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1 Introduction

Supersymmetry — apart from being phenomenologically appealing for physics beyond the
standard model — is a powerful symmetry which constraints the dynamics of gauge theo-
ries. Investigations of supersymmetric gauge theories have yielded important physical (and
mathematical) insights and serve as calculable models for the rich dynamics of four dimen-
sional gauge theories. For instance, the exact low energy effective action of AV = 2 super
Yang-Mills constructed by Seiberg and Witten [1] provides an elegant physical realization
of quark confinement in terms of the dual Meissner effect, via the condensation of magnetic
monopoles.

The correlation functions of gauge invariant operators in supersymmetric gauge the-
ories — despite enjoying more controlled dynamics in comparison to QCD — are highly
non-trivial to calculate. Even for supersymmetric observables, which preserve some of the
symmetries of the theory, generic correlation functions have perturbative corrections to ar-
bitrary loop order as well as non-perturbative instanton corrections. Only in the past few
years, exact calculations for the correlation functions of some supersymmetric operators
started to be available. An important early step in this recent development was the calcu-
lation of the exact partition function of physical N” = 2 gauge theories on S* and of the
expectation value of supersymmetric Wilson loop operators in these theories [2]. Likewise,
the computation of certain supersymmetric domain walls in A/ = 2 gauge theories on S*
— such as Janus and duality walls — were presented in [3] (see also [4]).

Some of the most basic observables of four dimensional gauge theories are loop oper-
ators. These operators can be classified according to whether the loop operator is electric
or magnetic, giving rise to Wilson and 't Hooft operators respectively. Gauge theory loop
operators — which are supported on curves in spacetime — are order parameters for the
phases that a gauge theory can exhibit, and serve as probes of the quantum dynamics of
gauge theories. Loop operators are also the most basic observables on which S-duality is
conjectured to act in supersymmetric gauge theories (or certain nonsupersymmetric lattice
models), and therefore are ideal probes of this remarkable symmetry exhibited by some
supersymmetric gauge theories and M-theory. Calculating these observables exactly allows
for a quantitative study of S-duality and serves as a theoretical playground for gaining a
deeper understanding of the inner workings of dualities.

In this paper we evaluate the exact path integral which computes the expectation
value of supersymmetric 't Hooft loop operators in an arbitrary N = 2 supersymmetric
gauge theory on S* admitting a Lagrangian description. The expectation value of 't Hooft
loop operators — originally introduced [5] to probe the phase structure of gauge theories
— are calculated by explicit evaluation of the path integral using localization [6]. In the
localization framework, the path integral is one-loop exact with respect to an effective h-
parameter, but nevertheless the computation yields the exact result with respect to the
gauge theory coupling constant of the theory. Our analysis of 't Hooft loops together with
the results of [2] for Wilson loops, provide a suite of complete, exact calculations of the

most elementary loop operators in supersymmetric gauge theories.
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Figure 1. Instanton, monopole and anti-instanton field configurations

We find that for an A/ = 2 gauge theory in S%, the expectation value of a supersym-
metric 't Hooft operator carrying magnetic charge labeled by a coweight! B of the gauge
group G takes the form

<T(B)>/\/':2 :/ da Z Znorth(U)Zsouth('U)Zequator<B7'U)

(1.1)
:/ da Z ’Znorth(v)’2 Zequator(B7 U) .

The integral is over the Cartan subalgebra of the gauge group. The coweight B of G can
be identified with the highest weight for a representation of the Langlands (or GNO [7])
dual group “G.%2 The sum is then over the coweights v of G such that their corresponding
weights of “G appear in the representation specified by B.

The path integral in the localization computation receives contributions which localize
to the north and south poles of S* as well as to the equator, where the 't Hooft operator is
supported. Each factor has an elegant interpretation as arising from specific field config-
urations in the effective path integral arising in the localization computation. The magic
of localization is that it restricts the integral over the space of all field configurations to
the submanifold of field configurations invariant under a fermionic symmetry (), which also
preserves the supersymmetric 't Hooft operator. These field configurations are solutions
to the localization saddle point equations. Integrating out the fluctuations around each of
the saddle points and summing over them in the path integral yield the exact result for
the expectation value of the 't Hooft loop operator.

The north pole factor captures the effects of point-like instantons while the south pole
one incorporates the contributions of point-like anti-instantons. These configurations are
the solutions to the localization saddle point equations at the north and south poles of S*,
given by FT = 0 and F~ = 0 respectively. The result of summing over these saddle points
can be written in terms of Nekrasov’s instanton partition function [8] of the corresponding

'We recall that a coweight, denoted as B here, is an element of the Cartan subalgebra t of G such that
the product « - B is an integer for all roots a € t* of G.

2The Cartan subalgebra “t of G can be identified with the dual t* of the Cartan subalgebra of G and
vice versa: Tt~ t*, Tt* ~¢.



N = 2 theory in R* (more precisely in the -background), with arguments depending on
the effective magnetic charge v

Znorth(v) :ch (ia - %7 Q) Zl—loop,pole (ia - %7 me) Zinst <ia - %7 % + iTTlf, %7 %7 Q)

Zsouth(v) :ch (ZG + i,ﬁ) Zl-loop pole (ZCL + i77/'nf> Zinst <Za + i, 1 + imf, 17 17Q) )

2r ' 2r 2rr ror
(1.2)

with Zei, Zioop,pole and Zing; given in (4.10), (6.32), (5.2). The parameters my are the
masses of the hypermultiplets in the A/ = 2 gauge theory, r is the radius of S* and
q = exp(27iT), where 7T is the gauge theory coupling constant?
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A crucial new contribution to the 't Hooft loop expectation value arises from the
equator of S, where the localization saddle point equations are the Bogomolny equations
DO = %I Zequator(B,v) captures the contribution to the path integral of field config-
urations which are solutions to the Bogomolny equations in the presence of a singular
monopole background labeled by the magnetic charge B, created by the 't Hooft loop op-
erator insertion. The sum over v in (1.1) appears due to the physics of monopole screening,
whereby smooth non-abelian monopole field configurations screen the charge B of the sin-
gular mononopole down to an effective magnetic charge v. In the path integral we must
sum over all possible effective magnetic charges labeled by coweights v, which are attain-
able given a singular monopole of magnetic charge B.* The “G-weights corresponding to
v precisely span the weights of the representation of “G for which B corresponds to the
highest weight.” The equatorial contribution is

Zequator(Ba U) = Zl—loop,eq(ia, imfa U) Zmono (ia, Z'mf; Ba U) 3 (13)

where Zi10p,cq 18 given in (6.61) and Zmono in section 7. Combining all the various contri-
butions produces the exact expectation value for the supersymmetric 't Hooft loop operator
in N = 2 gauge theories on S*.

Our gauge theory computations are in elegant agreement with the conjectures and
calculations in [10-12] for 't Hooft operators in certain N' = 2 gauge theories using topo-
logical defect operators in two dimensional nonrational conformal field theory. In these
papers, gauge theory loop operators in N’ = 2 gauge theories were identified with loop op-
erators (topological webs more generically) in two dimensional Liouville/Toda conformal
field theory, and some correlation functions were explicitly calculated. The Liouville/Toda
conformal field theory computations are shown to capture in detail all the features of our
gauge theory computation, thereby establishing the proposal put forward in [10-12].

3For a semi-simple gauge group there is a coupling constant for each simple factor.

4The necessity to sum over such configurations was conjectured in [9], where the perturbative analysis
of the expectation value of 't Hooft operators in N/ = 4 super Yang-Mills was performed.

5We recall that regular monopoles are labeled by coroots, which when acting on the singular monopole,
labeled by a coweight B, generate all coweights associated to B.



The localization calculation performed in this paper is the first example of an exact
computation of a path integral in the presence of a genuine singularity due to a disorder
operator — an operator characterized by the singularities induced on the fields — and of
which a 't Hooft operator is a prime example.® In order to treat precisely the fluctua-
tions around the singular field configuration, we employ the mathematical correspondence
between singular monopoles in three dimensions and U(1)-invariant instantons in four di-
mensions [14]. This turns out to be a particularly clean way to carry out the relevant index
calculations.

The plan of the rest of the paper is as follows. Section 2 briefly introduces the key
ingredients that will be needed to perform the localization computation of 't Hooft oper-
ators in N = 2 gauge theories on S%. In section 3 we derive the localization saddle point
equations relevant for the localization computation, demonstrate that these equations in-
terpolate between the anti-self-duality, self-duality and Bogomolny equations at the north
pole, south pole and equator respectively, and find the most general non-singular solution
to these equations. This section also describes the singular field configuration produced
by the supersymmetric 't Hooft operator as well as the symmetries of the theory used to
carry out the localization computation. Section 4 contains the calculation of the classical
contribution of the 't Hooft loop path integral, which includes a discussion of the relevant
boundary terms. In this section we demonstrate that the classical result can be factored
into a contribution arising from the north pole and one from the south pole. Section 5
computes the contribution due to the singular solutions to the saddle point equations aris-
ing at the north and south poles, described by pointlike instantons and anti-instantons. In
section 6 we calculate the localization one-loop determinants arising from the north and
south poles of S* as well as from the equator. Section 7 describes the effect of monopole
screening in the study of the equatorial Bogomolny equations and explains how to calculate
the contribution to the 't Hooft loop expectation value due to screening. In section 8 we
compare our gauge theory results with the Liouville/Toda computations conjectured to
capture 't Hooft operators in certain N’ = 2 gauge theores. We finish with conclusions in
section 9. The appendices contain some technical details and computations

2 N = 2 Gauge theories in S* and localization

In this section we introduce the main ingredients of the localization analysis in [2] that we
require to calculate the exact expectation value of supersymmetric 't Hooft operators in
an arbitrary four dimensional N = 2 gauge theory on S* admitting a Lagrangian descrip-
tion.” Such a theory is completely characterized by the choice of a gauge group G and of a
representation R of G under which the A/ = 2 hypermultiplet transforms, the A" = 2 vec-
tormultiplet transforming in the adjoint representation of GG. This includes gauge theories

% A monopole operator in three dimensions is a closely related disorder operator. The work [13] performed
localization computations for monopole operators in three dimensions to compute the supersymmetry index
via radial quantization, thus removing the singularity by a coordinate change. In this paper we deal with
the monopole singularity more directly.

"Localization of some N = 2 gauge theories was also considered in [15].



with several gauge group factors and multiple matter representations by letting G' be the
product of several gauge groups and by taking R to be a reducible representation of G. It
therefore applies to any gauge theory with a Lagrangian description.

The on-shell field content of the A/ = 2 multiplets is given by

vectormultiplet : (A, ®g, Pg, ¥)
hypermultiplet : (¢, 4", x).

In this notation, the usual complex scalar field of the N/ = 2 vectormultiplet is constructed
out of the real fields ®; and ®g9. One complication in the construction of the N' = 2
Lagrangian in S* overcome in [2] was to turn on in a supersymmetric way mass parameters
for the flavour symmetries associated to the hypermultiplet. These N’ = 2 gauge theories
on S* are invariant under the superalgebra OSp(2|4), where Sp(4) ~ SO(5) is the isometry
group on S* and SO(2)g is a subgroup of the SU(2) R-symmetry of the corresponding
N = 2 gauge theory in flat spacetime.

The key idea behind localization [6] exploits that the path integral — possibly enriched
with any observables invariant under the action of a supercharge () — is unchanged upon
deforming the supersymmetric Lagrangian of the theory by a (Q-exact term

LoL+tQ-V. (2.1)

The restriction on the choice of V is such that if Q? generates a symmetry and a gauge
transformation, as will be the case in our analysis, then V must be gauge invariant and
also invariant under the action of the symmetry. Also we require the path integral to
be still convergent after the deformation, and that the contribution from the boundary
in the space of fields vanishes. In order to localize the gauge fixed path integral, the
supersymmetry generated by ) must be realized off-shell, and a gauge fixing procedure
must be implemented. This was accomplished in [2] by introducing suitable auxiliary fields
and a ghost multiplet, which plays a key role in precisely determining the measure of
integration of the fluctuations.

Since the path integral is independent of ¢, we can study it in the ¢ — oo limit.
In this limit the saddle points of the path integral are the solutions to the localization
equations, which are the saddle points of the deformed action @ - V. In this limit, the
path integral becomes one-loop exact with respect to the effective i = 1/t parameter
and can be evaluated by summing over all saddle points. Therefore, it can be calculated
by evaluating the original Lagrangian £ on the saddle points and by integrating out the
quadratic fluctuations of all the fields in the Lagrangian deformation -V expanded around
the solutions to the saddle point equations.® Of course, even though the path integral is
one-loop exact with respect to ¢, it yields results to all orders in perturbation theory with
respect to the original gauge coupling constant 7 of the theory. This underlies the power
of localization. In favorable situations, for a judicious choice of V', the deformation freezes
out most of the fields that must be integrated over in the path integral, thus yielding a
path integral for a reduced model, with fewer degrees of freedom.

8The original Lagrangian L is irrelevant for the localization one-loop analysis.



In the analysis in [2], as well as in our analysis, it suffices to single out a single
supersymmetry generator @ of the OSp(2|4) symmetry algebra present in any N' = 2
gauge theory on S%. This supercharge generates an SU(1|1) subalgebra of OSp(24), given
explicitly by

Q*=J+R, [J+R,Q]=0. (2.2)

J is the generator of a U(1); subgroup of the SO(5) isometry group of the S* while R is
the SO(2)r ~ U(1) symmetry generator in OSp(2|4). If we represent the S* of radius r
by the embedding equation

X34 .+ XE=12, (2.3)

then J acts as follows
X| +iXo = €9(X] +iXo)

| (2.4)
X3+ iXy — (X3 +1Xy).

We note that the action of J has two antipodal fixed points on S*, which can be used to
define the north and south pole of S*. The U(1) symmetry associated to J + R will be
denoted by U(1),+r = (U(1); x U(1)R)diag-

We conclude this section by mentioning a property of the localization equations that
we will exploit in the following section when studying the N” = 2 gauge theory path integral
on S in the presence of a supersymmetric 't Hooft loop operator. The deformation term
@-V that we add to the action naturally splits into two pieces, one giving rise to localization
equations for the vectormultiplet and one for the hypermultiplet. In formulas

V= va + th = TI'(Q - ‘ll) + TI'(TXX) 9 (25)

where ¥ and y are the fermions in the vectormultiplet and hypermultiplet respectively.
We represent the fermion fields in the N/ = 2 gauge theory by sixteen component, ten
dimensional Weyl spinors of Spin(10) subject to the projection conditions (see appendix A
for spinor notations and conventions)

F5678\I/ — Y

F5678 (2'6)

X=X

Since the bosonic part of deformed action Q -V — given by Tr(|Q - ¥|?) + Tr(|Q - x|*) —
is positive definite, the saddle point equations are

-U=0
@ (2.7)
Q- x=0.
As shown in [2], the only solution of the saddle point equations
R -x=0 (2.8)



forces all the fields in the hypermultiplet to vanish.? Therefore, we are left to analyze the
non-trivial saddle point equations for the vectormultiplet fields!©

1
2
where A,, = (A,, Pa) = (Ay, Py, Pg) and K; = (K4, Ky, K3) are the propagating bosonic
fields and three auxiliary fields of the N = 2 vectormultiplet respectively. Therefore in

1 .
QW= Fpnl™"eq — S0 ATV eg +i KT8 e =0, (2.9)

our conventions m = 1,2,3,4,9,0, while p = 1,2,3,4 and A = 9,0. ¢p is the confor-
mal Killing spinor that parametrizes the supersymmetry transformation generated by the
supercharge Q.

