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1 Introduction

Advances in localization techniques applied to gauge theories have led to exact results for
supersyminetric observables on general backgrounds. In three and four dimensions it turns
out that such observables depend on only a small number of parameters of the full parame-
ter space of the background [1, 2]. Rigid supersymmetric gauge theories in five-dimensional
curved backgrounds have been constructed and studied in a series of papers [3—17]. In the
approach of [15] these rigid backgrounds are equipped with a transversely holomorphic
foliation. Inspired by the lower-dimensional results of [1, 2] it was conjectured that super-
symmetric observables depend only on this foliation. In this paper we systematically study
supersymmetric solutions to Euclidean Romans supergravity in six dimensions. Our aim is



to compute observables of interest for gauge/gravity duality, and in particular understand
the conjecture of [15] from a holographic perspective.

Our starting point is to show that real Euclidean supersymmetric solutions to Ro-
mans F'(4) gauged supergravity, with a non-trivial Abelian R-symmetry gauge field, have
a canonical SU(2) structure determined by the Killing spinor. More precisely we show that
supersymmetry together with the equations of motion are equivalent to a set of differential
constraints on this SU(2) structure. This geometric formulation then leads to a number of
interesting applications. First, we show that this structure extends into the bulk the con-
formal boundary SU(2) structure studied in [15]. This allows for the construction of gravity
duals to families of five-dimensional gauge theories on rigid backgrounds. As another appli-
cation we extend several of the results in [18, 19]. In the latter we constructed supergravity
solutions with squashed five-sphere boundaries, and computed the holographic free energy
and certain BPS Wilson loops. In the present paper we extend these results to new fam-
ilies of solutions, in general with different topology. In particular this includes squashed
Sasaki-Einstein conformal boundaries, together with new analytic solutions. Furthermore,
in [18, 19] we conjectured a general formula for the VEV of a BPS Wilson loop, both in
field theory and in supergravity. In this paper the supergravity conjecture is proven.

The outline of the paper is as follows. Section 2 contains a general analysis of Fuclidean
supersymmetric solutions to Romans supergravity, recasting the conditions in terms of a
canonical local SU(2) structure. In section 3 we present a number of applications of our
formalism. Our conclusions are presented in section 4. A number of technical details have
been included in five appendices.

2 Conditions for supersymmetry

2.1 Euclidean Romans supergravity

The bosonic fields of the six-dimensional Romans supergravity theory [20] consist of the

metric, a scalar field X = exp(—ﬁ) where ¢ is the dilaton, a two-form potential B,

2v2 : ,
together with an SO(3)gr ~ SU(2)r R-symmetry gauge field A* with field strength F* =
dA? — %ijAj A AF where i = 1,2,3. Here we are working in a gauge in which the
Stueckelberg one-form is zero, and we set the gauge coupling constant to 1. The FEuclidean
signature equations of motion are [19]

1 2 1

d(X ' xdX) = - <6X—6 — §X‘2 + 2X2) x 1

1 4 , ) 1
—gx—2 (93 AxB + F'A *F) + ZX4H AxH |

. o
d(X'*H) = TBAB+SF AF 4+ X2+ B,

D(X 2% F") = —iF'NH . (2.1)

Here H = dB and Dw' = dw' — g;j,47 A w” is the SO(3) covariant derivative. Notice
that the theory contains Chern-Simons-type couplings, that become purely imaginary in



FEuclidean signature. The Einstein equation is

1 2 1 1 1
-2 —6 -2 2 4 2 2
R/.Ll/ =4X 8“X61,X + <18X — §X — §X ) 9uv + XX (HMV — éH gl”’)
2 -2 2 1 2 1 -2 i 1 AV
+§X BMV - gB Guv + §X (F )[I,V - é(F ) Guv | > (22)

where B?W = Bu,B.", H2 = Hpo H,
A solution is supersymmetrlc pr0v1ded there exists a non-trivial SU(2)r doublet of

Dirac spinors €7, I = 1,2, satisfying the following Killing spinor and dilatino equations

D,e; = X+X r,r ——XlB P — 66,"T7
wel 4f< ) - AM o Jer

—@X H,poT"PT , Trer + mx YEL(D,YP — 66, T )T (i) ey, (2.3)

1
0=—iX"10,XT¥e; + —= (X — X %) Trer +

2v/2

i B .
—WX 1BWF‘“’61—8\—@X YEL T (o) e (2.4)

HereI',,, p=1,...,6, are taken to be Hermitian and generate the Clifford algebra Cliff(6, 0)
in an orthonormal frame. We have defined the chirality operator 'y = il'123456, which

5 4X HyupTHPT e

satisfies (F7)2 = 1. The covariant derivative acting on the spinor is D,e; = V,er +
%AZ(@) r’es, where V,, = 8, + 39,”’T,,, denotes the Levi-Civita spin connection while o,
1 =1,2,3, are the Pauli matrices.

For simplicity we shall consider Abelian solutions in which Al A2 =0, and Au = A,
with field strength F = d.A. Also, as in [19], we consider a “real” class of solutions for
which € satisfies the symplectic Majorana condition & [‘7 ej = Ce; = €%, where C denotes
the charge conjugation matrix, satisfying FE = C~'T',C. The bosonic fields are all taken
to be real, with the exception of the B-field which is purely imaginary. With these reality
properties one can show that the Killing spinor equation (2.3) and dilatino equation (2.4)
for €9 are simply the charge conjugates of the corresponding equations for €;. In this way
we effectively reduce to a single Killing spinor € = €, with SU(2) g doublet (€1, €2) = (¢, €°).

2.2 SU(2) structure

Consider a Dirac spinor € in six dimensions, such that (1, €2) = (e, €°) solves (2.3) and (2.4)
above. We may construct the following scalar bilinears

S = le, S = €Tre, f = écle. (2.5)

Here we have chosen a basis for the gamma matrices in which they are purely imaginary
and anti-symmetric, with charge conjugation matrix C = —il';. A short computation
reveals that

d(Xf) = —i(Xf)A. (2.6)



The integrability condition for this equation immediately implies F = d A = 0 unless f =0
(notice that X is nowhere zero). We will henceforth restrict our analysis to the case f =0,
which is necessary for a non-trivial R-symmetry gauge field.!

We may then write

€=¢€4 e, (2.7)
where —I'7ex = £ey, and furthermore the condition f = 0 allows us to introduce [21]

ey = VScosvm, e = VSsindn; . (2.8)

Here 11, 12 are two orthogonal unit norm chiral spinors, so that nIm = 77;772 =1land 77;7)1 =

0. These each define a canonical SU(3) structure, and together determine a canonical SU(2)
structure. Concretely, in six dimensions such a structure is specified by two one-forms K7,
K5 and a triplet of two-forms J;, ¢ = 1,2, 3, given by

. 1
K1 — 1K2 = —ie’fa’ﬁngr(l)ng,
i
Ji = =00t gms - (2.9)

Here we have introduced the notation I'(,,y = %Ful...undw“l A+ Adxtn, where x# are local
coordinates. We also define

QO =Jy+iJ1, J = J;. (2.10)

The canonical SU(2) structure is thus determined by (K7, Ko, J, ©2). We note that K; and
K> are orthonormal one-forms, and both are orthogonal to J and §2, with J A © = 0 and
2J AT =QAQ.

