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In the present paper, we consider a nonself-adjoint fourth-order differential operator with
the periodic boundary conditions. We compute new accurate asymptotic expression of the
fundamental solutions of the given equation. Then, we obtain new accurate asymptotic formulas
for eigenvalues and eigenfunctions.

1. Introduction

In the present work, we consider a nonself-adjoint fourth-order operator which is generated
by the periodic boundary conditions:

yW gy =1y, (0<x<m), (1.1)

y(f)(O) _ y(j)(yz') =0, j=0,1,23, (1.2)

where g(x) is a complex-valued function. Without lose of generality, we can assume that
fo q(x)dx = 0.

Spectral properties of Sturm-Liouville operator which is generated by the periodic and
antiperiodic boundary conditions have been investigated by many authors, the results on this
direct and references are given details in the monographs [1-5].

In this paper we obtain asymptotic formulas for the eigenvalues and eigenfunctions
of the fourth-order boundary-value problem (1.1), (1.2). For second-order differential
equations, similar asymptotic formulas were obtained in [6-9]. We note that in [6, 10, 11],
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using the obtained asymptotic formulas for eigenvalues and eigenfunctions, the basis
properties of the root functions of the operators were investigated.

The paper is organized as follows. In Section2, we compute new asymptotic
expression of the fundamental solutions of (1.1). In Section 3, we obtain new accurate
asymptotic estimates for the eigenvalues. In Section 4, we have asymptotic formulas for
eigenfunctions under the distinct conditions on g(x).

2. The Expression of the Fundamental Solutions

It is well known that (see [2, page 92]) if the complex s-plane (s* = 1) is divided into eight
sectors Sy (¢ = 0,7), defined by the inequalities

lor ( +1)ar 3
3 S <args T (€ =0, 7>, (2.1)

then in each of these sectors (1.1) has four linear independent solutions yx(x, s) (k =1,2,3,4),
which are regular with respect to s in the sector S; for |s| sufficiently large and which satisfy
the relation

7
Yi(x, 8) = eV [UZZO ””;‘—v(x) + o(%)] (k=1,2,3,4), (2.2)
where the numbers wy are the fourth roots of unity, thatis, w1 = —ws = iand wy = —w3 = 1.
In general, the term O(s~™*V) at the formula (2.2) depends upon the smoothness of the
function g(x). If g(x) has m continuous derivatives, then one can assert the existence of a
representation (2.2) with N = m + 3. Here, we assume that g(x) € C®[0,sr]. The functions
uy K (x) satisfy the following recursion relations:

4uuk(x)+6w3 Zlk(x)+4w2 Uy (%)

(2.3)
+ wkuU 3k(x) + wig(X)up-3x(x) =0, uyr(x)=0, v<0.

Let us put, moreover, upi(x) = 1, uyx(0) = 0, for v > 1. Thus, the functions u,(x) are
uniquely determined. Thus, we can find from (2.3) that

1 X
ur(x) =1,  wx(x)=0,  wk(x)=0,  wzk(x)=-—3 I q(t)dt
4wy Jo

5 3
wk) = 3[40 40, usk®) =~ [7@) -4 O],
(2.4)

3 2 2 x 2
U (x) = " [q"(x) q"(0)] +—<f q(t)dt> ,

1) - 4" (O0)] - 2 [q) - q(0>]f gl - > R

uzk(x) = 64
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3. The Asymptotic Formulas of Eigenvalues

It follows from the classical investigations (see [4, page 65]) that the eigenvalues of the
problem (1.1), (1.2) (in [0,1]) consist of the pairs of the sequences {Ax1}, {Ak2} satisfying
the following asymptotic formula:

A1 = Ao + O(K12) = (2kr) (1 + ‘% + o<k3/2)> 3.1)

for sufficiently large integer k, where & is a constant.

Theorem 3.1. Assume that q(x) € C®[0, ). Then, the eigenvalues of the boundary-value problem
(1.1), (1.2) form two infinite sequences Ax1, Akp (k= N, N+1,...), where N is a big positive integer
and have the following asymptotic formulas:

2(t)dt
e = (2kiy* + = o 4t +o<%>,

8 (2ki)* (32)
POV B OL N '
Mo = (2k)* + 8” o +0 (F)

Proof. By derivation of (2.2) up to third order with respect to x, the following relations are
obtained:

