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1 Introduction and summary of results

The equilibrium and stability of most gravitating systems is dominated by the antagonistic

pull of gravitational and centrifugal forces. This balance plays out most starkly in rotating

black holes, which makes the study of their stability an important part of the dynamics

of General Relativity. A useful strategy for gaining insight into this problem is to let the

number of dimensions D vary. By tuning D as a parameter in the theory we can alter

the relative balance between the forces at play: increasing D reduces the range of the

gravitational interaction, but leaves unchanged the inverse-square fall-off of the centrifugal

potential [1].

In D = 4 the stability of Kerr black holes1 against centrifugal disruption appears to be

secured by the fact that they stop to exist as equilibrium systems beyond a certain angular

momentum. This safeguard, however, disappears for the Myers-Perry (MP) black holes in

D ≥ 6 [2], which admit regimes of arbitrarily large angular momenta, so ref. [3] argued

(invoking also other arguments) that these solutions must become unstable for large enough

rotation. Later studies have confirmed the existence of these instabilities, in the form of

axisymmetric perturbations of these black holes [4–9], and also of non-axisymmetric (‘bar-

mode’) instabilities that set in at lower values of the rotation and therefore are presumably

the dominant mechanism in the destabilization of fastly-rotating black holes [10–12].2 All

these works make heavy use of numerical techniques for solving Einstein’s equations for

the perturbed black holes. Our purpose here is to begin the investigation of the problem

by analytic means using the large D expansion as developed in [14–17].

The problem is rendered simpler for black holes in odd spacetime dimension

D = 2N + 3 , N = 1, 2, . . . , (1.1)

when the N + 1 independent angular momenta are all non-zero and equal. In this case,

even though the geometry is not spherically symmetric, it depends non-trivially only on

the radial coordinate (i.e., has cohomogeneity 1). Unlike the case with a single spin, the

angular momentum of these black holes is bounded above, but a thermodynamic argument

suggests that dynamic instabilities may be found within the range [5]

1√
2
<

a

r+
≤
√

N

N + 1
. (1.2)

Here a is the rotation parameter and r+ the horizon radius, and the upper bound is the

extremal limit. The lower bound marks the onset of the ‘ultra-spinning regime’ defined

as the threshold for the appearance of negative eigenvalues of the Hessian −∂2S/(∂Ji∂Jj).

At this rotation an axisymmetric zero-mode perturbation exists that deforms the black

hole along the family of MP solutions, so this is not associated to the onset of a dynamic

instability; however, unstable behavior is expected to set in at some larger value of the

rotation. Since the thermodynamic Hessian is sensitive only to axisymmetric perturbations,

it is of interest to determine whether non-axisymmetric instabilities comply with this bound

1Throughout this paper we only consider linear mode stability.
2See also [13].
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on the rotation or not. For singly-spinning black holes this question was answered in the

negative by the numerical analyses of refs. [10, 11].

The putative instability window (1.2) is open only for N > 1, in accord with the

stability results of [18] for these black holes in five dimensions. For N = 2, 3, a nu-

merical study in ref. [5] found the expected axisymmetric instabilities, all lying within

the range (1.2). Perhaps less expected is the recent numerical find of non-axisymmetric

instabilities for N = 2, 3, 4, 5, 6 (and not for N = 1) at rotations lower than the ultraspin-

ning range (1.2) [12]. Moreover, these unstable modes are superradiant, with frequencies

satisfying

Reω < mΩH , (1.3)

(ΩH is the horizon angular velocity) so the black hole can radiate them away while increas-

ing its horizon area.

We have succeeded in reproducing and extending these numerical findings through an

analytical calculation of quasinormal frequencies up to next-to-leading order in an expan-

sion in 1/N .

MP black holes. We have found linearized gravitational scalar perturbations that be-

come unstable whenever the rotation is larger than the critical value a = ac given by

ac
r+

=

√
1− 1

`

(
1− 1

N

m2

4`2

)
+O

(
N−2

)
, (1.4)

where ` ≥ 2 is the angular momentum number, for any non-zero magnetic number m,

with ` − |m| = 2κ an even number.3 The dominant mode, i.e., with the smallest ac, has

` = m = 2 and therefore we find

a

r+
>

1√
2

(
1− 1

4N

)
+O

(
N−2

)
⇒ non-axisymmetric instability . (1.5)

Observe that this non-axisymmetric, bar-mode instability sets in at a value of the rotation

lower than the ultraspinning bound in (1.2).

The instability of the black hole corresponds to a change from negative to positive

value of the imaginary part of a complex quasinormal frequency ω. At this critical rotation

where Imω = 0, we find that the real part of the mode frequency becomes

ω = m
ac
r2

+

(1.6)

which sits precisely at the threshold for superradiance (1.3).

We also find axisymmetric modes, with m = 0, that become unstable with a critical

rotation (1.4). However, the mode (`,m) = (2, 0) corresponds merely to a perturbation

that adds angular momentum along the MP family of solutions — indeed we correctly

find that its critical rotation parameter is the same as the threshold for the ultraspinning

regime (1.2). The first unstable axisymmetric mode has ` = 4 and thus we get

a

r+
>

√
3

2
+O

(
N−2

)
⇒ axisymmetric instability . (1.7)

3Other references, e.g., [5, 9, 12, 19], employ κ instead of `.
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Figure 1. Comparison between analytical and numerical calculations of the real and imaginary

frequencies of the dominant unstable quasinormal mode with ` = m = 2 for N = 6 (D = 15). Black

lines: analytical result to next-to-leading order in 1/N . Gray lines: numerical results of [12] for

N = 6. Dashed lines: analytical result to leading order.

These axisymmetric modes are purely imaginary, so at the critical rotation ac they

become stationary zero modes. These are expected to mark the appearance of new branches

of solutions in the generic manner indicated in [3, 20].

Quantitative comparison with the numerical results of [12] for the critical values ac/r+

shows very good agreement, with typical differences of size smaller than ≈ 1/(2N)2, al-

though the accuracy worsens for values of ac closer to extremal rotation, and in particular

for axisymmetric modes. More generally, the frequency spectrum ω`,m as a function of a

is well reproduced, as illustrated in figure 1 for the dominant unstable mode ` = m = 2 in

D = 15.

Rotating AdS black holes. We have extended the leading-order results to rotating

black holes in Anti-deSitter space, for which the extremality bound at N →∞ is4

aext

r+
=

1√
1 +

r2+
L2

+O
(
N−1

)
(1.8)

(note that aext < L). In appendix A we compute the ultraspinning bound that results from

the thermodynamic negative modes (exactly in N), yielding

aultra

r+
=

1√
2 +

r2+
L2

. (1.9)

Our conclusions regarding dynamical stability are qualitatively the same as above,

with (1.4) replaced by

ac
r+

=

√√√√√ `− 1 +
r2+
L2(

`+
r2+
L2

)(
1 +

r2+
L2

) +O
(
N−1

)
, (1.10)

4Our definition of radial coordinate, and hence of r+, is the same as in [21]. To relate it to the one

in [22, 23] see appendix A.
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and the superradiance threshold being at

ω = am

(
1 +

r2
+

L2

)
+O

(
N−1

)
. (1.11)

Again the dominant instability occurs for ` = m = 2, for which ac = aultra, so these black

holes are unstable whenever

aultra +O
(
N−1

)
< a ≤ aext . (1.12)

To this order we find that the superradiant, and stability bounds coincide with the ultra-

spinning bound, but we expect that 1/N corrections drive the onset of the instability below

the ultraspinning bound. Axisymmetric instability sets in at the critical rotation (1.10)

with ` = 4.

Observe that ac/aext grows with r+/L: the negative cosmological constant increases

the range of stability of the black holes, as might have been expected. Nevertheless, the

instability does not disappear. In particular, if we fix the black hole mass and increase

its angular momentum, then we always encounter an instability no matter how large the

mass is.5

Schwarzschild vs. MP (-AdS) quasinormal modes. Ref. [16] found that in the

leading large D limit the near-horizon geometry of MP black holes is locally a boost of

the near-horizon Schwarzschild solution. In the present case this boost has velocity a/r+

homogeneously over the horizon. Naively this implies that by boosting the leading large D

quasinormal frequencies of Schwarzschild we obtain quasinormal MP frequencies of the form

ω = m
a

r2
+

+ ωSch

√
1− a2

r2
+

. (1.13)

If the a-dependence of all MP quasinormal frequencies were of this form, then no instability

could appear at finite rotation (to leading large D order, at least). None of those modes

would be superradiant, either. A similar relationship exists with black holes in AdS, so the

mode frequencies with rotation and/or in AdS would follow from the ones in Schwarzschild

(without a cosmological constant) as

ω = m
a

r2
+

(
1 +

r2
+

L2

)
+ ωSch

√
1− a2

r2
+

− a2

L2
. (1.14)

However, these equations are not valid for all the quasinormal spectrum. They apply

only if the condition that determines the quasinormal frequencies knows only about the

leading order near-horizon geometry. This is in fact true for several classes of modes,

including all those with ωr+ = O(D) — so the ‘universal quasinormal modes’ in [17] appear

in boosted form for MP black holes — and also for some of the modes with frequencies

ωr+ = O(D0). However, we have found a class of modes determined by equations and

boundary conditions at the horizon that involve structure beyond a boosted version of the

leading order Schwarzschild solution. The a-dependence of ω is then more complicated

than (1.13). All unstable modes fall in this category.

5Closeness to extremality may make the conclusions in this regime less reliably applicable for finite N .
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The remainder of the article is organized as follows: the next section describes the large

D limit of the solution and the crucial boost relation between leading order near-horizon

geometries. Sections 3 and 4 are mostly technical sections describing the calculation of

quasinormal modes in the large N expansion. The impatient reader may jump to the

main result of this analysis, eq. (4.10), which yields the quasinormal frequency spectrum

to leading order in the expansion. In section 5 we study the instabilities that result from

this spectrum. In section 6 we extend the study to AdS rotating black holes. Section 7

shows how modes with high frequencies ωr+ = O(D) are simply boosted versions of the

universal quasinormal modes of Schwarzschild. We make some final remarks in section 8.