The SU(2) structure (S, 9, K1, Ko, J, ) that arises naturally from a supersymmetric
solution is thus related to the canonical SU(2) structure by the square norm S and angle
¥, via (2.8). For completeness we note that S = —S cos 21.

Before proceeding, let us remark that the spinor € is charged under the Abelian R-
symmetry gauge field A, and thus it is rotated by a phase under gauge transformations.
The two-form (Q is then rotated by the square of this phase. As a consequence we more
precisely have a U(2) structure, as explained in [15]. Nevertheless, in this paper we will
continue to refer to this as an SU(2) structure.

2.3 Differential constraints

We begin by introducing the one-form bilinear
K =€Tge = Ssin20 K . (2.11)

Using the Killing spinor equation (2.3) and dilatino equation (2.4) one can show that K
is a Killing one-form, so that the dual vector field ¢ = K# is a Killing vector. We may

!There are nevertheless interesting solutions for which f # 0. In particular the 1/2 BPS solution
constructed in [19] lies in this class.



hence introduce a local coordinate v, so that £ = 9, and the metric is independent of .
From (2.11) it follows that we may write

Ky = Ssin29 (dy + o), (2.12)

where Leo = 0 = i¢o. In fact, as shown in appendix B, all of the supergravity fields
and SU(2) structure are annihilated by L¢, with the exception of the complex two-form (2.
The spinor € is a spin® spinor, charged under the Abelian R-symmetry gauge field A, and
provided one makes the gauge choice (2.15) below then also L = 0. Thus the vector field
§ = Oy generates a symmetry of the full solution.

The spinor equations (2.3), (2.4) impose further constraints on the supergravity fields
and SU(2) structure. A more detailed analysis may be found in appendix B, while here we
simply summarize the results. The B-field and R-symmetry gauge field strength F = d.A

may be written as

3

B=iK)N|———d(X8)+ X 2K,| + B, , 2.13
P V25 sin 209 ( ) 2 + ( )

V2
F =K A Ssinzﬂd(XScos%ﬂ)%—.ﬂ_, (2.14)

where B) and F| have zero interior contraction with £. In particular (2.14) allows us to
write

A= —V2Xcot20K, + A, , (2.15)
where i¢A| = 0 and we have made a partial gauge choice for A. We note that
FiL = —V2XScos29do +dA; . (2.16)

We may similarly write the component of H = dB perpendicular to & as

H =i [jﬁd(XS) + X 2Ssin 2191(2] Ado +dB; . (2.17)

Given these definitions, the spinor equations (2.3), (2.4) imply the following set of
differential constraints on the SU(2) structure (5,9, K1, K», J, Q):

2v/2
X25%sin%? 29 do = —\?)[X_15005219J— iX4Ssin20 Ky o%H |

2
+\/§X5(cos219ﬂ + 3iBl> ,

3
d(X 1S cos20J) = ———d[(XS)%do] +iXSdB
( cos ) N [(XS)*do] +1i L
2
+\3finSsin219 [KlJ*BJ_ — Ky /\BJ_] R

d(X718J) = —v2Ssin20 J A Ky — 3 cos20 d[(X S)2do]
22
+iXScos20dB;| — iX_25’sin2fl9 [K1xF| — Ko ANF1],

V2



d(Ssin29 J A Ky) = 0,
Dy (X 18sin20Q) = —V25Q A Koy,

2 1
S2J ANdo = —v/2S cos 20 (X + 3X—3> 5J AJ + 25Ky Jxdd

1 2
—l—\ﬁX_lSJ/\ (cos 20dA; + 3iBl> ,

1 2
SZOAdo = —2iSdYI A Ky AQ + ﬁx—lsg A (cos 20dA, + 3iBl> ,

0 = X*K, 1d(X38sin209) + V285 <X2 - §X2>

1 2
+—=85J 4| FL + -icos29 B ) . 2.18
587 (Fu Sicos208, (2.18)
Here the covariant derivative is D = d + 14 A, and the interior contraction of a p-form
p into a g-form X (with ¢ > p) is the (¢ — p)-form (p 4 )y .p,_, = I%!pl’l""’P)\,jl...,,pm...uw.
Notice that the one-form o effectively determines K; via (2.12), while the supergravity
fields enter the equations via X, A, and B .

2.4 Sufficiency

In this section we shall argue that (2.18) are in fact equivalent to the original spinor
equations (2.3), (2.4), and moreover as shown in appendix D these imply all but one
component of the equations of motion (2.1), (2.2).

As in equation (2.7), we may decompose the Killing spinor as € = €4 + e_, where €4
have definite chirality under I'7. Each of these defines an SU(3) structure in six dimensions,
which is equivalent to specifying the real two-forms Ji = —ieLF(Q)ei and complex three-
forms Q4 = efTEI’(;)))ei. For each choice of 4, there exists a generalized connection with

torsion Vf) which preserves the corresponding structure, i.e. Vf )ei = 0. One then

defines the intrinsic torsion as 74+ = Vf ) V, where V is the Levi-Civita connection.
The exterior derivatives of J+ and €2+ determine completely the corresponding intrinsic
torsions. One can thus regard the Killing spinor equation as an equation that relates the
exterior derivatives of J1 and 4, on the left hand side of (2.3), to the supergravity fields

on the right hand side. Since
1
Ty = 55(1 + cos29)(J F K1 A Ks),
1
Qu = 5 5(1%cos20) QA (FEK + 1K), (2.19)

our equations (2.18) certainly contain this information, as they imply the exterior deriva-
tives of all k-form bilinears, for k£ < 3 (this is clear from the analysis in appendix B). In fact
they contain more than this information, as we have also used the dilatino constraint (2.4)
to further simplify the equations.

It thus remains to show that (2.18) imply the dilatino equation (2.4). First we note that
neither €4 nor e_ can be identically zero. For if e+ = 0, respectively, then we in fact have



an SU(3) structure, rather than SU(2) structure, and the bilinear W = eTF(3)e = (¢ is the
corresponding complex three-form. However, since the left hand side of equation (B.8) of
appendix B is identically zero, we would deduce that 2+ = 0 and hence ez = 0. Thus on an
open dense subset where €4 are both non-zero, we have that {e+, I, } span the positive
and negative chirality spin bundles S*, respectively. In order for the dilatino equation to
hold, it is therefore sufficient to check that the contraction of the right hand side of (2.4)
with el and efTEF“ is zero. These are equivalent to two scalar and two one-form equations,
respectively, that may be expressed in terms of bilinears. The corresponding equations
may be found in appendix C. It is straightforward, but somewhat tedious, to show that
these are indeed implied by (2.18).

