE] = 50 = tugey — g =1 P
n=[Nt]

[Nl‘ At 1 ]
—[Nf]| = Nl/a 54‘ .

Furthermore
1

ry i'= ——— Nl/az
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Hence,

IP[A; N CN] = ]PH[NZ] — t[Nt]| > t*Nl/Oterk’]

1
§IP|:N1/0!2

To estimate the probability appearing on the utmost right hand side we apply Lemma 5.3
for the Markov chain {£,,n > 0} and ¥ (w, 7) := 0(w)7T — 6. We conclude therefore that for
any 8 € (0, apk”) there exists C > 0 such that
C(it+1)
NS
Since Ety =1 and k¢’ € (0, ) for any x € (0, 1) we can find C > 0 such that
1 Nl/ot2+K_l 1 }

P[C/LV] = P|:Nl/a2+k Z T < Nr—«'
n=0

[N1]

Z[Q(Sn)rn - 9_]

n=0

> *N¥' —érN:|.

P[Ay NCy] < , V>0, N>1. (5.47)

NVea+e_
1
< C]P’|:W Z T, <xi| < Cexp{—Nl/“2+"I(x)}, VN > 1

n=0

(5.48)
where I (x) := —(1 —x —Inx). The last inequality follows from the large deviations estimate

of Cramer, see e.g. Theorem 2.2.3 of [7]. Using this and (5.47) we get

C
P[AV] = P[A} nCv]+P[C}] = 45

Probability P[A},] can be estimated in similar way. Instead of C we consider the event

[N1]
Cy = { Z 5, > Nl/a2+;(:|

n=[Nt]-Neatx 11

and carry out similar estimates to the ones done before. ]
5.4.2 Proof of (5.42)

Choose any « > 0. We can write
|]Eexp{ipY,(N)} —Eexp{ipZ,H
< [E[exp{ipy™} — exp{ipz™}, Ax]|
+ [E[exp{ip¥ ™} —exp{ipz™}, A3 ]|
+[Eexp{ipz™} — EexplipZ}|, (5.49)

with Ay defined in (5.46). The last term on the right hand side can be estimated by the
expression appearing on the right hand side of (5.42), by virtue of Theorem 5.5.

The first term on the right hand side can be estimated by C(t + 1)N~% for some § €
(0, k) and C > 0. The second term is less than, or equal to

Ip|(Ely +EJy),
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where
[N1]
Iy =N max Z (), (5.50)
me[[N1]—N1/e2+x [Nr]+N1/“2+K]mz
and
Jy =N~V max |- (5.51)

me[[N1]—-NV/e2+x [N+ N1/e2+6)nz

Lemma 5.12 Suppose that k € (0, 1 — 1/a). Then, for any § € (0,0~ (1 —x — a;l)) there
exists C > 0 such that

C
Ely < N (5.52)
and
C
EJy < ok VN > 1. (5.53)

Proof First we prove (5.53). Since lf/(%o) is L? integrable we can write for any 8 € (1, a)

- o~ 1/
B
Elvs o fE max 7 &'}
N mel[N1]— N2+ [§114NV/e2+ NN
1 Y 1/B
=5 |® )3 G}
me[[N1]—-N/@2+« [Nr+N1/@2+K NN
< CNWerta/p=lje, (5.54)

Choosing B sufficiently close to o we conclude (5.53).
Now we prove (5.52). Again we can use martingale decomposition

G (&) = 7% (&) — PR (En1) + My,

where
m—1

M, = Z[}Z (gn) - ﬁi(éﬂ—l)]»

n=1

and x () is unique, zero mean, solution of ¥ — P X = ¥, with P the transition operator for
the chain {&,, n > 0}. Using stationarity we can bound

Z W& <

E max T ED|.
N/ ,ne[o,le/“2+K]mZ| " |

Ely < max | M., |

E max |
N /"‘ me[0,2N/*2+ 10z,

NV ™ e, Ntk nz |

+ WE|X(§0)| +

Denote the terms on the right hand side by / ,E;), i = 1,2,3 respectively. One can easily
estimate Ili,z) < CN~*, Also, to bound I,(v3) we can repeat estimates made in (5.54), as ¥ is
also L* integrable and obtain