We have put in appendices a number of technical steps for the main calculations, but other

appendices may be of more general interest: appendix A provides an analysis of thermo-

dynamic negative modes of rotating AdS black holes; appendix B describes the relation

between harmonics of S2N+1 and harmonics of CPN ; appendix D proves the stability of

modes ` = 0 at any N . A Mathematica file attached to the article contains results of

the next-to-leading order calculation of quasinormal frequencies that are too lengthy to

include here.

Note added. Dias, Hartnett, and Santos have kindly informed us of their recent nu-

merical calculation of quasinormal frequencies of asymptotically flat rotating black holes,

including large values of D, with good agreement with our results [24].

2 The metric and its large D limit

The metric of the D = 2N + 3 dimensional MP black hole with equal angular momenta

can be written in the form [21]

ds2 = −G(r)

H(r)
dt2 +

dr2

G(r)
+ r2H(r) (dψ − Ω(r)dt+Aadx

a)2 + r2ĝabdx
adxb, (2.1)

where

G(r) = 1−
(r0

r

)2N
(

1− a2

r2

)
, (2.2)

H(r) = 1 +
a2

r2

(r0

r

)2N
, (2.3)

Ω(r) =
a

r2H(r)

(r0

r

)2N
, (2.4)

and ĝab is the Fubini-Study metric on CPN with Kahler potential Aa. We take non-negative

rotation a ≥ 0 without loss of generality. The event horizon is at the largest positive root

r = r+ of G(r).6 Its angular velocity is

ΩH =
a

r2
+

, (2.5)

6Note that r+ is invariantly defined as the size of the CPN factor of the horizon.
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and its surface gravity

κ =
G′

2
√
H

∣∣∣∣
r=r+

= N
rN0
rN+1

+

(
1− N + 1

N

a2

r2
+

)
. (2.6)

In the extremal limit a = aext the surface gravity is zero.

When N is large we have

r+ ' r0

(
1− a2

r2
0

)1/(2N)

, (2.7)

so, since we will remain away from the extremal limit, a <
(
1−O

(
N−1

))
aext = r0 (when

N →∞), we get

r+ = r0

(
1 +O

(
N−1

))
. (2.8)

Hereafter we set

r0 = 1 . (2.9)

As explained in [15], in the large D limit at any finite distance outside the horizon,

r > 1, the far-zone metric is that of flat space. For the near-zone we introduce the

coordinate7

R = r2N

(
1− a2

r2

)−1

(2.10)

in terms of which, to leading order at large N , the metric becomes

ds2 =
1

4N2

dR2

R(R− 1)
−
(

1− cosh2 α

R

)
dt2 +

(
1 +

sinh2 α

R

)
(dψ +Aadx

a)2

− 2 sinhα coshα

R
dt(dψ +Aadx

x) + ĝabdx
adxb, (2.11)

where

tanhα = a . (2.12)

This metric can be obtained from the near-zone metric of the Schwarzschild black hole

(α = 0)

ds2 =
1

4N2

dR2

R(R− 1)
−
(

1− 1

R

)
dt2 + (dψ +Aadx

a)2 + ĝabdx
adxb , (2.13)

by performing the frame transformation

dt→ dt coshα− (dψ +Aadx
a) sinhα, (2.14)

dψ +Aadx
a → (dψ +Aadx

a) coshα− dt sinhα, (2.15)

7To leading order in 1/N , R ' (r/r+)2N ' r2N/(1− a2). We could define R by any of the latter expres-

sions without altering the remainder of this section, but it would change details (though not conclusions)

of the perturbation analysis at higher order.
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or, as a vector basis transformation,

∂t → coshα∂t + sinhα∂ψ, (2.16)

∂ψ → coshα∂ψ + sinhα∂t, (2.17)

∂a −Aa∂ψ → ∂a −Aa∂ψ. (2.18)

Thus, locally the near-zone metric of the rotating black hole is just a boost of the near-

zone Schwarzschild metric [16], although of course there is no globally defined coordinate

transformation that relates them.

This local boost relation has momentous consequences for the large D analysis of MP

quasinormal modes. The most direct one is that the relation (2.16) seems to imply that if

we consider a perturbation of the MP black hole of the form e−iωteimψ, then its frequency

to leading order must be related to that of a perturbation of the Schwarzschild black hole

e−iωSchteimSchψ by

ωSch = ω coshα−m sinhα =
ω − am√

1− a2
,

mSch = −ω sinhα+m coshα =
m− aω√

1− a2
. (2.19)

In this case, Schwarzschild quasinormal frequencies would extend to MP ones as in

eq. (1.13). However, as we discussed in the introduction, while this is true for some modes

it does not hold for others, making the problem rather more subtle and interesting.

3 Perturbations

Cohomogeneity 1 of the solution directly implies the separability of variables in the metric

perturbations hµν in any dimension. In order to make headway analytically it is highly

desirable to also be able to decouple the perturbations, i.e., reduce the problem to a

set of decoupled second-order ordinary differential equations (analogous to the Teukolsky

equation for Kerr). In general it is very difficult, if not impossible, to achieve this. However,

the large D expansion enables it through the boost relation described above.

3.1 CPN harmonic decomposition

The general set up for perturbations of odd-D equal-spin black holes has been described

in [5] (see also [19, 21]) so we will be brief. Schematically, we take

hµν = e−iωteimψ [f(r)Y(xa)]µν , (3.1)

where the part of the perturbation depending on r and on CPN variables xa is classified

according to the transformation properties under isometries of CPN . Scalar harmonics Y
on CPN are defined by (

D2 + λ
)
Y = 0, (3.2)

λ = `(`+ 2N)−m2 , (3.3)

– 8 –
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where Da = ∇̂a − imAa, with ∇̂a the covariant derivative with respect to ĝab, and `− |m|
is an even non-negative number. By taking derivatives Da of Y one can construct scalar-

derived vector and tensor harmonics on CPN , which we denote as8

Y±a , Y±±ab , Y+−
ab . (3.4)

We consider gravitational pertubations that can be written in terms of these harmonics.

These are called ‘scalar-type’ perturbations.9 We introduce the vielbein

e(0) =

√
G(r)

H(r)
dt , e(1) =

dr√
G(r)

, e(2) = r
√
H(r) (dψ +Aadx

a − Ω(r)dt) , (3.5)

and e(i) = rê(i) with ê(i) a vielbein on CPN . Then, following the notation of [5], we write

the scalar-type perturbations in the form

hµνdx
µdxν = e−iωteimψ

[
fABYe(A)e(B) + 2r

(
f+
AY+

a + f−AY−a
)
e(A)dxa

+ r2
(
HLYĝab − λ−1/2

(
H++Y++

ab +H+−Y+−
ab +H−−Y−−ab

))
dxadxb

]
, (3.6)

with A,B = 0, 1, 2.

In appendix B we explain the relation between CPN harmonics and spherical harmonics

of S2N+1, and in particular how the eigenvalue parameter ` of a CPN harmonic relates to

the angular momentum number `sph of a S2N+1 harmonic. The conclusion is that the

subspace of CPN harmonics Y, Y±a with parameter ` consists of scalars and scalar-derived

vectors of S2N+1 with

`sph = `
(
S2N+1 scalar-type

)
(3.7)

and of S2N+1 vectors with

`sph = `± 1
(
S2N+1 vector-type

)
. (3.8)

We will use these relations to relate the limit a = 0 of quasinormal modes of MP black

holes to modes for the Schwarzschild black hole in the conventional representations of

SO(D − 2). We will not be concerned with tensors of S2N+1 since they do not have

quasinormal frequencies at ω = O(D0).

3.2 Decoupling the equations

Eq. (3.6) contains 16 perturbation functions, which satisfy a set of coupled ordinary differ-

ential equations [5]. In order to see how the large D limit allows to decouple them, consider

first the case a = 0 of the Schwarzschild black hole. In the large D limit the perturbation

equations in the transverse-traceless (TT) gauge do decouple if we take the perturbation

8The indices ± denote parity under the complex structure of CPN . Note also that for ` = m (` = −m)

modes, Y+
a (Y−a ), Y++

ab (Y−−ab ) and Y+−
ab vanish. For ` = m+ 2 (` = −m+ 2) modes, Y++

ab (Y−−ab ) vanishes.
9CPN tensor-type perturbations are stable [21]. Vector-type modes are expected to be stable.
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variables to be

f
(Sch)
00 + f

(Sch)
11 , f

(Sch)
01 , f

(Sch)
02 ,

f
(Sch)
00 − f (Sch)

11 , f
(Sch)
12 , f

(Sch)
22 , (3.9)

f
(Sch)+
A , H(Sch)+−.

The other variables, f
(Sch)−
A , H

(Sch)
L and H(Sch)±±, are given by the TT gauge conditions.

In this manner we can solve the perturbation equations order by order and find quasinormal

modes of the Schwarzschild black hole at large D.

The boost relationship between the near-zone geometries at large D allows to decouple

the perturbations in a similar way when rotation is present. After transforming by a boost

the near-zone vielbeins, we obtain the perturbation variables at finite rotation in terms of

the static ones (details in appendix C). We denote the decoupling variables as

FAB(R) , FA(R) , H+−(R) , (3.10)

in terms of which the original variables are

f00 =
R(F00 + F11)− 2a(R− 1)F02 + a2(R− 1)F22

R− a2(R− 1)
, (3.11)

f01 =
RF01 − a(R− 1)F12√

R(R− a2(R− 1))
, (3.12)

f02 =

√
R− 1

R

(R + a2(R− 1))F02 − aR(F00 + F11 + F22)

R− a2(R− 1)
, (3.13)

f12 =

√
R− 1(F12 − aF01)√

R− a2(R− 1)
, (3.14)

f22 =
RF22 + a2(R− 1)(F00 + F11)− 2a(R− 1)F02

R− a2(R− 1)
, (3.15)

f+
0 =

RF0 − a(R− 1)F2√
R(R− a2(R− 1))

, (3.16)

f+
2 =

√
R− 1(F2 − aF0)√
R− a2(R− 1)

, (3.17)

f11 = F00 − F11 , f+
1 = F1 . (3.18)

The remaining variables, f−A , HL and H±± are again determined by the TT gauge

conditions.

