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1 Introduction
The pn-Degasperis-Procesi equation

.LL(M)E — Ugxx + gﬂ(u)ux - 3uxuxx — Ullyxx = 0 (MDP)

can be formally described as evolution equations on the space of tensor densities over
the Lie algebra of smooth vector fields on the circle [1], where u(¢,x) is a time-dependent
function on the unit circle S = R/Z and u(u) = fs u(t,x) dx denotes its mean. This equa-
tion is originally derived and studied in [2]. Recently, a new geometric explanation to the
1DP equation has been given in [3]. It is notable that the physical significance of the £DP
equation is a left open problem [1].

The uDP equation has close relation with the p Burgers (B) equation [2, 4]

—Upxx — SUglhy — Ulkyyr = 0 (uB)
and the Degasperis-Procesi (DP) equation [5]

U — Upex + QUL — SUylhy — Ulhyyy = 0. (DP)
In fact, with y = Au, A = u — 92, one can rewrite the uDP equation as follows:

Ve + uyx + 3u,y = 0.

If A = —92, then the uDP equation becomes the B equation and if A =1 — 32, then the
uDP equation becomes the DP equation. Moreover, the 4B equation is the high-frequency
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limit of the DP equation. In [2], the authors discussed the uB equation and its properties.
The DP equation is a model for nonlinear shallow water dynamics. There are a lot of papers
about the DP equation, ¢f. [6-10].

After the uDP equation appeared, it has been studied in several works [1, 3, 11]. In [1],
the authors established the local well-posedness to the uDP equation, proved it has not
only global strong solutions but also blow-up solutions. They also proved that the uDP
equation is integrable, has bi-Hamiltonian structure and corresponding infinite hierarchy
of conservation laws, admits shock-peakon solutions and multi-peakon solutions. More-
over, the shock-peakon solutions are similar to those of the DP equation formally [1]. In
[11], the authors derived the precise blow-up scenario and the blow-up rate for strong so-
lutions to the equation, presented several blow-up results of strong solutions and gave a
geometric description to the equation.

In general, it is difficult to avoid energy dissipation mechanisms in the real world. So, it
is reasonable to study the model with energy dissipation. In [12] and [13], the authors dis-
cussed the energy dissipative KdV equation from different aspects. The weakly dissipative
Camassa-Holm (CH) equation and the weakly dissipative DP equation were studied in
[14-16] and [17-20], respectively. In [21], the authors discussed the blow-up and blow-up
rate of solutions to a weakly dissipative periodic rod equation. In [22], the authors inves-
tigated some properties of solutions to the weakly dissipative b-family equation. Recently,
some results for a weakly dissipative £ DP equation were proved in [23]. The author estab-
lished local well-posedness for the weakly dissipative £ DP equation by use of a geometric
argument, derived the precise blow-up scenario, discussed the blow-up phenomena and
global existence.

In this paper, we continue discussing the Cauchy problem of the following weakly dissi-
pative uDP equation:

Ye+uye+3uy+Ay=0, t>0,xeR,

¥ = w(th) = ey, t>0,x€R, L)
M(O)x) = M()(x), xeR, '
u(t,x +1) = u(t,x), t>0,xeRR,

or in the equivalent form:
w(1); — Upex + () Uy — Blhylhy — Ul + A(1(1) — Uyx) =0, £>0,x€RR,
u(0,x) = uo(x), x€R, (1.2)

u(t,x +1) = u(t,x), t>0,xeR.

Here the constant X is assumed to be positive and the term Ay = A(u(u) — u,,) models
energy dissipation. Firstly, based on the results in [23] and some new results, we present
several new blow-up results of strong solutions and an improved global existence result
to the equation. Then, we discuss the global existence and uniqueness of weak solutions.

The paper is organized as follows. In Section 2, we recall some useful lemmas and derive
some new useful results to (1.1). In Section 3, we present some explosion criteria of strong
solutions to equation (1.1) with general initial data and give the blow-up rate of strong
solutions to the equation when blow-up occurs. In Section 4, we give an improved global

existence result of strong solutions to equation (1.1). In Section 5, we establish global ex-
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istence and uniqueness of weak solutions to equation (1.1) by use of smooth approximate
to initial data and Helly’s theorem.

Notation Throughout the paper, we denote by * the convolution. Let | - ||z denote the
norm of Banach space Z, and let (-,-) denote the H*(S), H™(S) duality bracket. Let M(S)
be the space of Radon measures on S with bounded total variation, and let M*(S) (M~ (S))
be the subset of M(S) with positive (negative) measures. Finally, we write BV(S) for the
space of functions with bounded variation, V(f) being the total variation of f € BV (S).
Since all spaces of functions are over S = R/Z, for simplicity, we drop S in our notations if
there is no ambiguity.

