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Let p be a prime. A celebrated theorem of Sturm [13] implies that an elliptic modular form
with p-integral rational Fourier series coefficients is determined by its “first few” Fourier
series coefficients modulo p. Sturm’s theorem is an important tool in the theory of mod-
ular forms (for example, see [7,12] for some of its applications). Poor and Yuen [9] (and
later [2] for p > 5) proved a Sturm theorem for Siegel modular forms of degree 2. Their
work has been applied in different contexts, and for example, it allowed [3,4] to confirm
Ramanujan-type congruences for specific Siegel modular forms of degree 2. In [10], we
gave a characterization of U (p) congruences of Siegel modular forms of arbitrary degree,
but (lacking a Sturm theorem) we could only discuss one explicit example that occurred
as a Duke-Imamoglu-Tkeda lift. If a Siegel modular form does not arise as a lift, then one
needs a Sturm theorem to justify its U (p) congruences.

In this paper, we provide such a Sturm theorem for Siegel modular forms of degree
g > 2. Our proof is totally different from the proofs of the cases g = 1,2 in [2,9,13], which
do not have visible extensions to the case g > 2. More precisely, we perform an induc-
tion on the degree g. As in [1], we employ Fourier-Jacobi expansions of Siegel modular
forms, and we study vanishing orders of Jacobi forms. However, in contrast to [1] we con-
sider restrictions of Jacobi forms to torsion points (instead of their theta decompositions),
which allow us to relate mod p diagonal vanishing orders (defined in the first Section) of
Jacobi forms and Siegel modular forms. We deduce the following theorem.

Theorem 1. Let F be a Siegel modular form of degree g > 2, weight k, and with p-integral
rational Fourier series coefficients c¢(T).
Suppose that

4
c(T) =0 (modp) for all T = (t;) with t; < <§>g1—k6

Then ¢(T) = 0 (modp) forall T.
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If a Siegel modular form arises as a lift, then one can sometimes infer that it has integral
Fourier series coefficients (see [8]). The situation is more complicated for Siegel modular
forms that are not lifts. However, if the “first few diagonal” coefficients of a Siegel modular
form are integral (or p-integral rational), then Theorem I implies that all of its Fourier
series coefficients are integral (or p-integral rational).

Corollary 1. Let F be a Siegel modular form of degree g > 2, weight k, and with rational
Fourier series coefficients c(T). Suppose that

) 4\¢ k
c(T)yeZ forall T = (L) with t; < 3) 1o (1)

Then c¢(T) € Z forall T.

Remarks. (1) Theorem I and Corollary I are effective for explicit calculations with
Siegel modular forms, since only finitely many T satisfy the condition ¢; < (%)g 1k—6
for all .

(2) Note that Theorem I holds also in the case that g = 1 (excluded from the
statement of the theorem), since if g = 1, then the bound (%)g 1—/‘6 reduces to the
classical Sturm bound [13].

(3) Ifp =5, then Theorem 1 shows that the bounds (%)g % in Theorem I and in
Corollary I can be replaced by the slightly better bounds (%)g %.

(4) If (1) in Corollary I is replaced by the assumption that ¢(T) is p-integral rational for
all T = () with ¢; < (%)g 1—’;, then considering the case ¢ = p in the proof of
Corollary I yields that ¢(T') is p-integral rational for all T

(5)  One can remove the assumption that ¢(T) € Q in Corollary I. More precisely, if F
is a Siegel modular form of degree g > 2, weight k, and with Fourier series
coefficients ¢(T') € C such that (1) holds, then results of [6] show that F is a linear
combination of Siegel modular forms of degree g > 2, weight k, and with rational
Fourier series coefficients, and applying Corollary I yields that ¢(T) € Z for all T.

The paper is organized as follows. In the first Section, we give some background on
Jacobi forms and Siegel modular forms. In the second Section, we explore diagonal van-
ishing orders of Jacobi forms and of their specializations to torsion points. In the third and
final Section, we inductively establish diagonal slope bounds for Siegel modular forms of

arbitrary degree, and we prove Theorem I and Corollary L.

1 Preliminaries
Throughout, g, kK, m > 1 are integers, and p is a rational prime. We work over the maximal
unramified extension Q;r of Q. Note that Q;r contains all N-th roots of unity if N and p
are relatively prime. We always write p to denote a prime ideal in Q}, and Oy, stands for
the localization of Q" at p. Moreover, we refer to the elements of the local ring Z, N Q as
p-integral rational numbers.

