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Abstract We establish a correspondence (or duality) between the characters and
the crystal bases of finite-dimensional representations of quantum groups associated
to Langlands dual semi-simple Lie algebras. This duality may also be stated purely
in terms of semi-simple Lie algebras. To explain this duality, we introduce an “inter-
polating quantum group” depending on two parameters which interpolates between
a quantum group and its Langlands dual. We construct examples of its representa-
tions, depending on two parameters, which interpolate between representations of
two Langlands dual quantum groups.
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1 Introduction

Let g be a simple Lie algebra and g its Langlands dual Lie algebra whose Cartan
matrix is the transpose of that of g. In this paper we establish a duality between
finite-dimensional representations of g and ~g, as well as the corresponding quantum
groups.
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706 E. Frenkel, D. Hernandez

Let I be the set of vertices of the Dynkin diagram of g and r;,i € I, the corre-
sponding labels. Denote by r the maximal number among the r;. This is the lacing
number of g which is equal to 1 for the simply laced g, to 2 for By, C; and Fy, and to
3 for G».

Let L(}) be a finite-dimensional irreducible representation of g whose highest
weight A has the form

b= (kr—rmiwi, mi €Ly, M
iel
where the w; are the fundamental weights of g. In other words, A is a dominant integral

weight which belongs to the sublattice P’ C P, where P is the weight lattice of g,
spanned by (1 + r — rj)w;, i € I. The character of L(}) has the form

XL =D d(,v)e’, dv) € Ly
veP
Let
X'(LOY) =D d(,ve".
vepP’
We first prove that, after replacing each
V= Z(l +r—rnjw; € P, nieZ,
iel
by
1), = Znid)i,
iel

where the ¢; are the fundamental weights of Lg, x’(L(1)) becomes the character of
a virtual finite-dimensional representation of g, whose highest component is L(1'),
the irreducible representation of ©g with the highest weight

W= mia, )
iel

where the numbers m; are defined by formula (1). In other words, we have

X (LOY) = x" LoD + D my xM (L), my € L. 3)
n<i

Then we prove that the multiplicities of weights in the character x ©(L(1")) of L()")
are less than or equal to those in x’(L(A)). This positivity result means that x - (L(1"))
is “contained as a subcharacter” in x'(L(})).

Since the categories of finite-dimensional representations of g and U, (g) with
generic g are equivalent, we also obtain a duality between finite-dimensional repre-
sentations of U, (g) and U, (“g). Moreover, we establish the duality not only at the level
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Langlands duality for representations of quantum groups 707

of characters but at the level of crystal bases as well. This leads, in particular, to the
following surprising fact: one can construct the crystal basis of the irreducible repre-
sentation L (1) of £ g from the crystal basis of the irreducible representation L (1) of g.!

In addition, we conjecture that x’(L())) is the character of an actual represen-
tation of g (that is, m i = 0 for all & in formula (3)), and we prove this conjec-
ture for g = B,.”> We observe that the subset of the crystal of L() consisting of
those elements whose weights are in P’ does not give us “on the nose” the crystal of
this ' g-module. But we conjecture that after applying a certain deformation process
(presented in Sect. 6) we do get the right crystal structure on this subset. (We also prove
this for B;.) Thus, conjecturally, we can reconstruct not only the crystal of L(1") but
the crystal of the whole representation of g whose character is equal to x'(L(1)).

Itis natural to ask: why should this duality of characters and crystal bases take place?
We suggest the following explanation: there exists an algebra U, ;(g) depending on
two parameters, ¢ and ¢, whose specialization at t = 1 gives U, (g), and at g = €
(where € = 1if g is simply laced and € = exp(;ri/r), r being the lacing number of g)
gives U_; (L g). These are the quantum groups without the Serre relations associated
to g and L'g. We call Uy 1 (g) the interpolating quantum group. (Example 3 in Sect. 5
indicates that it is impossible to include the Serre relations and preserve the inter-
polating property.) Moreover, we conjecture that any irreducible finite-dimensional
representation L, (1) of U, (g) (equivalently, of I, (g)) with the highest weight of the
form (1) may be deformed to a representation L ; (1) of U, ,(g). We also conjecture
that the specialization of L, ;(A) at ¢ = € contains the irreducible representation of
U_,(*g) with highest weight A’ given by formula (2) as the highest component. These
conjectures are confirmed by various explicit examples presented below as well as our
general result on the duality of characters of finite-dimensional representations.

Now we would like to briefly sketch a possible link between our results and the
geometric Langlands correspondence (see, e.g., [6] for a general introduction).

One of the key results used in the geometric Langlands correspondence is an
isomorphism between the center Z(g) of the completed enveloping algebra of g
at the critical level and the classical VV-algebra W @) (see [4,5] as well as [12] for
details). This result forms the basis for the local geometric Langlands correspondence
(see [7,8]) as well as for the Beilinson—Drinfeld construction of the global geomet-
ric Langlands correspondence [1] (see also [6]). However, this isomorphism is rather
mysterious. We know that it exists but we do not fully understand why it should exist.

In order to understand this better, we g-deform the picture and consider the center
Z,4(@) of the quantum affine algebra U, () at the critical level, which was the starting
point of [10]. The center Z, () is in turn related to the Grothendieck ring Rep U, (g)

1 After the first version of this paper appeared on the arXiv, we learned from Nakajima that this result
follows from a special case of [18, Theorem 5.1]; see the paragraph before Theorem 2 for more details.

2 After the first version of this paper appeared on the arXiv we were told by Victor Kac that a special case
of our duality, going from type B to type C, may be explained in the context of representation theory of
Lie superalgebras of type B(0, n) as defined in [17]. In fact, the condition on the highest weight A € P’
appears in this case in [17, Theorem 8] in the form a, € 2Z. It is not clear to us whether one can use Lie
superalgebras to interpret our duality for other types. In addition, we have learned from Kevin McGerty
that in the meantime he has been able to prove this conjecture for other types (see [23]).
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of finite-dimensional representations of U, (@) (this is because for each finite-dimen-
sional representation V we can construct a generating series of central elements in
Z4(@), using the transfer-matrix construction). Thus, we hope to gain some insight
into the isomorphism Z(g) ~ W(%g) by analyzing the connections between Z4(9),
Rep U, (@) and the g-deformed classical WW-algebra.

The idea of [11] was to further deform this picture and introduce a two-parameter
(non-commutative) deformation W, ;(g). Its specialization W, 1(g) at t = 1 is the
center Z, (@), so that Wj.:(@) is a one-parameter deformation of Zq(ﬁ) and a two-
parameter deformation of the original center Z(g). The work [11] was motivated by
the hope that analyzing various dualities and limits of W, ;(g) we may learn some-
thing new about the isomorphism Z(g) ~ W(*g) and hence about the Langlands
correspondence.

In particular, it was suggested in [11] that the specialization W, ;(g) at g = €
(with € defined as above) contains as a subalgebra the center Z; (Lﬁ) of the quantum
affine algebra U, (- @) at the critical level (here g denotes the Langlands dual of §).
The latter gives rise to the Grothendieck ring of finite-dimensional representations of
U; (Lﬁ) (via the transfer-matrix construction). On the other hand, as we already men-
tioned above, the specialization W, 1(g) at t = 1 gives rise to the Grothendieck ring
of finite-dimensional representations of U, (g). Thus, it appears that the VV-algebra
Wy.1(g) interpolates between the Grothendieck rings of finite-dimensional represen-
tations of quantum affine algebras associated to g and ©g. In particular, this suggests
that these representations should be related in some way. Examples of such a relation
were given in [11], but this phenomenon has largely remained a mystery until now.

How can we explain this relation from the point of view of representation the-
ory? This question served as the motivation for this paper. Before answering it, we
considered its finite-dimensional analogue: is there a hidden correspondence, or dual-
ity, between finite-dimensional representations of the quantum groups U,(g) and
U, (% g)—or the simple Lie algebras g and g, for that matter?

We have given an affirmative answer to this question which we have outlined above.
Thus, we have found a hidden duality between objects of the same nature: finite-
dimensional representations of two Langlands dual Lie algebras. Actually, it is rather
surprising to observe the appearance of a Langlands type duality in such an elementary
context: that of finite-dimensional representations of simple Lie algebras! We hope
that this duality and its affine analogue will give us some clues about the meaning of
the geometric Langlands correspondence.

What about the duality for the quantum affine algebras? In our next paper [9] we
will propose a precise relation between the g-characters of finite-dimensional repre-
sentations of dual quantum affine algebras U, (g) and Uq(LTj) with is analogous to
the duality of characters of U, (g) and U, (*g) discussed above. We will prove, by
using [14,15], that this relation holds for an important class of representations, the
Kirillov—Reshetikhin modules. In the affine case we also expect that the duality may
be explained by using an affine analogue of the interpolating quantum group.

In the context of our results an interesting problem is to compute explicitly all
multiplicities of simple ©g-modules in a given simple g-module (the numbers m i in
formula (3)), which we call the Langlands duality branching rules. In the course of
the proof we have found them explicitly in some cases.
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Langlands duality for representations of quantum groups 709

The paper is organized as follows. In Sect. 2 we establish the duality of charac-
ters and crystal bases for a pair of Langlands dual simple Lie algebras. In Sect. 3 we
introduce the interpolating quantum group. We then study its representations which
we expect to interpolate between representations of U, (g) and U, (*g). This would
explain the duality that we have found in this paper. In Sect. 4 we show how this
interpolation works for the finite-dimensional representations of the elementary inter-
polating quantum groups (those corresponding to Lie algebras of rank one). In Sect. 5
we consider examples of more general interpolating representations. In Sect. 6 we
conjecture a stronger duality for characters and crystals and prove it for all simply
laced g with r = 2 and for B,.

2 Duality of characters and crystals for simple Lie algebras

In this section we prove the Langlands duality for characters of finite-dimensional
representations of quantum groups associated to simple Lie algebras (or, equivalently,
simple Lie algebras themselves). We also prove the duality of the corresponding crystal
bases, by using the monomial model [19,24].

Let g be a finite-dimensional simple Lie algebra and U, (g) the corresponding quan-
tum group (see, e.g., [3]). We denote r = max;¢;(r;), where [ is the set of vertices
of the Dynkin diagram of g and the r; are the corresponding labels. This is the lacing
number of g (note that it was denoted by r in [11]).

The Cartan matrix of g will be denoted by C = (C; ;)i jes. By definition, the
Langlands dual Lie algebra g has the Cartan matrix C’, the transpose of the Cartan
matrix C of g.

2.1 Langlands duality for characters

Let
P = ZZ&)Z‘
iel

be the weight lattice of g and P™ C P the set of dominant weights. Consider the
sublattice

P'=>"(1+r—r)ZLo CP. )
iel
Let
Pt =" Zay
iel
be the weight lattice of ©g. Consider the map IT : P — P’ defined by
oo =Y aad+r—r) o
iel

if A € P and IT()) = 0, otherwise. Clearly, IT is surjective.
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710 E. Frenkel, D. Hernandez

In this section we investigate what IT does to characters of irreducible representa-
tions of g. For simply laced Lie algebras (that is, » = 1) we have P’ = P = P’ and
I1 is the identity. Hence we focus on the non-simply laced Lie algebras.

Let Rep g be the Grothendieck ring of finite-dimensional representations of g. We
have the character homomorphism

x :Repg — Z[P] = Z[y"],

where y; = e®. It sends an irreducible representation L(A) of g with highest weight
A € P toits character, which we will denote by x (A).