2 Preliminaries
In this section, we recall some useful lemmas and derive some new useful results to (1.1).
Firstly, one can reformulate equation (1.1) as follows:

U + utty = -0, A Bu(w)u) — Au, t>0,x€cR,
u(0,x) = ug(x), xR, (2.1)

u(t,x +1) = u(t,x), t>0,xeR,

where A = ;1 — 02 is an isomorphism between H* and H*? with the inverse v = A"'w given
explicitly by [1, 3]

1
v(x) = (%2 - g + g),u(w) + (x— %)/0 /wa(s)dsdy
X ry 1 py ps
—/0 /0 w(s)dsaly+/0 /0 /0 w(r) drdsdy. (2.2)

Since A~! and 3, commute, the following identities

4 ~ _1 1 ~ x 1 x
A axw(x)—<x 2)/0 w(x) dx /Ow(y)dy+/0 /0 w(y) dy dx (2.3)

and
1
AT 2w(x) = —w(x) +/ wi(x) dx (2.4)
0

hold. If we rewrite the inverse of the operator A = i — 32 in terms of Green’s function,
we find (A7 m)(x) = folg(x — & Ym(x')dx' = (g * m)(x) for all m € L2. So, we get another
equivalent form:

Uy + uthy = —0yg % Bu(u)u) —ru, t>0,x€R,
u(0,x) = ug(x), x €R, (2.5)

u(t,x +1) = u(t,x), t>0,x R,

where the Green’s function g(x) is given [2] by

1 13
gx) = Ex(x -1)+ B forx €S, (2.6)
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and is extended periodically to the real line. In other words,

_ 4)2 W 13
g(x—x’)z(x L x|+—, x,x €S.
2 2 12

In particular, u(g) =1.

Lemma 2.1 ([23]) Given ug € H®, s > %, then there exists a maximal T = T(\, ug) > 0 and
a unique solution u to (2.1) (or (1.1)) such that

u=u(,up) € C([0, T); H*) N C'([0, T); H* ™).

Moreover, the solution depends continuously on the initial data, i.e., the mapping
uo — u(-,up) : H* — C([0, T); H*) N C*([0, T); H* ™)

is continuous.

Remark 2.1 Similar to the proof of Theorem 2.3 in [24], we have that the maximal time

of existence T > 0 in Lemma 2.1 is independent of the Sobolev index s > %
Combining Remark 2.1 with Lemma 9 in [23], we have the following results.

Lemma 2.2 ([23]) Let uy € H*, s > % be given, and u(t, x) is the solution of equation (1.1)

with the initial data uy. Then we have
() = poe™
for t > 0 in the existence interval of u, where po = n(up) = fs 1o (x) dx.

Combining Lemma 2.2 and (2.5), we have another equivalent form of (2.1):

Us + utty, = —0,g * Buoe™u) —Au, t>0,xcRR,
u(0,x) = up(x), xeR, (2.7)
u(t,x +1) = u(t, x), t>0,xeR.

Lemma 2.3 ([23]) Let ug € H®, s > % be given, and let T be the maximal existence time
of the corresponding solution u to (2.1) with the initial data uy. Then the corresponding

solution blows up in finite time if and only if

lim inf[min ux(t,x)] = —00.
t—>T xeS

Given uy € H® with s > %, Lemma 2.1 ensures the existence of a maximal 7 > 0 and a
solution u to (2.1) such that

u=u(-,uo) € C([0, T); H*) N C*([0, T); H* ™).
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Consider now the following initial value problem:

{ qe=u(t,q), t<€[0,7), (2.8)

q(0,x)=x, x€eR.
Lemma 2.4 ([23]) Letuy € H® withs > %, T > 0 be the maximal existence time. Then equa-

tion (2.8) has a unique solution q € C([0, T) x R;R) and the map q(t,-) is an increasing
diffeomorphism of R with

qx(t,x) = exp (/Ot ux(s, q(s,x)) ds) >0, (tx)e[0,T)xR.

Moreover, with y = u(u) — tyy, we have

y(tq(t x))qﬁ(t, %) = yo(x)e ™.

Lemma 2.5 Letuy € H°, s > % be given, and u(t, x) is the solution of equation (1.1) with the

initial data uy. Then we have

2 2 2t _ 2 20
Lu dx:/suodx~e = e,

where py = ([ ud dx)? .

Proof Let v = (1 — 02)Lu. By the first equation in (2.1), we have

1d _
—— | WPdx= /u(—uux—3u(u)8x(u—8§) 1M—Au) dx
= _/uzuxdx—Su(u)fuax(u—8f)71udx—)x/‘u2dx
S S S
= —SM(u)/(M—aﬁ)w vadx—)»/uzdx
S S
= —S/L(u)u(v)/vxdx+3u(u)/vxxvxdx—A/u2dx
S S S
= —A/uz dx.
S
This completes the proof of Lemma 2.5. O

Using Lemma 2.5, we have the following useful result.

Lemma 2.6 Let uy € H, s > %, be given and assume that T is the maximal existence time

of the corresponding solution u to (2.1) with the initial data uy. Then we have

3
utt,2)] ;o0 < e‘“<<§M§ + 6|uo|m)t+ ||uo||Loo>.

Page 5 of 22
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Proof Applying a simple density argument, Remark 2.1 implies that we only need to con-
sider the case s = 3. Combining the first equation in (2.1) with Lemma 2.2, we have

Uy + Utk + hw = =3pge (1 — 8,%)71u.

From (2.8) it follows that

du(t, q(t, x)) .

7 Au(t,q(t, %)) = (g + uny + Au) (£, q(t,%))

- _3M06_M(8x (- 83)_1u) (tq(t,%)),
that is,

ot du(t, q(t, x))

0 + e u(t, q(t,x)) = 3o (0x (1 - 39%)71u) (tq(t,%)).