Finally, let Hy be the Siegel upper half space of degree g, Sp,(Z) be the symplectic group
of degree g over the integers, and p be a representation of Sp,(Z) with representation
space V' (p), and such that [ker p : Spg(Z)] < oo.
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1.1 Siegel modular forms

Let Ml(f) (p) denote the vector space of Siegel modular forms of degree g, weight &, type p,
and with coefficients in Oy, (see [11]). If p is trivial, then we simply write M](f). Recall that
an element F € M,(f) (p) is a holomorphic function F : Hy — V(p) with transformation

law
F((AZ+B)(CZ+D)™") = p(M) det(CZ + D)* F(Z)
foralM = (‘é g) € Spy(Z). Furthermore, F has a Fourier series expansion of the form

F(Z) — Z C(T) eZm’tr(TZ)’
T=T>0

where tr denotes the trace, T is the transpose of T, and where the sum is over symmetric,
positive semi-definite, and rational g x g matrices T

IfF e M;f) (p) such that F # 0 (mod p), i.e., if there exists a Fourier series coefficient
¢(T) of F such that ¢(T) # 0 (mod p), then the mod p diagonal vanishing order of F is
defined by

ordy F := max{O <leZ VT = (tj),t; <lforalll <i<g: ¢(T) =0 (mod p)}.
2)
If F has p-integral rational coefficients such that F # 0 (mod p), then ord, F is defined

likewise. Finally, the mod p diagonal slope bound for degree g (scalar-valued) Siegel
modular forms is given by

© . . k
Pdiag p = inf  inf , 3)
kK peM® ordy F
F#0 (mod p)

©
diag,p
Siegel modular forms with p-integral rational coefficients is completely analogous.

and the definition of the mod p diagonal slope bound p for degree g (scalar-valued)

1.2 Jacobiforms

Ziegler [14] introduced Jacobi forms of higher degree (extending [5]). Let ]](fy)n (p) denote
the ring of Jacobi forms of degree g, weight k, index m, type p, and with coefficients in O,.
If p is trivial, then we suppress it from the notation. Recall that Jacobi forms occur as
Fourier-Jacobi coefficients of Siegel modular forms: Let F € M](fﬂ) (p), and write Z =

(Z 3) € Hgy1, where 7 € Hg, z € C$ is a row vector, and 7’ € Hj to find the Fourier-

Jacobi expansion:

F(Z) = F(T,Z, '(/) = Z (,bm(T,Z) eZ?Tim‘L",

0<meZ

where ¢, € ],(fzn (p). We now briefly recollect some defining properties of such Jacobi
forms.
Let G := Spg(R) x (R% XR) be the real Jacobi group of degree g (see [14]) with group

law

(M, (@), k] - [M’, (A’, /L’) ,K/] = [MM’, (X + )M, 0+ //) ki A — ﬂt)\./] ,
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where (i, i) = (A, uw)M'. For fixed k and m, define the following slash operator on
functions ¢ : Hy x C& — V(p):

A B ., [AB &
(¢ km [(CD)’ (/\,M),xD (t,2) = p (CD) det(Ct + D)

- exp (Znim (—(Cr +D) YAt + W Cle+rt+ ) + AT+ 20+ + x))
¢ (At +B)(Ct+D) ! (z+ At + w)(Cr + D)7 1)

(4)

for all [(é B), (L), x] € G. A Jacobi form of degree g, weight k, and index  is invariant
under (4) when restricted to (é g) € Spo(Z), (A, ) € 7%, and k = 0. Moreover, every
¢ e ],(fjn (p) has a Fourier series expansion of the form
¢(T,Z) — Z C(T, R) e27titr(TT+ZR)’
T.R

where the sum is over symmetric, positive semi-definite, and rational g x g matrices T’
and over column vectors R € Qf such that 4mT — R'R is positive semi-definite.

Finally, we state the analog of (2) for Jacobi forms. Let ¢ € ],(fy)n(p) such that ¢ #
0 (mod p), i.e., there exists a Fourier series coefficient ¢(T, R) of ¢ such that ¢(T,R) #
0 (mod p). Then the mod p diagonal vanishing order of ¢ is defined by

ordy ¢ := max{O <leZ VR, T = (t),t; <lforall 1 <i<g: c(T,R)=0 (mod p)},
(5)

and if ¢ has p-integral rational coefficients such that ¢ # 0 (modp), then one defines
ord, ¢ in the same way.

2 Vanishing orders of Jacobi forms
In this section, we discuss diagonal vanishing orders of Jacobi forms and of their
evaluations at torsion points.