We will now show that for any representation V of g, IT(x (V)) is the character of
a virtual representation of Lg, as stated in the following proposition. We denote the
character homomorphism for Lg by x~.

Proposition 1 For any simple Lie algebra g and any . € P, IT(x (X)) is in the image
L
of x*.

This is a direct consequence of the following Lemma. Here we denote by s; (resp.
sl.L) the simple reflections of g (resp. Lg).

Lemma 1 P’ is invariant under the Weyl group action and IT o s; = siL oIl on P'.

Proof Let u = Hjel y;.Lj € Plandiel.

If r; = r, we have s; (1) = uyl._z‘“ (Hj~i,r,:1 Y;Mi)(njw',r,—:r yi) € P’. More-
over I1(si (11)) = I ()y; M ([T ¥i) = sEUT ().

If ;, = 1, we have p; € rZ and s;(u) = ,uyfzﬂ" (1~ y}“) e P’. Moreover

I (si () = TG0y [Tjirm1 Y Y i Y0 = SEAT ). O

Remark 1 If g is of type By and A € P* N P’, then all terms in x (1) correspond to
weights in P/, and so IT(x (1)) has the same number of monomials as x ().

According to Proposition 1, we have, for A € P’ N P,

OG0 = D mux" (), mj e

peplt

It is clear from the definition that the maximal ji for which m; # 0 is the image of
A under I1. Moreover, in this case m; = 1. An interesting problem is to compute
explicitly all other multiplicities m , the Langlands duality branching rules.

One of the main results of this section is the following:

Theorem 1 The multiplicities of weights in x L1 (0)) are less than or equal to those
in IT(x (X)).

In other words, XL(I'[ (A)) can be seen as a “subcharacter” contained in I7(yx (1)),
thatis, x Laaon) < ¢ x (1)) where < is the obvious partial ordering on polynomials.
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Langlands duality for representations of quantum groups 711

Remark 2 In general, the character x (1) is given by the Weyl character formula. So
one could try to prove the above results by using the Weyl formula. However, it is not
clear how to do this: although the Weyl groups of g and ©g are isomorphic, there is no
obvious relation for the half-sums of positive roots p and 0.

Before giving the proof, we consider some explicit examples.

Let g = By. Then L'g = C,, which is isomorphic to B, but with the switch of the
labels of the Dynkin diagram 1 — 1 = 2,2 — 2 = 1. In other words, &; corresponds
not to w;, but to wr.

We have P’ = Zw) + 2Zw,. Here are the simplest examples of action of IT on
characters of irreducible representations:

O(x(@) = +yy0 "+ +yrh+ 1= xb@n.
M Q) =2+ v,y +1+y7 2+ )
4oy Ly o = x @),
O(x Qo)) = Gf + 324372+ 3107 + 2437+ v v +37 ' + 9170
vy vy v = @ay).
Let us look at some examples for g = G». In this case g = G», but again with the

switch of labels of the Dynkin diagram, as in the case of B. We have P’ = Zw|+3Zw3.
Here are a few examples:

O(x@)) = 1+ y2y7 + 377 5+ 1+ 372 + 35 v o7 + 1= xE @),
L(Bw») is of dimension 77. We will not write it out explicitly, but only write

O(x(@) = 24y, ¥ +y1 + 7 v+ vy + vy !
R N R T e IR e B AT )
231 + 297 o+ 2y T3 4 29 2y 2y, 207t = xE ).

2.2 Langlands duality of crystals of irreducible representations

To prove Theorem 1, we will use the crystal basis theory. It gives us an algorithm to
compute character formulas. We will see that the statement of Theorem 1 is actually
satisfied at the level of crystal. Before proving this, we state a closely related result
describing a duality of crystals of irreducible representations of U, (g) and U, (tg).

Let . € P’ N P and B(\) be the corresponding crystal of L()), with a highest
element u, and crystal operators e;, f;. We consider the operators

L 14+r—r; L 1+r—r;
fi=f6n 7, e = ®)

Let B/(1) be the connected component of u;, in B(A) for the operators fiL, eiL. Note
that the definition of /3'(1) depends only on the structure of the g-crystal of B(1).
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The weight of the elements of B’()) are in P’ and so for v € B'(A) we can define
wtL (v) = IT(wt(v)). Then for any simple Lie algebra g (including G,) we have the
following theorem.

After the first version of this paper appeared, we learned from Nakajima that this
theorem follows from a special case of [18, Theorem 5.1] (namely, we put £ = Id;
and m; = 1 4 r — r; in the notation of [18]). Note that [18] discussed examples of
embeddings B(A) — B(mA) and foldings obtained from automorphisms of simply
laced Dynkin diagrams, whereas in the present paper we view this in the context of
Langlands duality.

Theorem 2 For . € P’ N P+, (B (M), eiL, l-L, wtl) is isomorphic to the Lg—crystal
BE(IT(0)) of LUT(L)).

Thus, by using only the crystal of the g-module L(X) we have constructed the
crystal of the L g-module L(I71(1)).

Remark 3 Letuslook at g = B». If p is even, to the representation L (mw; + pw;) of
g corresponds the representation L(mw; + pwz/2) of L g = Cy. But Cy ~ Bj. So if
in addition m is even, to the representation L(mw; 4+ pws/2) of Lg corresponds the
representation L(mw;/2 + pw;/2) of L(fg) = g. Thus, we see that this Langlands
duality here is not an involution.

Theorem 2 implies Theorem 1 as we have

ml > wim) | = x"U1().
m'eB’ (1)

2.3 Reminder: monomial crystals
Let C be a Cartan matrix of finite type and s: I — {0, 1} (i — s;) a map such that

Cij < —1limplies s; +s; = 1. Introduce formal variables Y; ;, and let A be the set of
monomials of the form

uj 1 (m)
m = H Y , uj(m)eZ.
iel,leZ

A monomial m is said to be dominantif Vj € I,] € Z, uj;(m) > 0. We set

Cj.,'
Al,l = Yl,l*lyl,l+]Hijl € A.
J#

Consider the subgroup M C A defined by

M={meA|u,m)=0if | =5 + 1mod2}.
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Letus definewt: A — P ande;, ¢i, pi,qi: A > ZU{oo}U{—o0},¢e;, fi: A —
A U {0} fori € I by the formulas (form € A)

wt(m) = Z u;(m)w;,

iel,leZ
$i(m) =D uii(m), @;(m)=max{0, {¢iL(m) | L € Z}} > 0,
I<L
€i,L0m) = =D uii(m), € (m)=max{0, {e; (m) | L € Z}} >0,
I>L

pi(m) = max{L € Z | ¢, 1 (m) = €;(m)},
gi(m) = min{L € Z | ¢; L (m) = ¢;(m)}.
| if € (m) =0,

ei(m) = )
mAi‘p;(m)fl if e,-(m) > 0,
0 if ¢;(m) =0,

mAi_,c},«mm if ¢i(m) > 0.

Ji(m) = I
By [19,24] (M, wt, €;, ¢;, e;, f;) is a crystal (called the monomial crystal). For m €
M we denote by M (m) the subcrystal of M generated by m.

Theorem 3 [19,24] If m is dominant, then the crystal M(m) is isomorphic to the
crystal B(wt(m)) of L(wt(m)).

In the following we will use the notation i; for ¥;,.

2.4 Examples
We first study examples for Lie algebras of rank 2 and the following representations:

Definition 1 The irreducible representations L((r 4+ 1 — r;)w;) will be called pseudo
fundamental representations, and the corresponding highest weights (r + 1 — r;)w;
will be called pseudo fundamental weights.

Note that the pseudo fundamental weights span P’. By Theorem 2, the crystals of the
pseudo fundamental representations of g correspond to the crystals of the fundamental
representations of g.

Let us start with B>. We have the crystal M (Y1 o) of the five-dimensional funda-
mental representation of U, (B2) decomposed in ML(YLO) of the four-dimensional
fundamental representation of ¢/_;(C>) and to MED:

o> 1522 321250 3 1252 5 1

o> 1512 = 127" 5 1,20 1)
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Now we have

22 29
2
202, 1 2 1
\ \
2
—212 -1 —142 —1
2,213 202215 2,113 1512,
1 lZ 1
113" 2027 115! 2 1
1 lZ 1
-2 —1ny—1 -2 -1
15723 2,2 1322, 2,15
z / /
1 1
132,27 2 15!
2
2,2 2!

The left crystal is M(YZZ’O) corresponding to the ten-dimensional representation
L(2wy) of U,(Bz). The middle crystal is ML(Yz,o) corresponding to the five-
dimensional fundamental representation of {/_;(C2). The two right crystal contain
the remaining monomials and are, respectively, isomorphic to M% (Y7 1) and M%(1).

Now we suppose that g is of type Ga. M (Y] o) has 14 terms
(o 1512}, 202, 1. 2025710, 2371 202157 a1y 20257 15728, 25125 10,
1,°2325°, 23257, 25 l‘j’ lg ).

The corresponding B(w;) has terms with two connected components described
here. The first component is {1, 12_12f, 23_31%, 121;1, 1;223,

25 3 lg, 15 1} isomorphic to B% (w;) and the second component is {2 125 1} isomorphic
to BL(0).

M(Yg o) corresponds to the 77-dimensional representation of 4, (G2). The corre-
sponding B(3w,) has 29 terms with 4-connected components that we describe. The
first component is isomorphic to B (w,):

%3, 212—315, 1%13—21, 11313—3223,%1;323, 2,315,232, gt 1515123, 2,013,
15157°2,7, 13157, 15723, 25}
The second component is isomorphic to BL (w1) : {20251 1y,
-1 3571 —442 -1 -1 -2 2 A—1n=2 27—21-1
13720252, 7, 202,715,202, 13157, 1572025, 25, 24711, 25267157}
The third component is isomorphic to B (w1) : {232,213, 232415,
—25—112 —17.1=1 Hdp—11-2 351 ~1n_~—1
2,720 17,2020 11157, 25207157, 222,720 13, 1572224}
The fourth component is isomorphic to B (0) : {20222;12(? ! }.
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Now let us look at the remaining example of Sect. 2.1 for g is of type B.

12 12
1 1
101512% 1015121
1 \ .
15224 102125 1522 S 1o
’ / : /
1 1
1712327 112252 2 11223 15'2
2 1 ll
23272 1ol 2:27! 115! 2
2 1 ll
21251, ;01122 2 ;1712 25,
\ \
2 2
—442 —1 1 212 -1
27413 1;'2123 2213 ) 1
l / !
2
) -1 -1 -1
27711, 25 a1y
1 1
-2 -2
1, 1,

The leftcrystal is M (Y. 12 o) corresponding to the 14-dimensional representation L (2w1)

of Uy, (B2). The middle crystal is ME(Y 12 o) corresponding to the ten-dimensional rep-
resentation L (2w;) of U_,2(C2). The right crystal contains the remaining monomials
and is isomorphic to M* (Y7 ).

2.5 Proof of Theorem 2

We consider operators l.L, el.L on M as defined in formula (5). Let
M ={m' e MViel,l € Zyu;; € (r+1—r)Z}
={m e M\Viel,l €Z;u;; €rZ ifr,=1}.
As wt(M') C P’, we can define wt’ = IT o w on M.