7,y (%)
e 5550 o (4| o

v=0

wherek =1,2,3,4, m=1,2,3 and

w0 =1, wP)=0  wl=0  wPE)-= ‘_I q(t)dt,

W00 = ga00 - 290, wd = —%q(x)—%q(ox W) = =34(x) - 39(0),

(1) _ wi / 5wi / Sw i /
s, (x) = Tl (%) + 6 7 0), (X) q "(x) + ST (0),

3 56(]3
g (x) = 1gq'<x>+1—;q'<o>,
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ull (x) = [q"(x)+q"(0)] S—iq q(f)dt>

W) = g ) - 2 0) + (f "(”””)

) (x) = 32qu/( ) - Suwi ”(O)+w—2<fxq(t)dt>2,

W) = 27 (x) + 47 (0) - 25 [q(x) - 34(0)] f q(t)dt—‘M F(0)dt,
W00 = =25 + " O+ x o) + 390 | gy - f POt
W50 =~ () + L (0) + 2 [qx) +39(0)] f q(t)dt—‘ﬂj 7 (bt

(3.4)

Now let us substitute all these expressions into the characteristic determinant

Ui(y1) Ui(y2) Ua(ys) Ui(ys)

Als) = Uz(y1) Uz(y2) Ua(ys) Uz(ya) 35)
Us(y1) Us(ya) Us(ys) Us(ya)| .

Us(y1) Us(y2) Us(ys) Ua(ys)

where
Uj (vi) =y () -y (0), (7=0,1,2,3). (3.6)

By long computations, for sufficiently large |s|, we obtain that
A(s) = 161'56{65” [1 _3490) _ 3 Jo 4 (Hdt + O<l>]
2 4 32 ¢ s8
- 2[1 - ;@ " O(E)] re [1 iqsg) 3zf zgt)dt * O(%)] }
x {eiS’f[l - %w + o<:—8>] —2[1 + o(%)]
+ e [1 + %—gf ngt)dt + O(Sl—8>] }

(3.7)
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Multiplying the last equation by

sar 3 (](O) 3 ,r t)dt 1 isor 3i jﬂ- qz(t)dt 1
e [1+§ o 32 &7 O(E)]e [1+3—2—0 &7 +O<S_8> ’ (38)

it becomes

o 3 [y g (Hat NI 3i [T (t)dt 1
{e —[1 — O<E>:|} {e - |:1+é—0 7 +O<§>:|} . (3.9)

Hence, by A(s) = 0, for sufficiently large |s|, the following equations hold:

3 Jo 4° (Dt 1

SEEr L o<5>, (3.10)
3i [y g?(t)dt 1

1= 2R 4DE +o(§). (311)

By Rouche’s theorem, we have asymptotic estimates for the roots sx;1 and sxp, k = N, N +
1,...,0f (3.10) and (3.11), respectively, where N is a big positive integer

3 Jgqibat 1

Sk1 = 2ki + — 307 (zkl) + O<F>, (312)
3 [y g at 1

Skp2 = 2k + — 300 (2k) O(F) (3.13)

From the relations (3.12), (3.13) and the relations Ay ; = 5;4(,]., (j = 1,2), the asymptotic formulas
(3.2) are valid for k > N. O

4. The Asymptotic Formulas for the Eigenfunctions
Now, we obtain asymptotic formulas for eigenfunctions under the distinct conditions on g(x).

Case 1. Assume that g(x) € CV[0,r] and the condition g(sr) — g(0) #0 holds. Based on the
asymptotic expressions of the fundamental solutions of (1.1) and the asymptotic formulas
for eigenvalues of the boundary-value problem (1.1), (1.2) up to order O(s™°), the following
result is valid.
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Theorem 4.1. If the condition q(or) — q(0) #0 holds, then eigenfunctions of the boundary-value
problem (1.1), (1.2) corresponding the eigenvalues A1 and Ay are of the form

Yi,1(x) = sin(2kx) — sinh(2kx) + O(%), (4.1)

Yk2(x) = cos(2kx) + cosh(2kx) + O <%), (4.2)

where k is sufficiently large integer.