If we expand the decoupling variables at large N

FAB(R) =
∑
k≥0

F
(k)
AB(R)

Nk
, FA(R) =

∑
k≥0

F
(k)
A (R)

Nk−1/2
, H+−(R) =

∑
k≥0

H+−(k)(R)

Nk−1
, (3.19)

(the difference in the scaling of N comes from the normalization of harmonics), then the

perturbation equations in TT gauge derived in [5] can also be expanded, and at the k-th
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order take the form

R2(R− 1)F
(k)′′

00 (R) + R(2R− 1)F
(k)′

00 (R) + F
(k)
00 (R) = S(k)

F00
, (3.20)

R(R− 1)2F
(k)′′

01 (R) + (R− 1)(2R− 1)F
(k)′

01 (R)− F (k)
01 (R) = S(k)

F01
, (3.21)

(R− 1)F
(k)′′

02 (R) + 2F
(k)′

02 (R) = S(k)
F02
, (3.22)

R(R− 1)2F
(k)′′

11 (R) + (R− 1)(2R− 1)F
(k)′

11 (R)− F (k)
11 (R) = S(k)

F11
, (3.23)

(R− 1)F
(k)′′

12 (R) + 2F
(k)′

12 (R) = S(k)
F12
, (3.24)

(R− 1)F
(k)′′

22 (R) + (2R− 1)F
(k)′

22 (R) = S(k)
F22
, (3.25)

R(R− 1)2F
(k)′′

0 (R) + (R− 1)(2R− 1)F
(k)′

0 (R)− F (k)
0 (R) = S(k)

F0
, (3.26)

4R2(R− 1)2F
(k)′′

1 (R) + 4R(R− 1)(2R− 1)F
(k)′

1 (R)− F (k)
1 (R) = S(k)

F1
, (3.27)

(R− 1)F
(k)′′

2 (R) + 2F
(k)′

2 (R) = S(k)
F2
, (3.28)

R(R− 1)H+−(k)′′(R) + (2R− 1)H+−(k)′(R) = S(k)
H+− , (3.29)

where S(k) are the source terms at order k, which are built out of the lower-order solutions

in the conventional manner. We omit their form, which is lengthy but straightforward

to derive.

Two important remarks are in order. First, although strictly speaking the decoupling of

equations occurs only at the leading large D order, this is enough for the purpose of solving

the equations perturbatively in the large D expansion. All the coupling between variables

resides in the source terms S(k), and therefore the decoupled structure of the leading order

equations persists to all higher orders. Second, since the source terms beyond the leading

order are not obtained by simply boosting the ones for Schwarzschild, the higher-order

solutions will not preserve this boost property.

In other words, the boost relation (2.15) is on the one hand crucial for the solvability

of the system at finite rotation, but on the other hand it does not trivialize entirely its

solution and allows to capture dynamics specific to the rotation of the black holes.

4 Quasinormal mode analysis

The solution of equations (3.20)–(3.29) is straightforward to obtain once the boundary

conditions are specified. Among all perturbations, quasinormal modes are characterized

by being outgoing at asymptotically flat infinity, and ingoing at the future horizon.

Asymptotic boundary conditions. The asymptotically flat region is in the far-zone

where the metric is exactly flat to leading order and the general solution is of the form

hµν ∼ r−D/2
(
A(out)H(1)

ν (ωr) +A(in)H(2)
ν (ωr)

)
(4.1)

where Hν are Hankel functions with index ν ∝ D. Purely outgoing modes are obtained

when A(in) = 0. Generically, this results into a restriction on the behavior of the field in

the overlap zone, which then provides a boundary condition for the near-zone solutions.
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For frequencies ω = O(D) the condition A(in) = 0 results in an important constraint

on the overlap-zone field. However, it is much less restrictive for the frequencies ω = O(D0)

that we study here. For these, we have

r−D/2H(1,2)
ν (ωr) = O

(
DD/2

)
× R−1 (4.2)

and the difference between the two solutions is suppressed by factors O(D−D), which are

not visible in the 1/D expansion. This implies that for ω = O(D0), as long as the near-zone

solution satisfies at large R the boundary condition

hµν = O
(
R−1

)
, (4.3)

then it can always be extended into an outgoing solution in the asymptotically flat region.

Thus (4.3) is the condition to impose on our near-zone modes.

Horizon boundary conditions. The regularity conditions at the horizon can be easily

obtained by changing to ingoing Eddington-Finkelstein coordinates [5]. It requires that

near R = 1 the perturbations behave in the form

(R− 1)f00, f01 − f00,
f00 − 2f01 + f11

R− 1
,
√
R− 1f02,

f12 − f02√
R− 1

, f22, f
±
2 ,
√
R− 1f±0 ,

f±0 − f
±
1√

R− 1
, H±±, HL ∝ (R− 1)−2i(ω−mΩH)/κ , (4.4)

where κ is the surface gravity at the horizon (2.6). Expanding at large N one gets10

(R−1)−2i(ω−mΩH)/κ = 1− i(ω − am)

2
√

1− a2N
log (R− 1)− (ω − am)2

8(1− a2)N2
(log (R− 1))2

+
i log (R−1)

4 (1−a2)3/2N2

[
−2a2(ω−am)−

((
1−2a2

)
ω+am

)
log
(
1−a2

)]
+O

(
N−3

)
. (4.5)

The second and third terms in the r.h.s. are clearly the boosted form, under (2.19), of

the expressions for a = 0. However, the fourth term, which only enters at next-to-next-

to-leading order, vanishes when a = 0 and hence does not follow in that manner. This

is another reason why those quasinormal frequencies that are determined by boundary

conditions at this order cannot be obtained by a boost of Schwarzschild modes.

We proceed to succintly present the results from the solution to the equations, omitting

the goriest details. Some arguments that follow would break down for ` = 0 modes, but in

appendix D we prove their stability for any N . Thus in the following we take ` > 0.

10We can see here that close to extremality, where κ → 0, the next-to-leading order corrections are

expected to be ∼ (lnN)/N .
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Leading order. The solution that satisfies the boundary conditions is

F
(0)
02 (R) =

A0

R− 1
, F

(0)
22 (R) = 0 , F

(0)
00 (R) =

C0

R
,

F
(0)
11 (R) =

D0

R− 1
, F

(0)
01 (R) =

D0

R− 1
, F

(0)
12 (R) =

A0

R− 1
, (4.6)

F
(0)
0 (R) =

G0√
R(R− 1)

, F
(0)
2 (R) = 0 , F

(0)
1 =

G0√
R(R− 1)

,

H+−(0)(R) = 0.

A0, C0, D0 and G0 are integration constants that at this order remain undetermined by

boundary conditions. The ingoing condition becomes non-trivial only at sub-leading order,

where it picks a specific combination among A0, C0, D0 and G0.

Next-to-leading order. At this order we obtain

G0 = 0, (4.7)

D0 = −2aA0 + C0

(
−i(ω − am)

√
1− a2 + `− 1− a2`

)
, (4.8)

and either A0 = 0 or ω = ω
(1)
`,m with

ω
(1)
`,m = am− i`

√
1− a2 . (4.9)

Thus, for a perturbation with A0 6= 0 we obtain quasinormal modes with the frequency

ω
(1)
`,m. Since they always have Imω < 0, these modes are stable. In section 5.3 below we

show that this frequency is a boost of a Schwarzschild quasinormal frequency.

It would seem that we could obtain another quasinormal mode frequency if in (4.8)

we set A0 = D0 = 0. However it turns out that this choice is not valid since it does not

satisfy the horizon regularity condition at the next order.

Next-to-next-to-leading order. We set A0 = 0 in order to obtain quasinormal modes

different than the ones found at the previous order.

We find one solution for regular perturbations with frequency ω = am − i`
√

1− a2

(the same as (4.9)). However, we show in appendix E that this is a gauge mode. Physical

regular perturbations, instead, must have frequencies satisfying

0 =
1

ω − a(m+ 2) + i(`− 2)
√

1− a2

[
ω3 + ω2

(
−3am+ i (3`− 4)

√
1− a2

)
+ ω

(
3a2`2 − 6iam

√
1− a2 (`− 1)− 6a2`+ 3a2m2 − 3`2 + 7`− 4

)
+ am

(
2 + (4a2 − 5)`+ 3(1− a2)`2 − a2m2

)
+ i
√

1− a2
(
−
(
1− a2

)
`3 +

(
3− 2a2

)
`2 + `

(
3a2m2 − 2

)
− 2a2m2

)]
. (4.10)

This cubic equation is one of the main results of this article: its roots yield the frequencies

ω`,m of three independent quasinormal modes to leading order at large D.11 Note that

under m → −m we have Reω → −Reω and Imω → Imω. In the following we only

consider m ≥ 0.

11We keep the denominator in (4.10) to cancel a spurious root of the numerator when ` = m, see below.
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We have also obtained the next-order correction to (4.9) and (4.10), which determine

the 1/N corrections to the quasinormal frequencies. This result is much too lengthy to show

explicitly here, and so is instead given in the Mathematica file attached to this article. For

our purposes it will suffice that, after we extract the main conclusions of the leading-order

results, we discuss how the next-to-leading order corrections modify them.

5 Instabilities

Our analysis yields in general four quasinormal mode frequencies. Besides (4.9), the other

three frequencies are roots of a cubic equation which is straightforward to solve in ana-

lytic form (e.g., using the del Ferro-Tartaglia-Cardano solution). Then we can easily plot

ω`,m as a function of a. However, the expressions are not very illuminating, so we will

not present them here. The following analysis extracts the most important properties

concerning instability.