Combining (2.3) with Lemma 2.5, we have

_ 3
| =B110d (1~ ) ul < Z i+ 6luolr == C.
So we have

~C= (@ ulqm) < C

Integrating all sides of this inequality from 0 to £, we obtain
|u(t,q(t,%))| < e (Ct + lluo | ).

Noting that the map g(¢, -) is an increasing diffeomorphism of R, we have
62 = i)y = 060 gy < 7(CE o).

This completes the proof of Lemma 2.6. O

Lemma 2.7 Let uy € H®, s> %, be given and assume that T is the maximal existence time

of the corresponding solution u to (2.1) with the initial data ug. Let

£ - [ @u(u)(A-laxu)z ; %u) d,

then for Nty € [0, T), we have E(t) = E(ty)e~>*“~%), In particular, we have E(t) = E(0)e™>* :=
Hae M where iy = fs(%,UJO(A‘IB,CMO)2 + %u%) dx.
Proof Differentiating the first equation of (2.1) with respect to x, we have

Uy + ”;2: + Uty = 3 ()t — 31 (10)? = Aty (2.9)
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It follows that

d 3 1
EE(t) = /S<E,u(u)t(A_13xu)2 + SM(u)(A‘laxu) (A‘]utx) + Euzut> dx

= ;,u(u)t/(A_laxu)zdx + BM(M)/(A_laxu) ~A‘1(—u,2€ — Ulyy
S S

1
+3u(w)u — 3u(u)? - Aux) dx + 5 / u? (—uux —3u(u)dA u - Au) dx
S

= ;(—A/L(u)) /;(A‘laxu)2 dx — %u(u) /S(A_laxu) (—u2 + ,u(uz)) dx

3 A
_Bku(u)/(A’laxu)zdx— —M(u)/uzaxA’ludx— —/u3dx
s 2 s 2 Js
9 1 2 A 3
= =i | n@) (A 0u) dx— = | u®dx=-31E(2),
2 Js 2 Js

here we used the relation uu, + u? = 392(u*) and (2.4). Integrating this equality from
to ¢t for Vi, t € [0, T), we know that the conclusions in Lemma 2.7 hold. O

3 Blow-up and blow-up rate
In this section, we discuss the blow-up phenomena of equation (1.1) and prove that there
exist strong solutions to (1.1) which do not exist globally in time. At first, we give the fol-

lowing useful lemma.

Lemma 3.1 ([25]) Let ty > 0 and v € C}([0, to); H*(R)). Then, for every t € [0,t), there
exists at least one point &(t) € R with

m(t) = irelﬂg{vx(t,x)} =, (t,£(2)),

and the function m is almost everywhere differentiable on (0, ty) with

d

am(t) =vu(t,£(t)) a.e. on (0,1).

Theorem 3.1 Let ug € H, s > %, and T be the maximal time of the solution u to (1.1) with
the initial data uy. If popa < 0 and there is a point & € S such that pouo(§o) < 0 and
uqy(&0) < =, then the corresponding solution to (1.1) blows up in finite time.

Proof As mentioned earlier, here we only need to show that the above theorem holds for
s=3.

Firstly, we claim that for any fixed ¢ € [0, T), there is £(¢) € S such that pou(t,£(2)) < 0.
By the assumption of the theorem wouo(§p) < 0, we have that £(0) exists when ¢ = 0 and
£(0) = &. Next, we claim that for any fixed t € (0, T), there is £(¢) € S such that pou(t,
&(¢)) < 0.Ifnot, there exists ty € (0, T') such that pou(ty,x) > 0 foranyx € S. By Lemma 2.7,

we have

woE(t) = e310) 1o E(to)

3 1
= g ) f <5uée‘“° (A7 B(t0,))" + —puoulto, x) - u2<to,x>) dzx > 0.
S
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3t

From woE(t) = popse > it follows that pou, > 0, which contradicts the assumption

mopa < 0.
Since ¢(t,-) is an increasing diffeomorphism of R and &(¢) € S for any fixed ¢ € [0, T),

there is y(t) € R such that

q(ty(®)) =£@), telo,T).

Moreover, y(0) = £(0) = &. Define now f(£) = u.(t,q(¢ y(t))). Evaluating (2.9) at (¢, ¢(t,
¥(£))), we obtain

d
% = —f2(t) + 3¢ M pou(t q(t,y(0)) - 3(u(u))2 e

= f2() + 3¢ M pou(t, £(1)) - 3(nw)’ - A (2)
< —f2(t) - Af(2)
= —f@)(f(t) +1).

Note that if £(0) = u;(£o) < —A, then f(¢) < -2 for all £ € [0, T). From the above inequality
we obtain

<1+L>€M—1<L<0.
f(0) “f "

f(0)
f(0)+4

Since > 1, then there exists

1 f0)
0<T< Xlnf(0)+)\

such that lim,_, 7 f(¢£) = —co. Lemma 2.3 implies that the solution u# blows up in finite

time. O

Theorem 3.2 Lete >0 and ug € H, s > %, and T be the maximal time of the solution u to
(1.1) with the initial data uo. If

(2 + (3ol 2 +29/3C(1 + 2) + /Bl 1))
2

A
inu, <———(1+4¢€)-
T =g~

with C = %u% + 6| o1, then the corresponding solution to (1.1) blows up in finite time.