Lemma?2 Leti € I such that r; = 1. Let m € M’ such that €;(m) > 0 (resp.
¢i(m) > 0). Then for 1 < g <r — 1 we have

(1) €i(e]l (m)) > 0 (resp. ¢ (f(m)) > 0),

() pilel (m)) = pi(m) (resp. qi (f;(m)) = qi(m)),

(3) ei(m) = mAlT‘pi(m)f1 (resp. f!(m) = mA;;i(m)+1).
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716 E. Frenkel, D. Hernandez

Proof We prove the assertions for ¢; (m) > 0 (the assertions for €; (m) > 0 are proved
in the same way).

Asm € M',wehave ¢; (m) € rZ,andso ¢; (m) > r.So ¢,-(fl.q (m)) = ¢i(m)—q >
1 and the statement (1) is proved.

We have fi(m) = mA;;i(m)+1. We have @; 4;(m)(fi(m)) = ¢i(m) — 1. For
[ > gi(m) + 2, we have ¢; ;(fi(m)) = ¢i(m) —2 < ¢i(m) — 2. Forl < gi(m), we
have ¢; ;(m) € rZ, so ¢; (m) < ¢;(m) —r and ¢; ;(f; (m)) = ¢; ;(m) < ¢i(m) —r.
So gi(fi(m)) = gi(m) and we have proved the point (2) forg = 1. If r = 3 we

also have to prove the statement for ¢ = 2. We have fl.z(m) = mAl._‘i_ (m)+1- We

have @i g, m) (fi(m)?) = ¢i(m) — 2. For | > g;(m) + 2, we have ¢;1(f7(m)) =
¢i,1(m)—4 < ¢i(m)—4.Forl < gi(m), wehave ¢; ;(m) € riZ,so¢;(m) < ¢i(m)—r
and ¢; 1 (f7(m)) = ¢i.1(m) < ¢i(m) — 2. S0 q;(fi(m)) = qi (m) and we have proved
the point (2) for g = 2.

The last assertion (3) is a direct consequence of the first two assertions.

Let IT : M’ — M be the map defined by
i (m) (1 —ri) !

I(m) = HYM

iel

Let ML be the monomial crystal for g. Viewed as a set, M’ is equal to M and so
we can view the map I7T as IT : M’ — ML,

Theorem 4 M’ L1 {0} is stable for the operators fiL, eiL which define a structure of
Lg-crystal on M'. The map IT : M' — MZ is an isomorphism of L g-crystals.

Proof The stability for ¢;, f; when r; = r is clear as the Afl € M'.Whenr; = 1it
is a consequence of Lemma 2 as the Aflr e M.

To prove that we have a crystal isomorphism, first note that the compatibility of the
map with €;, ¢; is clear. Then for the compatibility with the operators ¢;, f;, it is clear
if , = r and if r; = 1 it follows from Lemma 2.

Theorem 2 is a direct consequence of Theorem 4. Thus, Theorem 2 is now proved.
As discussed above Theorem 1 is also now proved.

Remark 4 The proof given above also implies that Theorems 1 and 2 hold for any sym-
metrizable Kac—Moody algebra such that » < 3 (see [16] for their monomial crystal).
Here the 7; are defined as the set of relatively prime integers such thatr;C; ; = r;Cj ;,
and r is the maximal number among the r;.

3 Interpolating quantum groups

In the previous section we have described a duality between characters and crystal
bases of finite-dimensional representations of U, (g) and U, (£ g). We would like to
explain this duality in the following way: there exists a two-parameter deformation
of both of these quantum groups, which we call the “interpolating quantum group”.
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Langlands duality for representations of quantum groups 717

Moreover, the dual finite-dimensional representations U, (g) and U, (L g) appear as
the result of specialization (of the first and the second parameter, respectively) of a
representation of this interpolating quantum group.

In this section we define the interpolating quantum group and in the following two
sections we construct their representations which exhibit the desired duality property.

Let again g be a finite-dimensional simple Lie algebra and U, (g) the corresponding
quantum group. We denote by 4, (g) the algebra with the same generators and relations
except for the Serre relations. Note that U, (g) and U, (g) have the same categories of
finite-dimensional representations.

The interpolating quantum group U, (g) is an associative algebra depending on
two parameters, ¢ and ¢. (Note that this algebra is different from the two-parameter
quantum groups considered in [2,25].) We will then establish the following Langlands
duality property of these algebras: the specialization with respect to one parameter,
t = 1, gives the quantum group U, (g), and the specialization with respect to the other
parameter, ¢ = €, where € = 1 for simply laced g and exp(si/r) for non-simply
laced ones, gives the Langlands dual quantum group U_, (" g).

3.1 Interpolating simply laced quantum groups (r = 1)

Let g be a simply laced simple Lie algebra, thatis, 7 = 1. In this situation the definition
of the interpolating quantum group is essentially equivalent to the usual definition of
quantum group. In what follows by an “algebra” we will always mean an associative
unital algebra over C.

Definition 2 4, ;(g) is the algebra with the generators X li K l.il, K l.il and relations
K,-th = qic"vf'inKi ’I(V,X]i = tiC"-fX].iEi,

K:K; — (K;K;)™!
gt — (g~

[Xi, X1 =8
Note that
Uy (@) D (iKD)™ X)) = Uy (9),
and that we have the following interpolating property:
Up 1 (@)/(Ki =1) ~Uy(g) and Uy, (@)/(Ki = 1) =U(g) =U("g).

As a special case, we have the elementary interpolating quantum group 4, ,(A1). The
elementary rank one subalgebras of U4 ;(g) corresponding to simple roots are all iso-
morphic to, ;(Ay) if g is simply laced. This is analogous to the properties of standard
quantum groups. We will see in the following that for non-simply laced g we will have

to consider other elementary (rank 1) interpolating quantum groups corresponding to
Bi,Cy =%By, Gy, and £G;.
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718 E. Frenkel, D. Hernandez

3.2 Elementary interpolating quantum groups for r = 2

For r = 2 we have € = exp(rri/2) = i. We will define two elementary interpolating
quantum groups U, ,(C1) and U, ;(B1). The definition of the first one is simple.

Definition 3 1/, ,(Cy) is the algebra with generators X + K*!, K*! and relations

KXt = g™ Xx*TK , KXt =P X*K,
KK — (KK)™!

Xt X 1= )
[ ] g2t —q2t-1

Note that
Uys(C1) D (KK XF) > Up, (sh),
and that we have the interpolating property

Uy 1(@)/(K = 1) > Uyp(sly) = Uy (Cy)
and  Ue,(9)/(K = 1) > U_(sly) =U_,(“C)),

asU_;(sly) = U_(By).

Definition 4 1/, ,(B,) is the algebra with generators X * K=l K £l n, central ele-
ments C, C and relations

(C[Kil, kil, n] is commutative,
KX* =¢®X*K , KXt =X K, nxt =XxT(n+ 1),
g€ RN + 4 CERE) P — gFUHRK — g 7R K)!

XtXF =
(g —q=H(gt — (@~

. (0)

where P = (—=1)" and ¢ = PC — 1/2.

Note that we have t$ X+ = Xit_’*:_l, P2 =1 and P commutes with EZ and F2.
We also have the following:

GCERENP 4 ¢ C TR P = gPCERE 4 g~ PCr—gFI
The elements
Cas(q) =q€ +¢ € and Cas(r) = FT1/2 476712
are central. The element Cas(q) will correspond to the Casimir element for the spe-
cialization ¢ = 1. For the other specialization, g = ¢, the Casimir element will not be

exactly Cas(t), but 21+ 4 ;=204 which is not central in the whole algebra, but
commutes with (X jE)2.
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Langlands duality for representations of quantum groups 719

Lemma 3 The algebra U, ,(By) is well-defined.

Proof The only point to be checked is the associativity condition
(XEXF)XT = xEF(XTXxT).

It is satisfied as we have

(q (t K:I:I)P +q C(t K:I:l) :Fl ZECKK q:tlt:FC(KK) I)Xﬂ:
— X:l:(qC(t—CK:tl) P _I_q—C(t—CK:tl)P —qill‘;CKK _q$l iC(KK)_l).

Let us look at the specializations of U, ,(By) att = 1 and g = € =i. Let
FXH/a@—1Th, K=K

Proposition 2 The subalgebra of Uy (B])/(I% = 1) generated by X*, K*! is iso-
morphic to Uy (sh) = Uy (By).

The subalgebra of LIE,,(Bl)/(K2 = 1,Kq"C = €) generated by X*, K*! is
isomorphic to U2 (sly) = U_,(C1) = U_, (" By).

Proof First, let us consider the specialization U, 1(31) at t = 1. Then the ele-

ment K becomes central and we can specialize K = 1. We have the relations
KX* = ¢*?X*K and

(@ —q XEXT +¢T'K +¢*' K = Cas(q).
The equality implies the standard relation

K — —1
Xt, X" 1=

-1 °

Cas(g) is central and corresponds to the central Casimir element in U, (sl2). So we
have an isomorphism.

Now let us consider the specialization of U, ,(B1) at ¢ = €. Then K 2 becomes
central. Let us consider the algebra Z/{EVI(BI)/(K2 = 1). We have the relations:

KX* = —X*K ,KX* = —x*K , Kx* = F'x*K,
( PC _I_GK)(IEI%il € PCKI CK¥1)
q q

—2(t+1t71)

XEXTF =

Since (¢F€ +eK)X* = X*(q7FPC —€K) = X*(—eKqg ) (¢PC + €K), we find
that 4(r + 1~ 1)2(X*)2(XF)? is equal to

_eKq—PC(qPCK+6)2(t—5—212:|:1 +6qPCKtE+2k$1)
x(t°K* — eqg PCK1CKTF).
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So it is natural to specialize at Kq”C = €. We obtain that

2RE2 + 2KF2 2048 _ 20140

2 T2
(X )(X ) - (t+t_l)2

The above relations can be rewritten as
(t2 _ [_Z)ZXiX:F + [:FZIC + t:l:zlc—l — t2(1+5) + t—2(1+5)_

The element 20+ 4+ =20+ commutes with X%, K*! and corresponds to the
Casimir element (see the above discussion). We get the equality

K-k

+ —
R

3.3 Interpolating quantum group for r = 2

Let g be a simple Lie algebra such that » = 2, that is, g is of type B, C, or Fjy.

Definition 5 4, ;(g) is the algebra with generators Xii, Kiil, 1%?1, ni,Cj, C~‘j (1<
i, j <n,r; =1)and relations

(C[Kii, 12,#1, n;,Cj, C’j]lsi,jfn,rjzl is commutative,
U = (X, K KEY ~ Uy (C) if =2,

U = (XE K K 0, €, Ci) = Uy (B if 1y =1,
KiX7 =q™CIiXTK, KiX7 =1"iREK,,

(X, X7 1=1(=D", th] =0 fori#j.

Let us consider the elements

XE=FXH2 /e —17Y, Ki=K? forr =1,
)(l,izXl.i, ICI'=I€,' for r; = 2.

The specialization at ¢ = € = i = +/—1 should not be confused in the following
with the index i € I. Proposition 2 implies

Proposition 3 The subalgebra of L{qgl(g)/(ki = 1) generated by the Xii, KijEl is
isomorphic to Uy (g).

The subalgebra ofi/{e,,(g)/(l(i2 =1, KiqhC = €) generated by the Xii, ICZ-jEl is
isomorphic to U_; (" g).