IS) < Cc Nt /p=1/a
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for some C > 0. Finally, to deal with / ]i,l ) observe that by Doob’s inequality for 8 € (1, @)

1
E max M,
NVe inG[O»ZNl/u2+KJnZ| ml < Nl/a {

E| M, 5 1/ay+x |ﬁ}

We use again (5.8) and conclude that
{EIMyy1/0y e |/3}1/f‘ < CNWeta)/B,
Summarizing from the above estimates we get
1) <CN7,

where § is as in the statement of the lemma. O

Gathering the above results we have shown that for any « € (0,1 — a; ") and 8, €
(0, 026), 82 € (0,7 ' (1 —k — ;")) we have

j ; V t+1
[Eexplipy ™}~ Eexp{ipz™'}| < C( it 1'%)

Choosing « Sufﬁmently close to (1 —a, b /(o + 1) we obtain that for any 6 € (0, (ap —
1) (ao; + 1)~1) we can find a constant C > () so that

[Eexp{ip¥™} — Eexp{ipz™}| < %(r +D(Ipl+1). (5.55)

Thus, we conclude the proof of (5.42).
5.4.3 Proof of (5.44)

In this case we can still write inequality (5.49). With the help of Lemma 5.11, for any « > 0
and § € (0, apx) we can find C > 0 such that
v C(t
|Eexp{ipY™} — Eexp{ipZM}| < ——— ( + D pIELy +Edy). (5.56)

where Iy, Jy are defined by (5.50) and (5.51) respectlvely, with o = 2. Repeating the esti-
mates made in the previous section we obtain that

Ely +EJy < CNl/z(K—1+a;‘)

for some C > 0. Using the above estimates and (5.30) we conclude (5.44).

6 Proofs of Theorems 3.3 and 3.6
6.1 Proof of Theorem 3.3
Let N :=¢7%/2 and J € A be a real valued function. Define
Nt
Wi (t, p.k) = E[W(p, Ky (k) exp{—ipN‘“ / o' (K, (k) ds, ” 6.1)
0

where {K, (k), t > 0} is the Markov jump process starting at k, introduced in Sect. 2.6. It can
be easily verified that the Lebesgue measure on the torus is invariant and reversible for the

process and we denote the respective stationary process by {K,, t > 0}. Its generator L is a
symmetric operator on L?(T) given by
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Lf (k) ::/TR(k,k’)[f(k/)—f(k)]dk/

3
= —ROFK)+3 D (e flea(b), VfeLX(D).

te{—1,1}

Here

8

e (k) = 3 sin*(rk), e_1 (k) :=2sin’2xk).
We also let
t(k) :=e_1(k) +e1 (k).

Note that

f e (k) dk = / e(k)dk=1

T T

and

R(k) = Zt(k) = 2sin’(k)[1 + 2 cos’ (k) ].

The process K, (k) is a jump Markov process of the type considered in Sect. 2.6. The mean
jump time and the transition probability operator of the skeleton Markov chain {§,, n > 0}
are given by 6(k) = R~!(k) and

Pf (k) :=0(k) /T R(k, k') f (k') dk’

_(k
= Y @n=® recm,
te{—1,1} t(k)

respectively. Probability measure
w(dk) = (1/2)v(k)dk = (2/3)R(k) dk

is reversible under the dynamics of the chain. It is clear that Condition 5.2 holds. It has been
shown in Sect. 3 of [10] that Condition 5.1 is satisfied.

Let {Q,, t > 0} be the semigroup corresponding to the generator L. It can easily be argued
that Q, is a contraction on L”(T) for any p € [1, +-00]. We shall need the following estimate.