We thus conclude that (2.18) are in fact necessary and sufficient for the original spinor
equations (2.3), (2.4) to hold.

2.5 Summary

We have shown that a real supersymmetric solution to Euclidean Romans supergravity,
with non-trivial Abelian R-symmetry gauge field A, is described by an SU(2) structure
(8,9, K1 = Ssin29(dy + o), Ko, J, ) with corresponding metric

ds* = $%sin® 20(dy) + 0)* + K3 + gsu(z) - (2.20)

Here we may complete K1, Ky to an orthonormal frame {e? e’ = K;,¢5 = Ks}, a =
1,...,4, where

4
gsu@2) = Z(ea)Q, J =eene2+enet, Q= (eb+ie?) A +iet) . (2.21)

a=1

The vector field & = 0y is a Killing vector, and all supergravity fields and the SU(2)
structure are annihilated by L¢ in the gauge for which

A= —V2Xcot20K; + A . (2.22)

The Killing spinor equation (2.3) and dilatino equation (2.4) are then equivalent to impos-
ing the differential constraints (2.18) on this structure, where B is the component of the
B-field with zero interior contraction with £. Moreover, these imply all of the equations of
motion (2.1), (2.2) provided we also impose

4

S sin 29

0= X4Ssin219da/\ (KlJ*iHJ_) +d |: KlJ*d(X_QSSin2T9K2):|

2 1 4
+Bl/\BL—|—2]:l/\]'l—9X_2KlJ*|:

5 d(xs) +X‘2K2] . (2.23)

3
V/2S sin 20

This is the component of the B-field equation of motion in (2.1) that has zero interior
contraction with &, where recall that H is defined by (2.17).



3 Applications

3.1 Expansion at a conformal boundary

In this section we determine the asymptotic form of the SU(2) structure at a conformal
boundary. The aim is to make contact with the results of [15]. A similar holographic ap-
proach to constructing rigid supersymmetric backgrounds in lower dimensions was followed
in [22-24].

Given an asymptotically locally AdS solution we may introduce a radial coordinate r
with the conformal boundary located at » = co. The bosonic fields then admit an expansion
of the form
9 dr?

d2
iy 2 r2

+r? gﬁ,%#—%g,(ﬁ%—k-" dz™dz",
r
1
X=14+5Xo+"--,
T
1
B:rb——er/\A(O)—i--",
r
A=a+---, (3.1)

where recall H = dB and F = dA. The five-dimensional coordinates on the conformal
boundary are denoted z", with m = 1,2,3,4,5. Some of the terms a priori present in
these expansions are set to zero by the equations of motion.

In order to determine the corresponding expansion of the SU(2) structure, for this
subsection we introduce the following explicit basis for Cliff(6,0):

i -1 —1
Fm - 0 Hm ) Fﬁ — 0 4 ) F7 — 4 0 ) (32)
—ivm 0 14 0 0 14

where ~,,, are a Hermitian basis of Cliff(5,0). Notice that (3.2) is different to the basis
used in the rest of the paper (where I', are purely imaginary), but instead coincides with
the basis used in [15]. The asymptotic form of the metric implies the radial expansion of
an orthonormal frame is

3 dr
ES = -~ — E™ = re™ ..., (3.3)
V2’

The Killing spinor then has the following asymptotic expansion

Y ST B - N
€_f<—ix>+\/?<is0>+ . (3.4)

From this, together with S = e'e and the definitions in (B.1), we deduce the following
asymptotic expansion for the SU(2) structure:




Q=00@) 4. (3.5)

where the ellipses denote subleading terms. Inserting these expansions into (2.18) reduces
to the following independent equations, at leading order in 7:

1
A0y = —_~_gO g 4,
( ) 2\/5 1 a
AsOK) = 2\3/5 [219(0)5(0” O 4 SORD A KD 1150 - LgOKD o) |

ASOKP) = isOKO L ap — iSO KD 1 d(log SO,
d(S(O)J(O)) _ —\/§K§0) A (S(O)J(O))’

48000y = (a — V2O KO _ i\fngo)) A (SOQO). (3.6)

Here * denotes the Hodge duality operator for the boundary metric ¢(°). We also note that
the flux equation of motion (2.23) does not impose an independent constraint at leading
order. The set of equations (3.6) is precisely the starting point for the purely field theory
analysis of rigid supersymmetric five-manifold backgrounds carried out in [15].

3.2 BPS Wilson loops

The expectation value of Wilson loops in USp(2N) SCFTs have been computed when
the gauge theory is placed on the round five-sphere [25] or SU(3) x U(1) squashed fives-
spheres [19]. Romans supergravity solutions dual to these backgrounds have also been
constructed and successfully compared with the large N gauge theory results. In this
section we compute the regularised string action dual to the Wilson loops for any Romans
solution with ball topology and U(1)? symmetry, confirming one of the conjectures made
by the authors in [19].
As shown in [19], the relevant string action is

3
Sstring = X72V012 + lB — Elength(aEQ) N (37)
Py}

where the boundary counterterm regularizes the divergence arising from the infinite bound-
ary length. We begin by writing

B=B ANKi +B, . (3.8)



Comparing to (2.13) we see that

XK, = —\&Side(XS) +1iB; . (3.9)
It is natural to define the radial coordinate
p=XS. (3.10)
Then
X2K, = —L@ +iB . (3.11)
V2sin 209 p

Notice that in general B; has a component in the dp direction, and also dp is not orthogonal
to J and Q. However, we may still consider substituting (3.11) into the bilinears, at the
expense of introducing the unknown Bj. From the point of view of asymptotically locally
AdS solutions this is natural, since to leading order at large p we see from (3.5) that Ko is
in the dp direction. Let us next wedge (3.11) with K;. This reads

3
V2

The left hand side is precisely the (unregularized) action of a string wrapping the K1—K»

X 2K ANKy+i(B—B1) = —=dpA(d¢y +0) . (3.12)

direction, while the right hand side is exact on the string worldsheet. In appendix E we
show that such a string is supersymmetric. Notice that

|0y]] = Ssin29 = pX 'sin29 = p+O(1/p) . (3.13)

Here we have used the asymptotic expansions in section 3.1. Since the string wraps the 0y,
direction, the boundary length is

length(033) = H&M/Sl dy . (3.14)

Integrating by parts the bulk action in (3.7), we see that the boundary counterterm simply
cancels against the bulk contribution at infinity, leaving

3
string — — — =Forigin d ; Nl
Sstring g Periain | Y (3.15)
where
Porigin = (XS) |origin . (316)

Here p € [porigin,00). We next claim that for a solution with ball topology and U(1)3
isometry

b1 + by + b3

(XS) ‘origin - \/§

(3.17)

~10 -



Here we write the supersymmetric Killing vector as

3
Oy = > bidy, (3.18)
=1

where ;, i = 1,2, 3, have period 27, and the orientations (and hence signs) will be fixed
shortly. Combining (3.17) with (3.15) for a Wilson loop wrapping the ¢; circle we obtain
Setring = —9WW, (3.19)
i
where f g dyp = 27 /b;. This is precisely the Wilson loop conjecture made by the au-
thors in [19].