Proof As mentioned earlier, here we only need to show that the above theorem holds for
s = 3. Define now

m(t) := miél{ux(t,x) }, tel0,7),

and let £(¢) € S be a point where this minimum is attained by using Lemma 3.1. It follows
that

m(t) = uy(t,£(t)).
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Clearly, u,.(t,£(t)) = 0 since u(t,-) € H3(S) C C*(S). Evaluating (2.9) at (¢,£(¢)), by Lem-
ma 2.6 we obtain

dm(t)

N 2 — 2_
o = 0+ 3= 3u()’ — am(?)

< —-m*(t) — Am(t) + 3| u

< 1 (t) = am(t) + 3(Ct + [luo ). (31)

For fixed € > 0, taking

. V3lluol +23C (1 + 2) V3o
. 2/3C

and
K(T) = v/3(CT1 + lluollz=),
we find that
2
2K(T))T; = ln(l + —).
€

From (3.1) it follows that

dm(t)
dt

< —(m(t) +A +B)(m(t) +A —B), vVt € [0, T1],

where A = %, B= 7”24;1@1))2. Note that if m(0) < —A — (1 + €)B < —A — B, then m(t) <
—A - Bforallt €[0,T71] N[0, T). From the above inequality we obtain

m(0)+A+B ,p - 2B

it ———— <0, Vtel0,T7]N][0,T).
m(O)+A—Be “m(t)+A-B 0, 1IN0, 7)

Since 0 < Zgg;::tg <1, m(0) < -A—-(1+e¢e)Band 2K(T1)T; =In(1 + %), then there exists
1 0)+A-B
0<T<—1In m(0) +

< — 5 =11
2B m(0)+A+B

such that lim;_, 7 m(¢t) = —co. Lemma 2.3 implies that the solution u blows up in finite

time. O

Theorem 3.3 Let uy € H*, s > %, and T be the maximal time of the solution u to (1.1) with

/32 2
the initial data uy. If uy(x) is odd satisfies uy(0) < —% - %, then the corresponding

solution to (1.1) blows up in finite time.

Proof As mentioned earlier, here we only need to show that the above theorem holds for

s = 3. By u(-u(t,—x)) = —u(u(t,x)), we have (1.2) is invariant under the transformation

Page 9 of 22
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(¢#,42) = (—u, —x). Thus we deduce that if uo(x) is odd, then u(¢, x) is odd with respect to x
for any ¢ € [0, T). By continuity with respect to x of u and u,,, we have

u(t,0) = uy(t,0)=0, Vie[0,T).

Evaluating (2.9) at (¢,0) and letting /(t) = u,(t,0), we obtain

dh()

N 2 — _ 2
el h*(¢) — Mh(t) — 3u(u)

< —h*(£) = Mh(t) + 3
= —(h(t) + A + B) (h(t) + A - B),

/ 2
where A = %, B-= % Note that if #(0) < —A — B, then h(t) < —A - Bforall £ € [0, T).

From the above inequality we obtain

h(0)+A+B ,p - 2B

e — <0
h(0)+A—B SHO+A-B-
Since Zzggiﬁj > 1, then there exists

1 A-B
0<T< LpH0+A-B
2B h(0)+A+B
such that liminf,_, 7{min,es #,(¢,x)} <lim,_, 1 h(t) = —0o. Lemma 2.3 implies that the so-

lution # blows up in finite time. d

Similar to the proof of Theorem 3.1 in [21], we have the following blow-up rate result.
This result shows that the blow-up rate of strong solutions to the weakly dissipative £DP
equation is not affected by the weakly dissipative term even though the occurrence of
blow-up of strong solutions to equation (1.1) is affected by the dissipative parameter, see
Theorems 3.1-3.3.

Theorem 3.4 Let ug € H, s > %, and T be the maximal time of the solution u to (1.1) with
the initial data uy. If T is finite, we obtain

Iim (7T — ¢) min u,(¢,x) = 1.
t—T x€S

4 Global existence
In this section, we present some global existence results. Firstly, we give a useful lemma.

Lemma 4.1 ([11, 26]) Iff € H'(S) is such that [ f(x)dx = 0, then we have

1
max () < - /& £ dx.

Theorem 4.1 If yo(x) = j1o — Uo (%) € H! does not change sign, then the corresponding
solution u of the initial value ug exists globally in time.
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Proof Note thatgiven ¢ € [0, T), there is £ (¢) € S such that u,(¢,£(¢)) = 0 by the periodicity
of u to x-variable. If yo(x) > 0, then Lemma 2.4 implies that y(¢,x) > 0. For x € [£(¢£), £(£) +

1], we have

~ _ x ) ) x ~ ) x ~ ~
u,(t,x) /;(t)axu(t,x)dx /g(t)(y /L(u))dx /E(t)ydx /L(u)(x g(t))

< fgydx—u(u)(x—f;‘(t)) — ) (1= x + E©) < o,

It follows that u,(t,x) > —|uo|. On the other hand, if yo(x) < 0, then Lemma 2.4 implies
that y(¢,x) < 0. Therefore, for x € [£(¢), £(£) + 1], we have

X

)J’dx - () (x - £ (1))

X X
—uy(t,x) = —f d2u(t,x) dx = / (v — w(w)) dx = [
&(0) &(0) &(
< —u(w)(x - &) < |uol-
It follows that u,(¢,x) > —|uo|. This completes the proof by using Theorem 3.3. O

Corollary 4.1 Ifthe initial value uy € H® such that

< 2v/3|10l,

[0uo]l,» <
then the corresponding solution u of uy exists globally in time.