Theorem 6.1 For a given a € (0, 1] there exists C > 0

C
10 fllpier < m”f”zsa, vt >0, (6.2)

forall f € B, such that [, f dk =0.
The proof of this result shall be presented in Sect. 6.3. We proceed first with its ap-

plication in the proof of Theorem 3.3. The additive functional appearing in (6.1) shall be
denoted by

1 Nt ,
YI(N)(k) = W/(; w (Ks(k)) ds,

or by Y,(N) in case it corresponds to the stationary process K. It is of the type considered in
Sect. 5.4 with o = 3/2 and

(k) =o' (k)0 (k). (6.3)
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Since the dispersion relation satisfies

A,/(O) ) 172

w(k) = |k| + 0 (k%) for k < 1, (6.4)
we have

a" (0) 1/2
o' (k) = sgnk|: + O(kz):| fork <« 1
and
cr Cc*
(¥ >\ — AEEER Va>1,

with

ot = 2—1/43—5/2711/2[&//(0)]3/4

*

and some C* > 0. Condition 5.4 is therefore satisfied with « = 3/2 and arbitrary oy < 1/2.
Since W (k) is odd we have ¢, = ¢ . On the other hand, jump mean time 6 (k) satisfies (5.35)
with oy = 3/2.

We can apply to Yt(N) the conclusion of part (1) of Theorem 5.10. In this case ¢, (1) =¢,

where
3 -, 5 +% gin® x
a_ =322\ .+
c——21/29 1“(2)0*/0 57 dx

Since the integral on the right hand side equals 4./7 /3 we obtain 1(3.5). Let Z; be the cor-
responding symmetric 3/2-stable process. From (3.9) we obtain W(t, p) = W(p)Ee ™%,
Therefore, for any J(-) € S

Wy (), J) = (W), J)]

/ T*(p, E[W (p, Ky (k)" )—W(p)e""’z’]dpdk’. 6.5)
RxT

Let 1 > 8 > 1/3. The left hand side of (6.5) is estimated by E| + E, + E3, where

. —ipy™
E = / J*(P,k)E{W(p, KN[(k))[e_’I’Yr(N)(k) —e pyf(l—Nfﬁ)(k)]}dpdk i
RxT

Yy
Ey:= / J(p OEW, (K (1)) "0v5Y ap ai|,
RxT

(k)

__ _ipy®™ .
E; :=/ J*(p. )W (p)E[e vty —e*’ﬂf]dpdk‘
RxT

and VT/,, k) :=W(p,k)— W( p). The first term can be estimated as follows

B < o LN [ 1pll I W (. K 0)] dp i
RxT

<CIN'P TN 4y IV .4 (6.6)
To estimate the second term note that by the Markov property we can write

l[)Y<

1(1-N— ﬁ>(k)]

E[WP(KNf(k))

w
=E[Qy1-5, W (KNt(l N- ﬂ>(k)) o

1(1 N— f‘)(k)]

6.7)
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Term E; can be therefore estimated by
sup [|Qni-8,Wpll il llar-
peR

Invoking Theorem 6.1 we obtain

sup [1Qy1-5, Wl L1 ry < IWllg,, V=1, N>1.

bR Na(-B)

As a result we conclude immediately that
E, < WHW”B(; 14 (6.3)
To deal with E3 note that by reversibility of the process K; it equals

y@™

Ey= /W(p)E[J*(p,K,(I,Nfﬁ))e Y n-py _ J_*(p)e_ipz‘]dp‘
R

where J(p) := [, J(p, k) dk. We obtain that

(N)

ip R
Es < /W(p)IE{J (P, Koy ﬂ))[ PY, i _n-h) —e ’pyzu—z/v*ﬂ)]}dp‘

—ip y@™
/W(P)]E[J (Ki-n-8))e Yacan- B)]dp’

—ip

+ /J (pW(p)E[e

= E31 + E3 + Es3.

y@™
Yoy _ *lﬁzt]dp‘

From this point on we handle this term similarly to what has been done before and obtain
that

En < s I g WL (69)
and

C
Ex» < WHWHA”J”B{W (6.10)

provided b > 1.
Term Ej; can be handled with the help of Theorem 5.10 with « = o, = 3/2 and an
arbitrary «; < 1/2. Therefore, for any § < 2/13 we can find a constant C > 0 such that

C
Ex = 55+ DIWILAN g (6.11)