The equations (2.9) are Weyl invariant. That is - ¥ = 0 is invariant under the Weyl
transformation

G = Vg, Ay = Ay, By Q04 K- QK g = QYV%g. (2.10)

We will use this symmetry to study (2.9) in a Weyl frame where the localization equations
take a simpler form.

3 ’t Hooft loop in S and localization equations

In this section we initiate our study of the expectation value of a supersymmetric 't Hooft
loop operator [5] in an arbitrary A/ = 2 gauge theory in S*. We start by constructing a
supersymmetric 't Hooft loop operator which is annihilated by @ (and therefore by J + R).
This implies that we can localize the 't Hooft loop path integral using the supercharge Q.
The derivation and interpretation of the localization saddle point equations @) - ¥ = 0 in
(2.9) follow. We will then find the most general non-singular solution to the localization
equations in the presence of a supersymmetric 't Hooft loop operator.

A ’t Hooft loop operator inserts a Dirac monopole into (an arbitrary) spacetime. The
operator has support on the loop/curve spanned by the wordline of the monopole. In an
arbitrary gauge theory, the operator is characterized by a boundary condition near the
support of the loop operator that specifies the magnetic flux created by the monopole.
Since the choice of 't Hooft operator depends on the embedding of the U(1) gauge group
of a Dirac monopole into the gauge group G, these operators are labeled by a coweight
or magnetic weight vector B, which takes values in the coweight lattice A., of the gauge
group G [7].

Locally, near the location of any point on the loop — where the loop is locally a straight
line — the 't Hooft operator creates quantized magnetic flux [16]

1
F= feijké‘:,)dx’f Adad (3.1)

9This can be shown by writing Vim as a sum of squares. One of the terms that is generated is a mass
term for the scalars in the hypermultiplet — that is g¢" + Gt — which implies that on the saddle point
gq=q=0.

0 his formula should be dimensionally reduced to four dimensions using that Finn = [Dm, Dyr] and that
Dy =[®4,] for A=09,0. See appendix B for gauge theory conventions.



where 2’ for i = 1,2,3 denote the three local transverse coordinates to any point in the
loop. Since B = B®H, € t takes values in the Cartan subalgebra t of the Lie algebra g
of the gauge group G, the magnetic flux (3.1) is abelian. Locally, this operator inserts
quantized flux through the S? that surrounds any point in the loop
el =—-B. (3.2)
g2 2m

In order to be able to apply localization we must consider supersymmetric 't Hooft
loop operators invariant under the action of (). These operators create a local singularity
on the scalar fields of the N’ = 2 vectormultiplet. The singularity which will be locally
compatible with our choice of @ is!!
B
= m .

A ’t Hooft loop operator which is globally annihilated by @ and J + R, can be con-

Dy (3.3)

structed by choosing — without loss of generality — the support of the 't Hooft operator
to be the maximal circle on S*

X2+ X3=rt Xz3=X;=X5=0, (3.4)
which is located at the equator of S* and left invariant by the action of .J (see (2.4)). We
find it convenient to study the localization equations @ - ¥ = 0 in (2.9) in the presence of

the circular 't Hooft loop by choosing the following coordinates on S* (see appendix C for
various useful coordinate systems)

22 )

3 2 _

> dxs 72

dSQ — Zz:l L —|—T‘2< 4 ) dT2. (35)

- 2 - 2
(i) (1+5E)

The coordinates z;, where |#|2 < 472, define a three-ball Bs. In these coordinates, the
support of the circular 't Hooft loop (3.4) is the maximal circle parametrized by the coor-

dinate 7 located at x; = 0. In these coordinates the action of J, defined in (2.4), is (see
equation (C.15))
x1 +izy — e (11 + ixe)

(3.6)
T—>T+¢€.

Therefore, the north and south poles of the S* — the fixed points of the action of J — are
located at ¥ = (0,0,2r) and & = (0,0, —2r) respectively.

Now by using the invariance of the saddle point equations (2.9) under the Weyl trans-
formation (2.10), the solutions to the saddle point equations on S* can be obtained from
the solutions of the saddle point equations in Bz x S*

3 =12\ 2
dshy 1 = > da? + 12 ( - ’2“;2) dr? . (3.7)
i=1
They are related by the transformation (2.10) with = (1 + %)

1This follows by noting that a ’t Hooft loop sourcing the scalar field ®¢ shares common supersymmetries
with the Wilson loop considered in [2] — which couples to the scalar field 9 — and which by construction
is annihilated by the supercharge Q. We will soon explicitly show that the exact 't Hooft loop singularity
is invariant under the action of Q.



One advantage of this choice of Weyl frame is that the exact singularity produced by
the circular 't Hooft loop operator in Bz x S! is identical to the one produced by inserting
a static point-like monopole in flat spacetime. The exact circular 't Hooft loop background
on Bz x S! annihilated by Q when the topological angle vanishes — that is when § = 0 —

is given by!? ‘
B 't

& .
(3.8)

o B

"o

When the topological angle is non-trivial — that is when 6 % 0 — then the particle
inserted by the 't Hooft operator is a dyon, which acquires electric charge through the
Witten effect [17]. If the 't Hooft operator is labeled by a magnetic weight B, the induced
electric weight is g20B/4m. Moreover, the scalar field ®q also acquires a singularity near
the loop. The exact background created by a supersymmetric 't Hooft loop on Bz x S is

given by 12
B xT; .9 B €Ty
Fip = — Zeinal | Fy= —ig?0—s L
T TR AT Y e [ (3.9)
o B on_ 25 B 1 '
0= o ST =

The corresponding singularity created by the insertion of the circular 't Hooft loop in S* can

then be simply obtained by performing the Weyl transformation (2.10) with Q2 = (1 + %) .

3.1 Symmetries and fields

We now proceed to determining the partial differential equations for the bosonic fields
in the N = 2 vectormultiplet on Bz x S' whose solutions yield the saddle points of the
localization path integral upon Weyl transforming them back to S*.'* We first have to
choose the supercharge @) with which to localize the 't Hooft loop path integral.

The supersymmetry transformations of an N’ = 2 gauge theory on a four manifold
with metric hy, is parametrized by a sixteen component Weyl spinor of Spin(10) which

solves the conformal Killing spinor equation'4
Vue=T,¢ (3.10)
subject to the projection
5678 — —¢. (3.11)
€ is determined in terms of € by € = iF“Vue.lg’ It satisfies
~ R
'V, é=—— 3.12
V€ ¢ (3.12)

where R is the scalar curvature derived from hy,,.

12Tn appendix D we show that this background solves the localization saddle point equations @ - ¥ = 0
derived in the next subsection.

13As we mentioned earlier, the saddle point equations for the hypermultiplets force the fields in the
multiplet to vanish.

4The theory has maximal number of supersymmetries when the metric is conformally flat.

5The spinor e is referred to as a conformal Killing spinor because its defining equation V¢ = ifur"vue
is invariant under the Weyl transformation (2.10).



The equations on Bz x S' that we need to analyze are'®

1 1 .
P l™e = 5@ ATV e + KT8 e = 0 (3.13)

for an specific choice of € = €. Here € is the (commuting) conformal Killing spinor of the
N = 2 gauge theory on Bz x S' which parametrizes the supersymmetry transformation
generated by the supercharges of the OSp(2[4) symmetry of the N' = 2 gauge theory.
The general conformal Killing spinor on B3 x S' — with metric (3.7) — is given by (see
appendix A for details and conventions)

. _ 7
e = cos(/2) (és + 2T éc> + sin(r/2) T <2r ot g—ri é8> , (3.14)
T

where é; and €. are two constant ten dimensional Weyl spinors of opposite ten dimensional
chirality obeying I'678¢, = —¢, and 5678z, = —¢...

We now identify the spinor e which parametrizes the supersymmetry transformations
of the supercharge @ generating the SU(1|1) subgroup of the OSp(2]|4) symmetry of an
N = 2 theory in S*. This is the supercharge used in our localization analysis. We take the
spinor €5 to be

és = 5(1,0,0,0,0%,1,0,0,0,0%) (3.15)
and the spinor &,

i 1
2= —— 120 = — ~1,0* —1,0%). 1
fe=—5 T = -(0,0,0,-1,0%,0,0,0,-1,0") (3.16)

Therefore, the conformal Killing spinor associated to () is given by

2r cos (;) — X3 oS (%)
+ x5 cos

1 sin (%)
T sin (%) — 1 COS
(3)

N N
SRR SIE
S— — —

T3 sin — 2rsin
1 04
LT U | 2 cos (Z) +ascos (%) |’ (3.17)
—xq sin (%) — Z'9 COS %)

1 COS (% — T9sin (

’ Nl N Bl
[\DH\‘, vl
~—

and has norm egeg = 5 < + 122 > 17

Ar?
We note that the spinor €g generates one of the unbroken supersymmetries'® preserved
by the circular Wilson loop coupled to the scalar field ®; in the A/ = 2 vectormultiplet

Trexp (?{; [A CiT + zyx\%] ds> (3.18)

18Tn our conventions @ acts on a field as a fermionic operator and therefore € is a commuting spinor.
1"Using (2.10) the norm of the spinor on S* is therefore 1/2.
18Which obey (1 4+ i[*I')é, = 0 and (1 +iI°T*)é. = 0.
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supported on the maximal circle at Z = 0 in Bz x S'. Therefore @) can be used to localize
the path integral in the presence of this Wilson loop operator, as in [2].

Given our choice of supercharge @, we can now calculate @2, that is the symmetries
and gauge transformation that Q? generates when acting on the fields of the N = 2 gauge
theory. Due to the addition of suitable auxiliary fields, this symmetry is realized off-shell,
as required for localization.

The spacetime symmetry transformation induced by Q2 is generated by the Killing

vector
. 1
vz, ) = et vt = 2eqlMeg = (—:EQ, E,O, > , (3.19)
ror r
where ¢! = ¢! = dat for i = 1,2,3 and et = r (1 — %) dt is a vielbein basis for the

metric on B3 x S! given in (3.7). Therefore, Q? yields the infinitesimal U(1); spacetime
transformation (3.6) generated by J.

The operator Q? also generates a U(1)z R-symmetry transformation. It acts on the
fields of the theory as a U(1)r C SU(2)r subgroup of the SU(2)r symmetry present
when the N' = 2 theory is in flat spacetime. Therefore, it acts on the gauginos ¥ in the
vectormultiplet and the scalars (¢, G') in the hypermultiplet. The infinitesimal R-symmetry
transformation generated by Q? is parametrized by the rotation parameter!'?

1
vp = —4ég T = —4ég T8 = - (3.20)

As advertised, our choice of supercharge @) corresponding to the Killing spinor (3.17)
generates an SU(1|1) subalgebra of OSp(2|4)

Q*=J+R [J+RQ =0, (3.21)

where J + R generates U(1) 74z = (U(1)s x U(1)R)diag-

In the presence of Ny hypermultiplets transforming in a representation R of G, the
N = 2 gauge theory has a flavour symmetry group G, and the masses my with f =
1, ... Ng of the hypermultiplets take values in the Cartan subalgebra of the flavour symme-
try algebra, which has rank Ng. The action of Q2 on the hypermultiplets fields generates
an infinitessimal flavour symmetry transformation with parameters my, while the flavour
symmetry action on vectomultiplet fields is trivial.

Finally, the operator Q? further generates a gauge transformation with gauge group G
on all the fields in the theory. The gauge transformation is a function of the scalar fields
Dy = (Dg, D) of the N' = 2 vectormultiplet. The associated gauge parameter is given by

A =30t (3.22)

where
v =2eT¢q A =9,0. (3.23)

YWhere ég = i V,e = L (—sin(3), 0%, —cos(3), 0%, —sin(Z), 0%, — cos(3),0%).
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Explicit calculation using (3.17) and Weyl transforming to S* using (2.10) gives?

. z3/r
A= Z@O — W@g . (324)
oz
This implies that the gauge transformation parameter at the north and south poles of S*

— which are located at ¥ = (0,0, £2r) — are
A(N) =i®o(N) — ©9(N)

. (3.25)
A(S) = i®o(S) + o (S).

Therefore the gauge transformation acts differently at the north and south poles of the
S4 which are the fixed points of the action of the U(1) generator J. This observation will
have far reaching consequences in our computation of the expectation value of 't Hooft
operators in these theories. At the equator of S%, the component A4 of the gauge field also
enters in the gauge parameter,

AE) = 0°®g +v1Ay. (3.26)

In summary, Q? acting on the bosonic fields of the AN/ = 2 vectormultiplet — whose
localization equations we are after — generates a J+ R and a G-gauge transformation that
can be encoded in terms of the vector field

Tro X1 1 xr3 . |f’2
m = 2eolMeg = [ ——=, 2,0, -, ——,i (14 —= =1,2,3,4,9,0. (3.27
v egl™eq ( pti ; Z( + 12 m ( )

More explicitly, the action of Q? on these fields is °
Q% Ay = —[v" D, D]

Q> Dy =—[v"Dy,, 4. (3.28)

Including the action on hypermultiplets, we conclude that the action of @2 on all fields in
the N/ = 2 theory defined on B x S! generates an U(1) ;g x G x Gy transformation.

3.2 Localization equations in B3 x S!

Given our choice of supercharge (), we can now proceed to finding the saddle point equations
(2.9) of the localization path integral

1

5 Fnnl™"eq — 20 ATAEg +iK T8I e =0, (3.29)

Q V=
where we have used that
Ve =Tué0, (3.30)

and €g is given in (3.17). The equations can be found by projecting (3.29) on a basis of
spinors generated by?!

Tomeo m=1,2,3,4,9 (3.31)
[8i+tie,  j=1,2,3. (3.32)

208ee below for more details.
21Gince the A = 2 theory has eight supercharges, there are eight independent equations.
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We note that the projection equations along I'pep can be obtained from a linear combination
of the projection equations along (3.31) since the conformal Killing spinor eg satisfies the
linear constraint

v"Teg =0, (3.33)

with v, given in (3.27).
In order to develop intuition for the saddle point equations, we first study them in the
point # = 0,7 =0 in B3 x S*. Projecting (3.29) along I';;eq yields

1
2€QFmQ U= (Fm4 + iDm(I)o) — ;‘I)g Oz =0 m=1...4,9. (3.34)

These equations have a simple interpretation. They describe the Q?-invariance equations
of the bosonic fields in the N' = 2 vectormultiplet (obtained by setting equations (3.28)
to zero), which at & = 7 = 0 are generated by the vector field v = (0, 0,0, %,0,2’) (see
equation (3.27)). This captures the combined action of a J and a G-gauge transformation
with vector field v* = (0,0, 0, %) and gauge parameter A = i®g respectively. The invariance
equation for the scalar field ® is a linear combination of (3.34), a fact which follows from
(3.33).