In the proposition, by convention, P;C; = 1ifr; = 2, thatis, the relation K;¢ ¢ =
e means K; = 1.
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Langlands duality for representations of quantum groups 721

According to the above proposition, U, ;(g) interpolates between U, (g) and
U_;(Lg) the quantum groups without the Serre relations. Is it possible to have an
algebra that interpolates between the quantum groups U, (g) and U_,("g) with the
Serre relations? In other words, can one construct a two-parameter deformation of
the Serre relations of U, (g) and U_;(Xg)? In this paper we are only interested in
finite-dimensional representations. Therefore this question is not important, because
finite-dimensional representations of U, (g) are the same as those of {4, (g) (and simi-
larly for U_; (t g) and U_; (¢ g)). But for other representations this question becomes
important. The examples given below indicate that in the framework of U ;(g) the
answer is negative.

In fact, in Example 3 of Sect. 5 we will construct a finite-dimensional representa-
tion V of U, ;(B,) which interpolates between representations of U, (Bz) and U, (C>)
(and hence of U, (Bz) and U_,(C>)), but for different vectors in this representation
different ¢-deformations of the Serre relations of U, (B) will be satisfied. Imposing
either of them (or another ¢#-deformation) on the algebra would lead to additional rela-
tions that are not satisfied in V. Therefore V is not a module over this algebra. Hence it
appears impossible to incorporate a two-parameter deformation of the Serre relations
into U, (@) in such a way that Proposition 3 would hold for the quotient, with 4, (g)
and U_,; (Lg) replaced by U, (g) and U, (Lg).

To illustrate this point further, consider the following example of a candidate for
a t-deformation of the Serre relations for g = B> (note that we do not use it in this

paper):

2 2., - 2
XSXTT =@t +q 2 HXTXTXT + XX =0, (7
3 — 2
XPX3 —t@® +14+q¢ HXTXTXT
+ 2P+ 1+ XXX — o XX =0,

Att = 1 we recover the Serre relation of U, (B>). Let us consider the specializations
S, S’ of these relations at ¢ = €. By computing §'X; — tX; S’ we obtain

2 — 2 2 2
XF (X3 = @+ XEHXT X + (x3Hx | =0,
which is one of the Serre relation of U/_;(C>). By computing

XFSXT — (140X XS+ P+ 1+ 728X X
—X{SX5 — @+ HXF XS+ ¢+ Hsx !XT,

we obtain

2 3 _ 2 2
XX — @+ 1+ 7)XFxFHXT
FE 1+ XXX - xPxd) =o,
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which is another Serre relation for /_;(C») (both relations should be written in terms
of X{ and X" = (X7)?).
But if we compute the bracket of the second Serre relation with X, we obtain
3 _ _ _ _ 3
KiX$F (A +gHe =1 =0 -0 —-q (1 +q K ' X5
Then we following identity which does not hold in either U, (B3) or U_,(C>):
3 _ _ 3
KiX3 q*A+) =' 1 — ¢ 7K' xS

Hence if we include the relations (7), we obtain an algebra that does not have the
desired interpolation property.

3.4 Interpolating quantum groups for r = 3
For r = 3 we will define two elementary interpolating quantum groups U, ,,(G1) and
L{q,,(LGl). We have € = ¢271/6,

Definition 6 1/, ,(LGI) is the algebra with generators X £ K, K=*! and relations

KXt =¢*™x*TK, Kx*=rXx*K,
[XT, X" ]= %.
Note that
Upi(“G1) D (KK, XF) > Up,(sh)
and that we have the following interpolating property:

Up a1 (@)/(K = 1) >~ Uys(shy) = Uy ("G1)
and  Ue (9)/(K = 1) > U_(sh) =U_,(G)).

Let us define the elementary interpolating quantum group U, ;(G1). First we need
the following polynomial map F(X) = X (X—ez)(l —62)_1 which satisfies F (1) =1,
F(e?) =0, F(e*) = —1.

Definition 7 We define the algebral{, ;(G1) as the algebra with generators X £, K,
K*!, n, central elements C, C and relations

C[Kil, Igil, n] is commutative,
KXT =¢P?X* K KXt =X K, pxT =Xt 1),
XEx¥
=g R 4 AR — TR R — M KT R 8

where P = F(e21t1 ¥y and ¢y = PL.C F1/2.
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Langlands duality for representations of quantum groups 723

Lemma 4 The algebra U, (G1) is well-defined.

Proof The only point to be checked is the associativity condition
(XEXF)X*E = XE(XFXxH),
which is verified as follows:

GCE=ER)PE 4 g Ca =Ry~ — gF K= R)PE — gF k1 (1% B) PR x*
— XF(GC TR AP 4 g~ C (S F IR )P
_qﬂK(taﬁlktil)P; _ q:Flel(tE;:Fllgtﬂ:l)fP%)
= XF T +q 1 FK)
—qF KR — T KT FR) .

Let us set

—\3(_1\ym+1 5
(XD e

b xHy _
T (=M@ =173 T (4 et 4203 =13

Proposition 4 The subalgebra oqu,l(Gl)/(Ig = 1) generated by K*', X*/(q —
q’l) is isomorphic to Uy (slr) = Uy (G ).

For any m € 7.J27, the quotient by €1 = 1, K = (=1)", ¢© = (—1)"€ of the
subalgebra of U ;(G1) generated by X*, K is isomorphic toU_,3(sly) = U—_,(* Gy).

Proof The first point is proved as for U4, 1 (B1). Now let us consider the specialization

of U, (G1) atg = €. Then K3 becomes central. Note that we have, P XF = XF P,
where Py = F(ez’z”). We also have PyX* = X* Py and

ELXT =XF(PC F1/2), (PoCTF1/)XT =XF@EzF1).
So we can compute (X%)3(X¥)3, and we obtain
(qc(taik)Pi + qfc(tzilg)fpi _ qulK(tﬁiIg)Pi _ qilel(tEiIg)fPi)
X(qc(tpoéﬁ/zlg)m + q—c(tpoéxs/zlg)—m
_q:F3K(tPOC¢3/2Ig)P§ _ q:I:3K—1 (IP06¢3/212)—P02)

X (qC(tE;:F:;IE')P; + q7C(tE¢:F3I€)7P;

_q:FSK(tE;:FSIg)P% _ q:tSK—l(tE;:FSIg)—P%).

Note that €27 and K commute with (X¥)3. So we may take the quotient by the
relations K = (—1)", €2" = 1 and g€ = (—1)"e where m € Z/27. In particular, we
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have Py = 0, P+ = +1, &+ = +C F 1/2. For (X*)3(XF)3 we obtain

(1 4 €* 4+ 265) (150 RE 4 4T RF1 _ 282,70 Rl _ 27240 g1y
X (1) FEPRF L AF 3 REl _ 252 TR | 2T g1y
= (=D + € + 260 (1 — eH2(FEFKF — (FE KT
X (1FEFH3RF _ +ix—3 L)

— (=)™ (1 +e* 4231 — eH2(—13RF2 —BPRT? 4 2C+2 + fzéfz)'
We have
_XiX:F(ts _ t‘3)2 LR 4 B2 t26+2 + t—zé—z_
Now we are in position to define the interpolating quantum group Uy ;(G2).

Definition 8 1/, ,(G>) is the algebra with generators Xl.i, Kl.il, Igiil, n, C, C (i =
1, 2) and relations (i # j)

(C[Kii, I%iil, n, C, C‘]izl,z is commutative,

U = (X, K KEY ~ U, (FGy),

U = (X5, K5 Kf1,n,C,C,C) =~ Uy (Gy),
K,-in = qi”c’?finK,- , kixji = r*iCiBE;,
(X5, XF1=0.

We define Xzi, K2 as for Uy (G1). Let m € Z/27. From the above results we have
the following:

Proposition 5 The subalgebra ofuqyl(Gz)/(IE,- = 1) generated by X+ Xzi/(q -
g h, KijEl is isomorphic to Uy (G2).

The quotient by € = 1, K1 = —1, K» = (—1)", ¢¢ = (—1)"€ of the subalgebra
of Ue 1 (G2) generated by Xi, Xzi, Iglil, IC;El is isomorphic to U_; £Gy).

We have thus defined an interpolating quantum group U, ,(g) for any simple
Lie algebra g. The same definition gives us such an algebra for any symmetrizable
Kac—Moody algebra g such that r < 3. We just use the relations of the elementary
interpolating quantum groups in the same way as above. We conjecture that this defi-
nition may also be generalized to all symmetrizable Kac-Moody algebra g.

4 Representations of elementary interpolating quantum groups
Representation theory of the elementary interpolating quantum groups U (A1),

Uy 1 (C1), Uy EG)is easily derived from the representation theory of the correspond-
ing standard quantum groups. So we need to consider only U, ;(B1) and U, (G1).
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For these algebras we will observe the simplest examples of representations interpo-
lating between finite-dimensional representations of Langlands dual quantum groups
of rank one. Even though naively we have LB, = By and LG = G, the resulting
duality of representations is non-trivial.

4.1 Simple finite-dimensional representations of U, ;(B1)

As in the representation theory of quantum groups, let us start with Verma modules.
We want to construct a Verma module M (1) with respective highest eigenvalues of
(K,K,n,C,C)givenby A = (A, &, E, A, A) € (C*)? x {£1} x C2. We set:

MQO) = @C(X—)"m.

n>0

We have the obvious action

X" (X)) = X)), C=Ald, C=Al,
K((X7) ") = Ag 72" (X)), KX 7)) = A" ((X7)"vy),
(X)) = (=D"XT(X7)"v;.
The point is to have a well-defined action of X such that X Tv; = 0. From the rela-

tion involving X+ X, the action is uniquely defined. The relation involving X~ X+
evaluated on v, imposes the following condition on A:

Lemma 5 The Verma module M ()\) is non-trivial if and only if
qEAtEA—%i—l n q—EAt—EA+%): _ qt_EA+%5»)» _ q—ltEA—%(M)—l -0

Now we want to have a Verma module with a finite-dimensional quotient. For the
specializations defined above, we consider p > 0,n = 2p, A = ¢, A = t”. So we
obtain the relation

iol_ _EA,—EAt1 —EAtl en, EA-1_
GEAEA=S=p | g=EA—EA+Stp _ 14 —EAtgtp _ (—l-nEA—j-p _

q
Thus, we have EA = —(n+ 1) or (EA = (n+ 1) and EA = p + 1/2). But to have
the second specialization of Proposition 2, we must have K¢g©¢ = € at ¢ = ¢, so

e"tEA — ¢ Sowearein the second case EA = n+1. Consider an (n+1)-dimensional
vector space

Vy,=Cuvy® Cv; & ---& Cu,.

Wedenoten = 2p € 2Z,v_1 = v,4+1 = 0and use the usual quantum number notation
[mly = X" —x™™)/(x —x~ ") form € Z.
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Let us consider operators on V,, defined by C = n+ 1, C = p + 1/2, and the
following formulas:

Xtvyj =[n—2j+gvaj—1, X w1 =[n—2jlgv2j,
X vy =[2j + Hgvzjt1, X vajp1 = [2) + 2grv2j42,

2 = —j .
K.vqu” ~’vj, va=tp ~’vj, n.vj=—jvj.

The idea of this deformation is just to replace the quantum box [m], where m is even
by [m]y:.

Lemma 6 The above formulas define an action of Uy ;(B1) on V.