Proof Note that fg d2uo dx = 0, Lemma 4.1 implies that

3
[Zuo] o < == [200]] -

If o > 0, then

V3
Yo(x) = po — 0y uo(%) > o — ?Hai’uo |2 = o — ol = 0.

If wo <0, then

3
08) = 10~ 820 = o + 2] = o+ 22 850 = o+ ol =0

Since 1o = [5uo(x)dx is a determined constant for given uy € H>, yo(x) € H' does not
change sign. This completes the proof by using Theorem 4.1. d

5 Weak solutions

This section is concerned with global existence of weak solutions for (1.2) by use of smooth
approximate to initial data and Helly’s theorem. Before giving the precise statement of the
main result, we first introduce the definition of a weak solution to problem (1.2).

Definition 5.1 A function u(t,x) € C(R* x S) N L®(R*; H') is said to be an admissible
global weak solution to (1.2) if u satisfies the equations in (1.2) and u(t,-) — ug as t — 0*
in the sense of distributions on R, x R. Moreover, u(x) = w(uo)e™".
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The main result of this paper can be stated as follows.

Theorem 5.1 Let ug € H*. Assume that yo = (u(uo) — to ) € M*, then equation (1.2) has

a unique admissible global weak solution in the sense of Definition 5.1. Moreover,
ueLg (R Wh) N HL (R x S).
Furthermore, y = (u(u) — uy(t,-)) € M* for a.e. t € R is uniformly bounded on S.

Remark 5.1 If yo = (u(uo) — tox) € M, then the conclusions in Theorem 5.1 also hold
with y = (1(u) — u(t,-)) € M~

Firstly, we will give some useful lemmas.

Lemma 5.1 Ifyo = po — tox € H' does not change sign, then the corresponding solution u
to (2.7) of the initial value uq exists globally in time, that is, u € C(R*, H®) N CY(R*, H?).
Moreover, the following properties hold:

(1) y(t,x), u(t,x) have the same sign with yo(x), and ||u||Lo®+xs) < [ol

(2) Inole™ = llyollre™ = lly(&, )i = llu(t, ).

Proof Firstly, Lemma 2.4 and u = g * y, g > 0 imply that y(¢, %), u(¢, x) have the same sign
with yo(x). Moreover, from the proof of Theorem 4.1, we have u,(t,x) > —|uo|. Now note
that given t € [0, T), there is £(¢) € S such that u,(£,£(¢)) = 0 by the periodicity of u to
x-variable. If yo > 0, then y > 0. For x € [£(¢), £ (£) + 1], we have

X

(%) = e LX) dx = ’ —y)dx = - - d
u,(t,x) /é(t)axu(tx) x /é(t)(u(u) y) x ,u(u)(x “;‘(t)) /;(t)y x

< () (x - £(2)) < luol-

It follows that u,(t,x) < |uo|. On the other hand, if yo < 0, then y < 0. Therefore, for x €
[£(8),£(2) + 1], we have

u(t,x) = /g; afu(t,x) dx = /;; (u(u) —y) dx < ,u(u)(x— “;‘(t)) - /;ydx

- u) (k- E) - /S (1) ) e = () (2 — £(8) ~1) < |psol.

It follows that u,(f,x) < |uol. So we have |u,l|om®+xs) < |itol, this completes the proof
of (1). By the first equation of (1.1), we have

/y(t,x) dx = </y0(x) dx)e‘“ = poe .
s s

Ifyo > 0, then y > 0 and o > 0, we have

Iyllris) = /y(t,x) dx = </J’0(9€) dx>€_M = lyoll e ™ = oe™.
s s
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If yo <0, then y <0 and po <0, we have

IVl = —/Sy(t,x) dx = </§(—yo(x)) dx)e_'\t = yollpge™ = —moe™.

Combining these two equalities above, we have |pgle™ = ||yollp1e™ = ||y(¢, -)|| 1. A similar
discussion implies ||y(¢, -)|I;1 = ||ze(¢, -)|| ;1. This completes the proof of (2). |

Lemma 5.2 ([27]) Assume that X C B C Y with compact imbedding X — B (X, Band Y
are Banach spaces),1 < p < oo and (1) F is bounded in L¥ (0, T; X), 2) | tnf —f 20, 7-1v) =
0 as h — O uniformly for f € F. Then F is relatively compact in L?(0, T’; B) (and in C(0, T; B)

if p = 00), where (t;f)(t) = f(¢t + h) for h > 0, if f is defined on [0, T, then the translated
function tf is defined on [-h, T — h].

Lemma 5.3 (Helly’s theorem [28]) Let an infinite family of functions F = f(x) be defined
on the segment [a, b]. If all functions of the family and the total variation of all functions
of the family are bounded by a single number |f(x)| < K, \/2(}( ) < K, then there exists a
sequence f,(x) in the family F which converges at very point of |a, b) to some function ¢(x)
of finite variation.