5.1 Non-axisymmetric modes

The solutions do take a simple form when ` = m. In this case eq. (4.10) gives only two

roots, which together with (4.9) yield12

ω(1)
m,m = am− im

√
1− a2 , (5.1)

ω(2)
m,m = a(m− 1)−

√
(m− 1)(1− a2)− i

[
(m− 1)

√
1− a2 + a

√
m− 1

]
, (5.2)

ω(3)
m,m = a(m− 1) +

√
(m− 1)(1− a2)− i

[
(m− 1)

√
1− a2 − a

√
m− 1

]
(5.3)

(see figure 2). The mode ω
(3)
m,m shows a dynamical instability, Imω > 0, for

a >

√
1− 1

m
. (5.4)

The onset of the instability, where Imω = 0, coincides with the threshold at which the

mode becomes superradiant, ω = am. For a > ac this mode has Reω < am. In appendix E

we show that the apparent zero mode at ` = m = 1 is a gauge mode.

For ` 6= m the solutions take a more complicated form but we can easily plot the three

roots ω`,m of the cubic in (4.10) as functions of a, to see that the imaginary part of one

of them changes from negative to positive at a critical value, while the other two modes

remain stable (see figure 3). Indeed, it is straightforward to check that if

a = ac =

√
1− 1

`
, (5.5)

then (4.10) is solved, for any m, by

ω = acm, (5.6)

12The absence of a fourth mode is consistent with the point noted at the end of appendix B.
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Figure 2. Real and imaginary frequencies of quasinormal modes (`,m) = (2, 2) (in units r+ = 1).

Here and in the next plots the thick black line is the mode ω
(3)
`,m that becomes unstable, the thin

gray line is ω
(1)
`,m in (4.9), and the discontinuous lines are the other quasinormal modes from (4.10).

For ` = 2 the instability occurs at ac = 1/
√

2. Also at that value the black line Reω cuts the gray

line ω = am that marks the superradiant bound. Higher ` = m modes show the same qualitative

behavior. Note that Reω
(3)
m,m 6= 0 at a = 0. The large N expansion breaks down near the extremal

limit, so the results very close to a = 1 become less reliable.

0.2 0.4 0.6 0.8 1.0
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ImΩ
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Figure 3. Real and imaginary frequencies of quasinormal modes (`,m) = (4, 2). The instability

sets in at ac =
√

3/2, where the unstable mode is also at the superradiant threshold Reω = am.

At a = 0 this mode becomes purely imaginary.

i.e., there is a mode that becomes purely real at a = ac, with a frequency that sits precisely

at the threshold for superradiance. If we now consider

a = ac + δa (5.7)

with small δa, then we find the solution

ω`,m = acm

(
1− `

`2(`− 1) +m2
δa

)
+ i

`2(`− 2) +m2

√
` (`2(`− 1) +m2)

δa+O
(
δa2
)
, (5.8)

so when δa > 0 the mode becomes unstable, and is within the superradiant range

Reω`,m < am.

As a increases from zero, the first mode to reach ac and become unstable is ` = m = 2,

hence the bound (1.5). Equation (5.8) also shows that for fixed `, the fastest growing, most
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unstable mode, near the critical point is the one with the largest m, namely m = `. This

continues to be true up to a = 1.

Although modes with lower ` become unstable at lower rotations, those with higher

` have larger Imω at sufficiently high rotation. Therefore, at very high rotations the

instability is dominated by modes with high ` = m, i.e., highly inhomogeneous modes.

Observe that ac in (5.5) depends on ` but not on m. Also, the critical rotation for the

dominant mode ` = m = 2 coincides with the ultraspinning bound aultra = 1/
√

2. These

two features will cease to hold when 1/N corrections are included.

5.2 Axisymmetric modes

When m = 0, eq. (4.10) becomes of the form

ω3 + i c2 ω
2 + c1 ω + i c0 = 0 (5.9)

with real coefficients ci for all a ∈ [0, 1]. Hence one of its roots, ω(0), is purely imaginary,

while the other two are related by Reω(+) = −Reω(−) and Imω(+) = Imω(−).

Besides the quasinormal frequency ω
(1)
`,0 in (4.9), it is possible to find the other three in

explicit form, but again the result is not quite transparent. The exception are the lowest

modes, ` = 2, with frequencies

ω
(0)
2,0 = 0 , ω

(±)
2,0 = ±

√
1 + a2 − i

√
1− a2 . (5.10)

The zero mode ω
(0)
2,0 is a stationary perturbation that corresponds to a variation in the

angular momentum of the MP black hole along the family of stationary solutions. It does

not signal a dynamical instability, nor a branching into a new family of black holes. The

other (`,m) = (2, 0) modes are always stable.

For ` ≥ 4 the mode ω
(0)
`,0 with purely imaginary frequency (but not the others) changes

sign and becomes unstable at the same critical value (5.5). For a = ac + δa its frequency is

given by eq. (5.8) with m = 0, confirming that the mode becomes unstable for a > ac. At

a = ac this is a zero mode, and we expect that for each value of ` ≥ 4 this gives rise to a new

branch of solutions. Such zero modes have been found for equal-spin odd-D black holes

in [5]. The first axisymmetric instability to appear has ` = 4, thus giving the bound (1.7).

In figure 4 we show the stable and unstable modes for ` = 4.

5.3 Limit a = 0 and Schwarzschild quasinormal modes

When a = 0 our results must yield quasinormal frequencies of Schwarzschild black holes.

In calculations that will be presented elsewhere we have computed this same spectrum

following the Kodama-Ishibashi analysis [25] in which the gravitational perturbations are

classified into scalar-type, vector-type and tensor-type modes of SD−2 with angular mo-

mentum number `sph. We have found that the gravitational scalar-type and vector-type

perturbations, but not the tensors, have modes with frequency ω = O(D0) of the form

ωscalar
(±) = ±

√
`sph − 1− i(`sph − 1) , (5.11)
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Figure 4. Real and imaginary frequencies of quasinormal modes (`,m) = (4, 0). The thick solid

line is the purely imaginary mode ω
(0)
`,0 that becomes unstable at ac =

√
3/2. The gray-line mode

ω
(1)
`,0 is also purely imaginary, but stable. The dashed line is ω

(+)
`,0 , and we omit ω

(−)
`,0 = −

(
ω
(+)
`,0

)∗
.

and

ωvector = −i(`sph − 1) . (5.12)

The scalar-type modes with `sph = 0 are actually variations of the black hole mass, and

`sph = 1 is a gauge mode [25]. The vector-type mode `sph = 1 only adds angular momentum

to the black hole. We can now use the translation rules (3.7) and (3.8) in order to relate

these modes to the limit a = 0 of the MP modes.

The identification is simpler for modes with ` = m, since in the spherically-symmetric

case the frequency does not depend on m. Taking a = 0 in (5.1), (5.2), (5.3) suggests

that we identify ω
(1)
`,` with a vector-type mode with `sph = ` + 1 and ω

(2),(3)
`,` with the two

scalar-type modes with `sph = `. As mentioned at the end of appendix E, when ` = m

the SD−2-vector with `sph = ` − 1 is absent, hence the three modes of the MP black hole

are in one-to-one correspondence with the three Schwarzschild modes (5.11) and (5.12).

However, when ` 6= m, two different MP modes with the same ` must connect as a→ 0 to

purely imaginary vector modes (5.12) with `sph = `± 1. Hence when ` 6= m there must be

two modes that become purely imaginary as a→ 0 with ω`,m → −i`, −i(`− 2).

Let us first consider the perturbation mode (4.9) obtained when A0 6= 0. When a = 0

the parameter A0 generates a perturbation F02 ∝ f
(Schw)
02 ∝ gtψ. So this mode originates

at a = 0 as a vector-type perturbation of Schwarzschild. Indeed, the frequency ω
(1)
`,m

in (4.9) is the result of boosting in the form (1.13) the Schwarzschild frequency ωvector with

`sph = `+ 1.

We can identify the other modes by studying the solutions of eq. (4.10) at a = 0,

and by introducing the rotation a as a O(N−1) small perturbation on the Schwarzschild

solution. The three MP modes that we obtain when A0 = 0 can then be seen to originate

at a = 0 from the two scalar-type modes with `sph = ` and the vector-type mode with

`sph = `− 1. These MP modes are not simply boosts of Schwarzschild modes.

For illustration, in figures 3 and 4 the black and gray lines connect at a = 0 to

Schwarzschild vector-type modes (5.12) with `sph = 4 ± 1, and the discontinuous lines to

scalar-type modes (5.11) with `sph = 4.
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It is interesting to observe that the origin at a = 0 of the modes that become unstable

for a given ` is different — vector- or scalar-type — depending on the value of m. The

unstable mode frequencies with ` = m become, when a→ 0,

ω(3)
m,m →

√
`− 1− i(`− 1) (5.13)

corresponding to ωscalar
(+) above. In fact all the unstable modes with sufficiently high m come

from scalar-type perturbations of Schwarzschild with Reω 6= 0.13 In contrast, the unstable

axisymmetric perturbations m = 0 (and also those with low enough m) originate from

Schwarzschild vector-type perturbations: when a→ 0 their purely imaginary frequency

ω → −i(`− 2) (5.14)

matches (5.12) with ` = `sph + 1.

5.4 Instability to next-to-leading order

The extension of the perturbation analysis to the next order in the 1/N expansion is

computationally time-consuming but otherwise straightforward.