Throughout, N is a positive integer that is not divisible by p. Consider the C vector
space

1% (p[N]) =C [(ﬁZg/NZg)z] = spang {ea,lg T, B e ﬁZg/NZg} , (6)

and the representation p[y] on V(p[N]), which is defined by the action of Spy(Z) on
(%78 INZ8)2:

PIN] (M_l) Ca,B 1= Lo B where (o,B'):=(a,f) M forM € Sp,(Z). (7)
Ifp e ]/(fr)n , then ¢[ N is its restriction to torsion points of denominator at most N, i.e.,

¢[N]: H® Vv (p[N])
SN (@) := (9 |im [Les (@ B), 0]) (7 0), e 1 e e (®)

where I, stands for the g x g identity matrix. It is easy to see that ¢[ N1 is a vector-valued
Siegel modular form (see also Theorem 1.3 of [5] and Theorem 1.5 of [14]):

Lemma 1. Let ¢ € ] Then $[N] € M;* ().
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Proof. We first argue that ¢[ N] is well-defined: If a, b € Z&, then
¢ |km [Lg» (@ + Na, B+ Nb),0] = ¢ | [Ly; Na,Nb), No:'b — NB'a] |im [L» (0, B), 0] .

Note that ¥ := Na'h — NB'a € Z does not contribute to the action, and we find that
the defining expression for ¢[ N] is independent of the choice of representatives of «, 8 €
78 NZE.

Next we verify the behavior under modular transformation of ¢[N]. Let M € Spy(Z).
Then

[Ig’ (Ol) ,3)’ O] : [M» (0, O)» 0)] =[M1 (0’ 0)7 0] ° [[g’ (O/: ,3/)’ 0]
with (a’ B ) = (&, B) M, which implies that

(B[ Nap) | M = (b|kml I (0, B),01) (-, 0)) |, M= (|x,m[M, (0,0),0]-[Ig, (',8"), 0]) (-, 0)
=(¢[Nlwp ) 0

The next lemma relates the mod p diagonal vanishing orders of a Jacobi form ¢ and its
specialization ¢[ N].

Lemma 2. Let ¢ € ],(fzn Then ordy [ N1 > ordy ¢ — 7.

Proof. Let p(t,2) = Y 7z o(T,R) 2™ "TD+2R) Then ¢[ N] (1) equals

(¢|k[lg’((x1 ﬁ): 0]) (l', 0) :eZTIim(C{T t0t+ﬁt11) Z C(T, R) eZni(tr(Tr)+(ar+ﬂ)R)
T,R
_ p2rim Bl ZC(T,R)ebTiﬁReZJTitr((TfﬁRtR+ o (mat5 R) (ma+3'R))7)
T,R

)

Observe that ¢(T, R)e*™i# (atR) ¢ Oy. It suffices to show that ¢(T, R) vanishes mod p if
the diagonal entries ¢, of 7" := T — ﬁR R are less than ord, ¢ — %.

Consider T, R such that t;i < ordp ¢ — % for some fixed i. Note that ¢(7T, R) remains
unchanged when replacing T +> T + 3(RA + % R) + m %A and R + R + 2m %, which
corresponds to the invariance of ¢ under | o [z, (1, 0),0]. Hence we only have to consider
the case of R = Yry,.. ., rg) with —m < r; < m. In this case, ¢}, = t;; — ﬁriz <ordy¢p—77

implies that ¢; < ordy ¢, i.e., ¢(T,R) = 0 (mod p). O

The following lemma associates the mod p diagonal vanishing orders of scalar-valued
and vector-valued Siegel modular forms.

Lemma 3. Suppose that there exists a mod p diagonal slope bound Q((ﬁig’p for degree
g = L Let p be a representation of Spy(Z) defined over Oy, and assume that its
dual p* is also defined over Op. If F € M;f)(p) such that ordy F > k/Q‘(ﬁ;g,p, then
F =0 (mod p).
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Proof. Let v be a linear form on V(p), i.e, v € V(p)*(Op). Then (F,v) := vo Fisa
scalar-valued Siegel modular form of weight k for the group ker p. We obtain a scalar-
valued Siegel modular form for the full group Sp,(Z) via the standard construction (see
also the proof of Proposition 1.4 of [1])

=[] @Ewkm= ] (Eo 0w eMy,
M:ker P\Spg(Z) M: ker P\Spy(Z)

where d :=[ker p : Spg(Z)]. Observe that p*(M)v € V(p)* (Op), and hence the Fourier

@

series coefficients of F, do belong to Op. The assumption ordy F > k / 0 implies that

diag,p
ordy F, > dk / Q((ﬁ;g,p, and since F, is of weight dk, we find that F, = 0 (mod p) for all v.
Hence (F, v) vanishes mod p for every v, which proves that F = 0 (mod p). O

The final result in this Section on the mod p diagonal vanishing orders of scalar-
valued Jacobi forms and Siegel modular forms is an important ingredient in the proof of
Theorem I in the next Section.