Lemma 5.4 ([29]) Assume that u(t,-) € WY (R) is uniformly bounded in W' (R) for all
t € R*. Then, for a.e. t € R,

4 / | * uldx = / (P * ue) sgn(epy, * u) dx

and
d
o f | * 1| dx = /(¢n * Uyy) Sgn(¢n * Uy) dX.

Lemma 5.5 ([29]) Letf :R — R be uniformly continuous and bounded. If n € M(R), then
[on % (F10) = (P %) 1)] — O in L(R) as n — oo,

Lemma 5.6 ([29]) Letf : R — R be uniformly continuous and bounded. If g € L*°(R), then
[Pn * (f2) — (on * f)(on *g)] -0 inLl®R)asn— co.

Now we consider the approximate equation of (2.7) as follows:

u +u'u = —0,g * BuieMu") - ", t>0,x€R,
u*(0,x) = ugj(x), x€R, (5.1)
u"(t,x + 1) = u" (¢, %), t>0,xeR,

where uf(x) = ¢, * up € H* forn > 1 and uj = fs ugy(x) dx. Here {¢,},>1 are the mollifiers

-1
On(x) = (A;{ ¢>(E)dé> ng(nx), xeRn>1,
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where ¢ € C°(R) is defined by

1/(x2—1)’ |7C| <1,
P(x) =
0, [x| > 1.

Obviously, ||¢,| ;1 gy = 1. Clearly, we have

uy— oy in H'asn— oo (5.2)
and

lugl,o < luollz, ]2 < Nuwoslszs 653

Nt )0 < oz, gl o < ol

in view of Young’s inequality. Note that

= (i) = /S (o) dx = /S /R Byt — y) dydlx = /R /S Btk ) dx dy

- [ 000 (/;Mo(x—)/)dx)dy
=/R¢n(y)-</suo(2)d2) dy

. /R G0 it(1t0) x — ) dy

= ¢ * ju(uo) = (o) = Ko-

Using this identity, we can rewrite (5.1) as follows:

ul + u"u = -0, * BpoeMu") — ", t>0,x€R,
u™(0,%) = ug(x), x €R, (5.4)
u(t,x + 1) = (¢, x), t>0,x<eR.

Moreover, for all n > 1, yg = w(ug) — uf) ., = jto — uf) ., € H' and

Vo = w(1g) = Ul = bn * 1(10) — Py * U0 xx = P * Yo = O.

Thus, by Lemma 5.1, we obtain the corresponding solution »” € C(R*; H3) N C}(R*; H?) to
(5.4) with the initial data u{j(x) and y" = u(u”)—ul, > 0,u” = gxy" > O forall (¢,x) € R* xS.

XX —
Furthermore, combining Lemma 2.2, Lemmas 2.5-2.6, Lemma 5.1 and (5.3), we have:

w(u") = phe™ = poe™, ¢ €[0,00), (5.5)

||| 2 = g ]| 267 < Nluollp2e™ = me™,  te[0,00), (5.6)
3

|t )] oo < 6“((51142) + 6|M0|M1)t + ||”0||H1): (5.7)

[ ||L°°(R+xs) < |ug| = 1ol, (5.8)

Irole™ = [y pe™ = @) o = @ )] - (59)
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Lemma 5.7 For any fixed T > 0, there exists a subsequence {u"*(t,x)} of the sequence
{u"'(t,x)} and some function u(t,x) € L°(R*; H') N H([0, T x S) such that

w' —~u inH([0,T] x S) as ny — 00,¥T >0 (5.10)
and

u™ —u in L°°([O, T] x S) as ny — o0o. (5.11)
Moreover, u(t,x) € C[R* x S).

Proof Firstly, we will prove that the sequence {#"(¢, %)} is uniformly bounded in the space
HY([0,T] x S). By (5.6) and (5.8), we have

T T
[ By = [ [ dwde= [ ez i, 512
”"‘fcl ||L2([0,T]><S) = ”"‘fcl ||L00(R+x§) =< [ol- (5.13)
Moreover, by (5.8) and (5.12), we obtain
””n”:cl ||L2([O,T]><S) = ””n ||L2([0,T]><S) ” u ||L°°([0,T]><S) < |polmV'T, (5.14)
||3xg * (3/“‘03_M“n) ||L2([0,T]><S) =< 18xgll22(0,71x5) ”3“06_M”n ||L1([0,T]><S)
T n
=1 -3l ol [ HLZ([O,T]xs)
T
< Zluolulﬁ. (5.15)

Combining (5.12), (5.14)-(5.15) with (5.4), we know that {u] (¢, x)} is uniformly bounded in
L%([0,T] x S). Thus, (5.12), (5.13) and this conclusion implies that

/OT/S((”")Z + (MZ)Z + (u?)z) dxdt <K,

where K = K(|pol, 01, T, 1) > 0. It follows that {u" (¢, %)} is uniformly bounded in the space
H'Y([0,T] x S). Thus (5.10) holds for some u € H'([0, T] x S).