In the units r0 = 1 that we are using we have that

r+ = 1 +
ln
(
1− a2

)
2N

+O
(
N−2

)
, (5.15)

the ultraspinning bound on the rotation is

aultra =
1√
2

(
1− ln 2

2N

)
+O

(
N−2

)
, (5.16)

and the frequency at the superradiant threshold is

ω = am

(
1−

ln
(
1− a2

)
N

)
+O

(
N−2

)
. (5.17)

The quasinormal frequencies are expanded like

ω`,m = ω`,m|0 +
ω`,m|1
N

+O
(
N−2

)
. (5.18)

The equation that determines ω`,m|1 can be found in the Mathematica file attached. We

shall only quote the result for the mode ω
(1)
m,m, for which ω

(1)
m,m|0 is given by (5.1), since its

correction becomes simple enough,

ω(1)
m,m|1 =

m

2 (a2 − 1)

[
2a5m+ a3(2− 4m) + ia2(3m− 2)

√
1− a2 − im

√
1− a2

− 2ia4m
√

1− a2 +
(

2a3 − 2ia2
√

1− a2 + i
√

1− a2 − 2a
)

ln
(
1− a2

)
+ 2a(m− 1)

]
. (5.19)

13The specific value of m that defines “sufficiently high m” depends on `.
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Figure 5. Same as figure 2, now including the first 1/N corrections with N = 6.

Although the expression for other modes is very complicated, we can nevertheless

identify that the instability threshold for a mode (`,m) lies at

ac =

√
1− 1

`

(
1− 1

2N

(
m2

2`2
+ ln `

))
+O

(
N−2

)
. (5.20)

When the critical rotation is measured in units of r+ instead of r0, we obtain (1.4). In

order to convert this result to units of aext, we use

aext

r+
=

√
N

N + 1
= 1− 1

2N
+O

(
N−2

)
(5.21)

so that
ac
aext

=

√
1− 1

`

(
1 +

1

2N

(
1− m2

2`2

))
+O

(
N−2

)
. (5.22)

The ` = m = 2 bar-mode instability is then present for

a

aext
>

1√
2

(
1 +

1

4N

)
+O

(
N−2

)
, (5.23)

and therefore occurs at a lower rotation than the onset of the ultraspinning regime

aultra

aext
=

√
N + 1

2N
=

1√
2

(
1 +

1

2N

)
+O

(
N−2

)
. (5.24)

Axisymmetric instabilities instead are present only at rotations

a

aext
>

√
3

2

(
1 +

1

2N

)
+O

(
N−2

)
(5.25)

entirely within the ultraspinning regime.

One can also check that at the critical rotation the real frequency takes the value (5.17)

and therefore lies at the threshold of superradiance. Furthermore, the axisymmetric modes

` ≥ 4 that become unstable are purely imaginary.

Figures 5 and 6 show the same quasinormal modes as in figures 2, 4 (except for ω
(1)
`,0 ),

now including the 1/N corrections with N = 6.

Since the coefficients of the corrections include factors of the type ∼ ln
(
1− (a/aext)

2
)
,

we expect that our results for the critical rotation are more accurate for the bar-mode

` = m = 2, which has lower ac, than for the axisymmetric mode with ` = 4.
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Figure 6. Same as figure 4, now including the first 1/N corrections with N = 6. We omit ω
(−)
`,0

and ω
(1)
`,0 . Observe that the corrections eliminate the abrupt behavior of the leading-order result

close to extremality.

N 2 3 4 5 6

ac/aext [12] 0.8109 0.7463 0.7413 0.7369 0.7331

ac/aext (5.22) 0.7955 0.7660 0.7513 0.7425 0.7366

aultra/aext 0.8660 0.8165 0.7906 0.7746 0.7638

Table 1. Values for the critical rotation ac/aext for the dominant unstable mode ` = m = 2

in D = 2N + 3 = 7, 9, 11, 13, 15. The first row are the numerical values of [12] and the sec-

ond row our analytical values from (5.22). The third row gives the rotation at the threshold of

the (thermodynamically-defined) ultraspinning regime: bar-mode instabilities appear before this

threshold is crossed. For reference, the leading order result is ac/aext = 1/
√

2 = 0.7071.

5.5 Comparison to numerical results

If we compare our result (5.22) to the numerical calculations of [12] for N = 2, . . . , 6, we

find that we recover the critical rotations ac/aext with an accuracy that is typically better

than ≈ 1/(2N)2 = 1/(D − 3)2. However, for modes with m = 0, for which the critical

rotation is closer to extremality, the accuracy is rather ≈ 1/N2. In table 1 we compare our

calculations for the dominant unstable mode ` = m = 2 to the values of [12].

Figure 1 shows that the quasinormal frequency as a function of a is also very well

reproduced — even up to the extremal rotation aext.

6 AdS rotating black hole

The previous analysis can be generalized straightforwardly to AdS rotating black holes

with equals spins. Their metric takes the same form as (2.1) but now

G(r) = 1−
(r0

r

)2N
(

1− a2

r2

)
+
r2

L2
H(r) , (6.1)

with H(r) and Ω(r) unchanged. The horizon is again at

r+ = r0 +O
(
N−1

)
, (6.2)

– 20 –



J
H
E
P
0
6
(
2
0
1
4
)
1
0
6

so we will interchangeably employ either of the two radii. The rotation parameter a is

bounded above by the extremal limit, which at large N is

aext

r+
=

1√
1 + r2

+/L
2

+O
(
N−1

)
. (6.3)

More properties of these black holes are given in appendix A.

6.1 Large D limit

We introduce the near-horizon coordinate

R =

(
r

r0

)2N (
1− a2

r2

(
1 +

r2

L2

))−1

. (6.4)

For the time being we keep the parameter r0. In terms of R the leading order near-horizon

geometry is

ds2 =

(
1 +

r2
+

L2
− 1

R

)−1
r2

+

4N2

dR2

R2
−
(

1 +
r2

+

L2
− cosh2 αL

R

)
dt2

− 2r+√
1 + r2

+/L
2

sinhαL coshαL
R

dt(dψ +Aadx
a)

+ r2
+

(
1 +

sinh2 αL(
1 + r2

+/L
2
)
R

)
(dψ +Aadx

a)2 + r2
+ĝabdx

adxb, (6.5)

where

tanhαL =
a

r+

√
1 +

r2
+

L2
. (6.6)

This metric is locally a frame transformation of the near-horizon geometry of the

Schwarzschild-AdS black hole, of the form

dt→ dt coshαL − (dψ +Aadx
a)

r+ sinhαL√
1 + r2

+/L
2
, (6.7)

dψ +Aadx
a → (dψ +Aadx

a) coshαL −
dt

r+

√
1 +

r2
+

L2
sinhαL. (6.8)

This implies that rotating AdS frequencies that only probe the leading order geometry can

be derived from Schwarzschild-AdS frequencies in the form

ω =
m

r+

√
1 +

r2
+

L2
tanhαL + ωSch-AdS sechαL . (6.9)

Furthermore, the effects of the AdS cosmological constant on the metric amount to

the transformations

(t, ψ, xa)→ (t, ψ, xa)

√
1 +

r2
+

L2
, R→ R

(
1 +

r2
+

L2

)
, r+ → r+

√
1 +

r2
+

L2
(6.10)
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and

a→ a

√
1 +

r2
+

L2
. (6.11)

This implies that for those modes that are sensitive only to the leading order geometry,

the frequencies of Schwarzschild or MP quasinormal modes are mapped to frequencies for

AdS black holes by changing a as above and

ωr+ → ωr+ , m→ m

√
1 +

r2
+

L2
. (6.12)

Putting together the two observations, we get that quasinormal modes of Schwarzschild

(without cosmological constant) yield frequencies of the rotating AdS black hole as

ωr+ = m
a

r+

(
1 +

r2
+

L2

)
+ ωSchr+

√
1− a2

r2
+

− a2

L2
. (6.13)

Below we will confirm this rule by explicit calculation of certain quasinormal frequencies.

However, the same caveat applies: mode frequencies that depend on the geometry beyond

leading order are not obtained in this straightforward manner.

Henceforth we set r0 = 1 so

r+ = 1 +O
(
N−1

)
. (6.14)

6.2 Perturbations and quasinormal modes

Using the frame transformations we can construct decoupled variables, in terms of which

we have

f00 =
L2R(F00 + F11)− 2a

(
L2(R− 1) + R

)
F02 + a2

(
L2(R− 1) + R

)
F22

L2R− a2 (L2(R− 1) + R)
, (6.15)

f01 =
L2RF01 − a

(
L2(R− 1) + R

)
F12

L
√
R (L2R− a2 (L2(R− 1) + R))

, (6.16)

f02 =

√
L2(R− 1) + R

R

×
(
L2R + a2

(
L2(R− 1) + R

))
F02 − aL2R(F00 + F11 + F22)

L (L2R− a2 (L2(R− 1) + R))
, (6.17)

f12 =

√
L2(R− 1) + R(F12 − aF01)√
L2R− a2 (L2(R− 1) + R)

, (6.18)

f22 =
L2RF22 + a2

(
L2(R− 1) + R

)
(F00 + F11)− 2a

(
L2(R− 1) + R

)
F02

L2R− a2 (L2(R− 1) + R)
, (6.19)

f+
0 =

L2RF0 − a
(
L2(R− 1) + R

)
F2

L
√
R(L2R− a2 (L2(R− 1) + R))

, (6.20)

f+
2 =

√
L2(R− 1) + R(F2 − aF0)√
L2R− a2 (L2(R− 1) + R)

, (6.21)
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and

f11 = F00 − F11 , f+
1 = F1 . (6.22)

The decoupling variables are

FAB , FA , H
+−. (6.23)

The boundary conditions at R � 1 follow from the Dirichlet boundary conditions in

the asymptotic far zone, which implies that perturbations at large R behave as ∼ R−1.

This is the same as we had for the MP black hole. Everything else is entirely analogous to

what we have done above, so we only quote the final results.

Leading order. The leading order solution satisfying the required boundary conditions

contains integration constants A0, C0, D0, G0 like in the case of the MP black hole.

Next-to-leading order. For perturbations with A0 6= 0 we obtain a quasinormal

frequency

ω
(1)
(`,m) = am

(
1 +

1

L2

)
− i`

√
1− a2 − a2

L2
. (6.24)

and G0 = 0. This result can also be obtained from the MP frequency eq. (4.9) by rescaling

the parameters in the form (6.11)–(6.12). It also follows at once from the Schwarzschild

frequency (5.12) using (6.13) and the vector transformation rule ` = `sph − 1.