Proof All relations are clear without computation, except for relations (6). Let us
check these relations.

(@ —q N(qt—@gnH HXTX v = (@ =g N ((qn)" ¥ = (gn) vy
_ (qn+1tn72j +q7n71t2j7n _ qn74j71t7172j _q4j+17nt2j7n)vzj’
(¢ —q gt — (@)™ HX™ X T vy
= (¢" T — g (g0 — (@) )y
_ (qn+lt2j +q—n—lt—2j _ qn+l—4jt—2j _q4j—n—1t2j)v2j’
(@ —q gt — () HXTX .y
= (g = (@) (" =g T g
_ (q—n—lt—zj'—z + qn+1t2j+2 _ qn—4j—3t—2j—2 _ q4j+3—nt2+2j)v2j+1’
(@ —q gt — (g HX X

—2j —n+2j 2j+1 —2j—1
= ((g0)"™ = (@)™ @V T =g D
— (q—n—1t2/—n +qn+ltn—2/ _ qn—l—4jtn—21 —q4/_n+1t2J_n)U2j+l-

The formulas are also satisfied at the limits as for X~ X Tvg and for XX v, p we get
qn—H +q—n—l _ qn—H _ q—n—l —0.

Note that V, = Cug @ Cvy & - - - @ Cuy,, is stable for the action of E% and F%. We
interpret this as a Langlands duality of representations corresponding to B; and Ci
as follows: the first specialization of Vj, is the (n 4 1)-dimensional simple represen-
tation of Uy (sl2) = U, (B1), and by using the second specialization we obtain V,,, the
(p + 1)-dimensional representation of U2 (slr) = U_;(C1) = U_,(*By) (at q =€,
we have K2 = 1 and Kg?'¢ = € on V,, as in Proposition 2).

Remark 5 Ifn ¢ 27, we can also define a representation of {4, , (B) with the same for-
mulas. Indeed the formulas are also satisfied at the limit: it is the same for X ~ X T vy and
for XTX w4 wheren = 2j + 1 we get gl gt gyl
g" 1"+ = 0. But then we cannot use the second specialization on V) atqg = € as
we have K¢ "€ vy = —vy different than in Proposition 2.
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4.2 Representations of U, ,(G1)

Let V,, be asin Sect. 4.1 where n € 3Z. Letus consider operators defined by C = n+1,
C = (n + 1)/2 and the following formulas:

XT3 = (q —q Hin—3j + 1gv3j-1, X v3; = (g —q I3j+ 1,v3j41,
X351 = (gt — (qt) "D — 37103, X v3j41 = (@ —q DI3j + 2140342,
Xtv3j40 = (g —q Hin—3j — 1lgv3j41,

X" v3j42 = (g1 — (gD) " DI3j + 3lgiv3j42,
Kvj=q"%v;, Kv;=1"*""v;, nvj=—jv,.

The idea of this deformation is just to replace the quantum box [m], where m = 0[3]
by [m]g,. This is analog to the deformation considered for Bj.
Note that we have in particular

Prvzj =v3;, Przjp1 =0, Prusjio=—v3ji2,
P_v3; = —v3j, P_.v3j41 =v3j41, P-.v3j42 =0.

Lemma 7 The above formulas define an action of Uy ;(G1) on V.

Proof All relations are clear without computation, except for relations (8). Let us
check these relations.

XTXTsj = @ =7 (@n"™ — @0V "y,
= (@3 g1 B gn6i=1yn=3] _ j6j+1-m3=my,
XTX " v3j41 = (@ — g (" — g s
_ (qn-l-l +q—n—l _ qn—ﬁj—3 _q6j+3—n)v3j+h
X+X_.U3j+2 _ ((q[)3j+3 _ (qt)—Sj—3)(qn—3j—2 _ q3j_"+2)v3j+z
=(q
X~ XT3 = (@" T = @ (g0 — (g0 )vs;
— ("3 g g T eI _q6j—1—nt3j)v3j’
XX w300 = ((@0)" " = @)@ = g7 s
— (qn+1tn_3j +q_"_1t3j_"—q"_6j_1tn_3j —q6j+l_nt3j_”)v3j+1,

nH 343 =1 =3j=3 _ gn=6j=5,-3j-3 _q6j+5—nt3j+3)v3j+2’

X" XTws3jpn = (" = g (g — g 0340

— (anrl +q,,,,1 _ qn76j73 _q6j+3fn)v3j+2.

The formulas are also satisfied at the limits as for X ~ X T v and also for X T X TV3(n/3)
we get qn—H + q—n—l _ qn+l _ q—n—l —0.
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Note that V, = Cvp & Cuvz @ --- & Cu, is stable for the action of E3 and
F3. We interpret this as a Langlands duality of representations of G;: by using the
first specialization, V;, becomes the (n + 1)-dimensional simple representation of
U, (slr) = Uy(G1), and by using the second specialization we obtain V,, the n/3 +
1-dimensional representation of U,3(sl2) = U; (*Gy) (at g = €, we have € = 1,
K = (—=1)"?and ¢¢ = (—1)"/3¢ on V as in Proposition 4).

Remark 6 1f n ¢ 37, we can also define a representation of {4, ;(B1) by the same for-
mulas. Indeed, the formulas are also satisfied at the limit: it is the same for X ~ X T vy,
for XTX " v3;41 wheren =3j + 1 we getg" ! + g1 —g=~1 —g"*1 =0, and
for X* X ~v3j40 wheren = 3j +2 we get g" 1t - g=n=ly=n=1 _g=n=ly=n=1 _
g"T1't"*t1 = 0. But then we cannot use the second specialization on Viasatqg =€
we have K g€ vy = €2*+1y different than in Proposition 4.

4.3 Another interpretation of the duality

In this section we discuss an interpretation of the Langlands dual of Sect. 4.1 in terms
of the structure of the algebra U, ;(B1).

The duality of the simple finite dimensional representations of {4, ; (B1) in Sect. 4.1
in terms of characters is just the elementary duality between the following polynomi-
als:

2n

v 4 yZn—2

2—2n —2n

YTy S O O T DT DT

We have seen that it corresponds to an interpolating representation. At the level of
characters, we can define a similar interpolation. Indeed let us consider a map «(q, )
such that (g, 1) = 1 and a (e, ) = 0. Such a map is naturally introduced in [10,11]
(we will also see an elementary way to introduce it bellow):

alg.t) =(q+q gt —q 't —qg 2 HN

In the following it will just be denoted by «. Then the character

2n—-2 + 2n—4 2n—6 4—2n

y +ay 2—2n+ —2n

Y+ ay +o YT tay y

interpolates between the two formulas.
The character of a fundamental representation is y + y~!. This corresponds to the
decomposition of the Casimir central elements

Cas(q) = ¢ +¢~C, Cas(r) = 1“H1/2 4 1=¢71/2,
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The Casimir element of the second specialization is (t2(5+1) + t‘z(E“)), so we have
the following picture:

—1
Uy (B1) = Uq(31)®zq(31)<c[qc,q_c]

lqﬂe lDuality

Ue 1 (B)) <——— U_(C1) ®z_,c;) Clt¢, 17°]

Injection

Note that the tensor product U, (B1) ®z (B (C[qc, q_c] is a quantum analogue (for
g = By) of the algebras

U(g) ®zwg) UD),

where ) C g is the Cartan subalgebra, considered by Gelfand and Kirillov [13].

The decomposition of the Casimir element and the character formulas are closely
related. This can be put a step forward by having a similar interpretation of the interpo-
lating character in the spirit of the constructions of [10,11] in the affine case. Indeed,
we have the central element ¥ + Y~! in U, ,(B;) where Y = ¢"C+“*1/2 which
interpolates between Cas(q) and Cas(¢). (Note that we have Y Ex+t = xtyFl)

We define the completed algebra Z/qu, ¢(B1) as the algebra containing U, ,(B1) with
additional elements W*! such that W' X+ = Xt*W¥Fl and YW = aWY. Note that
because of the relation of the algebra, we cannot require it to commute with X ~. Note
also that we have Y ~!W~! = ¢ W~!Y~! which is compatible with the commutation
relations with X¥.

Let us explain how such a commutation relation Y W = o WY can be obtained nat-
urally in the spirit of [10,11]. We recall that the variables for the g-characters (affine
version of characters) are materialized as formal power series in generators of the
Heisenberg subalgebra of the level O quantum affine algebra. The g, t-analogues of
these variables (which are the building blocks for the generating series of the deformed
Wh-algebra W, ;(g)) are, in turn, related to a non-commutative Heisenberg algebra.
In the Bj-case this Heisenberg algebra has generators i[n] (n € Z) such that h[0] is
central and for n, m # 0 we have

(" —q 0" —17")
- :

[aln], h[m]] = 84, —m

As the Oth mode A#[0] is central, it is not clear how to obtain the commutation rela-
tions as considered above. But the finite type can also be seen as a limit of the affine
type case in the following sense. Let

h+(z) = exp Z himlz™"

+m>0
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Then h+(zq3t)h,(w) is equal to

m

—2m __ ,,—4m 1 — —2m
h_(w)h+(zq3t)exp(z g g ) -t )(wz_])m)

m>0
(1 — g *wz7H( —172¢ 2wz
(1 —g~* 2wz H(1 — g 2wz~ )’

= h_(w)hy(zq’1)

A priori, we cannot directly specialize at z = w = 1. But if we forget the interme-
diate formulas, everything makes sense for this specialization, and for ¥ = h, (¢°1),
W = h_(1) we obtain

(=g H—17%¢?)
S (d-g T H(A-q7?)

Yw WY =aWY.

To give a precise meaning to this specialization, we consider an additional formal
parameter u and replace w, z, respectively, by wu, zu~!. We get formal power series
inu~!. Sowe can set z = w = 1 and for Y (u) = hy(u"'gt) and W (u) = h_(u)
we obtain

(=g *u>) (1 —172u?)
(I —q72u?)(1 — g~ ~2u?)

Yu)Wu) = W)Y (u).

Now we can specialize from the affine type to the finite type by considering Y = Y (1),
W = W(l), and we get YW = a WY as explained above.

We have a notion of normal ordering : M : for monomials M in Y =1 w=l where
we put the Y*! on the left and the W*! on the right. Then we have

CYW+y w2 =a i yW) i 420+ a7yt w T
=o' COW)? +2+ Y WH? )+

In particular, the formula corresponding to the three-dimensional simple representa-
tion appears naturally as

(YW 4a? 4y Ttwh2

Note that this formula commutes with X+, as does : YW + Y~ !W~1 : which has
the same property. This can be interpreted as an analog of the invariance of the usual
characters for the Weyl group action or of the symmetry property of ¢g-characters for
the screening operators (see [11,12]).

It would be desirable to have a similar interpretation of the duality of characters for
general quantum groups.
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5 More general interpolating representations

By an interpolating representation we understand a representation of the interpolating
quantum group U , (@) which gives by specialization representations of the Langlands
dual quantum groups. We have seen in the Sect. 4 that interpolating representations
exist for elementary interpolating quantum groups. In this section we give additional
examples for non-elementary interpolating quantum groups. We believe that any irre-
ducible representation L(A) of U,(g) (equivalently, of U/, (g)) with A € P’ may be
t-deformed, in an essentially unique way, to a representation of U, ;(g) in such a way
that its specialization at ¢ = € gives a representation of U_,(*g) whose character is
I (x (A)).