Projection of (3.29) along I'®7t4¢g gives three dimensional equations. They are the
Bogomolny equations

26Ty 115Q - ¥ = =D;® + (s3F); +iK; + 638 =0  j=123.  (3.39)

We can move to an arbitrary point 7 # 0 at & = 0 by acting on the equations (3.34)
(3.35) by the U(1) s transformation generated by J. The invariance equations (3.34) remain
the same while the three dimensional equations take the same form (3.35) upon replacing
the auxiliary scalar fields K; by rotated ones

K, coST sinT K,
. 3.36
(Kg) - (— sin T cos7) (Kg) ( )

We can now consider the general equations with # # 0 and 7 # 0. The Q*-invariance
equations, obtained by projecting (3.29) along I'j,eq, are given by?2
1 i || T3
—F Dy, |14+—]|Pg— = — Fo = D1,v™Dy,] =0
o 14+[ 1,2<+4r2> 0= 5 Po| + 5 Fi2 [D1,v™ D)

1 7 ‘f|2 T3 )
—F: Dy, — |1+ — | Pg— —=Pg| ——F» =0 [Dg,v"D,,] =0
5 24—1—[ 2,2< +4r2> 0= 5, P — 5 I [D2,v™ D)

1 i |z T3 71 T2
—F: D3, - ([1+—~ | Pg— —@ —F30 — —F3 = D3, v" Dy, =
o 34+[ 3,2< +4T2> 05, Pl +5 Fra—5 I =0 [D3,v" Din] = 0
7 ’f‘Q xrs3 1 €2
Dyy- |14+ — | Pg— — —Fyo — —Fy = Dy, v Dy, =
[ 4,2< +4r2> 0= 5, 9}+2r 2= 5 Fn=0 [Dg,v" D] = 0
1 i |z)? x 9
—|Pg, D Py, - (14+— | D —[®g, Dy| — —=[®g,D1| =0 [Pg,v™D,,] =0.
2T[ 9, T]-i-[ 9,2< +4r2> 0]+2r[ 9, Da] 2T[ 9, D1] (@9, v"™ D)

(3.37)

22 As already mentioned, the invariance equation for ®g is a linear combinations of these equations.
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The three dimensional equations, which we call deformed monopole equations, are
obtained by projecting (3.29) along I'87+4¢g. They are given by
—(47"2 + {L'% - 1‘% — x%)[Dl@g] — 21‘11‘2 [DQ‘I’Q] — 2$1$3[D3(I>9] — 4T$2[D4‘I>9]+
—2x1Pg — 2x123F 19 + 20120 F13 + (47“2 — l’% + :L'% + x%)FQQg—I—
—drasF; +i(4r? + |Z]?) Ky + 4ra Fy = 0.
(

3.38)
—(4 2_ .%'% + H?% - HI%)[DQ@Q] — 22119 [chbg] — 2.%'2.%'3[D3‘I)9] + 4T$1[D4‘I’9]+
—2x9Pg — 2wox3F19 — 20120 F53 — (47‘2 + l‘% — 37% + :E%)F13—|—
—drasFy; +i(4r? + |Z]*) Ko + drasFy; =0,
(3.39)
21‘1.%’3[1)1‘1)9] + 2.3(}2.%'3[D2‘I’9] — (47’2 + .’E% -+ x% — 1‘%)[1)3‘1)9] + 2x3Pg + 4irdo+
+(4r® — af — a3 + a3) Fio + 23133F)3 — 2m9w3Fi3+
—47’.%'2F221 — 47’373F321 - 47“&31F121 +1 (47"2 + ‘fp) K3=0.
(3.40)

We note that the equations near the location of the 't Hooft loop — at & = 0 — reduce to
the familiar Bogomolny equations in R3, thus justifying their name. These equations are a
supersymmetric extension of well known equations, which interpolate between F'* = 0 at
the north pole, the Bogomolny equations at the equator and F'~ = 0 at the south pole. This
concludes our derivation of the saddle point equations of the 't Hooft loop path integral.

In appendix D we explicitly show that the background created by the insertion of a
circular 't Hooft loop — given in equations (3.8) (and (3.9) when 6 # 0) — is a solution
of the localization equations derived in this section. This confirms that we can study the
expectation value of a supersymmetric circular 't Hooft loop operator in any N' = 2 gauge
theory on S* by localizing the path integral with our choice of supercharge Q.

We can now anticipate some key features in the evaluation of the 't Hooft loop path
integral of the N = 2 theory defined on S*. As explained earlier, the fields and conformal
Killing spinor in B3 x S' and S* are related by the Weyl transformation (2.10) with
Q= (1 + %) We note that the conformal Killing spinor in S* — which we denote by
eg’here — has negative/positive four dimensional chirality at the fixed points of the U(1)
action of J, denoted as north/south poles of S* respectively. In formulas?3

Fii@ﬁeghere(N) _ _eghere(N)

4123 h h
F412362§ ere(S) _ +€2§ ere(s)’

and therefore instantons and anti-instantons are supersymmetric at the north and south

(3.41)

poles of S* respectively.
Moreover, in the neighborhood of the north pole the Q-complex of the A' = 2 theory on

S* generated by ezghere reduces to the complex of the equivariant Donaldson-Witten twist?*

23The volume form is given by e‘ﬁ23 =1.

24 Also known as A = 2 gauge theory in the Q-background [8].
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in R* [8], described by the instanton equations F'+ = 0. Likewise, in the neighborhood of
the south pole the Q-complex of the N' = 2 theory on S* reduces to that of the equivariant
conjugate Donaldson-Witten twist in R*, described by the anti-instanton equations F~ = 0.

This implies that the path integral for a 't Hooft loop receives contributions from equiv-
ariant instantons at the north pole and equivariant anti-instantons at the south pole. These
are singular solutions to the localization equations which must be included in the compu-
tation of the 't Hooft loop expectation value. The equivariant instanton/anti-instanton
partition function in R* is captured by the so-called Nekrasov partition function [8], which
will play a prominent role in our analysis.

From our expression for the action of Q% on the fields (see (3.27)), we find that the
U(1)s, x U(1)., equivariant rotation parameters (1, e2) in Nekrasov’s partition function [8]
at the north and south poles in S* are fixed to

1
g1=€y=¢€g=—, (3.42)
r

since U(1)., x U(1)., acts on R* as
X| +iXy — e1(X] +iXo) X3 +iXy — (X34 iXy). (3.43)

Here (X1,...,X4) are the S* embedding coordinates (2.3) which parametrize the local
R* near the north and south poles. As Nekrasov’s partition function is for the N =
2 topologically twisted theory in R* — which mixes the SU(2) Lorentz with SU(2) R-
symmetry generators — the U(1) s, r symmetry generated by Q? in the physical theory on
S gets identified at the north and south poles with the (U(1)s, x U(1)s,)diag Symmetry in
Nekrasov’s partition function.

Moreover, it follows from equation (3.27) that the equivariant parameter a € t for the
action of constant G-gauge transformations in R* in Nekrasov’s partition function is fixed
at the north and and south poles of the S* to?®

i(N) = i®(N) — ®g(N)  a(S) = i®o(S) + o(S) (3.44)

respectively. Since the 't Hooft loop induces a non-trivial background for the scalar field
®g (3.9), which is non-vanishing at the north and south poles, the instanton/anti-instanton
partition function contributions arising from the fixed points of J explicitly depend on the
magnetic weight B labeling the 't Hooft operator. We will return to the instanton and
anti-instanton contributions to the 't Hooft loop path integral in section 5.

Likewise, there are singular solutions to the localization equations arising from the
equator in S*, where the 't Hooft loop is inserted. As we have shown, near the equator
we must consider solutions to the Bogomolny equations in the presence of the singular
monopole configuration created by the 't Hooft loop operator. We will consider the con-
tribution of these singular solutions to the saddle point equations in sections 6.3 and 7.

Our next task is to study the non-singular solutions of the localization equations.

Z5Here we note that the value of scalar fields at the north and south poles of Bz x S* and S* are related
by ®g4 = 2@, g1 through Weyl rescaling, while at the equator g4 = @, g1.
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3.3 Vanishing theorem

In the evaluation of the 't Hooft loop path integral using localization we must sum over all
the saddle points of the localization action Q-V which have a prescribed singularity, induced
by insertion of the 't Hooft operator. Therefore, we wish to obtain the most general solution
of the localization equations (3.37)—(3.40) satisfying the appropriate boundary conditions
imposed by the presence of the circular 't Hooft loop operator. The boundary condition
requires that the solutions to the localization equations approach the background (3.9)
near the location of the 't Hooft loop, supported at the equator of S*.

In this section we obtain the most general non-singular solution to these equations
(besides the singularity due to the ’ t Hooft operator). Singular solutions to the localization
equations, however, will play a central role in our computations. We will discuss singular
solutions supported at the north and south poles of the S* and their contribution to the
expectation value of the 't Hooft loop operator in section 5, while the contribution of the
singular solutions supported at the equator will be analyzed in section 7.

In appendix D we show that the field configuration

B T; .9, B oz B
Fj = — o, Fy=—ig®0——5—,  @y=-—,
J 9 k| ST 07 97
B 1 3.45
®o= O K= o
1+ 5 <1+%>

solves the saddle point equations @ - ¥ = 0. This field configuration is the 't Hooft loop
background (3.9) deformed by a “zeromode”?% of ®g, which is labeled by a. The auxiliary
field K3 in the N/ = 2 vectormultiplet is also turned on. Therefore, evaluation of the path

3

integral requires integrating over the “zeromode” a € t, which takes values in the Cartan
subalgebra t of the gauge group G.

We will now show that the only solutions to @ - W = 0 which are smooth away from the
loop are given by (3.45). For this it suffices to consider the deformed monopole equations,
the differential equations (3.38)—(3.40). We find it more transparent, however, to take

instead a projection of the localization equations () - ¥ = 0 along I'g,eq. This gives

. 3
S i 1 |z)? , -
0= cQTQ-¥ = —(+F)wv”+ 5~ Dy(w3®o) ~ D, [2 (1 + 472) %] +iy wlK;, (3.46)
i=1

where we have used [®g, ®o] = 0, which follows from the imaginary part of the last equation
in (3.37). We have also defined three real 1-forms wff) = el 8T eq.

The field strength F' = F (") + i F(@ has real and imaginary parts. The imaginary part
is due to the presence of the 't Hooft operator background with 6 # 0, while the fluctuating
part of the field that we integrate over in the path integral must be real. The imaginary

part of equations (3.38) and (3.39) imply that

K=Ky =0, (3.47)

26The corresponding field configuration is annihilated by D, [(1 + %) @0} = 0 since the background
gauge field is abelian.
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while the imaginary part of (3.37) requires that

1 o6 i |72 :
T'FJ4+|:D‘]72<1+47*2 q)o :0 ]:1,2,3

(3.48)

Therefore, these equations completely determine @ in terms of the electric field produced
by the 't Hooft operator when 6 # 0 up to a zeromode, which we parametrize by a in
(3.45). Moreover, the imaginary part of (3.40) locks in the value of the auxiliary field K3
in terms of the zeromode part of ®y. Therefore, the most general solution to the localization
equations for the electric field Fj4 and the scalar fields ®g, K1, K2 and K3 is given in (3.45).
Now it remains to show that the most general solution to the localization equations for the
magnetic field Fj; and the scalar field ®g is also given by (3.45).
From the real part of (3.46) we obtain

212
iy * F) — D [(1 + [f#) <1>9] =0. (3.49)

We also note that the real part of the Q%-invariance equations (3.37) implies that
— iy F + D(1v'®g) =0, iyD®g = 0. (3.50)

Let us define a 1-form ¥ = dz*v,,/(v,v”) dual to the four-vector v, so that i, = 1.%7 Now,
in terms of the redefined gauge field

A=A+090g70, (3.51)

the Q%-invariance equations (3.50) imply that

A

i, =0, (3.52)
where F' = dA + A A A. Indeed,

inF = iy,F 4 i, D(0?® ) = iy F 4 iy(D(W'®g) A D) + iy (v P D7) =
= iy F + (i, D(07®9)) A5 — D(1®g) A (i) + 07Pg i,y (D), (3.53)

which using i,0 = 1 and the equations in (3.50) makes the first three terms vanish. The
last term vanishes for any Riemannian metric invariant under the action generated by the
vector field v. In this situation £,2 = 0 and since £, = Di, + i,D we have that indeed
i, DO = —D(i,0) = —D(1) = 0. Therefore, the Q*-invariance equations (3.52) reduce the
whole system of equations in S* to equations in the three-dimensional space M3 = $4/U(1),
since v generates the U(1); spacetime transformation corresponding to J.

The scalar field in the S* conformal frame is ® = ®g (1 + %) In the S* metric?®

(see appendix C)

2
d3§4 = r2d9? + TZ sin? 9dQy + 2 sin? 9 (dip + w)? (3.54)

2TThe definition of ¥ is invariant under Weyl rescaling of the metric.
28The orientation is such that the volume form is proportional to drdztdz®dz® o d¥diyvol(S?).
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equation (3.49) reads
iy * F) = D& . (3.55)
In this metric, the 1-form o is given by © = r(dy+w), and the redefined gauge field (3.51) is

A=A" — drcosI(dip +w). (3.56)

Let us also redefine the scalar as
d = Psin’ 0. (3.57)

In terms of the redefined fields, equation (3.55) becomes

o % F — D® =0. 3.58
b sinZ ¢ ( )

We can obtain quantities with nice properties by considering the background values of
A and @ specified by (3.9). We define 1-forms A and p, as well as a function h as quantities

that appear in (3.9).2
N . B .
A=-B\, A=-Bp, o= Eh (in the background). (3.60)

Since the background solves the equation (3.58), A and h satisfy the relation

dh

0=iykd\+ —20
WROAT Y

(3.61)

In order to derive useful identities, let us square the left-hand side of the equation (3.58)
and integrate it with an appropriate measure:

L. 2 TP
0 = — [|%p * F— TD¢
g4 2h sin” ¥
1 .o | h )
= — iy % ' — —dh —
/S4 on \ [ h * sin? ¥ (h) | (3.62)
1 i) . @
Tr|D| — | Ax|i,*xF — —dh
+/S4sir1219 g (h) *<%* h )

We are using both ® and d to simplify the equations. Now we will show that the integrand
in the cross term is the total derivative of a suitable 3-form. First we can write it as

~ (. @
GAdTr |— [ F+—d\ || . (3.63)
h h
2In the gauge where the Dirac singularity is at x3 < 0,21 = 22 = 0, we have explicitly
1 1 1
A= Sdp+ s [1- + cosn cos v - de.
2 2 2 (cos2 ¥ 4 sin? ¥ sin? g)
, (3.59)
i —1/2
le 1- cosd 172 (dyp +dy), h =" ﬁ(lfsin2§coszﬂ) .
2 (cos2 9 + sin? ¥ sin? g) r 2
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We denote by D the covariant derivative with respect to the gauge field A. Note that A +
B, which is the difference of two connections, is a globally defined smooth 1-form. Using
that d Tr[(A+BX\)®/h] = Tr [(F+Bd)\+(A+B)\) A (A4+BX\)®/h — (A+BX) A b(cﬁ/h)},

one can check that the expression (3.63) equals®

AdTr

<F+ %cim —(A+B)NA (/1+B>\)> (icp — B> +2(A+BMNAD (i’)

=~ <

We try to write this as a total derivative:

—d(Z/\Tr

. 9. A ) 2.
@wﬁ@u—m+BMAm+Bm>Qg—B>

+2(A+BMNAD (i)])

2. . . 2. A (D
(F—I— E(I)d)\ — (A4 BN A (A—{—B)\)) <h<I> — B> +2(A+BXNAD (h)] .
(3.64)
In the last line, F' can be dropped because dv A F'is a 4-form annihilated by %,, and thus

-
+£Aﬁ

has to vanish.?! For the same reason d\ can also be dropped. Continuing this argument,
the equality 0 = i,(—Bd\ — F) = i,D(—=BX — A) 4+ i,((—BX — A) A (—BX — A)) implies
that the last line of (3.64) can be written as

dv

P
— A Tr
4

_DM+Jny<Z&—B>+%A+BMAﬁ<A>]
:—d(fAﬂ{Mﬁlﬂf(é—Bﬂ) (3.65)

Thus the term in the last line of (3.62) is an integral of a total derivative, and we need to

>

study the potential contributions from regions where some quantities are singular, including
the equator where the 't Hooft loop is inserted as well as the north and south poles where
oMo, diverges.