Next-to-next-to-leading order. We first find a regular mode with frequency

ω = am

(
1 +

1

L2

)
− i
(
`+

2

L2

)√
1− a2 − a2

L2
, (6.25)

which at finite L is different than (6.24). However, this is again a gauge mode.

We obtain the equation for physical quasinormal frequencies as

1

ωL2 − a(1 + L2)(m+ 2) + i(`− 2)L
√
L2 − a2 (1 + L2)

×
[
−iL9

√
L2 − a2 (1 + L2)ω3

−
(

(4− 3`)L3 + a2(3`− 4)
(
1 + L2

)
L

− 3ia
(
L2 + 1

)√
L2 − a2 (1 + L2)m

)
L7ω2

+
(

6(`− 1)L
(
1 + L2

)2
ma3 − i

(
1 + L2

)√
L2 − a2 (1 + L2)

×
(
3`(`− 2)L2 + 3

(
1 + L2

)
m2 + `− 4

)
a2 − 6(`− 1)L3

(
1 + L2

)
ma

+ iL2
(
(`− 1)(3`− 4)L2 + `

)√
L2 − a2 (1 + L2)

)
L5ω

+
(
(2− `)`

(
(`− 1)L2 + 1

)
L5 + a2

(
1 + L2

) (
(3`− 2)

(
1 + L2

)
m2

+ `(`− 2)
(
(2`− 1)L2 + 2

))
L3 − ia

(
1 + L2

) (
(`− 1)(3`− 2)L2 + `+ 2

)
×
√
L2 − a2 (1 + L2)mL2 + a4

(
1 + L2

)2 (
`(2− `)

(
`L2 + 1

)
− (3`− 2)

(
1 + L2

)
m2
)
L+ ia3

(
1 + L2

)2√
L2 − a2 (1 + L2)m

×
(
`(3`− 4)L2 +

(
1 + L2

)
m2 + `− 2

))
L3
]

= 0. (6.26)
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Figure 7. Imaginary frequencies of quasinormal modes (`,m) = (2, 2) for (left) a relatively small

AdS black hole (L = 2, i.e., r+/L = 1/2), and (right) a relatively large one (L = 0.5, i.e., r+/L = 2).

For comparison, figure 2 is the limit L→∞. The thick solid line is the mode that becomes unstable

at ac/aext =
√

(L2 + 1)/(2L2 + 1) = 0.745 (left) 0.913 (right). The instability is clearly suppressed

as L decreases.

The properties of these perturbations of rotating AdS black holes can be obtained

from (6.26) like we did for the MP black hole, with results that are entirely analogous, so

we will be brief.

At the critical rotation

a = ac =

√
`− 1 + 1/L2

(1 + 1/L2)(`+ 1/L2)

= aext

√
`− 1 + 1/L2

`+ 1/L2
, (6.27)

there is a mode with

Imω = 0, Reω = am

(
1 +

1

L2

)
, (6.28)

which sits at the superradiance bound. For a > ac the mode becomes unstable and super-

radiant. For ` = 2 the critical rotation is the same as the ultraspinning bound (A.16).

When m = 0 there is a mode with purely imaginary frequency, which is the one that,

for ` ≥ 4, becomes unstable. For ` = 2 and m = 0 the three independent frequencies take

the simple form

ω =


0 ,

±
√(

1 + 2
L2

) (
1 + a2 + a2

L2

)
− i
√

1− a2 + a2

L2 .
(6.29)

ω = 0 corresponds to a variation of the angular momentum, so there is no unstable mode

with (`,m) = (2, 0). Axisymmetric instabilities begin at ac with ` = 4.

The behavior of quasinormal modes at different values of L are qualitatively very

similar to what we found in the absence of a cosmological constant. In order to illustrate

the effect of finite L on the instability we plot in figure 7 the imaginary part of the frequency

of the dominant unstable mode, with ` = m = 2, for a relatively small black hole and for
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a larger one. Figure 2 corresponds to the limit L/r+ → ∞ of very small black hole. As

L decreases, which enhances the effect of the cosmological constant on the black hole, the

unstable behavior is suppressed. Apparently, when L is large Imω remains finite in the

extremal limit while at small L (large black holes) it vanishes in that limit. However, it is

unclear how significant or reliable this is, as our methods break down in the extremal limit.

Although the choices of axes and of L are not the same, our figure 7 (right) can be

compared with figure 18 (right) of [9]. The qualitative agreement for the mode behavior is

manifest. This occurs also for the real parts of the frequencies, as well as for other modes.

6.3 Limit a = 0 and black brane hydrodynamic limit

Our discussion in section 5.3 of the limit a = 0 extends in the same qualitative manner.

The AdS Schwarzschild black hole also has quasinormal frequencies ω = O(D0) of scalar-

and vector-type, which we have computed in the formalism of [25] with the result that

ωscalar
(±) = ±

√
`sph − 1 +

`sph

L2
− i(`sph − 1) (6.30)

and

ωvector = −i(`sph − 1) . (6.31)

The relation of these modes to those of the previous subsection in the limit a = 0 is

completely analogous to the description in section 5.3. In particular, applying the trans-

formation rule (6.9) to ωvector with `sph = `+ 1 we obtain (6.24).

Taking L→∞ in (6.30), (6.31) reproduces the results (5.11), (5.12) for Schwarzschild.

On the other hand, in the limit L → 0, i.e., r+/L → ∞, which corresponds to very large

AdS black holes limiting to AdS black branes, we obtain the hydrodynamic modes of black

branes once we identify the momentum q along the brane as

`sph

L2
→ q2

D
. (6.32)

Then ωscalar
(±) become sound modes and ωvector a shear mode.

7 High frequency modes: ω = O(D)

Up to now we have focused on quasinormal modes with ω, ` = O(D0), since these are the

ones where the instabilities occur. However, there is a large class of other quasinormal

modes with much higher frequency, ω, ` = O(D). These modes have been argued to

be universally present for very large classes of static, spherically symmetric black holes,

including the Schwarzschild solution, with complex frequencies [17]

ωstatic
(`,k) =

D

2
+ `−

(
eiπ

2

(
D

2
+ `

))1/3

ak (7.1)

(with r0 = 1), where k = 1, 2, . . . is the ‘overtone’ number and −ak < 0 are zeroes of the

Airy function Ai. These frequencies appear for gravitational scalars, vectors and tensors.
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In principle these are indexed by `sph, but to leading order at large D only large values of

`sph = O(D) are relevant, so we can neglect the O(1) differences between ` and `sph when

using CPN harmonics.

The derivation of the spectrum (7.1) only relies on the leading order near-horizon ge-

ometry (in fact, it requires little information about it) and not on subleading structure.

Therefore, it is possible to use the boost relation (1.13) to obtain the corresponding quasi-

normal spectrum for MP black holes, namely,14

ω(`,m,k) = ma+ ωstatic
(`,k)

√
1− a2 . (7.2)

The first term contributes at this order only when m = O(D). A similar relation is expected

to hold also for other classes of rotating black holes, not necessarily neutral ones. In the

presence of the cosmological constant, the relation should apply to small AdS black holes,

but the spectrum (7.1) is absent from large ones.

8 Final remarks

We have seen that the large D analysis greatly simplifies the study of perturbations of a

rotating black hole, making it analytically tractable. The main reasons for this are:

• the far-zone analysis is trivial.

• The non-trivial dynamics in the near-horizon zone is simplified owing to the univer-

sality of the large D limit of neutral black holes [16]. This casts the perturbation

problem of the rotating black hole into a boosted version of the static black hole

problem.

• For some perturbations this universality allows to directly obtain the quasinormal

spectrum via (1.13). For other perturbations (including the unstable ones) further

work is required but their equations decouple and are analytically solvable.

Since the universal near-horizon geometry of neutral black holes is also present for

AdS black holes, the same reasoning applies to the study of their rotating quasinormal

modes. A good example of the power of the relations between modes that follow from this

universality is the fact that the rotating AdS black hole quasinormal frequency (6.24) can

be obtained simply from knowledge of the Schwarzschild frequency (5.12).

Our large D analysis indicates the existence of an instability of these rotating black

holes at sufficiently large D. However, this does not allow to deduce what is the lowest

value of D at which this conclusion applies, and in fact since the instabilities appear before

the ultraspinning range (1.2), this approach does not provide any indication of the absence

of instability for N = 1 [18]. This limitation is of course typical of perturbative methods.

In a forthcoming article we will present the calculation of the quasinormal mode spec-

trum of Schwarzschild and Schwarzschild-AdS black holes in a more comprehensive way

14We have also gone in detail through the perturbation equations for the rotating black hole and checked

explicitly that they are a boosted version of the ones for the Schwarzschild solution.
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and to higher order in the expansion, using a different framework for the perturbations.

It should also be interesting to extend the large D study of stability to singly-spinning

black holes.
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A Hessian and ultraspinning surface for AdS rotating black holes

Here we compute the Hessian

Hij = − ∂2S

∂Ji∂Jj
(A.1)

of the rotating AdS black hole with equal angular momenta in D = 2N + 3 and identify

its negative eigenvalues. This is sometimes called the reduced Hessian [5, 6] since it does

not include variations in the mass of the solution. At low angular momenta this Hessian is

positive definite. The codimension one surface that bounds this region in parameter space

is called the ultraspinning surface. Beyond it, at sufficiently large angular momenta, the

Hessian acquires negative eigenvalues, which correspond to thermodynamic negative modes.