Proposition 1. Suppose that there exists a mod p diagonal slope bound Q‘(ﬁ;g,p for

degreeg > 1. Let ¢ € ]](fzn such that ordy, ¢ > 7 + k/g((ﬁ;g’p. Then ¢ = 0 (mod p).

Proof. Let ¢(t,2) = Y 1 pc(T,R) 2T (TD+2R) T emmata 2 and 3 imply that ¢[ N] =
0 (mod p) for all N that are relatively prime to p. We prove by induction on the diagonal
entries (¢;) of T that ¢(T, R) = 0 (mod p). The constant Fourier series coefficient of ¢[ 1]
equals ¢(0,0). Hence ¢(0,0) = 0 (mod p), i.e., the base case holds. Next, let T be positive
semi-definite and suppose that ¢(T’,R) = 0 (mod p) for all 7/ = (tl’.j) with ¢, < t; for
alli. If R = t(;’1, e rg) such that |r;| > m for some i, then (as in the proof of Lemma 2)
use the modular invariance of ¢ to relate ¢(T,R) to some ¢(T",R') with ¢, < ;. That is,
it suffices to show that ¢(7, R) = 0 (mod p) for R with —m < r; < m for all i. Now, fix a
prime N # psuch that 2m < N —2.If B = {B1,...,By) € %Zg, then ¢[ N] = 0 (mod p)
implies that (see also (9))

> T, R PR =" (T, R)e™ PR = 0 (mod p),

N-1 R
lril<~5=

where the first congruence follows from the induction hypothesis and the assumption
that 2m < N — 2 (see also the proof of Lemma 2). Note that ¢>7/#R are integers in the
N-th cyclotomic field. Moreover, if

A= (¢2TIPR)

ReZ8, %<n§N2—1 ’
Be & Z8,0<N B <N—2
then (observing that N is prime) det A = (—1)N~INN~2 is the discriminant of the N-th
cyclotomic field. In particular, detA # 0 (mod p), and we conclude that ¢(T,R)
0 (mod p).

oo

3 Slope bounds for Siegel modular forms
We prove by induction that there exists a diagonal slope bound Qiﬁig,p for Siegel modular
forms of degree g > 1, which then yields Theorem I and Corollary 1.
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Proposition 2. If Q((i‘:gl; is a diagonal slope bound for degree g — 1 Siegel modular forms,

then Q dlag p = Zggag plsa diagonal slope bound for degree g Siegel modular forms.

Proof. Suppose that there existsan 0 # F € M(g) whose diagonal slope modulo p is Iess

than Qg;g p = igiﬁagl;, i.e., the diagonal vanishing order of F is greater than k / 0 dlag P

Consider Fourier-Jacobi coefficients 0 # ¢, € ](g D of F.If m < k/Qdiag,p’ then

d k _m L3 3 k m n k
or p ¢Wl (g) - 4 4 (g) - 4 (g_l) )
leag P leag p leag,p

and Proposition 1 implies that ¢,,, = 0 (mod p).

Ifm >k / Q((ﬁ;g,p, then an induction on m shows that ¢,,, = 0 (mod p). More specifically,
fix an index m and suppose that ¢, = 0 (mod p) for all ' < m. Thus, the mod p
diagonal vanishing order of ¢,, is at least m, and we apply again Proposition 1 to find that
¢m = 0 (mod p). Hence F = 0 (mod p), which yields the claim. O

Proposition 2 holds for any prime ideal p in Q;, and hence also for the rational prime p.
As a consequence we discover explicit slope bounds, which immediately imply Theorem I.

Theorem 1. Let g > 1. There exist a diagonal slope bound Q dlag » such that

g
©@ 3
leagp > 16- <4) .

If, in addition, g > 2 and p > 5, then
@ 160 3\¢
Odiagp z 9 : 4]

Proof. We apply Proposition 2 to the base case leagp = 12 (see [13]), and if p > 5, to
the base case leagp = 10 (see [2]). O

Example 1. If p > 5, then for g = 3,4, 5,6 we obtain

3 4) (6)
leagp > 7.5, leagp > 5.6, leagp > 4.2, leagp > 3.1

Finally, we prove Corollary L.

Proof. Let F € M,(f) with rational Fourier series coefficients ¢(7T') such that ¢(T) € Z
forall T = () with ¢; < (%)g% for all i. Note that F has bounded denominators (this
follows from [6]), i.e., there exists an 0 < [ € Z such that [F € M,(f) has integral Fourier
series coefficients. Let / be minimal with this property. We need to show that / = 1. If
I #1, then there exists a prime g such that g|/. Hence lc(T) = 0 (modgq) for all 7" with
ti < (g) 16> and Theorem I asserts that Ic(T) = 0 (mod g) for all T This contradicts the
minimality of /, and we conclude that/ = 1. O
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