Proof. Let us calculate U1 (yu(x, sk,1)) (j =0,1,2) up to order O(s 1)- Since

eI T 1 = ; by g 7(t)dt + o<%>, (4.3)

Sk1 Sk1

we obtain that

Ui (Yo(x, 8k1)) = 2(1(”14 q(O) < ! >,

G =
U (o (x, 55,1)) =wv5k1[1 1) =400 ( >] "
5 Skl
Us(yo(x,51)) = (@oska)? _lw ol 2\
8 Si,l Si,l

Follows from the condition g(or) — g(0) #0 that U1 (yu(x, sk,1)) #0 for j = 0,1,2. Thus, we
can seek eigenfunction y 1 (x) corresponding Ay 1 in the form

y1(x,s61) v2(x,sk1) y3(x,s61) valx, sk1)
Ui(y1) Wi(y2) UWiys)  Ui(ya)
Yi1(x) = . (4.5)
U(y1) Ua(y2) Ua(ys) Ua(ys)

Us(y1)  Us(y2)  Us(ys)  Us(ys)
Then,

Ui(y2) Ui(ys) Ui(ya)
Vi1 (x) = y1(x,s61) |{U2(v2) Uz(ys) Ua(ys)
Us(y2) Us(ys) Us(ya)

Ui(y1) Ui(ys) Ui(ys)

= y2(x,561) (U2 (y1) Ua(ys) Uz(yas)

Us(y1) Us(ys) Us(ys)
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By simple computations, we obtain

Ui(y2) Ui(ys) Ui(ys)

Us(y2) Us(ys) Us(ya)
Ui (y1) Ui(ys) Ui(ys)

Us(y1) Us(ys) Us(ys)
Ui (y1) Ui(y2) Ui(ys)

Us(y1) Us(y2) Us(ya)
Ui(y1) Ui(y2) Ua(ys)

Us(y1) Us(y2) Us(ys)

Hence, using the formula (2.2), we can write

3 (4(r) —q0)° |

Yra(x) = B A e'1Y — jetkIY 4 jeTIkIY — o7k 4 O <—

o)

Sk1

3 (q(m) = q0)° |

Ui(y1) Ui(y2) Ui(ys)
+y3(x,s,1) (U2 (y1) Ua(y2) Uz(yas)
Us(y1) Us(y2) Us(ys)

Ui(y1) Ui(y2) Ua(ys)
—ya(x, 51) U2 (1) Ua(y2) Ua(ys)|-
Us(y1) Us(y2) Us(ys)

Us(v2) Ua(ys) Us(ya)|=-

Us(y1) Ua(ys) Ua(ya)|=-

Uy (1) Ua(ya) Ua(ya)|=-

Uz (y1) Uz(y2) Ua(ys)|=-

3 (q() -q0)’ 1eo(L)],

27 ), Sk

3i (q(r) ~q(0)’ 1-o(L)]

27 si 1 Sk,1

3i (q(r) - 9(0)° 1eo(1)]

27 Spy Sk1

27 Sk

E%W[HOG)].

Sk,1

1
= - 2isinsk,1x—2isinhsk,1x+O<—>]

27 52,1 Sk1
3
i (g(or) —g(0
=—iM sinsklx—sinhsk1x+0<i>].
26 32,1 ] ' ' Sk

Therefore, for the normalized eigenfunction, we get

1
Yk,1(x) = sin sk 1x — sinh sg 1x + O<—>

Sk

(4.6)

(4.7)

(4.8)

(4.9)
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Using the relations (3.3) and (3.12), for sufficiently large integer k, we obtain (4.1)

Yk1(x) = sin(2kx) — sinh(2kx) + O<%> (4.10)
Similarly, since Uj1(yo(x,sk1))#0 for j = 1,2,3, we can seek eigenfunction yy2(x)

corresponding Ak, in the form

y1(x,5k2) Ya(x,Sk2) Y3(x,5k2) Ya(x,Sk2)
Ua(y1) UWa(y2) Ua(ys)  Ua(ya)

Yipa(x) = . (4.11)
Us(y1) Us(y2) Us(ys) Us(ys)
Us(y1)  Us(y2)  Us(ys)  Ua(ys)
Then,
Uz(y2) Uz(ys) Uz(ya)
Y2 (%) = y1(x, sx2) (Us (y2) Us(ys) Us(ya)
Us(y2) Us(ys) Us(ys)
Ua(y1) Ua(ys) Ua(ya)
- ya(x,s2) [Us(y1) Us(ys) Us(ya)
Us(y1) Us(ys) Us(ys)
(4.12)

Uz(y1) Uz(y2) Uz(ya)
+y3(x,52) Uz (v1) Us(y2) Us(ys)
Us(y1) Us(y2) Us(ya)
Uz(y1) Uz(y2) Uz(ys)
= ya(x, sk2) Uz (y1) Us(y2) Us(ys)|-
Us(y1) Ua(y2) Us(ys)

By similar computations we obtain

S I (q(r) - 9(0)° 1
Us(y2) Us(ys) Us(va) =?T[1+O<@>]f
Us(y2) Us(ys) Us(ys) k.2 ,
Ua(y1) Ua(ys) Ua(ya) . 3

Us(y1) Us(ys) Us(ys) =—;W”)S;—q(0))[1+o<$)],
Us(yr) Ua(ys) Us(ya) k2 y
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uz(yl) Uz(yz) uz(y4) . \
Us(y1) Us(yz) Us(ys) :;(‘7(”)5+‘I(O)) 1+O<$>],
Us(y1) Ua(yz) Ua(ys) k2 :

Uz (y1) Ua(y2) Ua(ys) ' i .