Let us denote by ¥(§) = Xn U Xg U Xeq the boundary of small neighborhoods that
contain the poles and the equator. Specifically, we take a constant § > 0 and define
Yy o= {0 =0}, ¥g = {9 = 7 — 0} and Xy := {|Z] = 6}, where Z denotes the spatial
position in the Bz x S! coordinate system. Noting that A+ BN = A+ Bp and that

39This expression in fact descends from the Chern-Simons 3-form for a four-dimensional gauge field
constructed, via Kronheimer’s correspondence, from A which can be regarded as a three-dimensional gauge
field on M3 = S*/U(1).

3! Any 4-form « can be expressed as a = f vol(S*) where f is a function and vol(S*) is the volume form
on S*. If i, annihilates a we have 0 = i, = fivvol(S4). Since iﬂvol(S4) is non-zero, f, and therefore «,
have to vanish.

,19,



&/h = (sin®¥/h)®, we obtain

~ 2

1 h P

i — DI =
/34 2h sin? ¥ (h) ‘

L2 . o
= —lim [ Tr <[<F 2 gy (A4 Bp) A (A+ Bp)> <2$m Ve B) (3.66)
0—0 2(6) h h

. 2 ~ . 2 ~
+2(A+ Bp) A D <SH;L ﬁcb)] A%+(A+Bp)- (2“2 19<I>—B> A Cif) .

2

P
iy ¥ F'— —dh
iy * ; +

Because the fields must obey the boundary conditions associated to the 't Hooft operator
at the equator of S%, their values on Y, must approach the background values (3.60), for
which the integrand vanishes as 6 — 0. On the hypersurfaces () and Xg(J) where ¥ = 6
is constant, the integrand®? vanishes as § — 0 for smooth configurations. Hence (3.66)
vanishes.

Then the squares in the first line of (3.66) must vanish separately, and we have in

P
D (h> =0. (3.67)

The boundary condition near the operator then requires that d = Bh/2 up to a gauge

particular

transformation, corresponding to the original 't Hooft operator background we started
with.

In summary, the most general non-singular solution to the localization equations is the
field configuration (3.45).

4 Classical contribution

In this section we calculate the classical contribution to the localization path integral
computing the expectation value of a supersymmetric 't Hooft loop in an arbitrary N' = 2
gauge theory on S*. The classical contribution to the path integral is obtained by evaluating
the A/ = 2 gauge theory action on S* — including suitable boundary terms — on the saddle
point solutions of the localization equations.

Using that the localization equations set to zero the scalar fields in the N’ = 2 hyper-
multiplet, the classical contribution to the path integral arises from evaluating the bosonic
action of the N/ = 2 vectormultiplet on S* on the Weyl transformed (2.10) saddle point
solution (3.45). The relevant part of the A' = 2 gauge theory action on S* of radius r is
given by
Sphr=o = L VhTr <1F F¥ + D, ® D Dy + EchcI)A + K?) _ / Tr (FAF)

- g2 Jgu 2 M s 6 3) 8n2 g ’
(4.1)

32We can take Yn,s(d) to be three-spheres parametrized by v and the position on S?. We note that F,

dp, D (#@)7 and in particular A + Bp are regular as differential forms at the north and south poles.

Therefore their components not involving the 9-direction vanish as § — 0. Forms ¢ = r(dy + w) and
dv = (r/2)vol(S?) are finite in this limit.
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where we have denoted by hy,, the S* metric and R = 12/r? is the scalar curvature. The
classical action (4.1) is invariant under the Weyl transformation (2.10). Therefore, we
can calculate the classical contribution to the expectation value of the 't Hooft loop by
computing the N' = 2 gauge theory action on B3 x S* (3.7) evaluated on the background
(3.45). The non-topological part of the action is thus3?

om - 4m [P 2 1 DD
— 7['27['/ dxr 1—% x2Tr *FijFij—I-F’ileiZl—i-Di(I)ADi(I)A—i-A—AQ—FKg ,
g 0 4r 2 972 ( _ L)
472
(4.2)

while the topological term is3*

i0 2r LU2 o ik
— 2 -4 d 1—-— UETY |Fls Fa| . 4.3
gnz T 7r/0 xr( 47,2)‘73 € v [ Fjn] (4.3)

Explicit computation using the saddle point configuration (3.45) gives

2 2 202 2r

S/(\[;)ﬁ = —897;7"2 Tra? + 0 rTr(aB) — Tr B? <497T2 + %;) r/é dx % . (4.4)
The unregulated on-shell action is clearly divergent, as it measures the infinite self-energy
of a point-like monopole. This divergence — which is proportional to the length of the
curve on which the 't Hooft loop is supported — can be regulated by introducing a cutoff
J in the integration over z, and subtracting terms in the action proportional to 1/§. This
subtraction can be implemented by adding to the action (4.1) covariant boundary terms
supported on the x = ¢ hypersurface 3.

The relevant boundary terms are

9% Js, g

The first term coincides with the boundary action introduced in [18] to cancel the divergence

2 2
-—= Tr(q)gF)/\dT+i2/ Tr (g x4 F) AdT. (4.5)
X3

due to a singular monopole inserted along a loop with an arbitrary shape.®® The second
term in (4.5) is its electric version, and is necessary for non-zero values of the theta angle.
Evaluating them on the saddle point solution (3.45) we get

2 2 B 1 472y 9
and
2 2 B 1 B
i— Tr (@ 4 F) Ndr = i— Tr <(—9202 + a) : <i920>> 2mr =
9% Jx, g 1672 9 4dr (4.7)
1 g%6°r

= 51602 Tr B* — 7 Tr(aB).

33Where we have used the SO(3) x SO(2) symmetry of the background (3.45) and that the Bz x S' metric
(3.7) has R/6 =1/ (2r2 (1 — i)) x is the radial coordinate in Bs

1r2
34The volume form is given by 23—,
35Since the Bogomolny equations appear as the Q-variation of the fermion, the Q-exact expression
Q(Bogomolny eq., ¥) contains a positive semi-definite bosonic part |Bogomolny eq.|?, which can be rewrit-
ten as the usual kinetic term plus the boundary term. Thus the boundary term complements the divergent

part of the original action to make it locally @Q-exact.
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The terms proportional to 1/ in the boundary terms cancel the self-energy divergences
in the bulk on-shell action in (4.4). Moreover, the on-shell boundary term (4.7) generates
a finite contribution, which precisely cancels the corresponding one appearing in the bulk
on-shell action (4.4). Therefore, the leading classical action for the circular 't Hooft loop
in the N' = 2 gauge theory is given by

) 2 202
47 ) (4.8)

2
(O)total 81 5 2 2
SN=2 = —97271 Tra + Tr B (92 + 3271—2

The classical action (4.8) can be split into the sum of two terms, which are the complex
conjugate of each other

1 2 B B\?

1672r  2r

82 B B\?
—2 0 Tr (ia — ig? =
+< 7 ZG) <m ig 916772r+2r)

This observation leads to an illuminating interpretation. The classical result for the 't Hooft

(4.9)

loop path integral on S* is captured by the classical contribution to Nekrasov’s equivariant
instanton and anti-instanton partition functions on R* [8] localized at the north and south
poles of the S* respectively. As we shall see, the classical, one-loop and instanton factors
in Nekrasov’s equivariant instanton/anti-instanton partition function in R* [8] will enter
in the computation of the 't Hooft loop on S*.

We first recall that the classical contribution to the N' = 2 equivariant instanton par-
tition function in R* — or the partition function of the A" = 2 theory in the Q-background
— is given by [§]

R 1
Zola,a) = o0 | 5

2mit Tr aQ} : (4.10)
£1£E9

The constant field a € t is the equivariant parameter for the action of G-gauge trans-
formations on the moduli space of instantons in R*, while £; and ey are the equivariant
parameters of the U(1)., x U(1)., action on R* = C& C

€1

21 —€e 21
(4.11)

29 — €229 .

The parameter ¢ = exp (2mi7) is the instanton fugacity while g is the fugacity for anti-
instantons, where 7 is the complexified coupling constant of the N' = 2 gauge theory

0 4w

T=—"+—. 4.12

In section 3.2 we have already mentioned that the supercharge Q with which we localize

the 't Hooft loop path integral becomes near the north and south poles of the S* the

supercharge which localizes the equivariant instanton and anti-instanton partition function
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in R* [8] respectively, with the following equivariant parameters

€1 =& =¢€= %
a(N) = i®o(N) — ®g(N) (4.13)
a(S) = i®o(S) + Py(S).

Therefore, inspection of the solution of the localization saddle point equations at the north
and south poles® in (3.45) yields

B B
1672r 2r

B B

/\N:. _29 -
(N) =ia—ig 167T27’+27“

a(S) = ia —ig*0

(4.14)

This implies that the classical equivariant instanton/anti-instanton partition functions aris-
ing from the north and south poles are given by

Znorth,cl = ch(d(N), Q) Zsouth,cl = ch(d(S)ﬂ) . (415)

Therefore, the classical expectation value (4.9) for the 't Hooft loop operator with magnetic
weight B in any N = 2 gauge theory on S* factorizes into a classical contribution associated
to the north and south poles respectively

2
0)total . . B B
exXp (_ ,5\/’):(2) a) = Znorth,cl * Zsouth,cl = ’ch <ZCL - 1929167727' o0 C]> , (4.16)
the south pole contribution being the complex conjugate of the north pole one
Zsouth,cl = Znorth,cl . (417)

The identification of the integrand of the 't Hooft loop path integral with contributions
arising from the north and south poles of $* will be a recurrent theme in our computation
of the 't Hooft loop expectation value. As we shall see, however, an important contribution
also arises from the equator of S4.

5 Instanton contribution

In the previous section we have calculated the classical contribution to the expectation
value of a 't Hooft loop with magnetic weight B on S* due to the non-singular solutions of
the localization equations (besides the obvious singularity created by the insertion of the
't Hooft operator), which are labeled by a € t (3.45). As discussed earlier, however, there
exist singular solutions to the localization equations supported at the north and south
poles. In this section we determine their contribution to the 't Hooft loop expectation
value.

36We have evaluated the scalar field ®; and @9 at the north and south poles of S*. From equation (3.45)
we find that the value of the field ®9 (Po) at the north and south poles of Bz x Sl, which are located at
F=(0,0,£2r), is P = £ (P =1i% — igzeﬁ). Weyl transforming to S* using ® g4 = 20p, 51, we get
the formula (4.14).
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The localization equations (3.38)-(3.40) at the north and south pole of the S* become,
respectively, the instanton and anti-instanton equations

north: FT =0 south: F~ =0. (5.1)

These equations describe singular field configurations, corresponding to point-like instan-
tons, which are localized at the poles of S*. The inclusion of these singular field configu-
rations in the localization computation implies that we must enrich the result in section 4
with the contribution of point-like instantons and anti-instantons arising at the north and
south pole respectively. We now identify these contributions and include their effect in the
computation of the 't Hooft loop path integral.

Nekrasov’s equivariant instanton (anti-instanton) partition function in R* [8] computes
the contribution of instantons (anti-instantons) to the path integral of an N' = 2 gauge
theory in the so-called Q-background. We denote it by [8]

Zinst(&7mf,517527Q) ) (52)

where (1, €9, a,m) are the equivariant parameters for the U(1)s, x U(1)., x G X G symme-
tries of the ' = 2 gauge theory. my with f =1,..., Ny denote the equivariant parameters
for the flavour symmetry group G associated to the hypermultiplet and ¢ is the instanton
fugacity.

Since the A = 2 gauge theory action on S* and Q-complex near the poles reduces to
those of the N = 2 gauge theory in the Q-background, the contribution of the singular
field configurations in our localization computation due to point-like instantons and anti-
instantons at the north and south poles respectively, are precisely captured by Nekrasov’s
instanton and anti-instanton partition function.

As we have already mentioned, the @-complex of the A/ = 2 theory near the
north (south) pole of S* reduces to that describing Nekrasov’s equivariant instanton
(anti-instanton) partition function on R* with U(1)., x U(1)., equivariant parameters
€1 = g9 = 1/r. Furthermore, the equivariant parameter a € t for the action of the gauge
group G on the instanton moduli space is given respectively by equations (4.13), (4.14)

B B
a(N) = i®(N) — ®g(N) = ia — ig°0—— — —
167=r  2r (5.3)
B B '
~ . ) D
a(S) = i®o(S) + Py(S) = ia —ig 0167T2r + 5y

Therefore, the contribution to the 't Hooft loop expectation arising from the solutions to
the F'™ = 0 equations at the north pole is given by

. . B B 1 11
Znorth,inst = Zinst <ZCL - 1929 1672r - 57 ; +aumy, ;7 ;7 Q> ) (54)
while that due to the solutions of the F'~ = 0 equations at the south pole is
. . B B 1 11 _
Zsouth,inst = Zinst <ZCL - 7’929167_‘_27. + Z? ; + my, ;’ ;’ Q> . (5'5)
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We have used the relation

S )
2

—l—imf f=1,...,Np (56)

derived in [19] between the physical mass my of a hypermultiplet and the equivariant
parameter m; in Nekrasov’s instanton partition function.

Taking into account the following identity obeyed by the instanton partition func-
tion [19, 20]

Zinst(&a 'I’hf, €1,€2, (]) = Zinst(_&y €1 + g2 — mfa €1,€2, q) 5 (57)
we find that the anti-instanton south pole contribution is the complex conjugate of the one
in the instanton north pole one

Zsouth,inst = Znorth,inst . (58)

We can now combine the results of this section with the ones found in the previous
one and write down the “classical” contribution to the expectation value of a 't Hooft loop
with magnetic weight B. Summing over all saddle points of the localization equations —
including both non-singular and singular solutions at the north and south poles — which
are labeled by a € t, leads to3”

B B 1 11
ch Z.(lff,q Zinst Z.a*iv*‘Fimv*,*’q
2r 2r'r ror

with Z¢ and Zing given in (4.10) and (5.2) respectively.

2

(T(B)) ~ / da o (5.9)

6 Omne-loop determinants

The calculation of a path integral using localization enjoys the drastic simplification of
reducing the computation to one-loop order with respect to the deformation parameter
t, while being exact with respect to the original gauge theory coupling constant. In this
section we calculate the relevant determinants required for computing the expectation value
of 't Hooft operators on S*. Computation of the one-loop determinants in the ' = 2 gauge
fixed action is performed by expanding to quadratic order in all field fluctuations — which
include vectomultiplet, hypermultiplet and ghost multiplet fields — the deformation term
Q - V around the saddle point configuration background (3.45). In the gauge fixed theory,
the supercharge ) combines with the BRST operator Qprst as Q = Q+Qprsr, such that
the deformed action @ -V (2.1) together with gauge fixing terms can be written as Q-V,
with V' = V + Vanost [2]. As shown in [2], the saddle points of Q - V' coincide with those
of @ -V, and we can borrow the saddle point configuration in (3.45) for the calculation of
the determinants.

Direct evaluation of the determinants by diagonalization of the quadratic fluctuation
operator in the saddle point background is rather complicated. Instead, we calculate the

_B_

3"We have trivially shifted the integration variable ia — ia 4 ig*6 ooz
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relevant one-loop determinants using an index theorem. More precisely we use the Atiyah-
Singer index theorem for transversally elliptic operators [21], which was also used in [2] to
compute the partition function of A= 2 gauge theories on S*.