We start with a simple finite-dimensional representation V of U, (B) with high-
est weight which has an even multiplicity for the node 2. We want to “deform” the
Uy (B2)-module structure on V. All weights of V have even multiplicities for the node
2. For v € V of weight mjw; + 2mow;, we set

K2v=q2m2v, Kov =1, K1v=q2"“v, Kiv =1".

The deformation will be necessarily semi-simple for i/} =~ U2, (A1), but moreover we
require that it is semi-simple for the action of > = U, ;(B1) with simple submodules
isomorphic to the representations constructed in Sect. 4. The actions of C and C are
uniquely determined from the action of X 3‘ and X, as it suffices to know the decom-
position in simple modules for (4. So the non-trivial point is to deform the action of
the X", X; .

We will consider 3 examples of interpolating representations of i, ,(B2). At the
level of crystals, they correspond to the examples studied in Sect. 2.1. The first one
is the most simple example where the duality occurs. In the second example we have
a multiplicity in the character and we can see that the relations between C and the
X ft cannot be written a simple way. In the third example we observe that different
t-deformations of the Serre relations arise in the interpolating representations.

Example 1 Let V = L(w;) be the fundamental representation of U, (B;) of dimen-
sion 5 which corresponds by duality to the representation of U/_; (C>) whose highest
component is the fundamental representation of dimension 4. Its character is y; +
y%yl_l + 1+ y1y2_2 + yl_l, and all weight spaces are of dimension 1.

We consider a basis (v;)1<;<5 of V such that vy is a highest weight vector,
vy =X v, v3=X, v, v4=X,v3/[2];, vs= X[ vs.

In this basis the action of the X li has matrix coefficients 0, 1 or [2],. We deform the
action by replacing the [2], by [2]4;, that is to say we only deform X 2* v3 = [2]4/v3F1.
The decomposition in simple modules for /] and U is clear and coincides with the
caset = 1.

Example 2 Let V = L(2w>) representation of U, (B>) of dimension 10 which corre-
sponds by duality to the representation of &/_;(C2) whose highest component is the
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fundamental representation of dimension 5. Its character is y% +y1+ y% Yy T+ y% 7 T4
214+ 3y +yiy; '+ y; !+ 5 2 There is a multiplicity 2 for the weight 1.

We consider a basis (v;)1</<10 of V such that v is a highest weight vector,

v =X,v1, v3=X,12/[2],
vy =X, v3, vs= va4/[2]q2, ve = X, vs,

v7 = X5 v6/[2]y, vs = X[ v2, v9=X,u8 vipo=X,v9/[2]y.

In this basis the action of the Xl.jE have matrix coefficients 0, 1, [2], or [2],12. We
deform the action by replacing these coefficients, respectively, by 0, 1, [2]4s, [2],2;-
That is to say we only deform

X vs = 2120451, X306 = Rlgivert, X7 vo = [2]grvag1.

The decomposition in simple modules for ¢/ and U is clear and coincides with the
case t = 1 except for the trivial submodules of i/, and U/; which are, respectively,

Clvg — [2]giv4) and  C([2]gsvs — [2]42;v9).

Note that a priori we cannot expect to have simple relations between the C and the
X ?E as v4 is not an eigenvector of C.

Example 3 Let V = L(2wy), an irreducible representation of U, (B>) of dimension
14, which corresponds by duality to a representation of /_;(C) whose highest com-
ponent is of dimension 10. Its character is yl2 + y% + yé‘yl_2 +y1+ y%yl_1 + y12y2_2 +

2.1+ yly;2 + y%yfz + y%y;1 + yfl + y{z + yfz, and there is a multiplicity 2 for
the weight 1.

We consider a basis (v;)1</<14 of V such that v is a highest weight vector,

v =X, v3= Xl_vz/[Z]qz, vy = X, v3, vs =X, v4/[2]g,

ve = X, vs/[3lg, v7 =X, ve/[4ly, vs =X v7, vo =X wg/[2],,
vio = X, v2, vi1 = X, vi0/[2lg, viz = Xy o1,

vi3 = X vi2/[2],2, via = X7 ve.

In this basis the action of the X li have matrix coefficients 0, 1, [2],, [3]4, [4]4, [2] 7%
([2]4 [2]q2 / [4]q)i], [41,/12] g% We deform the action by replacing these coefficients,

respectively, by 0, 1, [2]gs. [31g. [41gr. 21,2, ([1214002),2, /14140 % [4141/12]2,. The
decomposition into simple modules for /] and U4 is clear and coincides with the case
t = 1 except for the trivial submodule of I/, and U/, which are, respectively,

C[31g[41grv12 — Rlg[2),205)  and  C([21ge (21, v12 — [4lg:v5).

@ Springer



Langlands duality for representations of quantum groups 733

In this example we can observe non-trivial #-deformations of the Serre relations,
but different relations are satisfied on different vectors in the representation! Indeed,
we have

— =2 2, —y— v— 2,

(X5 X" = (@ +q7 )X X, X7 + X7 X5)v =0,
=2 i, [ — 2,

(X5 X7 =@t +q 2 HX] X5 Xy + X7 X, =0.

This implies that if we impose any 7-deformation of the Serre relation
) I S 2
Xy X] = (@ +a DX X Xy + X X)) =0

in the algebra U4, ,(B>), then the resulting algebra will not act on the U4, ; (B2)-module
that we have just constructed. Indeed, this relation will be different from the relation
satisfied on at least one of the vectors, v; and vy (as written above). The difference of
the two relations would give us a multiple of the monomial X" X, X", which should
then have to annihilate this vector. But neither vector is annihilated by this monomial:
we have

(X7 X5 X )vr = v4l2]4:[2] 2,/ [4)gs
(X7 Xy X v = vi1al2]g: (212, /[4g:-

Moreover, one can show that the structure of 4, ; (g)-module on V described above is
unique (the same is also true for the modules in Examples 1 and 2).

Now let us explain how we constructed the above interpolating representations. Let
V be a simple finite-dimensional representation of U, (B> ) as above of highest weight
A =mjw + 2mywy. We have a decomposition in weight spaces V = @ =i V.. Let
V, = eauzk—ail—-"—ai, Vi and Vep = @rﬁR V. We have X| Vg + X5 Vg = Vg4
and V, = X Vicay + X5 Viea,.

We define on V the action of the K;(¢), K;(¢) as explained above.

We define by induction on r > 0 the deformed actions

X\ @0, X3 @) Vet = Ve and X7 (0, X, (1) 2V = Vi,

satisfying the following properties:
O X=X X=X, X, D)=X,X, () =X,
(ii) the action is compatible with the restrictions to U] and Uy,
(i) [X] (). X5 ()] =0,
(iv) [X; (@), X ()] =0.

To start with we set XT(t) =0, X;'(t) =0on Vp.
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Suppose that the deformed action is defined for » > 0. Let V), C V,41. We want to
define the deformed actions

V}‘Jra] Vi +an Vi +aq

X7 (® \ XV
X5 (1) X5
Vi Vi

By using the condition (ii) for U, we can first define the action of X;’ (1) and
X, (¢). This gives in particular a decomposition V) = V)fz) @ \7/\(2) where V)fz) =
X5 () (Vita,) and \7;2) = Ker(X;' (t)) N V. The condition (iii) on Vj4q, gives
¢(1) : V) = Viya,. The condition (iv) on Vi, gives ¥ (1) : Visa, — V2. Soiit
suffices to define X?E(t) such that Xfr(t) = ¢(t) on Vk(z), ITo X, (1) = ¥(t) where
IT is the projection on VA(Z) along \7)52), and X fr(t)X | (©) = R(z) given by condi-

tion (ii) for ;. In a matrix form we have XT(I) = (¢(t) A(t)), X, ()= (!I/(t))’

B(1)
XT(OXT () = ¢y (1) + AW B®).
So it suffices to prove that

k(R(1) — ¢ (1)) < dim(V?).

We call this the compatibility condition. In the examples studied above this condition
is satisfied, and that is why the interpolating representations do exist. We conjecture
that it is satisfied in general and we have the following

Conjecture 1 For any A € P’ there exists a unique irreducible representation L ; (1)
of Uy (g) whose specialization at t = 1, viewed as a [, (g)-module, is the irreducible
module L(}) and specialization at ¢ = ¢, viewed as a U_,(“g)-module, contains a
module of character IT(x (1)).

6 Conjectures on the Langlands duality for quantum groups

In this section we conjecture stronger statements on the duality for characters and
crystals which we prove for simply laced g with r = 2 and for B,. The proof of these
conjectures and the computation of the corresponding Langlands duality branching
rules is a program for further study for this Langlands duality.

6.1 A positivity conjecture

It is easy to compute the Langlands duality branching rules for the examples of
Sect. 2.1.
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For g = Bs:

O(x(w) = x5 @)+ x50), T(xQw)) = x" (@) + x* @) + x*(0),
I(x Qo)) = x“Qa) + x“ (@),
M (x (w1 +2w2)) = xL(@r + @) + xL Qo) + xE Q) + xE ().

and for g = Ga:
(x(@n) = x" @) + x"0), M(x@) = x"(@2)+2x" @) + x"(0).
So it is natural to give a purely classical analog to Conjecture 1:

Conjecture 2 For any A € P™ N P’, IT(x(A)) is the character of an Lg-module.

This Conjecture means that the virtual representation of Proposition 1 is an actual
representation, that is, the Langlands duality branching rules are positive:

Oy = D myx"(). myeZy.

fiepPL.+

We will prove the conjecture in several cases, but first we prove that in general cer-
tain Langlands duality branching rules are positive. We use the partial ordering on P’
viewed as the g weight lattice.

Proposition 6 Let (1) maximal in {jt € PL'+|m,1 #0, 0 # ()} Thenmy, > 0.

Proof By Theorem 1 the coefficient of fig in IT(x (1)) is larger than in x L(IT(»)). But
the only terms which can contribute to this multiplicity are by hypothesis x = (IT(1))
and x ©(j1¢). This implies the result. O

This includes all coefficients in the examples at the beginning of this section. Now
let us consider a statement analogous to Conjecture 2 in terms of crystals.

6.2 Structure of the crystal l’;’()\)
For . € PT N P’ let
B(1) = (v e B()|wt(m') € P'}.

Note that for g of type By we have B = B().

B() u {0} is stable under the action of the operators eiL, fiL. We define new maps
ek, ¢F on B(1) corresponding to the operators e, £ (in general they do not coincide
with the original €;, ¢;, as we may have eiL (m’) = 0 but eiL (m") # 0, see the example
in Sect. 2.4). We get an abstract Lg-crystal (B(1), ek, fl ek, oF, wil). Moreover,
this crystal is semi-normal, that is to say that for each i € I, itisasa gyi)-crystal
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the crystal of a © g(;)-module (this is a direct consequence of the semi-normal prop-
erty of B(})). Here for J C I we denote by g, the sub Lie algebra of Cartan matrix
(Ci, )i jed-

Theorem 2 means that the connected component of B containing the highest
weight vector is normal, that it to say is the crystal of a ©g-module. In this section we
study the structure of the whole crystal B).

In all examples of Sect. 2.4 the crystal is normal. In particular, we have obtained
the following:

Proposition 7 For all pseudo fundamental representations of a rank 2 Lie algebra,
B(A) is normal.