Thus it remains to prove (3.17). Geometrically, the b; arise as the skew eigenvalues of
the two-form dK at the origin (recall that K = S'sin 29 K is a Killing one-form). That is,
raising an index of dK to obtain a skew-symmetric 6 x 6 matrix in an orthonormal frame,
at the origin we have

R 0 0 0 b
(AK) forign = | 0 Rz 0 [,  Ri = (b‘ OZ> : (3.20)
0 0 Rs i

This follows from a simple local calculation. Specifically, at the origin we may introduce
three sets of polar coordinates (p;, ¢;), ¢ = 1,2, 3, and write the leading order flat metric as

3
dsfiae = Y _dp} + pdg; . (3.21)
=1

One can then compute dK at the origin using this local metric, where K = Z?:1 bip%dgoi
is the dual one-form to 0. In the orthonormal frame

e2i—1 = dp;, ez = pidy;, = 1,2,3, (3.22)

at the origin this gives precisely (3.20). Our solution is also equipped with a six-dimensional

almost complex structure, which as a two-form reads

J=KiNKy+J. (3.23)
In the same frame this reads
00
0 -1
J=|0e0], €:<10>' (3.24)
00e¢

Thus J(e1) = eq, etc. Notice this fixes the orientations of the ;. Then

J 2dK |origin = 2(by + by + b3) . (3.25)

- 11 -



Let us now look at computing the same quantity using the bilinear equations. We have

1 1
KleK: 5

_ 2Q2 1.2 .
X2 Ssin219d(X S%sin” 29) 42X Ssin29dX | . (3.26)

K has norm S'sin 24, which by definition is zero at the origin. Contracting K» into (3.26)
and restricting to the origin we hence find

(K1 A KQ) JdK |origin = 2Ky d(S sin 229) |origin , (3.27)

where we have assumed that X is regular at the origin (and we shall make similar regularity
assumptions for other fields in what follows). We next compute

JadK = (Ssin20)?J 2do, (3.28)

which thus tends to zero at the origin. Finally contracting K5 into (B.24), and restricting
to the origin, we find

Ko 2d(S'sin 29) |origin = —V2(XS) |origin - (3.29)
Combined with (3.27), this shows that
J 1dK |origin = 2V2(XS) |origin » (3.30)
which together with (3.25) proves (3.17).

3.3 Squashed Sasaki-Einstein solutions

The system of equations for the SU(2) structure in section 2 is too complicated to solve in
general; to find solutions one needs to make some additional assumptions. In this section
we consider an ansatz that naturally generalizes the 1/4 BPS solutions (and their 1/2 BPS
limit) found in [19].

We begin by making the following ansatz for the supergravity fields?

ds? = a®(r)dr® +~2(r)(dy + o) + B (r)dskg
B = plr)dr A (i +0) + 5q(r)do,
A= f(r)(dy + o) —3dy,
X =X(r). (3.31)

Here we take ds%{E to be a four-dimensional positively curved Kéahler-Einstein metric, so
that a constant r hypersurface is a squashed Sasaki-Einstein five-manifold. Concretely, this
means that di 4 o is a global contact one-form on such a hypersurface, with

do = 2wkE - (3.32)

?Recall that the formula (2.22) for the gauge field A requires a specific gauge choice. However, in [19]
this was presented in a different gauge. This accounts for the factor of —3dv in (3.31).
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The ansatz (3.31) reduces to that in [19] on taking the K&hler-Einstein metric to be the
Fubini-Study metric on CP?. Notice also that in writing (3.31) we have taken the su-
persymmetric Killing vector dy to coincide with the Reeb vector field of the squashed
Sasaki-Einstein manifold.

Comparing to section 2, and identifying the four-dimensional SU(2) structure metric
in (2.20) with 8%(r)dskg, allows us to identify

Ssin2¢ = y(r), Ko = —a(r)dr, Q = *r)Qxe, J = —B*(r)wke, (3.33)
where Qg satisfies®

dQkE = —3io A Qk - (3.34)

We take S = S(r), 9 = ¥(r). From the remaning supergravity fields, we similarly read off

f(r) =3 —V2XScos29, Fi = 2f(r)wke, B, = q(r)wgg - (3.35)

Substituting these into the differential constraints (2.18) and flux equation of motion (2.23)
then reduces to the following independent ODEs:

2v/2

0 =ix3 (2p — ¢) sin29 + \!a lig+ (9+ B2X ) cos 20] — aXS(3 + cos4v),

d d
0 = 5()(—1552 cos 200) — 3\/§X55(XS) +iXSq,

d
0 = @(X*Sﬁ sin 20) — v2Sa?,

V2 L (2, 2\ ;2 2y —1g/
0 = —2XS+3V2c0820 +i~——q+ —= | = X2+ X?) $%cos20 — B2 Xa 1,
3 V2 \3
0 = —v2aS [(3X* +1) 82 + 18X?] sin 20 + X> (12X55’ + \/iipﬁ) 3,
B p54 csc 20 . 9 6\/51552 cos 29 o2 e .

0 = - "¢ +6v2¢X S —ig? — < +18iX25% — 81i . (3.36)

Notice that as a consequence of parametrization invariance one is free to specify the func-
tion 5 = B(r). Hence (3.36) are six coupled ODEs for the six functions (X, S, 9, a,p,q).
Furthermore, notice that they are independent of the choice of Kéhler-Einstein metric, and
are thus equivalent to the equations studied in [19]. In the latter reference we constructed
a two-parameter family of 1/4 BPS solutions, as a series expansion both around the con-
formal boundary at r = 0o, and as an expansion around Euclidean AdS. Specifically, the
parameters are

f(r)|b0undary, sl = M ) (3.37)

6 (’I“) boundary

fo

We hence automatically construct new solutions, with an arbitrary squashed Sasaki-
Einstein five-manifold, with squashing parameter s, as conformal boundary. Setting

%We have chosen sign conventions so as to agree with those of [19].
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s = 1 and fy = 0, the conformal boundary is a Sasaki-Einstein manifold with metric
ds?p = (dy + o) + ds¥y, and in the bulk the only non-trivial field is the metric, which is
a “hyperbolic cone”

dr?
1+ 2r2

ds? = +r?dsdy . (3.38)
When ds%E is the round five-sphere this is simply Euclidean AdSg, while more gener-
ally (3.38) has an isolated Calabi-Yau cone singularity at 7 = 0. The solutions with gen-
eral s and fp have the same behaviour near the tip of the cone/origin, and thus in general
these supergravity solutions have a Calabi-Yau singularity. Nevertheless, this singularity
does not lead to any UV divergences in the holographic free energy or Wilson loop VEVs.
Although we were unable to solve the system (3.36) analytically, see the end of section 3.4
for further discussion.