Observe that, foreach 0 <s,t < T,
5 t
(5, ) = u(s, )| 2 =/(/ ,x)d > dx < |t—s|/ / ) dxdt
S s
Note that {#" (¢, %)} is uniformly bounded in L>([0, T]; H'), {u}(,x)} is uniformly bounded
in L2([0, T] x S) and H! CcC C C L*® C L2, then (5.11) and u(t,x) € C(R* x S) is a conse-
quence of Lemma 5.2. O

Proof of Theorem 5.1 Next, we will deal with ” and 9,g * (3oe™**u"). By (5.5), (5.8)-(5.9),
we have that for fixed ¢ € [0, T] the sequence u,*(t,-) € BV (S) satisfies

V(k(e) = g @) = @) = o= D@+ 7] 1 = 210l
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and

2@ ) o = (220 oo gy = 21100l

Applying Lemma 5.3, we obtain that there exists a subsequence, denoted again by
{ux*(t,-)}, which converges at every point to some function v(t,x) of finite variation with
V(¥(t,-)) < 2|uol. Since for almost all £ € [0, T, uy*(t,-) = ux(t,-) in D'(S) in view of
Lemma 5.7, it follows that v(¢,-) = u,(¢,-) for a.e. t € [0, T]. So we have

W (t,) = ug(t,”) a.e.on[0,T] x Sas ng — 00, (5.16)
and for a.e. t € [0, T],
V(x(t, ) = a8, )| sy < 2110l- (5.17)
Therefore,
| 0:g * (3r0e™ ™) = Bug # (3tt0e™ u) | 1o 10,105,
< 19xgll 0,119 [3r0e ™ (0™ = ) | 1o 10,115
< = - 3luol i~ o ey
By (5.11), we have
3.g * (Bpoe M u™) — dyg * (3poe ™ u) (5.18)

a.e. on [0,7T] x S. The relations (5.11), (5.16) and (5.18) imply that u satisfies (2.7) in
D'([0, T] x S). Moreover, by (5.7)-(5.8), (5.11) and (5.16), we obtain u € L (R, W) in
view of T being arbitrary.
Now, we prove that () = ptoe ™ and (u(u) — u, (¢, -)) € M* is uniformly bounded on S.
On the one hand, by (5.11), we have

/u"k(t,x) dx — /u(t,x) dx = u(u) asng— oo.
S S

On the other hand,

/u"" (t,%) dx = p(u') = poe™*

S

Obviously, () = 11(ug)e™* by the uniqueness of limit.
Note that L' ¢ M. By (5.17) and () = poe™*, we have

[ 10600) = a8, )]y = Nis ) 3 + a8, )]y = Bltol-

It follows that for all £ € R*, (u(u) — uyx(t,-)) € M is uniformly bounded on S. For any fixed
T >0, in view of (5.11) and (5.16), we have for all ¢t € [0, T,

[ (™) = ik (£,-)] > [m(u) — u(t,-)]  in D'(S) for me — oc.
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Since u(u') — uyk(t,-) = y*(t,-) > 0 for all (t,x) € R* x S, we have (1u(u) — u(t,)) €
L® (RY, M*).

Then we prove the uniqueness of global weak solutions.

Let u,v € L, (R*; Wby N L®(R*; H!) be two global weak solutions of (2.7) with the

initial data uo. By (1(u) — txx(2,-)) € M* and ((v) — vae(t, -)) € M* are uniformly bounded

on S, for fixed T > 0, we set
K(T) = OSUPT{ (@) = (@, )| o + | 1V = Va8, )| 0 } < +00.
<t<

For all (¢,x) € [0, T] x S, it follows that

13

{M(t:x){ = |g * (I’L(u) - uxx(t:x))| = ”g”L°O ”[,L(bt) - uxx(t:x)“M+ = EI< (519)

and
13

’ux(t:x)} = ’gx * (/‘L(u) - Mxx(t;x))| < ||gx||L°° ”,bL(M) - uxx(txx)‘ M =< EI<' (5~20)

Similarly, we get
13 13
[v(t,x)| < 5K vt %)| < 5K (5.21)

We define w(t, x) = u(t,x) — v(¢, %), (t,x) € [0, T] x S. Since u, v are global weak solutions
of (2.7), we have

B * thy + By * (Uihy) + Py * 0xg % (3poe ™ 1) + Apy % u =0
and
B * Ve + G % (VV2) + Py % ng * (3o V) + Ay kv =0.
It follows that
B x W + B % (UWy + W) + By % 08 * (Broe W) + Ay x w = 0.

By Lemma 5.4, a direct computation implies

d
hll . d
dt/gd) * w|dx

= [0 sent@
S
== /(d’n * (uwx)) Sgn(¢n * W) dx - /(¢n * (WVx)) Sgn(¢n * W) dx
S S
- 3M06_M /(({bn * Oxg * w) sgn(¢, * w) dx
S

—A /((bn x w) sgn(¢, * w) dx. (5.22)
S
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Then we estimate the right-hand side of (5.22) term by term,

/S (¢n * (uwx)) sgn(ep, * w) dx

§/S|¢n*(uwx)|dx

< [l 0@l s+ [ o5 o) = @ 1000, 2 0]

< ||¢n*u||mc<s>f|¢n*wx|dx+/|¢n*(uwx)—(¢n*u)(wwx)}dx
551<f|¢n*wx|dx+/!¢n (wy) = (§n * 1) (G  wy)| d,

here we used Young’s inequality and (5.19),

fS (dn * (W) sgn(e, * w) dx

< f [ 5 (wvy)| dx
S

< /!(gbn 5 W) (¢ * Vi) | dx + /|¢n s (W) = (dn * W) (¢ * Vi) | d
S S

< 160 % vallim / (b ] i + f B % (0v3) = (B % W) % v3) | dix

< E1</|¢m<w|alx+/|¢>n*(wv,»—(qsn*w (o 5 v,)| d,

here we used Young’s inequality and (5.21),

‘ / (g 5 W) Sy % w) dix
S
§/|¢n*8xg*w|dx
S
< lgxllp) /S | * w|dx

1
§E/§|¢n*w|dx.