So we could expect naively that B(}) is normal. This statement is not true in general.
For example in type B; consider A = w1 + 2w».

We have seen that in terms of characters IT(x (w1 +2w>)) has 4 simple constituents.
But B(A) = M(Y1,0 YZZJ) = l’;’(k) has 3 connected component as a Lg—crystal.

The first connected component is isomorphic to BL (&) + @») (16 terms):
{1023, 1512%, 1013252, 2325210, 1o 1215 1, 221, 1, 191,223, 257413,
151,72222, 2221211 10257, 1132, 15122252 1,722, 257252 10, 1, 12572,

The second connected component is isomorphic to B (w;) (4 terms):
(1021251, 15123251, 2125225 110, 151242571,

The third connected component is (15 terms):
(101221251, 2325 101512425, 151112925, 2125713, 101225125 1,
20125 o1 2325120 g 2525t 15 1 232520 T 122,25, 1325725,
2125252 a2 20t 172525 ).

Although the third component has two highest weight elements u = 19122125 !
and v = 2? 25 Uit is not connected as

L,L,L,L —ly—ly—1 L,L,L,L,L
eyerereyv =131, 2525 =ereyeyereju.

But its character is x©(@1) + x L (@»).
In fact, it suffices to modify slightly the crystal structure of the third component to
get a normal crystal. Indeed, without changing the wt’, eiL, q)iL, we just replace

eh2327! =212;"13, ; k2327 = 1g152; 25",
eb 101712125 = 19125257, 1112123 =2127713.

In other words we have defined a bijection ¥ : B A) — BL, where BL is normal,
satisfying (wtl, oL, elyw = (wil, ¢F, ef) and wfl = fFw, wel = efw. But

¥ is not a morphism of crystal as ¥ fZL # fZL'J/ and llfeé # eé‘!l/ (see the picture
bellow).
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Conjecture 3 For A € P/, there is a bijection ¥ : B(.) — B to a normal Lg-crystal
BL satisfying wtt ¥ = wt! and (qbiL, eiL)lI/ = (¢iL, eiL) foranyi € I.

This means that, by changing the maps eiL , l.L, respectively, by W‘leiL v, pl fl.L v,

we get a normal crystal.

Conjecture 3 implies Conjecture 2 as we have

o) = Y wi@).

veB(Oy)

First, we look at the case of the Lie algebra of rank 1. For r = 1 the result is clear
asel = eand fL' = f.Forr = 2, consider B2pw) = BQ2pw):

Ugp = U2(p—1) = U2(p-2) = ==

which is decomposed in BL (p) U BE((p — 1)@) as a Lg-crystal:

(u2p — uz(p—2y —> -

= upp) U (Uzp—2 —> Uzp_6 —> -

T U22-p) 7> U2(1-p) > U=2p

C= U 2p).
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Here Conjecture 2 is just the elementary decomposition:

y217 + y2p—2 RS y—2p
— (y2p + y2p*4 Lt y*2p) + (y2p72 + y2p76 N y2*2p).

We have the following Theorem, due to [20,21] (see for example [19, Theorem
2.1)):

Theorem S A finite g-crystal B is normal if and only if for any J C I with at most
two elements, B is normal as a g-crystal.

So it is of particular importance to study Lie algebras of rank 2. We will now prove
Conjecture 3 for Lie algebras of rank 2 (and r < 2). Such a Lie algebra will be denoted
by (X, r1, r2), where 1 < ry, rp < 2 are the labels. We consider all crystals B(1) such
that B(1) # #. For g of type B, it implies A € P’ but in general A is not necessarily
in P’. For (A1 x A1, 2,2) and (A», 2, 2) the result is clear as we have fl.L = f; and
eiL = e¢;. Fortypes (A1 x A1, 1, 1), (A1 x A1, 1,2), (A1 X Ay, 2, 1), the result follows
from the rank 1-case studied above. So we study the two remaining case (Aj, 1, 1)
and (B, 1, 2). In fact, we prove

Theorem 6 Conjectures 2 and 3 hold for simply laced g with r = 2 and for B.

We cannot prove the statement for B, directly by using the result for pseudo-
fundamental representations (Proposition 7) as the eiL, fl.L for the tensor product of
Lg-crystals do not coincide with the operators defined from the tensor product of
g-crystals.

6.3 Type (A2, 1, 1)

Let . = Rw; + R'wp dominant in P. We have A = 0, w;, w> or w; + wy where
= means mod P’ in this section. Let A = {(i, )]l <i < RYU{(, ))IR+1 <
i < R+ R,1 < j < 2}. Then B(}) is isomorphic [22] to the crystal of tableaux
(Ti,j) i, jea with coefficients in {1, 2, 3} which are semi-standard (i.e., T7; j < Tiy1,;
and any i, j,and 7; | > T;p fori > 2R + 1). Let

1 -1
TA:(] o1 2 . 2)
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be the highest weight tableaux. Let us compute the tableaux T € B() of highest
weight for e{‘ = e% and eé‘ = e%. T = T(a, b, c) is characterized by a, b, ¢ such that

1 fori<a-—1,
T,1=12 fora<i<b-1, and T,-,zz{
3 for b<i,

1 for R+1<i<c-—1,
2 for ¢c>1i.

The condition e%T = 0 is equivalent to the following:

(R+R =candb—a<R —1) or (R+R =c—1landb—a <R +1).

The condition e%T = 0 is equivalent to ¢ — b € {0, 1}. We have four cases:

(1) c=b=R+R anda>R+1.S0oa=R+1.S00=wt(T) = A+ o + ws.
2) c=b=R+R +1landa>R. Ifa=R+1thenT =T, andA=0.Ifa = R,

then A = w».
B) ¢c=b+1=R+R anda > R.Ifa =R+ 1,then A = wy. If a = R, then
L =0.

4 c=b+1=R+R +landa>R—-1.Ifa=R+1thenr=w.Ifa=R
then A = w; + wy. If a = R — 1 then A = wy.

So for each value of A mod P’ we have 2 highest weight vectors Ty, T} of respective
connected component 3" and B”. We prove that B’ # B” and that they are normal.
This implies a stronger result than Conjecture 3, that in this case B () is normal.

(T, i 2Ty if A=0,
(2T, LihT) i A= o,
(1T, fifo 2Ty if A= w2,
(12T, L AT if A=)+ w.

(To, T1) =

Note that wt(T (a, b, ¢)) € P’ ifand only if b = 1 4+ R’[2] and a = c[2].

Let us treat in detail the case A = 0. We know by Theorem 2 that 5’ is normal.
In particular, B’ # B”. So we only have to prove that 3”()) is isomorphic as a
Lg-crystal to BL (1) where A = IT(wt(T})) = (R/2 — Dw; + (R'/2 — Dw,. We
have T) = T(R, R+ R’ — 1, R + R’) that is,

1---112
Tl:(l ...122...233)'
LetA' = {(i, 1)|1 <i < R/2—1}U{(i, j)|R/2+1 <i < R/2+R'/2—1,1 < j < 2}.
Then BE (V) is isomorphic to the crystal of semi-standard tableaux (7;, ;) jye o’ With

coefficients in {1, 2, 3}. For such a tableaux we define a, b, c as above. Then consider

¢:T(a,b,c)eB-0)— TQa,2b+1,2c +2)B"(L).
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740 E. Frenkel, D. Hernandez

Then ¢ is an isomorphism of ©g-crystals. First for (R/2, (R + R')/2 — 1, R/2 +
R'/2—-1)weget T(R,R+ R —1,R + R") = Ty. Then it suffices to prove that
¢(f;T) = f?¢(T).Let T = T(a, b, c).

For fi:if R+b > a+cand a > 2, then fiT = T(a — 1,b,c). We have
(R+1)+@2b+1) = 2a+Q2c+2),s0 f1¢(T) = T(2a—1,2b+1,2c+2). But we have
also (R+1)+(2b+1) > 2a—1)+(2c+2) so f12¢>(T) =TQR(a—-1),2b+1,2c+2).

IfR+b>a+canda = 1,then 1T = 0. Wehave QR+ 1)+ 2b + 1) >
2a+2c+2),s0 fio(T) =T(1,2b+1,2c+2). Butwe havealso (R+1)+(2b+1) >
(2a — 1)+ (2c +2) so f2¢(T) = 0.

IfR+b <a+candc > bthen fiT corresponds to (a,b,c — 1). We have
QR+1)+2b+1) <2a+2c¢ < 2a+42c+2,s0 f1¢(T) = T (2a, 2b+1, 2¢c+1). Butwe
have also (R+1)+(2b+1) < 2a+Q2c+1) so f12¢(T) =TQa,2b+1,2(c—1)+2).

IfR+b <a+candc = bthen fiT = 0. Wehave QR+ 1)+ 2b+ 1) <
2a + 2¢ < 2a + 2c + 2,0 fi¢g(T) = T(2a,2b + 1,2c + 1). But we have also
(R+ 1D+ @2b+1) <2a+ (2c+1)so f2¢(T) = 0.

For f>:if b > a then T = T(a,b — 1,c). We have 2b + 1 > 2a + 3 > 2a, so
f1o(T) = T(2a, 2b, 2c +2). But we have also 2b > 2a, so ffqb(T) =TQa,2b—1,
2c +2).

If b = a then oT = 0. We have 2b + 1 = 2a + 1 > 2a, so figp(T) =
T (2a, 2b,2c + 2). But then 2b = 2a, so f12¢(T) =0.

For the cases A = w; or A = w; + w we give only the formulas of isomorphisms
of Lg-crystals as above.

Let & = w (the case A = w; is symmetric). To =T(R+1,R+ R, R+ R + 1),
T\=T(R—1,R+R,R+R +1).Let¢ : BUR+ 1)/ 2w1 + (R /2 — D)) — B

T(R+1,2b—1,2¢) if a=(R+3)/2,
TR2a—-1,2b—1,2c—-1) if a < (R+3)/2,

¢ :T(a,b,c)—~ [
and

¢" : T(a,b,c) € BAR — 1)/2w + R'[2w2) — T(2a,2b +1,2(c + 1)) € B".

ForA=wi+wy, To=T(R+1, R+R,R+R), T =T(R,R+R',R+R'+1).
Let

¢ :T(a,b,c) e BAR —1)/201 + (R' — 1)/2w)) — T(2a,2b,2c) € B,
¢" :T(a,b,c) e BUR—1)/201+ (R —1)/2w2) > T(2a — 1,2b,2c + 1) € B'.

Remark 7 In the course of the proof we have found the following Langlands duality
branching rules (see the end of Sect. 2.1) for irreducible representations of (A, 1, 1)

@ Springer



Langlands duality for representations of quantum groups 741

and the symmetric ones: (A1, A > 0)

(X Q2rwr + 200w) = xE (a1 + 1) + x5 (O — Dar + (o — D),
M (x2ro1)) = xE o), T(x(2r1 — Do) = xE (g — Do),
I (x (241 + Doy + 20002))
= x5 (O + Doy + (g — Dan) + x (A1 — Dy + Aaan),
I(x((2a1 — Doy + 22 — D)) = 2x5 (0 — Dy + (ha — D).

6.4 Application to symmetric cases
Consider a simply laced g with r = 2.
Proposition 8 For A € P/, B()\.) is normal.

In particular, Conjectures 2 and 3 hold for these types. In fact, we have proved a
stronger result as the crystal is normal.