Any solution to Romans F'(4) supergravity uplifts to a solution of massive type ITA
supergravity, as a warped product Mg x S* [27]. For an asymptotically locally AdS solution
Mg, these are expected to be the gravity duals to a certain family of USp(2/N) gauge
theories, defined on the conformal boundary of Mg. The gauge theories arise from a
system of N D4-branes, Ny of D8-branes and an orientifold plane. This data is captured
in the six-dimensional effective Newton constant [26]

15m/8 — N
_ o7 I (3.39)

N = 44/2N5/2

Recall that the two-parameter family of solutions constructed in this section reduce to the
1/4 BPS family in [19] when the Kéhler-Einstein metric is taken to be the Fubini-Study
metric on CP?. The computation of the holographic free energy then very closely follows
that in [19]. The upshot is that

27
fgravity = Irenormalized = _47TGN : VOI(SE)a (340)

is independent of the two parameters s and fy. Notice that the volume vol(SE) appearing
in (3.40) is that of the Sasaki-Einstein metric, which is the conformal boundary metric
when s = 1, even though (3.40) holds for all s.

Comparison to field theory. We would like to compare (3.40) with the corresponding
large N field theory calculation. This involves computing the localized partition function
of the USp(2N) gauge theories on a squashed Sasaki-Einstein background, and taking
the N — oo limit. In [28] the perturbative partition function of an arbitrary N' = 1
supersymmetric gauge theory was computed on a general U(1)3-invariant Sasaki-Einstein
five-manifold. For a gauge theory with gauge group G and a matter hypermultiplet in an
arbitrary representation R, the localized perturbative partition function is

SET: -
758~ [qae-sa 1la%5"la@); €] 3.41
/ L S5Plin(a) + 35 € (341
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The integration in a is over the Cartan t of the gauge group. The products are over roots
a of G and weights p of the representation R, and we have denoted by S the classical
action evaluated on the localization locus. Furthermore S3¥[x; €] is a generalized version
of the triple-sine function

S5Flas €] = [[ - €+ a)(it- €+ &6~ ). (3.42)

—

m

Here m = (mq, m2, mg) runs over the charge lattice of holomorphic functions on the Calabi-
Yau cone over the Sasaki-Einstein five-manifold, where m; is the charge under the ith U(1)
symmetry. Furthermore, we have written the supersymmetric (Reeb) vector field as

3
=3 60, (3.3
=1

where { = (&1,&2,&3) and O, generate the U(1)? isometry. For example, for the round S°
the Calabi-Yau cone is simply C3, with a basis of holomorphic functions z]" 25" 25", where
m; € Z>o. In this case, (3.42) reduces to the standard triple-sine function.

We are interested in evaluating (3.41) for the USp(2N) gauge theories, in the large N
limit. This involves the asymptotics of the hypermultiplet and vectormultiplet contribu-

tions computed in [28]:

SB[ 71 aji’ 3z vol(SE) =z
log S§¥[x; €] ~ —im sgn(Im ) [(6+ ) +247T21261]7

4 3

log S§&[ = +

| W

- 3 3z vol(SE x

€] ~ irsgn(Imz) [<6 _ 8) 753 )+247TXI:,81] . (3.44)
Here f3; are certain parameters defined in [28], which will not enter the final result.* We
may then compute the leading contribution to the partition function at large NV using a
saddle point method. One specifies an element of the Cartan subalgebra of USp(2N) by
its eigenvalues {\1,...,Ax}. In the large N saddle point these behave as A, ~ N 12,
One then introduces an eigenvalue density

o(z) = % S 6 — o), (3.45)

which has support on a finite interval [0, x,]. Solving the saddle point approximation to
the above matrix model, we find

A(8 — Ny)z

3.46
=L , (3.46)

plx) = and x, =

V2,/8 =Ny
which leads to the final result for the large N free energy

9v/2
fgaugetheory = _LVOI(SE)]\ﬁ/Q + O(NS/Q) . (347)

57‘&'2\/8*]\/}

This precisely agrees with (3.40).

4,81 is the length of the Ith closed Reeb orbit.
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The field theory computation above is for the Sasaki-Einstein conformal boundary,
with s = 1 and fo = 0. On the other hand, in [15] we conjectured that the partition
function should depend only on the holomorphic foliation generated by the Killing vector
. Since this is independent of s and fo, this conjecture implies that (3.47) holds for the
entire two-parameter family of 1/4 BPS backgrounds. Since (3.47) agrees with (3.40), this
lends credence to the conjecture. We also regard this as evidence that the 1/4 BPS family
of supergravity backgrounds is the correct holographic dual, in spite of the Calabi-Yau
singularity at the origin.

BPS Wilson loops. Finally, let us discuss the computation of the VEV of BPS Wilson
loops on both sides of the correspondence. Following a similar computation to that in [19],
in the large N matrix model for the gauge theory this is given by

(WY = /0 " @ (2)da, (3.48)

where f3; is the length of the closed Reeb orbit wrapped by the Wilson loop.® At large N
one hence obtains

log (W) = 2, 8iNY? 4 o(N'/?) . (3.49)

On the other hand, in the dual supergravity solution this corresponds to a fundamental
string wrapping the circle of length 57, together with the radial direction r. We find that
the regularized action is

3
Ss ring — — N1/2 . 3.50

This should be identified with —log ( W) in field theory, and we find perfect agreement.

3.4 Analytic 3/4 BPS solution

In this section we give some details of a new analytic supersymmetric solution to Euclidean
six-dimensional Romans supergravity. This corresponds to the 3/4 BPS squashed sphere,
constructed as a perturbation expansion in [19]. As shown in [19] an interesting family
of solutions arises by considering the following SU(3) x U(1) symmetric ansatz for the
supergravity fields

1
dsg = 2(r)dr® +¥*(r)(dr + C)? + 5%(r) |do? + i sin® o/(d6? + sin® 0dp?)

1
+1 cos® o sin? o(dB + cos fdy)?| ,

1
B = p(r)drA(dr+C) + iq(r)dC,

A" = fi(r)(dT + C), (3.51)

"Recall that the computation of [28] is valid for a U(1)*-invariant Sasaki-Einstein manifold, for which
the index I runs over the rays of the corresponding polyhedral cone.
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where
1
C= —3 sin? o(dB + cos 6dyp) , (3.52)

together with X = X (7). The equations of motion for the background SU(2)r gauge
field imply
frr) = wif(r). (3.53)

The equations for the other fields then depend only on the SU(2) ~ SO(3) invariant
K+ K3+ mg, which we can set to one by rescaling f(r). The set of equations for the fields
involved in the ansatz have been listed in the appendix B to [19]. In addition, if the solution
is supersymmetric there exists a Killing spinor. For the case of the 3/4 BPS solution the
Killing spinor depends on four extra functions, denoted k;(r), i = 1,2, 3,4 in [19], which,
together with the fields above, satisfy first order constraints as a result of supersymmetry.
Although, as shown in this paper, these constraints are equivalent to the original equations
of motions (upon supplementing them with one extra second order equation), we found
them more convenient in order to find an analytic form for the solution.