We have reached therefore the conclusion of Theorem 3.3 with the exponent ¢’ as indicated
in (3.2). O

6.2 Proof of Theorem 3.6

The respective additive functional in this case equals
™ 1 Nt
—— /
Yk = < /0 o' (K(k))ds
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where N :=e~2". The observable ¥ is given by (6.3). From (6.4) we get

& ()k &0 —1/2
W k) =2 (2) [ o)+ 22 () (1+O(k2))} fork <« 1
and the asymptotics of the tails of ¥ (k) is given by
C*
r(l¥|>1) < =

for some C* > 0 and all A > 1. The observable belongs therefore to L*(7) and, since it is
odd, its mean is 0. Conditions 5.7 and 5.9 are therefore fulfilled (the latter with o, = 3). We
also have

¢:=902, (6.12)
where
o’ = /T[XZ(k) — (Px)*(k)]7 (dk) (6.13)
and y is the unique zero mean solution of equation
X —Px=v. (6.14)

Since k' + R(k, k') is an even function for any fixed k and ¥ is odd we conclude easily that
Py =0, thus

x =W. (6.15)
The result is then a consequence of the argument made in Sect. 6.1 and Theorems 5.10
and 6.1. From (6.12), (6.13) and (6.15) we conclude (3.13).
6.3 Proof of Theorem 6.1

Denoting f; := Q, f we can write, using Duhamel’s formula
fi= s,f+— > / Si_ye_ (k) (e,, f:)ds (6.16)
LE{ 1,1}
where
S, f (k) = e " O £ ().
Let H:=[Ae€C:ReA > 0],

+o0
f(x)::(x—ﬁ)*lf:/ e ™ fods, reH,
0

f
T+

(6.17)
fo(h) :=

and fl()») = f (A), ¢,), t ==£1. Formula (6.17) extends to the resolvent set of the generator

L in L?(T), that contains in particular C \ [—M, 0], with M := (4/3)||R||s + 1.
From (6.16) we obtain that

A 4. (4\
f()\)=§fo(§> > R — +4M3 (6.18)

e{—1,1}
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Vector {7 (1) := [f_1 (1), f1 (A)] satisfies therefore

R AN\ [ 4
f(k)zﬁ“<?)g<?>, (6.19)
where
_la)  a_ ()
mm‘[alm a(h) }
a(h) =1 —/ e ®Ba®
’ T A+tk) '
o e2(k) dk
a(X) = /T)Lﬂ(k),

a7 (%) :==1[§-1(»), §1(1)] and

foon 4 [ e (k) dk _ 3
gl(k)—3/T7A+t(k) , 1==+1, AeC\[-M,0].

Let A(X) :=det2A(A) and

[ aldk
b(A) = /Mﬂ(k).

Observe that
a(0) = —a_1(0) = —a,(0) (6.20)

and
A = A[Ab_ (Wb (W) + b1 (War (M) + a1 (Wb (A)]. 6.21)

From (6.20) we get that A(0) = 0. In addition, from (6.21) we can see that D(A) := A(A)A~!
is analytic in C \ [—M, 0]. In addition,

lim D) =b_;(0)a;(0) +a_;(0)b;(0) > 0.

1—0, 2eH

Hence, there exist o > 0 and ¢, > 0 such that
Az culrl, VAEH, 2l <e. (6.22)

It can be straightforwardly argued that ¢ can be further adjusted in such a way that (6.22)
holds on the boundary C of the rectangle (—M, 0) x (—o, 0)-
From (6.19) we obtain that

A 71<4A> (4/\)
) =A" = n| 5 ), ==, (6.23)
3 3
where
n_j(A) :==a)g_1(A) —a_ 1 (Mg (A)
and

(A = —a1(Mg-1 (D) +a(h)gi(R).
Using the fact that [}, fdk = 0, after a straightforward calculation, we obtain that
n () = A[a,MGo() —b(MEM)], ==L, (6.24)
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where
Go(r) = / fo(n, k) dk.
T