Proof By Theorem 3, it suffices to prove the result for the subalgebras of rank 2. For
subalgebras of type A», the statement follows from Sect. 6.3. For the subalgebras of
type A1 x Ay, it suffices to prove that if C; ; = 0 then the fiL  f jL commute. But it is
clear as the f;, f; commute. O

6.5 Type (B3, 1, 2)

Leth = 2Rw|+R'wy € P'.Let A = {(i, )|l <i <2R}J{(i, j)|2R+1 <i <2R+
R’,1 < j < 2}. Then B(1) is isomorphic [22] to the crystal of tableaux (7, ;). j)eA
with coefficients in {1, 2, 2, 1} which are semi-standard (i.e., 7; ; < T;11,; and any
i, j,and T;| > T; fori > 2R + 1 for the ordering 1 < 2 < 2 < 1) and such that for
i >2R+1,(T;1, Ti2) # (1, D and (Tiy1,1, T 2) # (2,2).

Let T), be the highest weight tableaux. The tableaux T = T¢(a, b, ¢, d) is charac-
terized by a, b, ¢, d and € € {0, 1} such that

1 fori<a-1,

2 fora<i<b-1,
Ti1=1= .

2 forb<i<c-—1,

1 for ¢ <i,

1 for2R+1<i<c—¢€—1,

and T;p =132 forc—e>i<d-1,
2 ford<i.

2 . . .
In fact, (5) appears at most once (it can appear in 77 and does not appear in Tj).
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742 E. Frenkel, D. Hernandez

Let us compute the tableaux 7 of highest weight for the operators elL = e% and

eé‘ = e. The condition e;T = 0 implies d = R + R’ + 1. The condition e%T =0
implies c =d = R + R’ + 1. Let us consider the 3 classes of such tableaux:

Tableaux (A): Tr,1 = 1 (thatis ¢ < R). e;T = 0 gives R’ > ¢ — b. e%T = 0 gives
R’ =0=c—band 2R < a.Soall coefficients are equal to 1 except Trg,1 € {1, 2, T}.

Tableaux (B): Tg,1 = 2(thatisc > Randb < R).erT = Ogivesb = R+R'+1—e¢.
Soe =1land R = 1. eIT = 0 givesa > 2R. So (Tr41,1, Try12) = (2,2),
Tr.1 € {1, 2} and all other coefficients are equal to 1.

Tableaux (C): 1,1 < 2 (thatis b > R). eoT =0 givesb = R+ R’ + 1 — €. Then
e%T = 0 gives a > 2R.

For R" = 0 and R > 0: we get 3 tableaux Ty, f1Ts, f1/2 f17T)..

For R = 0and R’ > 0: we get 2 tableaux Ty, f1 /> f175.

For R, R’ > 0: we get 4 tableaux

1 - 1
T*:(l 1 2 . 2)’
1 - 1
Tl:flTk:(] .1 2 2 .. 2)’
1 ... 1 2
T2=f1f2Tx=(1 o1 2 .. E)’

T3=f1f2f1Tx=(1 o1 2 2 o E)’

We concentrate on the case R, R’ > 0 (the cases R = 0 or R’ = 0 can be easily
deduced from it). By Theorem 2 the connected component of 7} is isomorphic to the
crystal of a simple ©g-module. In particular it contains 77, T», T5. Let B (resp. B') be
the union of the component of 77, 7> (resp. the component of 73). We have u € B if
and only if wt(u) € A — (1 + 2Z)a; — Zay. So the component BN B’ = (. In the
monomial model M(YZI?(/)Y 1211e ), T3 corresponds to Y7 i (Yf(/) Yﬁ (IR_l))Yl_!Sl. By Theo-

rem 4 the L g-crystal generated by YZI?(/) Y 12 (IR_I) is the crystal of the simple - g-module

of highest weight (R — 1)1 + R’@;. But the multiplication by Y 1,1Y1_’5l does not
change the action of the crystal operators here, and so B3 is also isomorphic to this
crystal.

For B we write explicitly the bijection by using the three cases as above. To do it
we also use the dual tableaux realization of B (w) for u = a1 + pods.

Let AP = {(0,2) |1 <i =i+ u2} U{G DT =i < pi, 1 < j <2} BR(w) is
isomorphic [22] to the crystal of tableaux (T;, ;) ;. jye o With coefficients in {1, 2,2, T}
which are semi-standard as above. The tableaux 7 = Tel (a, b, c,d) is characterized
by a, b, ¢, d and € € {0, 1} such that

fori <b—e€—1,
forb—e>i<c-—1,
forc<i<d-1,

for d <.

for i <a-—1,
fora<i<b-1, and T;, =
for b <i < puy,

=

|
—| Nl N
— NN =
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Let BF = BE(R@y + (R — 1)an) and BE = BE((R — Dy + (R + Dan). We
define ¥ : BlL u Bé‘ — B. The general idea to define the map is to replace (1, 1),

== = = 1
(2,2),(2,2),(2,2), (1, 1) in the first part of the tableaux, respectively, by (é), (5) s

2 2 2 1 1 2 2 2\ .
(E)’ (T) G) and to replace (2) (5) (z) (T) T in the second part of

the tableaux, respectively, by (1), (2), (), (2), (1). In general, it cannot be done in
the obvious way as other term may appear as (1, 2), (2, T) and so we have to do the
following case by case description.

Tableaux (C). Tw-(a,b,c,d) e B a=€[2]. Let > R+ 1. Weset :

To(a.B.y.8) € Bf > 12 — 1, + R, 1+ R+y, 1+ R+9),
To(e, B, v, 8) € B > ToQa, B+ R, R+y, R+ ).

Tableaux (B). Tw-(a, b,c,d) e B a=¢€[2]. Let 8 < R < y. We set

Te(a.B.y.8) € By —> 1120 — 1,28 —1—€, 1+ R+y,1+ R +9),
Te(a, B, y,8) € BY > To(2a, 28 — €, R +y, R + ).

Tableaux (A). To(a, b, c,d) € B< c=a+ 1[2]. Let y < R. We set
Te(a, B,y,8) € BE > ToQa — 1,28 —€ — 1,2y, 1 + R+ ),

and the image of T¢(«, B8, ¥, d) € le is set to be

ToQRa,28 —€,2y — 1, R+ 95) if ec=1orf <y)and § > R,
ToQRae —1,28,28, R +6) if e=0,=y andd > R,
ToQRa — 1,28 —1—¢€,2y,2R+ 1) if § =R.

It is straight forward to check that the properties of Conjecture 3 are satisfied.

Remark 8 In the course of the proof we have found the following Langlands duality
branching rules for irreducible representations of (B, 2, 1): (A1, A2 > 0)

(X 2rw1 + rw)) = xEOudr + 1) + xE(udr + (Ga — Dan)
+x E (M = D@1+ G+ 1))+ x H (o — Dy +21200),
I (xrmw) = x Oaon + x (1 — Day + @) + x (0 — Dan),
I (x(Mwn) = x5 (hadn) + x* (2 — Dan).

6.6 A proposed deformation process

Suppose that r = 2. We have proved the statement of Conjecture 3 for rank 2, but we
cannot use Theorem 5 directly for general rank. For example, for type B3, B(}) is a
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normal crystal for L gy 2y and Lg(1 3. We use the rank 2 to deform the 3-arrows so
that we get © 9(2,3}- But then we may not preserve the L g{1,3}-crystal structure.

We propose a conjectural inductive process to redefine the crystal operators of B(1)
so that we get a normal crystal. Suppose that we know the result for rank lower than
n—1forann > 3.Let] = I[1ul, where Iy = {i € I|r; = k}. We assume |I>| > 2 (the
case |I1| > 2 can be treated in a symmetric way by Proposition 8). We use the notation
L ={1,...,ip}and I} = {ip+ 1, ..., n} sothat Cy ;y+1 = —1. Let1_2 = I — {ip},
I = I U {ip}.

Let 2 € P'and fixaclass P/ = u+ Q" C A+ Q mod Q. Then B = {u €
B (A)|wt(u) € P} is a union of connected component of B(A) as the weight of the
vectors in a connected component are in the same class. For 1, uy € P”, we have
M1 — M2 = Dics n,-oziL where n; € Z and the aiL are the simple roots of L'g. We put
Ny, m2) = 2 cpni- Let n € {wt(u)|u € B} such that N (u, ) is maximal. It is
well defined, that is to say independent of the choice of w, as for w1, w2, 3 € P” we
have N (1, 2) + N (2, n3) = Ny, u3). Weset N(p1) = N(u', ny). For N > 0,
let Wy = {u € B|N(wt(u)) = N}.

For C a (normal) £ g crystal, by truncated (normal) crystal of C we mean for a
certain N € Z the set {u € C|N(wt(u)) > N} with the maps wt’, eiL, €;, ¢; restricted
to it and the map fl.L restricted to {u € C|N(wt(u)) > N — 1}.

To start we set all (fl.L)’ = fl.L, (eiL)’ = eiL. By induction on N > 0, we redefine
(fF) onUp<n—1 W (or equivalently (eX)’ on Lips <y War). We say that the process
does not fail if (Upr<y War, wth, eiL, d)l-L, ( fiL ), (eiL)’ ) is a normal truncated crystal.

For N = 0 we do not change the maps. Let N > 0.

Leti € Iy and u € Wy_q such that 3j € D, e]L(u) > 0. If ¢iL(u) = 0 we set
(1) @) = fF(u) = 0. Otherwise let v = e%(u) # 0. Then ¢/ (v) = ¢/ (u) # 0

sow = (f1)'(v) # 0. Then ¢F(w) = ¢pf(v) # 0sox = fl(w) # 0. We set

(B W) = x.
v
w u
J // i
\ o \
X

Wehave €/ (x) = eF(w) = €L (v)+1 = € (w)+1and (f£)' (u) is well-defined (inde-
pendent on j € ). (eiL)/(y) is now defined for y € Wy such that Z/‘GB eJL (u) > 0.

Letp € Pland Uy = {y € (Wy)ul £ zjege}(y) < £1/2}. We redefine (e’
on U4y by induction on i > iyp. Let

ue B ={ue (Wn)utaldpf @) >0,u ¢ () U)).

Consider the truncated © g-crystal Uy <y—1 Wy and C be the corresponding normal
crystal with the injection ¥ : Liyy<y—1 Wiy — C. We have ¢iL(lI/(u)) = ¢iL(u) >0

@ Springer



Langlands duality for representations of quantum groups 745

and so v = fL (W) # 0.1f there is ip < j < i — 1 such that e¥(v) > 0, let
w= e]L.(u). We set (f£) (u) = (ij)’lII_l(w) = x.

(1) w u v w)

As |11 < n we have :

{v € Bil(ef (fF (W @) = (@) ;e

= l{v e Usl(e] ) gy = (@) ;)]

foragiven (a;) ;7. So wecandeﬁne(fl.L)/(u)foru € B; suchthatziofjsiq €j(v) =

0. We get ( fl.L)’ : B, — U, injection. Moreover conjecturally for i = ip, we can
choose ( fiﬁ)’ compatible with the ¢iL ,i € I (in other words, there is “enough dimen-
sion” in weight spaces to do it) and then we can redefine ( fiﬁ)’ on Uy so that the

structure of L gy, -crystal is not modified.
If the conjectural point is satisfied, the process never fails, and the new crystal is
normal for any ©g; where |J| < 2. Then we can conclude with Theorem 5.
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