The solution depends on a single parameter s, the squashing parameter, but it is
convenient to parametrize it in terms of by = 1++v/1 — s2 and by = 1 —+/1 — s2, introduced
in [19]. The high amount of supersymmetry implies a large number of constraints (many of
them algebraic) which can be used to eliminate all the fields in favour of ka(r), k3(r), X (r)
and (r). For instance

ka(r)B(r
k1(r) = ba(br + bQ)ka;g(ig —)Fﬁb(llz‘%(r) 7
ks(r)B(r
ka(r) = bi(b1 + bz)ka% (ig _)fb(l]zg(r) ’
ka (1) ks (r) B(r)

v(r) = (b1 + b2) (3.54)

boki(r) + bik3(r) ’

while the expressions for the remaining fields are more complicated. As a consequence of
reparametrization invariance we can demand that ks, k3 and X depend on r only through
B(r). It is then convenient to introduce a new variable (:

(b1 +b2)Vbib2 B(r) = (. (3.55)

The remaining equations can be used to eliminate further fields and we end up with a
single equation for v(¢) = (?X2(¢):

(b1 + b2)?(b1 + 2b2)? + 20(C)
¢4+ 3(by + bo)3(by + 2b2)v(C) + 302(C)’

J(Q) = 4¢° (3.56)
which can be simply solved, for instance, with Mathematica. Equation (3.56) has two
inequivalent solutions, each of them depending on a constant of integration. Of those
only one has the correct boundary condition at infinity v(¢) = ¢ + ---. The constant of
integration can then be fixed by requiring regularity at the origin for X (¢), which implies
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v(0) = 0. This fixes the solution uniquely. Although the explicit solution is too cumbersome
to be written here, we give the expansion of X (() for small and large values of (:

(20 + 262\
X(¢) = <3(b1+b2)> " (<1, (3.57)
_ (b= b)(by + ba)* (b1 + 2bo) 1
X(C) =1- 4 ?
N (b1 — b2)(b1 + b2)? (b1 + 2b2)* 1 T (>1. (3.58)

2y/2 G

For instance, these expansions allow us to fix the parameter x introduced in [19]. We obtain

o 2v/2(3 — V1 —52)%(1 — s> + V1 — s2) (3.59)
B 27/3s5 ' ‘

Finally, let us remark that although cumbersome, the solution contains only roots and

rational functions.

Comments on the 1/4 and 1/2 BPS solutions. The 1/4 BPS squashed sphere
solution considered in [19] is much harder to obtain, the reason being the smaller degree of
supersymmetry. More precisely, the Killing spinor now depends on only two new functions
k1(r) and ko(r), but the number of constraints is much smaller. A related issue is that now
there are no natural “constants of motion” such as b; and by to parametrize the solution
with. Proceeding as before one can write two (third order and very cumbersome!) equations
for two of the fields, for instance X (¢) and f({). After requiring regularity at the origin
this should lead to a two-parameter family of solutions (s and fy introduced in (3.37)).
These equations, however, are very complicated and we haven’t managed to solve them
exactly. Before proceeding, two comments are in order: first, these two equations can
be solved in different limits, and reproduce the 1/4 BPS solution in the limits studied
in [19]. Furthermore, in order to obtain these two equations it is necessary to supplement
the bilinear equations with (2.23). Otherwise, we would obtain only one equation for two
fields. This example shows that the differential constraints (2.18) do indeed need to be
supplemented by equation (2.23).

We can also consider the special case f(¢) = 0. In this case the 1/4 BPS solution
reduces to the 1/2 BPS solution studied in [19]. Although not covered by our analysis
in this paper because the bilinear ¢Te # 0, the 1/2 BPS solution is a limit of the 1/4
BPS solution, where one of the two parameters, namely fy, vanishes. The final equation
for X (), with B(r) = ( is still rather involved, but it can be solved analytically in an
interesting limit. Denoting X (0) = z¢ one can explicitly check the solution takes the
following form

v(¢) = wvo(xoC) + %vl(a:(){) +-, (3.60)
0
where recall v(¢) = ¢(2X?(¢) and vy(y) satisfies a simple equation

Wy = 320 (6 + v0(y))vb(v)* (3.61)

Y 6vo(y)
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whose solution with correct boundary conditions is

M) . (3.62)

vo(y) = 1—|—W< e

Here W(z) is the Lambert W function or product logarithm, namely W(z)e™V(?) = 2.
Hence, as opposed to the 3/4 BPS solution, this solution contains special functions.

4 Discussion

In this paper we have presented a systematic study of supersymmetric solutions to six-
dimensional Euclidean Romans supergravity. These are characterized by an SU(2) struc-
ture. We then used these results to study a number of different applications.

Our results raise a number of interesting questions and directions for future work.
Firstly, the gravity duals to (squashed) Sasaki-Einstein backgrounds we constructed have
isolated Calabi-Yau singularities. However, as we have seen, the singularity does not con-
tribute additional (UV) divergences to the free energy and Wilson loop, and moreover the
supergravity computations agree with the gauge theory results. It is thus natural to con-
jecture that these are the correct gravity duals. More precisely, although one expects some
stringy degrees of freedom to be supported at the singularity, we expect that these should
not contribute to leading order at large V. Notice in any case that the uplift to massive
IIA is also singular (along the internal S*), even for Euclidean AdSg [29, 30].

Using the technology developed in the paper, we have computed the VEV of the
holographic dual of a supersymmetric Wilson loop for a general class of solutions, thus
proving one of the conjectures of [19]. Another conjecture made in that paper makes a
specific prediction for the holographic free energy for the same class of backgrounds. It
would be interesting to prove this conjecture. Note that this computation is more involved
than that for the Wilson loop; in particular the structure of the counterterms is much more
complicated.

Finally, it would be interesting to construct further analytic solutions, including solu-
tions with different topology.
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A Useful identities

From the dilatino equation (2.4) one can derive the following useful identities

i 1
(0" X)e'[A, Ty]5e = —2%& (X% = X72) €'[A, Tr]ee + 2—4X3H’“’peT (A, T, 7] we
i 1
—i—T\/iBMVG]L [A, Ful,]:tE - ﬁ]—_’w& [A, F#,,Fﬂie 5 (Al)
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1
(0" X)eT[A, T e —2\} (X7 = X2) TIADr)ze + oo XPHPPET[A, T Dr e
1
+ \[B‘“’ €T [A, T ) 5e — @]-"WET[A, | A A (A.2)
Here A € CIiff(6,0) is an arbitrary element of the Clifford algebra, while [-, -] denotes a
commutator and |-, -]4 denotes an anti-commutator.