Although we are interested in equal spin black holes, we want to study variations that

do not leave all spins equal and therefore we need to work with the solution with unequal

rotation parameters ai, i = 1, . . . , N + 1. The relevant thermodynamic quantities have

been computed in [23]. These solutions are written using a radial coordinate ρ that in the

equal-spin limit ai = a differs from the coordinate r that we use; they are related by

r2 =
ρ2 + a2

Ξ
, (A.2)

where

Ξ = 1− a2

L2
, (A.3)

so the corresponding horizon radii are

r2
+ =

ρ2
+ + a2

Ξ
. (A.4)

The physical magnitudes are expressed using a parameter ρ0 which when all rotations are

equal is related to our parameter r0 by

r2
0 =

ρ2
0

Ξ1+2/N
. (A.5)

For generic ai the horizon ρ = ρ+ is located where

(
ρ2

+ + L2
)N+1∏
i=1

(
ρ2

+ + a2
i

)
− L2ρ2

+ρ
2N
0 = 0. (A.6)
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The thermodynamic charges computed in [23] are the entropy

S =
ΩD−2

4πρ+

N+1∏
i=1

ρ2
+ + a2

i

Ξi
, (A.7)

mass

M =
ρ2N

0 ΩD−2

8π
∏N+1
i=1 Ξi

(
N+1∑
i=1

1

Ξi
− 1

2

)
, (A.8)

and angular momenta

Ji =
aρ2N

0 ΩD−2

8πΞi
∏N+1
j=1 Ξj

. (A.9)

Here Ξi = 1− a2
i /L

2. The surface gravity and angular velocity of the horizon are

κ = ρ+
ρ2

+ + L2

L2

N+1∑
i=1

1

ρ2
+ + a2

i

− 1

ρ+
, Ωi =

ai
(
ρ2

+ + L2
)

L2
(
ρ2

+ + a2
i

) . (A.10)

When all angular momenta are equal the rotation parameter a is bounded above by

the extremal limit, defined by the condition that κ = 0, i.e.,

(N + 1)ρ2
+

(
ρ2

+ + L2
)
− L2

(
ρ2

+ + a2
ext

)
= 0. (A.11)

One can see that aext < L for any N ≥ 1.

We proceed to compute the Hessian. It takes the form

Hij = A

(
δij −

1

N + 1
Qij

)
+

B

N + 1
Qij , (A.12)

where Qij = 1 for all i, j, and A and B are defined by

A =
2aπ

κJ

(
L2 + ρ2

+

) (
L2 − a2

) (
ρ2

+ − a2
)

L2 (L2 + a2)
(
a2 + ρ2

+

) , (A.13)

B =
2aπ

κJ

L2 + ρ2
+

(L2 − a2) ((2N + 1)L2 − a2)
(
(N + 1)ρ4

+ +NL2ρ2
+ − a2L2

)2
×
[
a6L2 + (2N + 1)L2ρ2

+

(
NL2 + (N + 1)ρ2

+

)2
+ a4

(
(5N + 3)L4

+ (10N + 9)L2ρ2
+ + 3(N + 1)ρ4

+

)
+ a2

(
N(2N + 1)L6

+
(
11N2 + 12N + 3

)
L4ρ2

+ + 3(N + 1)(4N + 3)L2ρ4
+

+ 3(N + 1)2ρ6
+

)]
. (A.14)

For the equal-spin black hole there are two non-equivalent choices for the eigenvectors

V = (Vi) [6].15 The first one is Vi = v for all i, which describes deformations of the solution

that preserve the equality of all angular momenta. The eigenvalue is B, which remains

finite and positive in the range 0 ≤ a < aext.

15In the limit L → ∞ we reproduce the eigenvalues of the MP black hole in [6]. Note however that

eqs. (2.15) and (2.16) of that article appear to contain misprints.
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The other choice is such that
∑

i Vi = 0, and represents an anisotropic deformation

in an azimuthal direction. In this case the eigenvalue is A, which changes sign at the

ultraspinning surface defined by

aultra = ρ+ , (A.15)

i.e.,

aultra =
r+√

2 +
r2+
L2

. (A.16)

This result is exact in N .

When N is large, the horizon of the equal-spin solution is at

ρ+ =
√
ρ2

0 − a2 +O
(
N−1

)
, (A.17)

i.e.,

r+ = r0 +O
(
N−1

)
, (A.18)

and the extremality bound is

aext = ρ0 +O
(
N−1

)
, (A.19)

i.e.,

aext =
r0√

1 +
r20
L2

+O
(
N−1

)
. (A.20)

To leading order this is the same as (1.8). Note that aext < L (even at finite N). When

r+ � L the extremal rotation aext approaches L. Near this extremal limit we have M →
aJ ∝ r2N

0 , so r0 is a more convenient parameter than ρ0.

The extended Hessian that includes derivatives with respect to the mass has no negative

eigenvalues at sufficiently high r+/L and low a/r+ [7]. This is a regime where the rotating

black hole is completely thermodynamically stable, but our analysis of the reduced Hessian

cannot capture it.

B Harmonics of S2N+1 and CPN

In this article we are writing the metric of S2N+1 as a U(1) fibration of CPN ,

ds2
S2N+1 = (dψ +Aadx

a)2 + ĝabdx
adxb . (B.1)

Harmonics of S2N+1 can then be written in terms of harmonics of CPN . We will be

interested in scalar and vector harmonics only, as there are no tensor perturbations with

frequencies ω = O(D0).

Scalar harmonics S of S2N+1 satisfy[
∇2 + `sph(`sph + 2N))

]
S = 0 , (B.2)

with ∇2 the Laplacian on the sphere and `sph = 0, 1, 2, . . . . Vector harmonics Vµ satisfy[
∇2 + `sph(`sph + 2N)− 1

]
Vµ = 0 , ∇µVµ = 0 . (B.3)
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Out of a scalar S we can construct a scalar-derived vector ∇µS, which satisfies[
∇2 + `sph(`sph + 2N)− 2N

]
∇µS = 0 . (B.4)

Let us now consider CPN harmonics of scalar and scalar-derived type, as presented in

section 3.1. From (3.2) it is easy to see that if Y is a CPN scalar then

∇2(eimψY) = −`(`+ 2N)eimψY (B.5)

and therefore eimψY is a scalar of S2N+1 with `sph = `.

Out of the CPN scalar Y and scalar-derived vectors Y±a we can construct vectors Xµ
of S2N+1 as linear combinations

Xµ = eimψYx2 e
(2)
µ + eimψ

(
x+Y+

a + x−Y−a
)
êa(i)e

(i)
µ (B.6)

with coefficients x2 and x±. The vielbein basis is

e(2) = dψ +A , e(i) = ê(i) (B.7)

with ê(i) a CPN vielbein, and its inverse

e(2) = ∂ψ , e(i) = êa(i)(∂a −Aa∂ψ) . (B.8)

We choose three specific S2N+1 vectors X(sv,v+,v−)
µ by taking

x
(sv)
2 = im , x

(sv)
± = −

√
λ ,

x
(v+)
2 = i , x

(v+)
± = ∓

√
λ

`+ 2N ±m
, (B.9)

x
(v−)
2 = i

(
`2 −m2

)
, x

(v−)
± = ∓

√
λ(`±m) ,

with λ defined in (3.3). Then one finds that X(sv)
µ is a scalar-derived vector of S2N+1

that satisfies (B.4) with `sph = `, and X(v±)
µ are vector harmonics that satisfy (B.3) with

`sph = `± 1, respectively. Note that X(v−)
µ does not exist for ` = |m|.

C Decoupling variables

The vielbein for the near-horizon MP solution is

e(0) =

√
R− 1

R + sinh2 α
dt , e(1) =

dr

2N
√

R(R− 1)
, (C.1)

e(2) =

(
1 +

sinh2 α

R

)1/2
[
dψ +Aadx

a −
(

1 +
sinh2 α

R

)−1

sinhα coshαR−1dt

]
, (C.2)

and e(i) the same as in the Schwarzschild black hole. The boost transformation (2.14)

and (2.15) acts as

e
(0)
(Sch) → e(0)

√
R

R+ sinh2 α
coshα− e(2)

√
R− 1

R+ sinh2 α
sinhα , (C.3)

e
(2)
(Sch) → e(2)

√
R

R+ sinh2 α
coshα− e(0)

√
R− 1

R+ sinh2 α
sinhα . (C.4)
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The perturbation variables for the MP black hole are defined as in (3.6) using this

vielbein. Then the MP perturbation variables can be written in terms of the Schwarzschild

ones as

f00 = f
(Sch)
00

R

R− a2(R− 1)
− f (Sch)

02

2a
√
R(R− 1)

R− a2(R− 1)
+ f

(Sch)
22

a2(R− 1)

R− a2(R− 1)
, (C.5)

f01 = f
(Sch)
01

√
R

R− a2(R− 1)
− af (Sch)

12

√
R− 1

R− a2(R− 1)
, (C.6)

f02 = −f (Sch)
00

a
√
R(R− 1)

R− a2(R− 1)
+ f

(Sch)
02

R + a2(R− 1)

R− a2(R− 1)
+ f

(Sch)
22

a
√

R(R− 1)

R− a2(R− 1)
, (C.7)

f12 = f
(Sch)
12

√
R

R− a2(R− 1)
− af (Sch)

01

√
R− 1

R− a2(R− 1)
, (C.8)

f22 = f
(Sch)
00

a2(R− 1)

R− a2(R− 1)
− f (Sch)

02

2a
√
R(R− 1)

R− a2(R− 1)
+ f

(Sch)
22

R

R− a2(R− 1)
, (C.9)

f+
0 = f

(Sch)+
0

√
R

R− a2(R− 1)
− af (Sch)+

2

√
R− 1

R− a2(R− 1)
, (C.10)

f+
2 = f

(Sch)+
2

√
R

R− a2(R− 1)
− af (Sch)+

0

√
R− 1

R− a2(R− 1)
. (C.11)

The variables f11, f+
1 and H+− do not change form.

The perturbations of Schwarzschild are decoupled in terms of the variables in (3.9).