Even though we are considering the physical N' = 2 gauge theory on S* (not a topolog-
ically twisted theory), the combined supersymmetry and BRST transformations generated
by Q can be written in cohomological form [2]. Fields of opposite statistics are paired
into doublets under the action of Q. Schematically, denoting the fields of even and odd
statistics with a subindex e and o respectively, we have that

Q = 950,6
Q (Po e=R- Pe,o -

Here R is the generator of the U(1);+r X G x Gp symmetries discussed in section 3.1,

(6.1)

corresponding to the group U(1); g combining the U(1); rotation on S* (2.4) with an
SO(2)g R-symmetry transformation, the G-gauge and the Gy flavour symmetries respec-
tively. Therefore, () acts as an equivariant cohomological operator since

Q2 *Peo0 = R - Pe,o 5 (62)

and Q2 is mlpotent on R-invariant field configurations. The invariance of the deformation
term @ - V under the action of @ and the pairing of of the fields as in (6.1) leads to can-
cellations between bosonic and fermionic fluctuations. The remainder of this cancellation
is the following ratio of determinants over non-zeromodes [2]

detCokerD"m R ’ o detcokerDhm R | )
detKerDva\e detKerDhmR’e

(6.3)

The differential operators DV™ and D"™ are obtained from the expansion of the deformation
term Q -V for the vectormultiplet and hypermultiplet fields respectively.

Therefore, the one-loop determinants that appear in the localization computation of
the partition function of an ' = 2 gauge theory on S* are given by the product of weights
for the group action R generated by Q2 on the vectormultiplet and hypermultiplet fields.
Furthermore, the weights appearing in the determinants (6.3) can be determined from the
computation of the R-equivariant index

ind D = trgerpe’™ — trcokern€ ™ (6.4)

for D = D¥™ and D = D"™. In order to convert the index (Chern character) ind D in (6.4)
into a fluctuation determinant (Euler character), we read off the weights wq(e1,€2,a,my)
from the index and combine them to get the determinant according to the rule

ch j(Evezanmy) ij(sl,sg,&,mf)cj , (6.5)
J
where (£1,2,a, my) denote the equivariant parameters for U(1)., x U(1)., x G x Gp.?® The

relevant R-equivariant indices can then be calculated from the equivariant Atiyah-Singer
index theorem for transversally elliptic operators [21], to which we now turn.

38We recall that U(1)y4+r = (U(1)e; x U(1)e,)diag-
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The index theorem localizes contributions to the fixed points of the action of R, that
is to the north and south poles of S*. Therefore, the relevant index corresponds to the
equivariant index of the vectormultiplet and hypermultiplet complexes of the N' = 2 theory
in the Q-background, to which the N' = 2 gauge theory on S* reduces at the poles. The
presence of a 't Hooft loop, however, introduces a further contribution, arising from the
equator, where the operator is supported.

6.1 Review of the Atiyah-Singer equivariant index theory

Consider a pair of vector bundles (Ey, E1) over a manifold M. Let V; = I'(E;) be the space
of sections of F;, i =1, 2.

Let T'= U(1)™ be the maximal torus of a compact Lie group G acting on M and the
bundles F;, and let D : Vj — Vi be an elliptic differential operator commuting with the
G-action. In this situation we can define the G-equivariant index of the operator D as a
formal character

indD(t) =trgot —tryat t=(t1,ta,...,ty) €T, (6.6)

where H = ker D, H! = coker D. If D is elliptic and M is compact, H? and H! are finite
dimensional vector spaces.

The index does not depend on small deformations of the operator D and, therefore, is
a topological invariant. If the action of G on M has a discrete set of fixed points, Atiyah
and Singer represent the index as a sum over the set of fixed points F

tl"E ( )t tI“E ( )t
dD(t P Lo 6.7
n Z detTM 1—t) ( )

Each fixed point contribution to the Atiyah-Singer index formula (6.7) is a rational
function in ¢. For an elliptic operator D on a compact manifold M the sum over all of
the fixed point contributions to the index is a finite Laurent polynomial in ¢t = (¢1,...,t,),
since the spaces H' are finite dimensional.

The basic example is the equivariant index of the Dolbeault operator 0 : Q%%(C) —
Q01(C) from the space of functions to the space of (0, 1)-forms on the complex plane M = C
under the 7' = U(1) action z ~— tz. Computing the index of ind(d)(¢) directly using (6.6)
we just need to evaluate the U(1) character on the space of holomorphic functions

chz (6.8)

since coker @ is trivial in C. Under the U(1) action the functions transform as f(Z) = f(2)
for Z = tz, that is f(z) = f(t~'2). Hence ¢}, — ¢ =t *c;. Therefore

ind(0 Z " —> (6.9)

where the last equality should be understood formally since for |[t| = 1 the series does not
actually converge.
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On the other hand, we can evaluate ind(0)(¢) using the Atiyah-Singer fixed point

theorem (6.7). Since there is a single fixed point at z = 0 of the U(1) action, we get3”

. — 1-— 1
ind(3)(t) = (1_t)(1t_t1) - (6.10)

thus reproducing the previous computation.

The index theory for elliptic operators can be generalized to transversally elliptic op-
erators [21]. Let T be the maximal torus of a Lie group G that acts on a manifold M. An
operator D on M is called transversally elliptic with respect to the G action on M if it is
elliptic in all directions transversal to the G-orbits on M. As in the elliptic case, the index
of D possesses the excision property. Therefore the index can be computed as a sum of
local contributions, a sum over the fixed points of the G action. The total index ind D(t)
is an infinite formal Laurent series ) ¢,t" with n € Z, since the cohomology spaces H :
can be infinite dimensional. However, for each c¢,, the multiplicity of the representation n
in ©(—1)"H?, is finite. Atiyah-Singer theory allows us to find ¢, unambiguously since the
theory specifies whether each fixed point contribution is to be expanded in powers of t or
t~1, after choosing a deformation of the symbol for D.4°

In the paper [2], the partition function and the Wilson loop expectation value were
computed, with the one-loop contributions evaluated using an index theorem. In the set-
up of [2] and the current paper, the manifold is M = S* and the spacetime part of the
relevant group G = U(1)1r X G x GF is generated by J (2.4). The differential operators
that appear in the quadratic part of Q -V fail to be elliptic on the equatorial S3, but they
are still transversally elliptic and the generalized index theorem can be applied. In [2] the
index is a sum of local contributions from the north and south poles of S*, which are the
fixed points of J.

When we turn on the singular monopole background (3.45), there is an extra compli-
cation since some of the fields are singular along the equatorial S' where the loop operator
is inserted. This gives rise to an extra contribution to the one-loop determinant, associated
with the equator of S*. We believe that the index theorem for transversally elliptic op-
erators can be generalized to the situation where such singular monopoles are present. A
similar index theorem was established in [22] using a relation between singular monopoles
and U(1)-invariant instantons [14]. Assuming the existence of such an index theorem, we
will compute local contributions from the equatorial S', for which there is a natural expan-
sion. The specific choice of a deformation of the symbol made in [2] led to the expansion
in positive and negative powers of ¢t at the north and south poles, respectively. In the
presence of a 't Hooft loop we will apply the same deformation, and therefore obtain the
same rules for expansion at the north and south poles.

39The fiber (Eo)-=o transforms trivially, the fiber (E1).—o transforms as fg = fg(d?/d%) = f;f_l = fzt for
[t|* = 1, hence the numerator in the Atiyah-Singer theorem is (1 —t). The denominator is detrar, (1 —t) =
(1-t)1 =t as (2,2) = (tz,t 2).

40 After summing over fixed points, ¢, is independent of the choice of deformation.
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6.2 North and south pole contributions

We wish to compute the vectormultiplet and hypermultiplet one-loop determinant contri-
butions from the north and south poles, which are the fixed point set of J. The relevant
complex for the vectormultiplet calculation is the self-dual complex while for the hyper-
multiplet it is the Dirac complex. We now consider the associated equivariant indices and
one-loop determinants.

Vectormultiplet determinant. As in [2], near the north pole, we consider the com-
plex*! of vector bundles associated with linearization of the anti-self-dual equation F* = 0
on R*

Dep : 20 4 ol & g2+ (6.11)

where d is the de Rham differential and d, is the composition of the de Rham differential
and self-dual projection operator. We want to compute the equivariant index of Dgp with
respect the T' = U(1)., x U(1)., action which rotates R* = C® C as (21, 22) > (t121,t222).
For the moment we take t; and ¢y generic though we will set ¢t; = to in the end, as
U(1) s+r corresponds to (U(1)e; x U(1)e,)diag in the self-dual/anti-self-dual complex at
the north/south pole. The Atiyah-Singer formula (6.7) for the complexification of (6.11)
gives??

(titg +t7 5 +2) — (ty + 7 +ta +151)

(L=t =71~ t2)(1 —t57)
1+t
= . 6.12
(1 —1t1)(1 —t9) ( )
The index for the real complex (6.11) is the half of (6.12).
Unless there is a further input from the transversally elliptic Atiyah-Singer theory, we

ind(DSD,(C) (tl , tz) =

can expand the function (6.12) in various ways depending on whether we take |t;| > 1 or
|ti| < 1. For example, expanding in positive powers of t1,to we get

1+ t1ts
(1 —=t1)(1—t2)

= ) (L+tt)res2, (6.13)

n1,n2>0
while expanding in negative powers of t1,to we get

1+ t1ts
(I —t1)(1—t9)

= Y a+atphrmg, (6.14)

ni,n2>0

and there are several other available expansions as well.
In order to calculate the one-loop determinant for the A/ = 2 vectormultiplet, we must
consider the self-dual complex (6.11) tensored with the adjoint representation of the gauge

“I'The complex (6.11) can be turned into the two-term complex in (6.6) by “folding” the complex as

Dsp : QF diﬁ+ 0% @ Q" where d* is the conjugate of d.
“2The weights of the U(1)? action are: {(0,0)} for Q° {(£1,0),(0,+1)} for Q' and
{(07 0)7 (17 1)7 (_17 _1)} for QQ+'

— 29 —



group G, and study the U(1).,, x U(1)s, X G x Gp-equivariant index for such a complex
(see (6.1)). It is given by*?

(1 +tita)
2(1 — tl)(l — 19

ind(Dvm) = >Xadj(g)v g€ G: (6'15)
where xagj(g) is the character of G in the adjoint representation. More explicitly, let us
denote t; = exp(iey), to = exp(iez) and g = exp(ia), where €1,e2 and a are the elements
of the Lie algebra of U(1);, x U(1)., and of the Cartan subalgebra t of G respectively.
Denoting by w be the weights of the adjoint representation of G, the index (6.15) can be
written as

1 eis1+i52 o
ind(D"™)(e1,22,8) = 5 (1(_ ;l) i im) S e (6.16)
wead]

As mentioned earlier, the one-loop determinant in the localization computation of the
't Hooft loop path integral can be computed as the product over all the weights of the gen-
erator R of the U(1) 74 r X G x Gy action on the space of fields (see (6.1)). Mathematically,
the product of weights computes the equivariant Euler class of the normal bundle to the
fixed point set. The corresponding index or equivariant Chern character determines the
one-loop determinant or equivariant Euler character by taking the weighted product of all
weights extracted from the exponents in the Chern character (using (6.5)). Therefore, we
will calculate the one-loop determinant of the ' = 2 vectormultiplet by determining the
weights under the action of U(1) 4 r X G X Gy from the index (6.16). We remove the terms
with w = 0 because they are independent of a, so that we are only left with the sum over
the roots a of g.

Let us now consider the north pole contribution to the index and the associated one-
loop determinant for the vectormultiplet. As we mentioned earlier, the deformation of the
symbol requires that the index in (6.16) be defined by taking the positive expansion for
the U(1)., x U(1)., weights as in (6.13). This uniquely determines the weights under the
action of U(1)., x U(1)s, x G x GF to be

for ni,ne >0,

Q>

nie1 + noeg + -

6.17
(n1+1)er + (n2 + 1)z + (617

for ni, na Z 0

jo}

with multiplicities 1/2. The one-loop determinant contribution from the north pole of the
N = 2 vectormultiplet labeled by a root a of the Lie algebra g is therefore

[T [er +noeo +a-a'? [(na + D)er + (n2 + ez + o - 6]/ . (6.18)

ni,n2>0

In our localization calculation on S*, we must specialize to the values 61 = g9 = ¢ =
1/r, which correspond to the U(1);4r symmetry. The expression is divergent, and we
regularize it by identifying it with the Barnes G-function [23] (see for example section 5.17

43Recall that Gy acts trivially on vectormultiplet fields.
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in [24]). It is an analytic function that has a zero of order n at x = —n for all integers
n > 0, and can be defined by the infinite product formula

i n 22
G(1+2) = (2m)*/2e (D=2 2 T (1 n %) e "3 . (6.19)
n=1

Therefore, the corresponding vectormultiplet one-loop determinant is given by**

2V oppote(@) = [[ G2 <0‘8“) G2 (2 + O‘g“) . (6.20)
o
At the other fixed point — at the south pole — we need to consider the anti-self-dual
complex and an expansion in negative powers of t; and t». However, the index of the
anti-self-dual complex at the south pole coincides with the index of the self-dual complex
at the north pole. Relative to the north pole, the difference amounts to the sign change
(e1,€2) = (—e1,—€2), which can be absorbed into the redefinition of roots o — —a, which
just exchanges positive and negative roots, yielding once again (6.20).
Therefore, recalling that the equivariant parameters for the G-action at the north and
south poles are fixed (4.13), (4.14)

B B B n B
1672  2r 1672r = 2r’

we obtain that the vectormultiplet one-loop determinant contributions from the north and

a(N) =ia —ig*0 a(S) =ia —ig*0 (6.21)

south poles are

Zgg;th,l-loop = ZI,-IlItljop,pole(d(N)) storillth,l-loop = Y—IlIvlaop,pole(&(S» ) (622)
with ZY0 0 ole(@) given in (6.20). Furthermore, the south pole contribution is the complex

conjugate of the north pole

Z;,omuth,l—loop = Zzgllrth,l—loop ) (6'23)
precisely the same relation that we found earlier for the classical and instanton contribu-
tions.

Let us now compare these results with the computation in [2]. In the absence of a 't
Hooft loop we have a(N) = a(S) = ia, and

‘Zi‘l,—lﬁ)op,pole(d)|2 (624)

is precisely the one-loop determinant for the vectormultiplet obtained in [2], up to the
ghosts-for-ghosts contributions. The ghosts-for-ghosts were introduced to gauge-fix the
constant gauge transformations on S%, and they had the effect of removing the Vander-
monde [ ], a-a from the one-loop factor, while the square of the Vandermonde reappeared
as the volume of the adjoint orbit {gag—'|g € G}. In the approach of this paper, we do not
introduce ghosts-for-ghosts, and the Vandermonde is included in the one-loop factor (6.20).

4 For asymptotically free gauge theories see discussion after equation (6.32).
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Hypermultiplet determinant. The index of the complex for the Dirac operator Dpiyac
that maps the space of positive-chirality spinors ST to the space of negative-chirality spinors
S~ in R*

Dnpirac : St S , (625)

with a suitable inversion of the grading, computes the contribution of a hypermultiplet
to the one-loop determinant [2]. By applying the fixed-point formula (6.7) to the Dirac

complex, we obtain®®

ﬁ/Qt;/z +tf1/2t;1/2 B (t}/2t;1/2 +tf1/2t§/2)

(1 —=t) (L=t (1 = t2)(1 = 85
1/2,1/2
t'ty

RN ETaE (6.26)

ind DDiraC =

The kinetic operator for a hypermultiplet in the adjoint representation of the gauge
group and the one-loop factor were analyzed in [2] in detail. The corresponding index is
given by tensoring the Dirac bundle with the adjoint bundle. We also need to remember
that the Gp = SU(2) flavour symmetry associated to an adjoint hypermultiplet acts on the
bundle. Therefore the U(1)., x U(1)s, X G X Gf equivariant index for this complex, taking
into account the inversion of the grading, is given by

1- . . .
6§(z€1+z€2) eim 4 g=im

(1 —efe1)(1 — ete2) 2

ind DM (g1, e9, 4, M) = — > i (6.27)

wead]

We recall that the equivariant parameter m = ¢m for the SU(2) flavour symmetry, which
takes values in the SU(2) Cartan subalgebra, is interpreted as the mass m of the adjoint
hypermultiplet.