Combining those three inequalities with (5.22), we have

d
E/M)y,*wldx

3
<12K+ —| ol + A) / | * w| dx + —I(/ | * wy| dx + R, (2). (5.23)
By Lemmas 5.5-5.6, we get

R,(t)—>0 asn—oo and |R,()|<C, n>=1te(0,T], (5.24)
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where C is a positive constant depending on K and the H*-norms of #(0) and v(0). In the

same way, convoluting (2.7) for # and v with ¢, , and using Lemma 5.4, we obtain

i / |n * Wy dox = — /(¢n * (Wx(ux + Vx))) sgn(Pyx x W) dx
dt Js s
- /(¢n * (uwxx)) Sgn(¢n,x * W) dx
S
- /(¢n * (WVxx)) sgn(Pyx * W) dx
S
- SMOe_M /(¢n,x * 0xg * W) SgN(Pyx * W) dx
S

- /(qﬁ,, * Wy) SgN(y, . * W) dx. (5.25)
S

Next, we estimate the right-hand side of (5.25) term by term,

/S.((»bn * (Wx(ux + Vx))) SgN(p,x * W) dx

< /S|¢n (Wil + )| d
< / (B 5 W) (B 5t + 1)) | e

s

; fS [ (it + 1) = (% ) (B % (it + v2) | i
S H¢n * (ux + Vx)HLOO(S) L |¢}’l * Wx| dx

+ ];|¢n * (Wx(ux + Vx)) — (¢ * Wx)(d’n * (y + Vx)) | dx

= §I</ |y * wy| dx + /‘d’n * (Wx(lrix + vx)) - (¢n * Wx)(¢” * (ux + Vx)) ’ dz,
S S

here we used Young’s inequality and (5.20)-(5.21),

[ (80 ) st )
=- /S (P * u) (B * Wax) SE0 (P * W) dx
- /S (% (10) = (5 0) % W) SN (e 5 W) it
5—fs«pn*u)diim*wx|dx+/s|¢n*(uwxx>—(¢n*u)(wwm)ydx
- /S (b 02) e 5 el i + fS [ () — (o )Py )|

13

< Bg / (b W + / B (wsa) — (B 5 0) (B % W) |
127 Js s
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here we used Young’s inequality and (5.20),

/S(('b” * (vax)) Sgn(¢n,x * W) dx

S

< / (% ) 5 vi)| i + / [+ (0712) = (B 5 W) % V)|
S S

< N @u * WllLoos) | * Vxx”Ll(S) + /;|¢n * (W) = (P * w)(h * Vxx)| dx.

Note that W' < L%, [Iflwr = Iz + IIf' 12 and [|@y * Vaxll 2 < |Vaxllaz. It follows from

(5.17) that

‘/;(‘b;q * (WVxx)) sgn(@yx * W) dx

§2|Mo|/8|¢n*WIdx+2|MoI/SI¢>n*wxldx
+é|¢n*(WVxx)_(¢n*w)(¢n*vxx)}dx'

Now, we estimate the fourth term,

|/(¢n,x*3xg*w) sgn(py, . * w)dx
s
§/|¢n‘x*8xg*w|dx=/‘|¢n*8xg>kwx|dx
S S
1
= ||gx”L1(S)/|¢n*Wx|dx§ Z/M’n*wxldx
S S

Combining the estimates with (5.25), we get

%fgm*wxm

39 11
<2|pol | Ipn*wldx+| —K+—|uol +2 [n * Wy dx + R,(2),
s 12 4 <

where R, (¢) satisfies (5.24).
Adding (5.23) and (5.26), we have

(5.26)

d 13 11
d—/(|¢n*w|+|¢n*wx|)dxs (—1<+ —|Mo|+)»> /(|¢n*w|+|¢>n*wx|)dx+Rn(t).
t s 357 g

In view of Gronwall’s inequality, we find

/S(|¢n £ W]+ |+ w|) dx

t
< e(%lﬂ%luolﬂ)t[/(ﬁm *W| + |, * wx|)(0,x)dx+/ Rn(s)ds].
s 0
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Note that w = u — v € W and (5.24) holds. Letting # — oo in the above inequality, we
have

f (1pn 5 Wl + by 5 wy]) dc < €5 K ol f (15 5 Wl + b 5 W] ) (0,) dx.

S S

Since w(0,x) = w,(0,x) = 0, we obtain u(t,x) = v(¢,x) for a.e. (¢,x) € [0,T] x S. In view of
T is chosen arbitrarily, this completes the proof of uniqueness. O
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