B Differential conditions for bilinears

We may introduce the following bilinears in the spinor e:

K = €T (j)e = Ssin20 K7,

K = ie'T(jT'7e = —Ssin20 K»
Y = ielT e = S(cos20 Ky A Ky — J),

= ieTF(Q)F7e = S(—Ki1 ANKg+cos29J),
Z = eTF(Q)T7e = —Ssin29Q,

V = iell(ge = —Ssin20 Ky A J,
V = €T (yTre = —Ssin20 Ko A J,

W = €T e = S(—cos20 K1 +1Ky) AQ,

W = T re = S(K1 —icos20 K) AQ. (B.1)

=N

Here (K1, K2, J, Q) is the canonical SU(2) structure defined in section 2.2.
A straightforward but lengthy calculation shows that the Killing spinor equation (2.3)

and dilatino equation (2.4) imply the following differential constraints on the bilinears
n (B.1):

d(XS) = \f(XZf{ —iK 2 B), (B.2)
d(XS) = —}KJ}", (B.3)
d(X°K) = —MX —iX*K JxH —V2X (Sf - i§SB> , (B.4)
d(X%K) = —iK 2 H, (B.5)
AXTY) = V2V +i(XS)H + \}iX_Q(KJ «F+FANK), (B.6)
dX YY) = (XS)H + i\fX*(KJ «B+BAK), (B.7)
D(X7'7) = —-ivV2 W, (B.8)

v = \/§<X+;X3> *Y—H\le(S*B—i—B/\Y)

1, -
_\ﬁX (S*F+FANY), (B.9)

—90 —



dv =0, (B.10)

1
DW =—-——X"1FAZ, B.11
73 (B.11)
. 1 2

DW = —\/§<X - 3X3> x 7 — i\S[XlB NZ, (B.12)

1 V2 - 1 -
dl (X +=X3)xY| = ZSiBAV—--X'HAY + —X* ANK. (B.13
K 3 )] 3 3 fyat 7 (B.13)

Here the covariant derivatives are D = d +iA A, and the contraction of a p-form p into a
g-form X\ (with ¢ > p) is the (¢ — p)-form (p 4 \)py.opy_, = I%p’“""’?)\l,l...,,pm...uq_p.

In addition to (B.2)—(B.13) it is also straightforward to show that K is a Killing one-
form, so that the dual vector field ¢ = K7 is a Killing vector. We may hence introduce
a local coordinate 1, so that £ = 0, and the metric is independent of 3. Since K =
S'sin 29 K1, where K7 has unit length, we may thus write

Ky = Ssin20 (dip + o), (B.14)

where Leo =0 =i¢o and L¢(Ssin29) = 0.
In order to analyse the equations (B.2)—(B.13) further we write

B=BiNKi+B,, F = FANK +F, (B.15)
where By, B, F1, F are chosen to have zero contraction with K. The bilinear (B.2) then
determines

3i
B = —————d(XS) —iX ?K, . B.16
'S T s sman (Y ? (B.16)
Similarly the bilinear (B.3) is equivalent to
V2
Fi = ~Sen 2ﬁd(XS cos 20) . (B.17)

Contracting these last two equations with Ki, one concludes that L¢(XS) = 0 = L0,
Notice also that setting A = 1g in (A.1) and taking the anti-commutator leads immediately
to LeX = 0. Having imposed (B.2), a short computation shows that equation (B.5) is
equivalent to £¢B = 0. One can also deduce from (B.5) that L¢K> = 0, and similarly
from (B.3) it follows that L¢F = 0. We may then write

A= —V2Xcot20 K, + A, . (B.18)
Notice here we have made a partial gauge choice for A. Then
Fi = —V2XScos29do +dA, . (B.19)

Next one can show that equation (B.4) is equivalent to

2/2
X2S%sin?29do = —\?)[XISCOS 20 J —iX4Ssin29 Ky JxH |
2
+¢§X5<cos 20 F) + 3iBl> . (B.20)
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Here we have defined

3
H =i ﬁd(XS) + X 28sin 20K, | Ado +dB] . (B.21)

The contractions of (B.6) and (B.7) with K imply that £;J = 0. Equation (B.6) is
then equivalent to

3
d(X18J) = —v2Ssin20 J A Ky — Wi cos 20 d[(X S)%do] +1X S cos 29 dB|.
1
f\ﬁx—stm 20 [Ky 2xF| — Ko ANF1] . (B.22)
Similarly, one can show that (B.7) is equivalent to
3
d(X1Scos20J) = ———=d[(XS)*do] +iXSdB
( ) = 5 llXS) o] .

2

+\3[1X_25’sin219 [KlJ*BJ_ —K2/\BJ_] . (B23)

The contraction of equation (B.8) with K7, in the gauge in which A is given by (B.18),
simply gives L¢2 = 0. Equation (B.8) is then equivalent to

D (X7 18sin20Q) = —v25Q A K>, (B.24)

where D| =d +iA4 A.
Finally we move onto the three-form bilinears. Equation (B.10) states

d(Ssin29J A Ka) =0 . (B.25)

The contraction of Kj into (B.11) is equivalent to (B.24), while the remainder of this
equation turns out to be the integrability condition for (B.24). Next one can show that K
contracted into (B.9) is implied by (B.22) and (B.23), while the remainder of this equation
reads

2 1
—52sin? 29 J Ado = V2S5 cos 29 <X + 3X—3> 5J AJ — 25K Jxdd
L
V2

Next we find that K contracted into (B.12) is implied by (B.24). Using (B.24) the re-
mainder of this equation reads

2
X1ST A (cos 20 F| + 3iBL> . (B.26)

1 2
S?sin?20Q Ado = —2iSdY A Ko AQ + EX*SQ A (Cos 20 F| + 3iBL> .(B.27)

The contraction of K; into (B.13) can again be shown to follow from equations derived
so far, while the remaining content of this equation is (on using various other equations)
equivalent to

X4K24d(X_3SSin219>+\/§S(X2—;X_z)+\}§SJJ<FJ_+§1008219BJ_> = 0. (B.28)
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C DMore on the dilatino equation

In the Abelian case of interest, the dilatino equation (2.4) may be written as dx = 0, where
we have introduced
1 i
. | -3 2 v
ox = —iX 0, XT'Me+ 2\—@ (X - X )F7e + ﬂX H,,, TP re
1

- v i — v
—mx BT e — @X L, THTre . (C.1)
Recall here that A}L = Az =0, while 4, = Ai, with curvature F = d.A. The right hand

side of (C.1) is an 8-component spinor, and thus dy = 0 comprise 8 algebraic equations for
€=¢€yx te_.

We begin by noting that neither of the definite chirality projections €4 nor e_ can be
identically zero. For if ex = 0, respectively, then we in fact have an SU(3) structure, rather
than SU(2) structure, and the bilinear W = ETF(g)E = Q< is the corresponding complex
three-form. However, since the left hand side of equation (B.8) of appendix B is identically
zero in this case, we would deduce that 2+ = 0 and hence ex = 0.