Us(y1) Us(y2) Us(va) =_;(q(”)s+0))[l+o<$)].
Us(y1) Us(y2) Us(ys) k2 ,

(4.13)
Hence, using the formula (2.2), we can write
- —q(0)°71 . .
s = OO IO e e, g o 1))
2 Sp ) Sk,2
3
] a)—qg(0 1
= %M 2 cos sk,2x+2coshsk,2x+0<—>] (4.14)
Sk | Sk,2
3
] a)—qg(0 1
= %M COS Sk 2X + cosh sy px + O(—)] .
Sk1 | Sk,2
Therefore, for the normalized eigenfunction, we get
1
Yk2(X) = cos sk x + cosh s ox + O(S—> (4.15)
k2
Hence, for sufficiently large integer k, we obtain (4.2)
1
Yk2(x) = cos(2kx) + cosh(2kx) + O(E) (4.16)
O

Case 2. Assume that g(x) € C?[0, ] and the conditions g(or) — g(0) = 0 and ¢'(or) — '(0) £0
hold. Based on the asymptotic expressions of the fundamental solutions of (1.1) and the
asymptotic formulas for eigenvalues of the boundary-value problem (1.1), (1.2) up to order
O(s7°), the following result is valid.

Theorem 4.2. If the conditions q(or) —q(0) = 0 and q' (or) — q'(0) # 0 hold, then eigenfunctions of the
boundary-value problem (1.1), (1.2) corresponding the eigenvalues i1 and Ay, are of the form

Yi,1(x) = cos(2kx) — cosh(2kx) + O<%>, (4.17)
Yio(x) = sin(2kx) — sinh(2kx) + O(%), (4.18)

where k is sufficiently large integer.
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Proof. It is clear that

4 5 6
8 Sk1 16 Sk1 Sk1

19(1) - q(0) _ w, (1) - 4(0)

1 5
8 Sk1 16 Sk1

+ O<%>], (4.19)
Ska

14q(7) =q(0) 3w, q'() -4'(0)

1 5
8 Sk1 16 Sk1

()]

It follows from the conditions g(or) — g(0) = 0, 4'(or) — 4'(0) #0 that U1 (yy(x, sx,1)) #0 for
j =0,1,2. Thus, we can seek eigenfunction v 1 (x) corresponding Ay ; in the form

Uy (Yo (x, Sk1)) = WoSk [

U3 (Yo(x,sk1)) = (wusk,l)z[

y1(x,8k1) Y2(x, k1) y3(x, k1) ya(x, ska)
Ui(y1) Ui(y2) UWi(ys)  Ui(ya)
Wa(y) Ua(ya) Ua(ys) Ua(wa) |
Us(yi) Us(y2) Us(ys) Us(ya)

Yra(x) = (4.20)

Then,

Ui(y2) Ui(ys) Ui(ya)
Vi1 (x) = y1(x,s61) |{U2(v2) Uz(ys) Ua(ys)
Us(y2) Us(ys) Us(ya)

Ui(y1) Ui(ys) Ui(ys)

= y2(x,561) (U2 (y1) Ua(ys) Uz(yas)

Us(y1) Us(ys) Us(ys)
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Ui(y1) Ui(y2)
+y3(x, 561) (U2 (y1) Ua(v2)
Us(y1) Us(y2)
Ui(y1) Ui(y2)
- ya(x,561) U2 (1) Ua(v2)
Us(y1) Us(y2)

By simple computations, we have

Ui (y2) Ui(ys) Ui(ya)
Uz (y2) Ua(ys) Uz(ya) 210 12
Us(y2) Us(ys) Us(ya) o

Ui(y1) Ui(ys) Ui(ya)
u, (y1) Us; (y3) U (y4) 210
Us(y1) Us(ys) Us(ya)

Ui(y1) Ui(yz) Ui(ys)
Uz(y1) Uz(y2) Ua(ys)| = 555 o
Us(y1) Us(yz) Us(vs)
Ui(y1) Ui(y2) Ui(ys)
Ua(y1) Uz(y2) Ua(ys)| =555
Us(y1) Us(y2) Us(ys)