Given the formula for the equivariant index for the hypermultiplet in the adjoint rep-
resentation, group theory completely determines the corresponding index for an arbitrary
representation R of the gauge group. To explain this claim, let us recall that the precise
flavour symmetry depends on the type of matter representation, and that in general we
need to consider half-hypermultiplets although in the end half-hypermultiplets pair up into
full hypermultiplets. For a complex irreducible representation R, half-hypermultiplets al-
ways appear as copies of conjugate pairs Ng - (R® R), and the flavour symmetry is U(Np).
Half-hypermultiplets in a real irreducible representation R can only arise in an even num-
ber 2NF, in which case the flavour symmetry is enhanced to Sp(2Ng).%6 If the irreducible
representation R is pseudo-real, classically an arbitrary number n of half-hypermultiplets

45The index can also be obtained by noting that the Dirac complex in C2 = R* is related to the Dolbeault
operator d : Q% — Q%' — Q%2 The bundle S* is given by Q%° @ Q%2 twisted by K/? while S~ is
given by Q%! twisted by K/2, where K is the canonical bundle. We want to compute the equivariant
index of Dpirac with respect the T'= U(1)., x U(1)., action (z1,22) — (t121,t222). Hence up to the twist
by K'/?, which contributes a factor of (t1t2)1/2 to the index, the Dirac complex (6.25) is isomorphic to
standard Dolbeault complex in C2. The relative factor t;1/2t;1/2 between (6.26) and the Dolbeault index
tita/[(1 — t1)(1 — t2)] accounts for the twist by K*/2.

46 Tn our convention Sp(2N) has rank N. Also Sp(2) = SU(2).
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can appear with SO(n) as the flavour symmetry group, but for odd n an anomaly renders
the theory inconsistent [25]. Thus n = 2Np has to be even and the flavour symmetry is
enhanced to SO(2Np). In every case, the flavour symmetry group acts in the defining rep-
resentation and there are Np mass parameters m; = imy with f = 1,... Np parametrizing
the Cartan subalgebra of Gp. As shown in appendix E, the following expression for the
index holds for a hypermultiplet in an arbitrary representation R of G:

e3 (151 +ie2)

ind D%m(‘gh 527&7mf) 2(1 _ 6151)(1 _ 6152 Z Z ( ey + e*lw aJr’me) : (628)
f 1weR

At the north and south poles, we expand the index (6.28) in positive and negative powers
of (t1,t2) respectively, from which we read the weights of the the U(1)s, x U(1)., X G X GF
action. Both expansions give rise to identical one-loop determinants, given in terms of the
weights by (6.5).

The relevant hypermultiplet one-loop determinant of the theory on S* is obtained
by setting €1 = €3 = € = 1/r, the G-equivariant parameters at the north and south
poles to (6.21) and my = imy, where my with f = 1,..., Np are the masses of the Ng
hypermultiplets. Therefore the one-loop determinants of Ng massive hypermultiplets in a
representation R of G arising from the north and south poles are given by

Zlkllorth 1-loop Zl loop, pole( a(N),imy) Zshouth 1-loop — Zl loop, pole( a(S),imy) .
(6.29)
with 44
Np N N
zim el = [ T ¢ (1 bt mf) G2 (1 el mf) - (6.30)

where w are the weights of the representation R. We note that for an arbitrary representa-
tion R, the hypermultiplet one-loop determinant at the south pole is the complex conjugate
of the determinant at the north pole*”

hm
Zsouth,l—loop Znorth 1-loop * (631)

We can now start gathering the results obtained until now. Combining the vectormul-
tiplet and hypermultiplet determinants given in (6.20) and (6.30), we conclude that the
pole contribution to the one-loop determinant for an arbitrary A = 2 Lagrangian theory
in S* in the presence of a 't Hooft operator can be written in terms of

[, [G (ra-a)G (2 +ra-a)"/?
T35 uer [G A+ 1w a—ring) G (1= rw-a+ ring)]

Zl—loop,pole (dv mf) = 1/2° (632)
where we recall that € = 1/r. Formula (6.32) holds for an arbitrary N' = 2 gauge theory
admitting a Lagrangian description, and can be explicitly calculated given the choice of

gauge group GG and of a representation R of G under which the hypermultiplet transforms.

“"The expression |Zp, 1-100p|” Teproduces the one-loop determinant obtained in [2] when there is no 't
Hooft loop, corresponding to a(N) = a(S) = ta,my = imy.
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For asymptotically free gauge theories, the localization calculation is most accurately
performed by embedding such a theory into one that is ultraviolet finite, which then flows
to the asymptotically free theory upon taking the mass parameters of the finite theory
to be very large. As a prototype of this construction, N' = 2 pure super Yang-Mills
with arbitrary gauge group G can be regulated by embedding it in the A/ = 2* theory,
consisting of a vectormultiplet and massive hypermultiplet in the adjoint representation
of GG, by then taking the mass of the hypermultiplet to be very large. This construction
exists for an arbitrary asymptotically free four dimensional N' = 2 gauge theory. Given an
asymptotically free NV = 2 gauge theory, the end result of this procedure in the localization
computation is that the one-loop determinants are given by (6.32) for the field content of
the asymptotically free theory, together with the replacement of the bare coupling constant
7 of the theory with the familiar one-loop corrected running coupling constant Tyep.

The complete one-loop determinants in our localization computation arising at the
north and south poles are thus given by

Znorth,l—loop = Zl—loop,pole(d(N)v ”nf) Zsouth,l—loop = Zl—loop,pole (&(S)a me) s (633)

with a(N) and a(S) in (6.21). Combining the one-loop result with the classical and in-
stanton contributions computed in the previous two sections, we have that the expectation
value of a 't Hooft loop labeled by a coweight B in an N' = 2 gauge theory with gauge
group G and N massive hypermultiplets in a representation R of G is given by*

(T'(B)) =~

. B ) B . ) B 1 11
/da ch <’LCL - 2rvq) Zl—loop,pole (Za - 2?"’me> Zinst (ZCL - ga ; + my, ;7 Tﬁ])

(6.34)
with Ze1, Z1-10op,pole and Zingt given in (4.10), (6.32) and (5.2) respectively.
Therefore, the path integral completely factorizes into north and south pole contribu-

2

tions as
<T(B)> =~ /da Znorth : Zsouth - /da |Zn01rth|2 y (635)

with

R N . . 1 . 11
Znorth = Zel (a(N)> Q) Zl—loop,pole(a(N)a me)Zinst (CL(N), ; +my, ;7 ;7 q>

(6.36)
. _ . . . 1 11 _
Zsouth = Zel (CL(S), Q) Zl—loop,pole(a(s)a 'me)Zinst (G(S), ; +1my, ;7 ;7 Q) s
which furthermore are complex conjugate to each other
Zsouth = 7n0rth . (637)

When the gauge theory is asymptotically free, we must replace the bare instanton fugacity ¢
by the renormalized one gren in Zyortn and Zgouen. The ~ symbol is used in (6.34) and (6.35)

_B_

48 After trivially shifting the integration variable ia — ia + ig>0 T T
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since in the presence of a 't Hooft loop operator, an extra contribution supported on the

loop must be included, to which we now turn.*’

6.3 Equator contribution

In the absence of a 't Hooft loop, the index is a sum of local contributions from the north and
south poles [2], which are the fixed points of J. In defining the 't Hooft loop path integral
in gauge theory, we must impose boundary conditions along the loop compatible with the
field configuration of a singular monopole. In this subsection we calculate the contributions
to the vectormultiplet and hypermultiplet indices as well as one-loop determinants from
the equatorial S* where the 't Hooft loop is located, which are functions of the weights for
the group action U(1) 1z X G x G generated by Q? (also by Q?).

Let us recall from section 3.1 that the isometry generator J in Q? acts on Bg x S! as
a spatial rotation along the ws-axis as well as a shift in the periodic coordinate 7. The
conformal killing spinor €g in (3.14) with which we localize the 't Hooft loop path integral
can be written as

56, 78 i
Q=€ i <1 - i;FiFmO) &s. (6.38)

Note that €g changes its sign when going around the St under 7 — 7 + 27. Therefore
while all the bosons are periodic, all the fermions in the vielbein basis are antiperiodic.
In particular, within each supermultiplet bosons and fermions obey different boundary
conditions around S*.

Recall that Q2 also includes the U(1)x transformation (see (3.20)), which is generated
by Js6 + J7s. When we apply the index theorem it is convenient to redefine fields of the
theory and €g using U(1)g as®™

56, 178
€Q — e’ 1 €Q

J56+J78

AM—><€T 2 )MNAN,

56 78
I 4T
Ve 1 U,

(6.39)

X =X

where we have normalized the ten-dimensional Lorentz generators in the vector representa-
tion as (Jyn)pg = dmPONg —O0m@Onp and used that U(1)p is generated by %6 4+T7® when
acting on spinors. After the field redefinition, the whole vectormultiplet is periodic, and
all fields in the hypermultiplet are antiperiodic.’® This redefinition makes the spinor €Q

“9Tn section 7 we will include yet another contribution due to monopole screening, which is non-
perturbative in nature.

50Here we are using ten dimensional notation for the bosonic fields of the A" = 2 theory, so that Ay =
{Au,q,q, g, Do} with M =1,...,9,0.

®'The R-symmetry group U(1)gr acts non-trivially on the fermions in the vectormultiplet and on the
scalars in the hypermultiplet.
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independent of 7. The shift in 7 now induces an R-symmetry transformation®? in addition

to the S' part of isometry J.

Vectormultiplet determinant. As we saw in section 3.2, the localization equations
near the location of the 't Hooft operator — which wraps the S! at the origin in Bs — are
approximately the Bogomolny equations

x5 F = D® (6.40)

in By x S'. The differential operator that appears in the kinetic term for the vector-
multiplet is obtained by linearizing the Bogomolny equations. Linearization of the gauge
transformation and the Bogomolny equations is described by the complex®?

Dpogo : 20 — Q' @ Q0 — Q2 (6.41)

in R®—{0}. In appendix F, we explain Kronheimer’s observation that the Bogomolny equa-
tions in R? with a monopole singularity at the origin — where the 't Hooft operator resides
— is equivalent to the anti-self-duality equations for gauge fields in R? invariant under
the action of a spacetime symmetry group U(1)x. Using Kronheimer’s correspondence, we
can obtain this complex by projecting the self-dual complex (6.11) to the U(1)x-invariant
sections. We can compute the index of the complex (6.41) by averaging the index of the
self-dual complex over the U(1) g action, picking up the contributions only from the U(1)g
invariant sections.?*

In equation (6.9), the index for the Dolbeault operator d on C was obtained as the
U(1) character on the space of holomorphic functions. In this toy example the index is an
infinite power series corresponding to infinitely many monomials. The same logic can be
used to derive the index (6.12) for the complex (6.11) through an expansion in a basis of
local sections. Among such sections, those which are invariant under U(1)x correspond to
the ordinary spherical harmonics for the bundles in three dimensions. We can keep track
of the original expansion by introducing an infinitesimal positive parameter 6 > 0:

L+t = 1) (1 —tp)

inds(Dsp)(t1, ) = . (6.42
oDs)ltt2) = o s - e (1 — ey — ey )

We now parametrize the U(1) x U(1) weights as
t o= e WHaT 4, = evtine (6.43)

where v is the parameter for the group U(1)x used in Kronheimer’s construction: (C2 —
{0})/U(1)g ~ R3 — {0}. The parameter ¢ is the angle for a rotation along the x3-axis

52To be precise, the R-symmetry accounted for by a shift in 7 is half the full amount. The rest combines,
as in topological twist, with the spatial part of J so that gauginos transform as 0- and 1-forms, and the
hypermultiplet scalars as spinors under U(1) j+r.

53This complex can also be turned into a two-term complex as in (6.6) by folding the complex.

54 A similar computation was done in [22], where more than one singular monopole was considered on a
compact manifold. While our integrand to be averaged is a rational function with poles on the integration
contour, the integrand in [22] was a polynomial due to cancellations among singular monopoles.
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in R?, and the factors of 1/2 ensure that for ¢ = 27 this rotation acts as —1 on C? even
though it acts as +1 on R3.

In order to describe the singular monopole background due to the 't Hooft operator, we
also need to twist by the adjoint gauge bundle on which the gauge group G and U(1)x act

as ea—i—BV

, with B being the magnetic weight labeling the operator. The four-dimensional
sections invariant under U(1)x can be identified with the monopole harmonics [26] of the
corresponding bundles over R? — {0}. The index for the self-dual complex twisted by the

gauge bundle is given by

(1 + eiis)(l _ efz'u+is/2)<1 _ 6iu+z‘s/2)
2(1_6—662'1/—2'5/2)(1_e—ée—iy+is/2)(1_e—ée—iu—ia/2>(1_e—éeiz/+is/2)
~ Z eiw~&+iw~By ) (644)

wead]

ind5(DSD)(V, g, &) =

By averaging over U(1)g, we get the desired index for the complex (6.41)

2

. . dv . .
ind(Dpogo) = %g% ; %md(g(DSD)(l/,e,a)

= lim dz. (1+e7%)(z — ee/2)(1 — ef/2z)
o 11=1 2mi 2(1 B 6_667116/2'2)(2 - 6_6€i5/2)(2 - 6_56*1'5/2)(1 — e—5eis/22)

X Z e wiamwB (6.45)

weadj

where we have renamed w as w — —w. We can evaluate the integral by summing over
residues for the poles inside the unit circle. For w - B > 0 a pole at z = 0 contributes

D ( 9 >“”B_1 1
w-B>0 2(w B - 1)' 0z 2=0 (1 - e_i€/22')(z - €_i6/2)
R D S Gl T St oy
w-B>0
e®/2 4 e7/2 i €W B2 _ o=i(wB)e/2
I R Z € YR : (6.46)

w-B>0

In addition there are always two poles at z = e %¢?/2 ¢=9¢~%/2  In the limit § — 0, the

contribution of the pole at z = e~ 9¢*/2 is given by

(14 e =) (e 02 — /2)(1 — ee™) Z o iwd ,—wB(~0-+ig/2)

- - - &
2(1 _ 6726)(67661&:/2 _ 6766715/2)(1 _ 6726625) ot

1 ei6/2 + e_i6/2 iw-a ,—iw-Be
R —iw-a—iwBe/2
4 gie/2 _ o—ic)2 e e ’ (6.47)

weadj
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—ig/2

while the pole at z = e %¢ contributes

(1 + e—is)(e—ée—ie/2 _ ei€/2)(1 _ 8—5)
2(1 _ 6—26€—i6)(e—6e—i5/2 _ 6—562'5/2)(1 _ 6—26)

Z e_iw.@e—uyB(—(S—if/z)

weadj
1 ete/2 +6_25/2 .
agi(wB)e/2
e 4 615/2 — e—te/2 Z el Bz, (648)
weEadj
Combining the residues we get
) ele/2 + e—ia/? P ei(w-B)5/2 — e~ i(w-B)e/2
1nd(DBog0) = _f Z e e ele/2 _ p—ie/2
w-B>0
1 . » P etwB)e/2 _ ,—i(w-B)e/2
+ 1(615/2 +e 15/2) Z e~ tw-a eia/g - e_l‘g/Q
w-B#0
1 . ] o  pi(B)e/2 _ ,—i(a-B)e/2
- _1(626/2 e )Y (@ emiord) oic/2 _ Zw’s/z (6.49)
a>0

In the last line we replaced the sum over the adjoint weights satisfying w - B > 0 by the
sum over positive roots a > 0. This is possible because by taking B to be in the Weyl
chamber all such w’s are positive roots.