On an open dense subset where €4 are both non-zero, we then have that {e4,I' el }
span the positive and negative chirality spin bundles ST, respectively. Recall from (2.8)
that e, = v/Scos¥ny, e. = +/Ssindns, where n; and 7o have unit norm. In an orthonor-
mal frame (e!,...,e* > = K1,e% = K3) in which the canonical SU(2) structure defined by
m and 72 is given by (2.21), one can easily check that {e;,I'1€’,T'se’ ,I'5e’ } form a basis
for ST, while {e_,T'1€*, T3¢, T5¢* } form a basis for S~. Thus in order for the dilatino
equation dx = 0 to hold, it is sufficient to check that the contraction of (C.1) with el and
ejTEFM is zero. These are equivalent to two scalar and two one-form equations, respectively,
that may be expressed in terms of the bilinears (B.1). Specifically, we may take the two
scalar contractions to be

1 - i -
oy = -iX 19, XKH+ — (X - X3S+ —X2H,,VHr
€o0x 1 i + 22 ( ) + 24 wvp

1 _
- X 1BWY’“’ _

1
12v/2 8v/2

- 1 1
-1 -3 2
e'T70x = X 19, X K" + 53 (X -—X3)5— 53X HuwpV”

1B Y —

+ X Fu Y™,

1
— X YF,Yym C.2
32 u (C.2)

i
+——X
12v/2
while the two one-form contractions are

T i 2 v 1
T,0y = ~X2H,,, 7" — — _
€O Ty we 122

€' Tol7dx = —iX "' X Z,r — éXQ(*H)WUZ’“’
1 i
122 8v2
The dilatino equation dx = 0 is thus equivalent to the the right hand sides of (C.2) and (C.3)

being zero. A tedious, but straightforward, calculation shows that dx = 0 is implied by
the differential constraints (2.18).

i

8V2

X 'B"W,e — X' P W

X'BMW 0 — X TP W (C.3)
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D Integrability conditions

For what follows it will be convenient to record the component form of the Romans field
equations in (2.1) and (2.2):

@(o _ 728 8 1 —6 1 2 2 -2

( 9)#1/ =R, —4X°0,X0,X — EX — §X — §X v

1 1 2 1
—1X4 (HMPUHVpU _ 6gHVHpUTHpUT) . §X 2 (B“pByp _ SQMVBPUchr)

Vool 1
S (men, - L),

1 2 1 1
(&x) = VAHX 10, X)+ (=X - X2+ _X°%) - —X*H"H,,
2 3 6 24
+Lx-2(ipmwp,, t pip
16 9 “” w)e
(Ea)! = V, (X 2BY") — égmeyﬁ,H{,m,
. i )
(Ea0)" = Dy(XT2F™H) — o eP 7™ F) Hory
4 i 4 o
(é«’B)HV = Vp(X4HPMV) _ §X—QB/LV _ éeullpaﬂc <9BPUBT,{ + F:)UF:_R) . (D.l)

The equations of motion are then &gelg = 0. The field A is the Stueckelberg one-form,
that we set to zero using the gauge symmetry of the theory. Its equation of motion &4 =0
follows from taking the divergence of the B-field equation of motion & = 0. We also

introduce
1
(BE) wp = VipBup) = gHquv
(%Fi);u/p = D[.UF;,D] )
(‘%H),ullpa = v[uHupcr} N (D.2)

Note that ZAgeq vanish automatically as a consequence of the Bianchi identities. For the
Abelian case studied in the main text recall that F, /}V = Fﬁy = 0 while F,, = FSV.

In what follows we will show that supersymmetry together with (&5); = 0 imply the
equations of motion for all the fields. We begin by taking the exterior derivative of (B.4)
to obtain

2v/2 2
- A v

(X1V) — 1d(X K o+ H) + TQid[XSB] _VaFAdx§).  (D3)
Using (B.2), (B.3) and (B.7) then gives

0 = —id(X*K 2xH)) — giKJ*B + gB/\ (K B)+FA(KJF). (D.4)
Since L¢(X*+ H) = 0 it hence follows that K; +&p = 0. Recall that

& = K1 N (K126B) + (EB)L - (D.5)
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In general it is not true that supersymmetry implies (), = 0. We henceforth impose
this equation, and continue our analysis by taking the exterior derivative of (B.13). After
a computation we find this implies

gi [A(X 2% B)+iBAH] (XS) - [A(X 2« F)+iFAH](XS)=0. (D.6)

Since & = 0 implies &4 = 0, (D.6) implies &4 = 0.
To obtain the remaining equations of motion, we may use the integrability conditions
for the dilatino equation (2.4) and Killing spinor equation (2.3) derived in [19]:

: 1 i J i -2 v
0=1(&Ex)er — mX (gA)uFMGI — mX (gAi)#PHF7(Ui)[ € + gX (@@B)MV ' Trer

1 , i ,
_12\/§X 1 (BF) TP er = 8\/§X 1 (Zri) T *Tr(0i)1”es

i Vpo
+ﬂX2 (BH) ype TP Trer (D.7)

1 v
Vryel - gX 2 (@ﬁB) pF,ul/pF7€I

1 1
0= 9 (@@X)Fuel ) (@ﬁg)u

1 1 J 1 2 vpoT
_ﬁX (gA)M €7 + ﬁX (éDAi)M F7(O’i)[ €] — ﬁX (%H) F/Ll/pO'TF7€I

i v 3 - v
2\/§ /WPF Per + mX 1 (@Fi)wpf pF7(O'Z')[J6J . (DS)

Since HABgeq = 0, and given the results above, (D.7) immediately implies &x = 0. Using

X~ (#r)

this, and contracting (D.8) with €/T?, we deduce the Einstein equation &, = 0.

E Supersymmetry of the fundamental string

In this appendix we show that the fundamental string considered in section 3.2 is super-
symmetric.

As explained in [25] and [15], BPS Wilson loops in the fundamental representation are
dual to fundamental strings in the massive type IIA background Mg x S*. More precisely
the string sits at the “north pole” of the four-sphere and wraps the K;—Ks direction
of the SU(2) structure on Mg. Since the dual vector field to K; is proportional to the
supersymmetric Killing vector &, this means that the dual Wilson loop on the conformal
boundary of Mg wraps an orbit of £, as expected from supersymmetry. It then remains
to show that the fundamental string is itself supersymmetric. This amounts to a certain
projection condition on the ten-dimensional Killing spinor in massive ITA. Following a
similar computation to [25], one can show this reduces to the following projection condition
on the six-dimensional spinor € on Mg:

(1 + iF7F56)6 = 0. (El)

Here recall that the orthonormal frame components are e® = K; and €5 = Ky. Recall also
from section 2.2 that e = e, + €_, where

e, =V Scosdn, e = VSsindn; . (E.2)
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The projection conditions [21]

L = —m, Loy = 3, —I'sem = i, —I's6m2 = in2, (E.3)

together with the fact that the Cliff(6,0) matrices are purely imaginary then immediately

imply that (E.1) is indeed satisfied. Consequently the fundamental string wrapping the

K1-Kj direction, at the north pole of the internal S*, is indeed supersymmetric.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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