2
Sk1

2
SK1

Hence, using the formula (2.2), we can write

15i (4'() - 4'(0))°

Yra(x) = T — [elskflx — @SIX — gTIRIX  pTISKIX O(

Skt

_ 15 (4'(7) - 4'(0))’

_ 15 (@@ O, o(

Ui (ya)
Uz (vs)
Us(v)
Ui (ys)
Uz (ys)|-
Us(ys)

Sk

BECLEUR S

_15i (4(@) -4 ()’ '1+O< 1

L@ g0, o2

1
9 a2 [COS Sk,1Xx — cosh si 1x + ()(_)] .

Sk1

Therefore, for the normalized eigenfunction, we get

Yk,1(X) = cos sg1x — cosh sp1x + O(

Sk,1

=)
Sk ’

Sk,1

1

Sk

|
)|

)

11

(4.21)

(4.22)

(4.23)

(4.24)
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Using the relations (3.3) and (3.12), for sufficiently large integer k, we obtain (4.17):
Yk,1(x) = cos(2kx) — cosh(2kx) + O(%) (4.25)

In similar way, we can seek eigenfunction yx» (x) corresponding Ay, in the form

yi(x,sk2) v2(x,5k2) y3(x,sk2) va(x,sk2)
u u u u

Yal) = 2(11) 2(¥2) 2(v3) 2(vs) . (826)
Us(v1) Us(y2) Us(ys) Us(ya)

Us(y1) Us(y2) Us(ys)  Us(ys)
Then,

Uz(y2) Ua(ys) Uz(ys)
Yo (x) = y1(x,sx2) Us(v2) Us(ys) Us(ya)

Us(y2) Us(ys) Ua(ya)
Uz(y1) Ua(ys) Uz(ys)
—ya(x, sk2) Us(y1) Uz(ys) Us(ya)
Us(y1) Us(ys) Us(ys)
Uz(y1) Ua(y2) Uz(ys)
+y3(x, sk2) (Us(y1) Uz(y2) Us(ya)
Us(y1) Us(y2) Us(ya)
Uz(y1) Uz(y2) Uz(ys)
—ya(x, sk2) [Us(y1) Us(y2) Us(ys)|.
Us(y1) Us(y2) Us(ys)

(4.27)

By simple computations, we get

Uz(y2) Uz(ys) Uz(ya) IR _
Us(y2) Us(ys) Us(ya) =%(q(”)s+(0)) 1+o<$)
Us(y2) Us(ys) Us(ya) k2 ] o

Uz(y1) Ua(ys) Uz(ys) N, _
Us(v1) Us(ys) Us(ya) =%(q(”)9—q(0)) 1+o< ! )

Ui(yr) Us(ys) Us(ya)

~

Sk2

~
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Uz (y1) Uz(y2) Ua(ya) s _
Us(y1) Us(y2) Us(ya) :%M 1+O<$>
Us(y1) Us(y2) Us(ys) k2 ) o

Uz(y1) Ua(y2) Uz(ys) IR _
Us(y1) Us(y2) Us(ys) =2—?OM 1+o<i)_.

~

512 Sk.2
Us(y1) Ua(yz) Ua(ys) '
(4.28)
Hence, using the formula (2.2), we can write
3 (@) =90 [ ioue e ( 1 >]
X) = ——————— e — e 4 jem kY — TR L O —
yk,Z( ) 210 Si/z Sk2
, (4.29)
i (¢'(or) -4 (0 1
= %M [sin Sk2X —sinh sgpx + O(—)] .
2 512 Sk,
Therefore, for the normalized eigenfunction, we get
1 1
Yk2(x) = sin sk px — sinh sgox + O(—) + O(—) (4.30)
Sk2 Sk2
Hence, for sufficiently large integer k, we obtain (4.18):
1
Yk2(x) = sin(2kx) — sinh(2kx) + O<E> (4.31)
O

Case 3. Assume that g(x) € C®[0,or] and the conditions g/ (or) — ¢’(0) = 0,7 = 0,1 and
q" (o) — " (0) #0 hold. Based on the asymptotic expressions of the fundamental solutions of
(1.1) and the asymptotic formulas for eigenvalues of the boundary-value problem (1.1), (1.2)
up to order O(s77), the following result is valid.