For the vectormultiplet one-loop determinant computation, we also need to tensor with
the space of periodic functions on S*. Thus we need to compute Y onez emsind(DBOgo). A
simplification arises because the parameter n is summed over, and can be shifted by an
integer freely. Finally, the equatorial index for the vectormultiplet is

ind(DY") (e, ) = Y €™ ind(Dpogo)

nez
:_§ : ine

ze/2+e ie/2

LN P -a-B—1 -a-B—3 _sa-B-—1
§ (ezaa+6 zaa)(ez B) E_l_eliz €+...+6 Ziz 5)

neL a>0
zaa+e io-a if - B is even,
- Z a B)——F— Z { i(n+1/2)e if o . B is odd. (6.50)
a>0 nez

Note that we can write the last sum as ) ¢ilntaB/2)e in hoth cases.”® Applying the
rule (6.5) to the index (6.50), we obtain the one-loop determinant®®

. a-B 0\ "B/ a-B N\ B2
leoopeq( B)_HH<71€+ €+CY’CL) <TLE+ 5 €—a~a>

T [ (e (2 2] o

55Physically, half-odd integer coefficients appear in the exponential for odd o - B because the relation

between the angular momentum and statistics is reversed when the monopole charge is odd [26].
56We regulate the product by identifying it with the product representation of the sine function.
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The equivariant parameter a to be used for the gauge group action at the equator is
the gauge parameter A(E) given in (3.26). To evaluate it explicitly, note that the field
strength given in (3.9) leads to the gauge potential

, B r ||
A, =ig0——— (1+ 5| +C 6.52

ST |Z| ( + 4r2 + (6:52)
where C'is a constant. As one sees from (3.5) the S* parametrized by 7 shrinks at |Z| = 2.
Therefore the component A, has to vanish at |Z| = 2r, and this fixes the value of C to
—ig%%. Then

B
a(E) = lim (v"®g+v'A;) =ia —ig?0 (6.53)

|| —0 16727’
where we used the values of v* and v* given in (3.27). The singular terms in ®; and A,
canceled out to leave a finite quantity. Setting e = 1/r, the equatorial one-loop determinant
for the vectormultiplet is given by

vim v : . B
Zequator = Zl—loop,eq (ZCL - 2926m7 B> . (654)

Hypermultiplet determinant. We deal with the hypermultiplet in a similar way. The
relevant differential operator is the Dirac operator plus a coupling to the Higgs field ®g. In
Kronheimer’s correspondence, this lifts simply to the Dirac operator on C? given in (6.26).
We regularize the index (6.26) by specifying the expansion in a local basis as

2 — ) (1 — 1)
(1—e 5t (1 — e 0t)(1 — e 0t 1)(1 — e~ Oty)

inds(Dpirac) (t1, t2) = (6.55)

We can twist the Dirac complex by a vector bundle whose sections transform in represen-
tation R of the gauge group. Including the action of the gauge and flavour groups G x Gy
as in (6.28), and then averaging over U(1)g, we obtain

2

. . v, o
ind(Dpn) = %l_ff(l] ; ﬂlnd(;(DDirac)(tl,tQaav 1)

i(wB)e/2 _ ,~i(wB)e/2

1 Ng
L IS e
_ = w-a—imy —zw-a—i—sz
= e +e - -
4 fzzl wEsz:B>O( ! ¢iel? — el

NF ) . —1 .
1 o Gi(wB)/2 _ g—i(wB)e/2
+2) > (eI 4 gmiwatimy) ez -(6:56)
4 f=lweR,w-B<0 ¢ €

We noted above that the hypermultiplet fields are antiperiodic in 7. Thus we must
tensor with the space of anti-periodic functions on S', and change the sign for the index
because we shift the degrees for physical fields in the complex (as we did already for the
hypermultiplet contribution at the poles). The equatorial index for the hypermultiplet is
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thus

lnd(DR eq)( a mf) - - Z ei(n+1/2)s 1nd(DDH)
ne”L

inE ; 3
—iwat it w - B is even,
- E E lw - B|(e wa—imy | o—iwa ’me) E { 12 0 B is odd, (6.57)
f 1weR nez

Therefore, the one-loop determinant contribution from the equator of Ng hypermulti-
plets in a representation R of the gauge group is

zhm  — zhm o op.Req (i img, B) | (6.58)

equator —

where

i B g\ 1B
Zl loopReq a mf7 H H |:SlIl <7Tw <5 + 2) — 71'5):| . (659)

f=lweR

Combining the vectormultiplet (6.51) and hypermultiplet (6.59) determinants, the
complete equator contribution is given by

1-1 B .
Zeql?aot%r = Z1-loop,eq ( —ig 6167727*’lmf’ B) (6.60)
with®”
R 5 |w-Bl/2
N .
T35 M [sin (mw- (2+8) - 22}

Ha>o [Sin (7Ta . (% 4 %))] |o-B]

We are now in the position of writing the exact expectation value of a 't Hooft loop

Zl—loop,eq(dvmfaB) = (661)

in an A/ = 2 gauge theory on S* with magnetic weight B. Multiplying the contributions
associated to the poles and the equator, we have that®®

(T(B)) = /da Znorth * Zsouth * Zqu:t%r = /da |Znorth‘ elqi):t%r (6.62)
where

. 1 11
Znorth = Zel (a(N)7 Q) Zl-loop,pole(a(N)a me)Zinst (a(N)7 ; +my, ;7 ;7 q)

_ . 1 11 _ 6.63
Zsouth = ch (CL(S), Q) Zl—loop,pole(a(s)a sz)Zinst (a(S), ; + my, ;a ;7 C]> ( )
Zoquator = Z1-toopeq(a(E), imy, B)

with Ze1, Z1-100p,poles Zinst and Zi_1oop eq given in (4.10), (6.32), (5.2) and (6.61).
In section 7 we will identify further non-perturbative corrections to this result arising
due to monopole screening.

5TUp to a phase, this expression is valid even if B is not in the Weyl chamber.

°®Shitfing variables ia — ia + ig”0 1525
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6.4 Examples

The formulae we have found for the one-loop determinants in the localization computation
is valid for an arbitrary N/ = 2 gauge theory on S* admitting a Lagrangian description.
Combining the contributions from the north pole, south pole and equator we get for a 't
Hooft operator of magnetic weight B

. B . . B . .
Zl-loop,pole (Za - 5’ zm) Zl-loop,pole <Za + 57 Zm) Zl-loop,eq(laa Zm) . (664)

The choice of gauge group G and representation R characterizing the AN/ = 2 theory is
encoded in the one-loop determinant formulae (6.32) and (6.61) in the choice of the root
system {«a}, which characterizes the gauge group, and of the weights {w} of R. Here we
write explicitly these formulae for two simple N' = 2 gauge theories with G = SU(N):
N =2* and N = 2 conformal SQCD. We also consider N' = 4 super Yang-Mills, which is
a special case of N/ = 2*. From now on we set ¢ = r = 1.

The N/ = 2* SU(N) theory. For this theory the hypermultiplet is in the adjoint
representation and has mass m. We parametrize

a = idiag(ai,...,an), (6.65)

with ). a; = 0. The magnetic weight B of an arbitrary 't Hooft loop is
- . 1
B:zdlag(nl,...,nN)—ZleNNZn,- n, €7. (6.66)
7

Therefore, the pole one-loop contribution (6.32) is given by

1/2
A, G(a; —a;)G(2+ a; — a;
Z1-toop.pote(d; ) = g G+ a (—Zaj —th)(G(l +Z&i —]CZL]' + 1) (6.67)
Up to a phase, we have for the equator one-loop contribution (6.61)
Z1100p,eq(ia, im, B)

sinh [TF(CLZ‘ —aj) —mm — mLQTL’} sinh [ﬁ(ai —aj) +m™m — mirS e

_ (6.68)
i< sinh? [ﬂ(ai —aj) — ﬁinignj}
If we further restrict to the special case of G = SU(2), so that

a = idiag(a, —a) B =idiag(p/2,—p/2), «o=idiag(l,—1), (6.69)
we have that a-B = — Tr(aB) = p. Here the new a is a real number, and p is a non-negative

integer (it is twice the usual SU(2) spin). The pole contribution (6.61) is thus

7 foaN G(2a)G(2 + 2a)G(—2a)G(2 — 2a) 1/2
1-loop,pole (G, 1) = <G(1 + 24 4+ m)G(1 + 24 — m)G(1 — 24 + m)G(1 — 24 — m)> ’
(6.70)
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while the equator contribution (6.61) is

sinh?/2[7(2a 4 m)] sinh?/?[7(2a — m)]

P Era) for p even,

Zitounea (i, im0, p) = 6.71

1-loop,eq (2@, im, p) coshP/2 [7(2a +m)] cosh?/2 [7(2a — m)] for » odd o
cosh? (2ma) i .

The N = 4 SU(N) theory. We note that for the ' = 4 super Yang-Mills theory,
obtained by setting m = 0 in the N' = 2* expressions, the equatorial one-loop contri-
bution (6.61) becomes trivial for arbitrary gauge group G. Furthermore, in ' = 4 super
Yang-Mills, the one-loop pole contribution (6.32) reduces to the Vandermonde determinant
corresponding to the gauge group G

[ a (6.72)
a>0

For N' = 4 super Yang-Mills, the one-loop factors trivialize. This result was already
demonstrated in the perturbative computation of the 't Hooft loop path integral in [9] (see
also [18, 27]).

Conformal SQCD. This theory has gauge group SU(/N) and Ny = 2N massive hyper-
multiplets in the fundamental representation of SU(N) with masses my with f =1,...,2N.
We are interested in the 't Hooft loop specified by the magnetic weight

B =idiag(ny,...,ny) > mi=0. (6.73)

Dirac quantization requires that n; € Z. The one-loop pole contribution (6.61) is given by

U . 1/2
7 o Hi;éj G(ai—aj)G(Q—i—ai—aj)
1-100p,pole(a7mf) = Np N R = - - . (674)
IT;5 T2 GQ(U+ ai — mg)G(1 — g + 1ing)

Up to a phase, the equatorial one-loop contribution (6.61) is given by
IN N (. i1y ngl/2
I T (sinh [wa; — mmy — mit])"

Hi<]~ (sinh [W(ai —a;) — mm;nle"r"j\

Zl—loop,eq(iaa imf, B) (6.75)

Asin (6.71), each sinh becomes cosh when 7; in the numerator or n; —n; in the denominator
is odd.

Specializing further to G = SU(2), we have Np = 4 fundamental hypermultiplets.
With the same parametrization as in the N' = 2* case, p = 2n needs to be even for Dirac
quantization. Up to a phase, the one-loop factor (6.32) is

Zl-loop,pole (&7 mf)

_ ( G(23)G(2 + 20)G(—2a)G(2 — 2a) )1/2 (6.76)
[T, G+ a—1np)G(L—a—1g)G(l —a+1ig)G(L+ é + 1)
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for the north and south poles, and

[T/, sinh™2[m(a + my)] sinh™ ?[m(a — my)]

b (2ra) for n even,
Z1100p.eq(ia, imy, 2n) = S iLma 6.77
tloop.eq(ia; imy, 2n) H;f:l cosh™?[r(a + my)] cosh™?[m(a — my)] (6:77)
— for n odd
sinh*"(27a)

for the equator.

We note that for real values of a; and my, one encounters no branch point upon
integrating over a; in (6.62). When the exponent of a sinh is a half-odd integer, the sinh
actually becomes a cosh and has no zero.

7 Non-perturbative effects of monopole screening

7.1 Physical picture of monopole screening

In the absence of a ’t Hooft loop, @-invariance requires the curvature F' to vanish every-
where on S%, except at the north and south poles.?® If we allowed only smooth configura-
tions, we would conclude that only trivial gauge field configurations contribute. As shown
in [2], however, localization permits instanton corrections at the north and south poles,
which are precisely captured by the Nekrasov partition function.

One can argue in two steps that such corrections are necessary [2]. First, Q-invariance
requires that the field strength F' vanish only away from the north and south poles. If
singular configurations arise as a limit of smooth configurations, there can be contributions
to the path integral localized at the poles. Second, the localization Lagrangian ) -V in the
neighborhood of the poles is approximately that of the twisted N' = 2 Lagrangian in the Q-
background in R* with the specific values of the equivariant parameters e = g3 = 1/r. The
approximation becomes exact at the poles. Building on the earlier work [28-30], Nekrasov
showed that the path integral of such a theory computes the equivariant integral of certain
differential forms defined on the instanton moduli space [8]. The integral can be computed
by a localization formula as a sum over fixed points. The fixed points in the moduli space
of instantons indeed correspond to gauge field configurations that are non-trivial only at
the origin of R*. We studied these instanton corrections in the presence of a 't Hooft loop
in section 5 and found that the instanton contributions are given by the Nekrasov partition
function at the north and south poles with its arguments shifted due to the insertion of
the 't Hooft operator at the equator.

In this section we study another type of non-perturbative corrections due to the screen-
ing of magnetic charge associated to a 't Hooft operator. We begin by explaining how such
corrections arise in our localization framework.

Monopole screening. As we showed in section 3.3 the only possible field configurations
that can contribute to the path integral are those of the form (3.9) in the bulk of S*. They
are only allowed to deviate from (3.9) in an infinitesimal neighborhood of either the poles

%9 This is a special case of the vanishing theorem in section 3.3.
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or the equator. The deviations at the poles were considered in [2] and have been reviewed
in section 5; they are the small instanton solutions of the anti-self-dual/self-dual equations
that approximate the @-invariance equations near the poles. In the neighborhood of the
loop, we saw in section 3 that the @-invariance equations are approximately the Bogomolny
equations. Therefore we should study the monopole moduli space and look for the analog
of small instanton field configurations.

The monopole moduli space M,ono relevant for us is the space of solutions on R?, up
to gauge transformations, to the Bogomolny equations with a prescribed singularity at the
origin corresponding to the insertion of a 't Hooft operator. Since we are only interested
in the behavior at the origin, the boundary condition at the infinity of R? is irrelevant.
It is simplest to consider the solutions that have a vanishing Higgs expectation value at
infinity. The vanishing Higgs vev will allow us to use the ADHM construction of instantons

2.0 We will describe the moduli space

to describe the monopole moduli space in section 7.
explicitly in the case G = SU(2). For the moment we proceed assuming that G is a general
Lie group.

The magnetic charge of the singular monopole configuration created by the 't Hooft
operator is specified by a coweight w = B. Generally, smooth monopoles that surround
the singular monopole screen its magnetic charge so that the asymptotic behavior of the
fields at infinity is that of the background configuration (3.9) with the coweight w replaced
by a smaller coweight v. This is because the magnetic charge of a smooth monopole is
labeled by a coroot of G, and can screen the charge of the singular monopole by that
amount. The coweight v is such that its corresponding weight appears in the irreducible
LG-representation specified by the highest weight corresponding to w. In the terminology
of [31], such v is said to be associated to w. One can show that the magnetic charge v seen
at infinity must have a smaller norm than w by applying a method similar to the one we
used to prove completeness of solutions in section 3.3.6

Denoting by M (w;v) the moduli space of solutions whose asymptotic magnetic charge
is given by v, we have that the relevant moduli space to consider is

Munono(w) = | J M(w;v), (7.1)

where the union is over coweights v such that (if we identify coweights with weights using
a metric) v is a weight that appears in the highest weight representation specified by w.