We use the well known formula, see e.g. Chap. VII.3.6 of [§],
1 At —1
Of=z— [ " OA—-L) fda,
27i Ji

where K is a contour enclosing the L? spectrum of £, that as we recall is contained in
[—M, 0]. It is easy to see that

| = Cllflls, A", A€l Al <0 t=0,%1 (6.25)

for an appropriate o > 0. This is clear for ¢ = 0. Form this and (6.22), (6.24) we conclude
that (6.25) holds also for ¢ = 1. Therefore, we can use as K the boundary C of the rectangle,
mentioned after (6.22), oriented counter-clockwise. From (6.18) we get

B 1 M, (42/3) d
fi=8f+ %E;”e_t/c EVVEYNTYOR (6.26)

Note that
—R(k)t C
IS fllpim = [ e !f(k)!dkst—allfllsa,
T

where C :=sup,.,x“e"". Consider the term / (¢) corresponding to the integral on the right
hand side of (6.26). We can write I (t) = Z?Zl I;(t), where I;(t) correspond to the sides of
the rectangle {—M} x (—o, 0), [—M, 0] x {—0}, [—M, 0] x {0}, {0} x (—0, 0) appropriately
oriented. The estimations of /;(¢), i = 1, 2, 3 are quite straightforward and lead to the bounds

C
[ Ii(t)“Ll(T) < H_—1||f||L1(1r), =123 (6.27)

To deal with 1,(¢) observe that, thanks to (6.24), it equals to 141 (t) + 14, (¢), where

4iv .
]4,1'(1‘):— Z QL/ ”)[ gl/ (3)(11} ]:1,2

1,1}

and
(U) _ a, (lv)ﬁo(l V) (1)) _ _bt(i‘))ﬁt(i‘))
8.1 t—f—iv 5 8.2 'C-l—i\) .
The asymptotics of 141 for ¢ > 1 is, up to a term of order || f||1r)/¢, the same as
Ly (1) = Z e L/ eV (Fg.1)(4iv/3)dv
LE{ L1)

for some C™ function F(iv) supported in (—p, p) and equal to D~!(iv) in (—p/2, p/2).
Denoting

go(X)

T+ A

hd) =

we can write
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” i4»1 ) ” LI(T)

1 . 4i 4i
- E Z /I;e_Ldk“/Rlezm[(thl)<?l<v+%)) _(th,l)(%)]dv

e{—1,1}

4i Z /e_,dk

e{—1,1}

2 .
X/Q h(4i(V+ﬂ/l)/3)[(Fa)( ( +§>>_(Fa‘)<4[7v>]‘dv

+— Z /e Ldkf (%)[b@ivﬂ)—Ij(4i(v+n/t)/3)]‘du

lE{ 1,1}

for sufficiently large ¢ (the support of F is contained in (—p, ©0)). The first term on the utmost
right hand side can be estimated by

/ [o(4i(v+7/1)/3)|dv = — f / L=
of oyt /eia = B
As for the second term, it can be estimated by

/ /2” e |go(4i(v+m/1)/3)|dk dv
2p e+ 4iv/3[[c+4i (v +7/1)/3]

LE{ 1,1}

2 e_,dkd dk
+— 3 // e dray /1 . (628)
2o [E44iv/3] Jy Je+4iv/3[[c+4i(v +7/0)/3]

LE{ 1,1}
dk dk d
/e‘ /'fl / v (6.29)
tl+b 2 |U|1 b|U+7T/l|1 a

for some b € (0, 1/2). Since for any a, b > 0 there exists C > 0 such that

20 dv C
_ap WPy 4 x|t e = e >0 (6.30)

expression in (6.29) can be estimated by C| f ||, /t“*?. Finally the second term in (6.28)
can be estimated by

— |f|dk ||f||
2 |v|1 “/2|v+n/t|1 a/2 Ba»

by virtue of (6.30). Summanzmg, we have shown that

The first term is less than

te{ 1,1}

”14'(’)HL1(T)

< (t+l)“ —— |,

for some C > 0 and all t > 0. The estimates for ||I4’2(t) | 1 (1) are quite analogous.
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