Theorem 4.3. If the conditions g (or) — g’ (0) = 0,j = 0,1 and q"(ox) — q"(0) #£0 hold, then
eigenfunctions of the boundary-value problem (1.1), (1.2) corresponding the eigenvalues Ai1 and Ay
are of the form

Yi,1(x) = sin(2kx) + sinh(2kx) + O( >, (4.32)

==

Yk2(x) = cos(2kx) — cosh(2kx) + O( ) (4.33)

x| =

where k is sufficiently large integer.
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Proof. It is clear that

Ui (yo(x,8k1)) = —
8§ & 16 5 32 6 s,

3g(r) —4q(0) , 5wy q(7) -4 0) 5wy q"(r) —g"(0) N O<L>
k1 Sk

Sk1

1q(r) —g(0)  w,q'() —q'(0) 5w q"(r) - q"(0)
8 st 16 s, 32 6

Sk1
1
Sk1

14q(1) =9(0) 3w, q'(r) —4'(0) 3w} q"() - 4" (0)

1 5 6
8 Sk 16 Sk1 32 Sk1

o))

From the conditions g (o) — g(0) = 0(j = 0,1) and g"(r) - q"(0)#£0, we have
Ujs1(yo(x,sk1) #0 for j = 0,1,2. Thus, we can seek eigenfunction yy 1(x) corresponding A1
in the form

U, (yU (x, Sk,l)) = WySk,1 {

U3 (Yo(x, k1)) = (Wusk,l)z{

(4.34)

yi(x,sk1) y2(x,561) y3(x,Sk1) va(x,sk1)
Ui(y1) Wi(y2) UWiys)  Ui(ya)

Yi1(x) = . (4.35)
Uz(y1) Ua(y2) Ux(ys) Ua(ya)
Us(y1) Us(y2) Us(ys)  Us(ya)
Then,
Ui(y2) Ui(ys) Ui(ys)
Vi1 (%) = y1(x,s61) (U2 (v2) Uz(ys) Ua(ys)
Us(y2) Us(ys) Us(ya)
Ui(y1) Ui(ys) Ui(ys)
= y2(%,s1,0) U2 (y1) Uz(ys) Ua(ys)
Us(y1) Us(ys) Us(ya)
(4.36)

Ui(y1) Ui(y2) Ui(ys)
+y3(x,561) (U2 (y1) U2(y2) Uz(ys)
Us(y1) Us(y2) Us(ya)
Ui(y1) Ui(y2) Ui(ys)
= ya(x,s,0) U2 (y1) Uz(y2) Uz(ys)|-
Us(y1) Us(y2) Us(ys)
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By simple calculations, we get

Ui(y2) Ui(ys) Ui(ys) ) "
Uz(y2) Ua(ys) Ua(ys)|= 7SM[1 O<Sk1>]
Us(y2) Us(ys) Us(ya) o

Ui (y1) Ui(ys) Ui(ya) () — o
Ua(y1) Uz(ys) Ua(ya) :%(‘J()S—(O))[ (skl)]'
Us(y1) Us(ys) Us(ya) v

(4.37)
Ui(y1) Ui(yz) Ui(ys)
_ 75i (" () - q'(0))’
Uz (y1) Ua(y2) Ua(ya)|= w5 |10 o
Us(y1) Us(y2) Us(ya) o
Ui(y1) Ui(y2) Ui(ys)
75 1 (.71-) II(O)
Uz(y1) Uz(y2) Ua(ys)| = (qs—q) <5k1>].
Us(y1) Us(y2) Us(ys) o
Hence, using the formula (2.2), we can write
75 (q”(”) q"(O)) 15 1X .+ Sk1X s —Sk1X —iSk1X 1
Yra(x) = _ZTT[ KIY 4 ie™ it —je Tk — ek +O<a>]
(4.38)
. 1" 1" 0
= —%M [smsk1x+ sinh sg1x + O( 1 >]
2 Sk Sk
Therefore, for the normalized eigenfunction, we get
1
Yi1(x) = s1nsk1x+smhsk1x+0< > (4.39)
Sk,1
Using the relations (3.3) and (3.12), for sufficiently large integer k, we obtain (4.32)
Yk1(x) = sin(2kx) + sinh(2kx) + O<%> (4.40)

In similar way, we can seek eigenfunction yi » (x) corresponding Ay, in the form

y1(x,sk2) va(x,sk2) y3(x,sk2) va(x,skp)
u u u u

Yial) = 2(y1) 2(y2) 2(¥3) 2(a) ‘ (8.41)
Us(y1) Us(y2) Us(ys) Us(ya)