This defines a set of decoupling variables for the MP solution too. We find convenient to

define, as our decoupled variables,

F00 =
1

2

(
f

(Sch)
00 + f

(Sch)
11

)
, F01 = f

(Sch)
01 , F02 =

√
R

R− 1
f

(Sch)
02 ,

F11 =
1

2

(
f

(Sch)
00 − f (Sch)

11

)
, F12 =

√
R

R− 1
f

(Sch)
12 , F22 = f

(Sch)
22 , (C.12)

F0 = f
(Sch)+
0 , F1 = f

(Sch)+
1 , F2 =

√
R

R− 1
f

(Sch)+
2 ,

H+− = H(Sch)+−.

The expressions for the original variables fAB, fA in terms of the decoupled ones are given

in eqs. (3.11)–(3.18).

D Stability of ` = 0 modes

For modes with ` = m = 0 there are no scalar-derived vector nor tensor perturbations.

Thus we consider only fAB and HL. There is only one physical degree of freedom in

this perturbation. We will derive the master equation for this mode by fixing the gauge

explicitly, setting

f00 = 0 , f02 = 0 , f22 = 0 . (D.1)
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In order to go to this gauge we transform with gauge function ξA ∼ fAB/ω. Therefore these

gauge conditions cannot be applied to the static perturbation ω = 0. However, the latter

perturbation is simply a variation in the mass of the MP black hole, so we can ignore it.

These gauge conditions yield secondary constraint equations, which correspond to the

Einstein equations G01 = 0, G11 = 0 and G12 = 0. By solving them and using the equation

for the trace part of Gab = 0, we obtain a master equation for ` = 0 perturbations,16(
d2

dr2
∗

+ ω2 − V (r)

)
Ψ0 = 0 , (D.2)

where r∗ is the tortoise coordinate defined by dr∗ =
√
H
G dr and

Ψ0 =
rN/2

(
r2N+2 + a2

)1/4 (
r2N+2 −Na2

)
(2N + 1) r2N+2 +Na2

HL. (D.3)

The potential V (r) is given by

V (r) =
G(r)

4 (r2N+2 + a2)3 ((2N + 1)r2N+2 +Na2)2

×
[
A0 +A1r

2 +A2r
2N+4 +A3r

4N+6 +A4r
6N+8 +A5r

8N+10
]
, (D.4)

where

A0 = −a10N3(N + 4), (D.5)

A1 = a8N2
(
N2 − 3(8 + 24N + 11N2)r2N

)
, (D.6)

A2 = −2a6
(
− 2N

(
8 + 31N + 39N2 + 17N3

)
+
(
−16− 78N − 97N2 + 4N3 + 24N4

)
r2N

)
, (D.7)

A3 = 2a4(2N + 1)
(
N
(
28 + 59N + 34N2

)
+
(
40 + 116N + 65N2 + 4N3

)
r2N

)
, (D.8)

A4 = a2(2N + 1)
(
4
(
−1 + 5N + 15N2 + 10N3

)
+ 3

(
21 + 62N + 44N2 + 8N3

)
r2N

)
, (D.9)

A5 = (2N + 1)2
(
(2N + 1)2 + (15 + 16N + 4N2)r2N

)
. (D.10)

V (r) reduces to the one in [18] for N = 1. The positivity of this potential at r ≥ r+,

which guarantees the stability against ` = 0 perturbations, can be shown in the same way

as in [18]. Thus the large D expansion is not needed to prove the stability of these modes.

E ‘Parameter’ modes and residual gauge modes

Among the perturbations of the black hole there are some that are physical but trivial —

they only vary the parameters in the MP solution — and others that are unphysical modes

that can be eliminated by a residual gauge transformation. We discuss them briefly here.

The arguments are valid also for the AdS rotating black hole.

16Recall that we set r0 = 1.
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E.1 Variation of parameters of MP black hole

The MP black hole is parametrized by its mass and angular momentum. A variation

of these parameters is a stationary perturbation of the solution. Ref. [5] finds, from an

analysis at r = ∞, that these are (`,m) = (0, 0) or (`,m) = (2, 0) perturbations. The

former is a mass variation, and the latter a variation of angular momenta. We have indeed

found in section 5.2 a zero mode for (`,m) = (2, 0). It is possible to check explicitly that

this effects a variation in angular momenta by comparing to the result of making a small

variation in the angular momenta of the exact MP solution. In the analysis in appendix D

we omitted the zero mode with (`,m) = (0, 0), so those results do not have any ambiguity

from variation of parameters.

Perturbations with ` > 2 do not contribute to variations of the parameters [5]. Thus

the zero modes at a = ac with ` > 2 that we found in section 5.2 are genuine signals for

the appearance of new branches of black hole solutions.

E.2 Residual gauge transformations

The TT gauge leaves some residual gauge freedom. Here we discuss its consequences in

` > 0 modes.

We write the generator of gauge transformations, ξµ, in the form

ξµdx
µ =

[
ξAe

(A) + r(ξ+Y+
a + ξ−Y−a )dxa

]
e−iωteimψ. (E.1)

The TT gauge condition and transformation rules for each perturbation variable are given

in [5]. Solving them we obtain the following residual gauge generators17

ξ0 =
r0

N

(
ξ

(0)
r√

(R− 1)(R− a2(R− 1))
+O

(
N−1

))
, (E.2)

ξ1 =
r0

N

(
ξ

(0)
r√

R(R− 1)
+O

(
N−1

))
, (E.3)

ξ2 =
r0

N

(
− aξ

(0)
r√

R(R− a2(R− 1))
+O

(
N−1

))
, (E.4)

and

ξ± = O
(
N−3/2

)
, (E.5)

for all ` > 1 perturbations. Here we solved the equation for ξ at leading order, and imposed

that the transformation preserves the boundary conditions for the perturbation. ξ
(0)
r is an

integration constant. Thus, for the ` > 1 modes we have only one residual gauge parameter.

17As done for the perturbation variables, we can construct decoupling variables for the equation of ξ and

obtain the most general generator of residual gauge transformations.
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For ` = m = 1 we have an additional residual gauge parameter, ξ
(0)
− . In this case ξ becomes

ξ0 =
r0

N

(
ξ

(0)
r + ξ

(0)
−√

(R− 1)(R− a2(R− 1))
+O

(
N−1

))
, (E.6)

ξ1 =
r0

N

(
ξ

(0)
r + ξ

(0)
− (2R− 1)√

R(R− 1)
+O

(
N−1

))
, (E.7)

ξ2 =
r0

N

(
−

a(ξ
(0)
r + ξ

(0)
− )√

R(R− a2(R− 1))
+O

(
N−1

))
, (E.8)

and

ξ− =
r0√
N

(
−2
√

2ξ
(0)
− +O

(
N−1

))
. (E.9)

For ` = m modes, Y+ and Y++ vanish, so we do not have ξ+. The appearance of ξ
(0)
− can

be understood easily. The boundary condition for H±± restricts the integration constants

of ξ±.18 For ` > 1 modes, there is no degree of freedom that generates a regular solution for

H±± to leading order of ξ. However, for ` = m = 1 modes, we have ξ−, but we do not have

H−− because Y−− vanishes for ` = m = 1 even though Y− does not vanish. Then there is

no constraint on the integration constant of ξ−, which is ξ
(0)
− . Hence the perturbation with

` = m = 1 has an additional residual gauge mode. This is exactly the same conclusion as

in [25] for the Schwarzschild black hole.

To see the effects of this residual gauge freedom on the perturbed solution, it is enough

to consider only the leading order solution. The residual generator ξ transforms the inte-

gration constants in the leading order solution (4.7) as

C0 → C0 + 4ξ(0)
r , D0 → D0 − 4ξ(0)

r , (E.10)

for ` > 1, and

C0 → C0 + 4ξ(0)
r − 4ξ

(0)
− D0 → D0 − 4ξ(0)

r − 4ξ
(0)
− , (E.11)

for ` = m = 1. A0 and G0 are not transformed: they are gauge independent parameters in

the TT gauge. Thus the choice between A0 = 0 or A0 6= 0 is a physical one.

In section 4 at NNLO with A0 = 0 we found a frequency ω = am − i`
√

1− a2.

Substituting in eq. (4.8) we see that this mode has C0 +D0 = 0. Then it can be eliminated

by a gauge transformation of the type (E.10).

For ` = m = 1 we can always set C0 = 0 and D0 = 0 by choosing ξ
(0)
r and ξ

(0)
− . Thus

the ` = m = 1 zero mode perturbation with A0 = 0 that we found in section 5.1 is purely

gauge. This can be understood from the perturbations of the Schwarzschild black hole. As

mentioned above, the perturbations with A0 = 0 originate at a = 0 in scalar-type (in SD−2)

perturbations of the Schwarzschild black hole with `sph = `. The scalar-type perturbation

with `sph = 1 is purely gauge [25]. Thus, our result shows that this holds also for a > 0.

18The integration constants of ξ0 and ξ2 are determined by the boundary conditions of f±0 and f±2 .
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Also, as we mentioned in the main text, we cannot set C0 = 0 and D0 = 0 for the

` = m = 1 mode with A0 6= 0, since at NNLO this condition does not yield a regular

solution.

It might seem that we can set C0 = 0 or D0 = 0 for ` > 1 perturbations by a choice

of ξ
(0)
r . This is correct for the perturbations with A0 6= 0, but presumably not for A0 = 0.

Here we have considered the perturbative solutions and ξ only to leading order. At next-

to-leading order, the perturbation solution has additional conditions on the integration

constants from the leading order solutions such as eq. (4.8). If we set D0 = 0 with A0 = 0,

we should have either C0 = 0 or some specific ω. However, if we use this specific ω, we do

not obtain a regular solution at next-to-next-to-leading order. Therefore we cannot freely

set C0 = 0 or D0 = 0 for ` > 1 perturbations with A0 = 0. This may imply that the NLO

or NNLO equation for ξ also gives a non-trivial condition on ξ
(0)
r , and it prohibits using

ξ
(0)
r for setting C0 = 0 or D0 = 0.
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