Us(y1)  Ua(y2) Us(ys)  Ua(ys)
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Then,
Uz(y2) Ua(ys) Uz(ys)

Us(y2) Us(ys) Us(ya)
Us(y2) Us(ys) Us(ya)

Yi2(x) = y1(x, sk2)

Uz(y1) Ua(ys) Uz(ys)
—ya(x, sk2) Us(y1) Uz(ys) Us(ya)
Us(y1) Us(ys) Ua(ya) 12
Ua(y1) Ua(y2) Uza(ya) |
+y3(x, sk2) (Us(y1) Us(y2) Us(ya)
Us(y1) Ua(y2) Us(ys)
Uz (y1) Ua(y2) Ua(ys)
—ya(x, sk2) |[Us(y1) Us(y2) Us(ys)|-
Us(y1) Us(y2) Ua(ys)
By simple computations, we get
Uz (y2) Ua(ys) Ua(ys) ., )
s (32) () () =T Oy o( L))
Sk2 Sk2
Us(y2) Us(ys) Us(ys)
Uz (y1) Ua(ys) Uz(ya) , )
U3(y1) U3(y3) U3(y4) = iiw[ < >],
sk2 Sk,2
Us(y1) Ua(ys) Us(ys) (4.43)
Ua(y)) Ua(y) Ua(y)] , |
Us(y1) Us(y2) Us(va) =%M 1+o<i) ,
Ska | Sk2/ |
Us(y1) Us(y2) Ua(ya)
Uz(y1) Uz(y2) Uz(va) o )3 .
Us(y1) Us(y2) Us(ya) =%M 1+O<L) :
Sk,Z | Sk2/ |
Us(y1) Ua(y2) Us(ys)
By the formula (2.2), we can write
__@ (q” (/]”(O)) iSk2X _ ,S5kpX _ ,—Sk2X —iSk X L
Yi2(x) = 13 sizz | € € te +O<sk,2
(4.44)

_ 45i (q”(]r)
212

q'(0))’ [

1
€OS Skpx — cosh sgox + O <— .
Sk,2
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Therefore, for the normalized eigenfunction, we get

1
Yk2(x) = cos sgox — cosh s ox + O(S—> (4.45)
k2

Hence, for sufficiently large integer k, we obtain the relation (4.33)

Yk2(x) = cos(2kx) — cosh(2kx) + O(%) (4.46)

O

Case 4. Assume that g(x) € C?®[0,x] and the conditions g/ (or) — g/)(0) = 0, j = 0,2 and
q" () — 4" (0) #0 hold. Based on the asymptotic expressions of the fundamental solutions of
(1.1) and the asymptotic formulas for eigenvalues of the boundary-value problem (1.1), (1.2)
up to order O(s7®), the following result is valid.

Theorem 4.4. If the conditions g (o) — gV (0) = 0,j = 0,2 and g"(or) — g"(0) #0 hold, then
eigenfunctions of the boundary-value problem (1.1), (1.2) corresponding the eigenvalues Ai1 and Ay
are of the form

Yi,1(x) = cos(2kx) + cosh(2kx) + O< ), (4.47)

x| =

=

Yi2(x) = sin(2kx) + sinh(2kx) + O( >, (4.48)
where k is sufficiently large integer.

Proof. It is clear that

39(1) - q(0) | 5w, 4(1) ~q'(0)

Ui (Yo(x, sk1)) =
8 Si,l 16 Si,l

2 1 o m _m
5w} q'(7) = 4" (0) w, q"(7) —q (O)+o<8i>,
Sk

T 3o 6 7
32 Sp1 64 St1

14q(r)-q(0)  w,q(7r)-4(0)

1 5
8 Sk1 16 Sk1

5wy q'(7) = 4'(0) | 9wy q"(7) ~q"(0) <_> }

N 6 7 3
32 Sk1 64 Sk1 Sk1

U (yo(x, k1)) = quk,l{
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_14g(r) —q(0) ?ﬂql(ﬂ') -4'(0)
8 Si,l 16 52,1

B %q//(ﬂ)_qll(o) B ﬁqul(yl.)_qm(o) +O<8L>}
Sk

6 7
32 Sk1 64 Sk1

Us(Yo(x,sk1)) = (wusk,1)2{

(4.49)

From the conditions g/ () — g?(0) = 0(j = 0,2) and g"(r) — q"(0)#0, we have
Uj1(yo(x,sk1) #0 for j = 0,1,2. Thus, we can seek eigenfunction yi1(x) corresponding A1
in the form

y1(x,s61) va(x,sk1) y3(x,s61) ya(x, sk1)
Ui(y1) Wi(y2) UWiys)  Ui(ya)

Yia(x) = . (4.50)
Wa(y1) Ua(y2) Ua(ys) Ua(ys)
Us(y1)  Us(y2) Us(ys)  Us(ya)
Then
Ui(y2) Ui(ys) Ui(ys)
Y1 (x) = y1(x,s61) (U2 (y2) Ua(ys) Ua(ya)
Us(y2) Us(ys) Us(ya)
Ui(y1) Ui(ys) Ui(ya)
—ya(x,561) U2 (y1) Ua(y3) Ua(ya)
Us(y1) Us(ys) Us(ya) 451)

Ui(y1) Ui(y2) Ui(ys)
+y3(x,561) (U2 (y1) U2(y2) Uz(ys)
Us(y1) Us(y2) Us(ya)
Ui(y1) Ui(yz) Ui(ys)
= ya(x, s11) (U2 (y1) Ua(y2) Uz(ys)|
Us(y1) Us(y2) Us(ys)

By simple computations, we get

Ui (y2) Ui(ys) Ui(ys) o (qm(ﬂ-)_qm(o))?) 1
o i - o1,
Us(y2) Us(ys) Us(ys) k1 ,
Lh(}/l) ul(y3) Ul(y4) ) .

Ualyr) talys) Ua(ys) :_% o )slsq & [1+O<$>],
Us(y1) Us(ys) Us(ys) k1 :
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Ui (y1) Ui(ys) Ui(ys) 9 (") - 4"(0))°

(1) Ua(ys) Un(ys)| = o~ o q [1 O<5k1>]
Us(y1) Us(ys) Us(ya) i

U1(]/1) U1(y2) U1(y3) " (o m
ASTASA(E 91 (q"( )S q"(0))° [ (SH)]_
Us(y1) Us(y2) Us(ys) v

(4.52)
By the formula (2.2), we can write
. n " 0 .
y (x) 9116 (q (‘72- q ( )) zsklx + eskllx + e_sk/lx + e—zsk,lx + O<L>]
s k 1 Sk,
(4.53)
. I/I III 0 1
:9Tl5( ( )) [Cossk1x+coshsk1x+o< )]
2 sk | Sk
Therefore, for the normalized eigenfunction, we get
1
Yi,1(x) —cossk1x+coshsk1x+0<s > (4.54)
k1
Using the relations (3.3) and (3.12), for sufficiently large integer k, we obtain (4.47):
g y larg g
1
Yk,1(x) = cos(2kx) + cosh(2kx) + O<E> (4.55)

In similar way, we can seek eigenfunction y»(x) corresponding Ay, in the form

y1(x,sk2) va(x,sk2) y3(x,sk2) va(x,skp)
u u u u

Yial) = 2(y1) 2(y2) 2(¥3) 2(a) ‘ (456)
Us(y1) Us(y2) Us(ys) Us(ya)

Us(y1)  Ua(y2) Us(ys)  Ua(ys)
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By simple computations, we get

U2(]/2) Uz(]/s) U2(]/4) "o m
Us(y2) Us(ys) Us(ys)| = 26136 L ) 5 2 <Sk2>]’
Us(y2) Us(ys) Us(ya)

Uz (1) Ua(ys) Uz(ys) e ("(r) - q"’(O)
Uz (1) Us(ys) Us(ya) = 216 [1 O<Sk2>]

st
Us(y1) Us(ys) Ua(ya) 2
(4.57)
Uz (y1) Uz(y2) Ua(ya)
631 (qm(ﬂ-) _ qm(o))3 1
Us(y1) Us(y2) Us(vs)| = 555 NE 100551
Us(y1) Us(y2) Us(ys) e
Uz(y1) Ua(y2) Ua(ys)
63 " (.ﬂ') nm (O)
() Us(yn) (o) = -2 A Oy o L]
Us(y1) Ua(y2) Ua(ys)
By the formula (2.2), we can write
" n 0 .
s =B O T O s i _ i 0 1]
Sk2 Sk2
(4.58)
" " 0
= 6?51 (q () — 47 )) sin sk px + sinh sk 2x + O( ! )]
2 sk 2 Sk2
Therefore, for the normalized eigenfunction, we get
. . 1
Yk2(x) = sinsgox + sinh sgox + O <S—> (4.59)
k2
Hence, for sufficiently large integer k, we obtain the relation (4.48)
Yi2(x) = sin(2kx) + sinh(2kx) + O<%) (4.60)
O
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