The spaces Mmono(w) and M (w;v) are in general singular. To understand the nature
of the singularities in these spaces, it is useful to recall the situation with instantons. The
Uhlenbeck compactified instanton moduli space Ming [32] is singular due to instantons of
zero size. For G = U(N) the moduli space Mij,gt can be conveniently resolved by turning
on a Fayet-Illiopolous parameter for the real ADHM equation. The resolved space Mgt
is known to be isomorphic to the moduli space of non-commutative instantons [33], or the
Gieseker resolution [34] in terms of torsion free sheaves.

5OWhen the gauge group G is a classical group the moduli space can be constructed using the ADHM
construction. In this paper we focus on the case where G is U(N) or SU(N).

51The difference w-w —1v-v can be expressed in terms of the integral of the instanton density, upon lifting
the field configuration to instantons in C? using Kronheimer’s correspondence explained in appendix F.

— 44 —



As explained in [31], a natural resolution M mono of the moduli space of monopoles with
a monopole singularity labeled by w at the origin involves all the coweights w’ associated
to the coweight w. The coweights w’ represent the magnetic charge at the origin reduced
by the smooth monopoles that are attracted to the singular monopole there. This effect
was called monopole bubbling in [31]. This means that a natural resolution M(w;v) of a
component in (7.1) contains smaller moduli spaces in its boundary,

OM(w;v) D Uﬂ(w’;v), (7.2)

w

with w’ being the coweights such that w’ is associated to w while v is associated to w’. In
the case G = U(N), one can see this structure explicitly using the ADHM construction.
Thus we have the resolution of the whole moduli space

Muono(w) = | JM{(w;v), (7.3)

where the union is over the coweights v associated to w.

We only need to study the neighborhood of the monopole bubbling locus, where all the
smooth monopoles are almost on top of the singular monopole, because only these would
be the approximate solutions to our genuine Q-invariance equation. For example, for gauge
group SU(2) and for a 't Hooft operator with w = (1,—1) (spin 1) and v = (0,0) (spin
0) the bubbling locus is the zero-section P! in the resolved A; space M(w;v) = T*P! (see
section 7.3 for details). Because @-invariance implies in particular the invariance under the
U(1) 1R generated by Q% we are only interested in the U(1) 4 g fixed points. Such fixed
points are necessarily in the bubbling locus because when lifted by one dimension so that
monopoles become instantons, the fixed points of the U(1);4+r x U(1)x action sit in the
small-instanton locus; see section 7.2. Thus these fixed points represent all the subleading
saddle points of the original gauge theory path integral. Upon evaluating the path integral,
we need to sum over the fized points.

At each fixed point of M(w;v), we need to compute the fluctuation determinants.
The common factor that appears for fixed magnetic weight v was computed in section 6.3,
where it was called Z1.160p,eq(ia,imy,v). Let us denote by Zono(ia, ims;w;v) the sum of
contributions from fluctuations at the fixed points in a single component M (w;v) divided
by Ziloop,eq(ia,imyg,v). The function Zyone(ia,imy;w;v) is the monopole analog of the
Nekrasov instanton partition function, whose computation is reviewed in appendix G from
a related point of view.

Therefore, given the decomposition of the moduli space in (7.3), the expectation value
of the 't Hooft loop operator with magnetic charge B = w takes the form

(T(w)) = /daZZmono(ia,imf;w,v)Zl_loop@q(z'a,imf,v)
v

X

. v . (N . v 1 . 11
2l (Za - 576]) Zl—loop,pole (Za - 57””]”) Zinst (la - 5’ ; +my, ;7 T)Q)
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Except Zmono(ia, im¢;w;v), all the expressions in the integrand were already calculated in
the previous sections. Our remaining task is to compute this factor.

7.2 ADHM construction of the monopole moduli space

To perform explicit calculations we need an efficient way to describe the monopole moduli
space Mpono. The connection between monopoles and instantons [14] reviewed in ap-
pendix F, combined with the ADHM construction of instantons [35], provides a useful
method to manipulate the monopole moduli space.

Let us briefly review the ADHM construction of instantons in C2. For simplicity we
will take the gauge group G to be U(N). The basic data in the construction are encoded
in the complex

0sH Y HoveE, Y He U >0, (7.5)

where H ~ CF, U ~ C2%, B, ~ CN. On U the U(1)x acts as (21, 22) = (e~ 21, €™ 25). The
z-dependent maps «a(z) and S(z) are given by

Z9 —Bg
a(z)=| —z1+B1 |, B(2)=(2x1—DBi1,20—Ba,—1I), (7.6)
—J

and their cohomology E, = Kerf(z)/Ima(z) is identified with the fiber of the gauge
bundle (in the fundamental representation). We are particularly interested in F,—( since
it encodes the singularity of the 't Hooft loop. The U(1)x action on a vector space V' is
specified by the character x(V), which is a Laurent polynomial of e € U(1)g. The 't
Hooft loop with charge w = idiag(p1,...,pn) corresponds to the case

N
X(Eo) = eP. (7.7)
i=1
The U(1)x action on (z1, z2) implies that
x(U) =e” +e . (7.8)
The characters of H and FE, take the form
X(H) = Tre™”, X(Eoo) = Tre™, (7.9)

where K is a diagonal k x k matrix and M = diag(qi, ..., qn) is a diagonal N x N matrix
related to the coweight v =i(qq,...,qn) corresponding to the magnetic charge at infinity.
Both K and M have integer entries that we choose to be in the descending order. The
characters of various spaces are related as

X(Eo) = x(Eoo) + (X(U) = 2)x(H) (7.10)

For given w = i(p1,...,pn), the choice of K and M is not necessarily unique, but we
have the non-trivial condition that the whole right hand side of (7.10) has only positive
coeflicients.
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The moduli space M(wj;v) is given as a hyperKéhler quotient of the space of U(1)x-
invariant ADHM data (By, B2, I,J). The action of U(1)x on (By, Be,I,J) can be read
off from the complex (7.5) and the action on (z1,22). In the usual ADHM construction
of the instanton moduli space, we take a quotient by a certain action of the U(k) group.
This action of U(k) on the ADHM data is induced from its natural action on H =~ CF.
The choice of K breaks the U(k) symmetry into the commutant subgroup [[, U(k;), where
k=", k, and k, is the number of entries of the r-th largest integer in the diagonal of K.
Thus the moduli space is given as the hyperKéahler quotient

_Bl + [K,Bﬂ =0
Miw,v) = & By By, 1) | B2EUCBL 08 Tog).
MJ—JK =0 '

The hyperKéhler quotient denoted by “///” can be implemented by imposing the ADHM
equations

jic = [B1,Ba] +1J =0, (7.12)
pe = [B], Bi] + (B, Bo] + 11" = J'T =0 (7.13)

and then considering the solutions up to the action of [[, U(k,). Or alternatively, if we are
only interested in the complex structure, we can drop the real equation ugr = 0 and divide
by the complexified group [, U(k)c. A resolution M(w,v) of the moduli space can be
achieved by setting ug to a non-zero constant matrix instead of requiring it to vanish.

The U(1) ;4 g-fixed points can be found by demanding that for any e € U(1) ;.  there
exists e? € [, U(k,) such that®?

¢“/2e?Be® = B, s=1,2,
29T =1, (7.14)
P Je? = J.

By construction, the fixed points of U(1) 4 in M(w;v) automatically correspond to
the fixed points of U(1)x x U(1) s+ in the instanton moduli space. The fixed points in the
instanton moduli space were classified in [36], and they were found to sit on the boundary
components of the moduli space corresponding to small instantons. This in turn implies
that the U(1) s+ r-fixed points on the monopole moduli space sit on the bubbling locus. We
also know from the experience with instantons that the fixed points of U(1)x x U(1) j4r X
G x Gy coincide with the fixed points of U(1)g x U(1)j4g.

At each fixed point, the ratio Ziigop(w;v)/Z1-100p(v;v) can be calculated from the
weights of the equivariant group action on the tangent space and the Dirac zeromodes.
The ADHM construction provides a concrete procedure to derive such weights.

52In our convention the U(1) ;4 g acts both on I and J as /2, implying that it also acts on Eo as e'*/2.
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The tangent space can be described by considering the linearization of the ADHM
system. Namely, let us consider the complex

—0B1 + KéB; — (5Bl)K =0

, 5By + K6By — (6B2)K =0
5 €L ki M (6By,6B,, 01,5 2
0—>{¢€ 16(1:[U( )(C)} (6B1,0B3,61,0.J) KoI — (61)M _ 0
M6J — (6J)K =0
" (Suc € EndH @ A2U | [K, X] =0} — 0, (7.15)

where the two maps hi and hy are the linearizations of the [], U(k;)c transformation and
the complex ADHM equation uc = 0:

h1(6¢) = ((6¢)B1 — B16¢, (6¢) Bz — B2d¢, (6¢)1, —J0¢),
hQ((SBl, 0By, 01, (5J) = [531, BQ] + [Bl, (532] + (5I)J +16J. (7.16)

The tangent space of the moduli space at the point (B, Ba, I, J) is given by the cohomology
ker ho/im hy. The fixed-point equations for the action of U(1) 4 x G x [[, U(k;)

ing—i—[g{),BS]:O, s=1,2,
i%H oI —Ta =0, (7.17)

i%J—J¢+aJ:0,

determine ¢ as a function of £ and @, i.e., they define a homomorphism U(1);1r x G —
[ L, U(k,) at each fixed point. Thus we have an action of U(1) s g x G on the complex (7.15),
and the character on the tangent space is given as

— Try; (9) + Trv, (9) — Trig(9) (7.18)

where Vi, Vs, V3 are the three vector spaces that appear in (7.15) and g = (e%,¢e%) €
U)s+r xG.

There is another method, heuristic but efficient, which can be used to compute the
weights on the tangent space based on the character on the space of holomorphic functions.
It is best explained in the example we consider next.

7.3 Example: SU(2) N = 2* theory

For G = SU(2), we can label the coweights with integers (corresponding to twice the spin).
Also we slightly modify the ADHM construction above and allow w,v and K to have half
odd integers. We define the integers p > 0 and ¢ by%3

w=1i(p/2,-p/2),  v=1i(q/2,—q/2). (7.19)

27iT

53Denoting reduced magnetic charge by ¢ should not cause confusion with the instanton parameter e
as the latter does not appear in this subsection.
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Since v is associated to w, p — ¢ is non-negative and even. The constraint (7.10) then
implies that k = p — 1 and also that
eisv + e—ibY _ gigyv _ —igv

X(H) = . (7.20)

(ei%" . e—i%z/)g

As a character, x(#) is a polynomial with positive coefficients for —p < g < p. For ease of
writing we will assume ¢ > 0, and sum over ¢ < 0 in the end remembering that the Weyl
group acts as ¢ = —q,a — —a. We can then write
p—4q

eV = y(H) = IS iDL VU S P P—4,-igv

5 5 .4 e UG (7.21)

where in the last expression the coefficient of the exponential increases from 1 to 254
monotonically, stays constant, and then decreases monotonically to 1.

In order to illustrate the analysis, we start with the simplest non-trivial case that
involves monopole screening, namely w = i(1, —1),v = (0, 0) corresponding to p = 2,q = 0.
We now explicitly work out the details of calculations involving M(2;0). In this case the
constraint (7.10) is solved by

x(Eo) = e + e, X(Es) =2, x(H)=1. (7.22)

Let us write By = (by), By = (b2), I = (i1,i2),J = (j1,42)7. The non-trivial U(1)x action
is given by by — e by, by — €"by. Thus a U(1) g invariant instanton has to be centered
at the origin, i.e., by = bp = 0. The remaining variables satisfy the ADHM equations

i1j1 +i2J2 = &c, (7.23)
i1 + Jiaf* = 1| = |jal? = &, (7.24)

and are subject to the U(k) = U(1) equivalence relation

(7:17 iQ? .jlv .72) ~ (ei(bila €i¢i27 e_i¢j17 €_i¢j2) . (725)

We have introduced the deformation parameters £ = ({c, &r).

The moduli space M(2;0) can be smoothed by turning on £. Using a hyperKéhler
rotation we can set {c = 0 and &g > 0. Then (i;,92) cannot vanish. The equation (7.23) can
be solved by introducing a charge-(—2) variable p via (ji,j2) = u(iz, —i1)//|i1]? + |iz|?.
We see that (iy, 2, 1) are essentially the variables for 7*P! that appear in the gauged linear
sigma model description [37].

The fixed points of the U(1) ;1 r x G action are found by demanding that the ADHM
data are invariant up to (7.25):

(1,2, 41, j2) = (€T3 Wiy, HOF3H 0, HCOFTH0 ) ol 00T5705)  (7.26)
where €€ € U(1) ;1 and diag(e’®, e~%) € G = SU(2). We find two fixed points Py and P»:
Py ig #0, i1=5=J2=0, ¢=—a—

Py iy #0, io=7J1=7J2=0, o=

)

| ™M

(7.27)

Q>
DN ™
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At each fixed point, we have the complex (7.15) with the vector spaces Vi = {d¢} ~
C,Vy = {(i1, 6z, 671,052)} ~ C* V3 ~ C representing the tangent space. The weights of
U(1)j4+r x G are given by

Tryi(g) = 1, (7.28)

—2i4 Ydtic | ie
e +1+e +e* at P,
Try, (g) = 1 4 % 4 gis 4 ¢ie=2i0 ¢ P, (7.29)

Try, (g) = €. (7.30)

Thus at P; the character on the tangent space is e~ 2% + ¢4+ corresponding to the
weights (e7210, ¢20+i€) At P, the weights are (e%@, e?#=2i4),

At Py, we get an extra contribution to the index ind(Dgogo) in (6.49):

ind(DBogo) — ind(DBogo) + Ind(DBogo)mono » (7.31)
1 —1ie R o
where ind(-DBogo)mono = 7%(6_2“1 + €2m+28) . (732)

Here the factor (14 e~%)/2 has the same origin as in (6.44).

We also get the extra contribution for the adjoint hypermultiplet. To understand this,
note the relations among the indices of the Dirac, self-dual, and Dolbeault complexes in
four dimensions

1 4 e—i€1—i€2 o

ind(Dsp) = ~———5——nd(D), (7.33)

. ezm _|_ e—zm

ind(Dpjirac) = e 2(61152) 5 ind(D). (7.34)

Since the indices for the Bogomolny and Dirac-Higgs complexes are obtained from ind(Dgp)
and ind(Dpipac) by averaging over U(1) g respectively, they are related as

(e%f + e*%f) ind(Dpp) = (em + e*”ﬁ) ind(Dpogo) - (7.35)
The index that leads to the fluctuation determinants is

> e"ind(Dpogo) — Y _ €"1/2<ind(Dpp)
nez nez

= e <1 — 6+26> ind(Dpgogo) (7.36)
nel

According to the rule ) cje“’j(&’m’g) — [Jwj(a,m,e)%, this leads to the one-loop determi-
nant

11 [(ne + 1 + 2a) (ne + 1 — 24)(ne — 1 + 2a)(ne — 1 — 2a)]*/
a1 (ne +2a)(ne — 2a)
_sin (27ra 4 wrin) sin (2776 — wrin) (7.37)
N sin?(27ra) ‘
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where we have used that ¢ = 1/r. The second fixed point P contributes the same amount.
Thus
sin[mr(2a + m)] sin[rr(2a — m)]

Zmonol@, 13 2,0) = 2 (7.38)

sin?[27ra)

There is another method based on contour integrals as applied in [38, 39] to instantons.
Let us temporarily ignore the matter contribution. In this approach,%* we compute the
character of the space holomorphic functions on the moduli space M = M(p; q), identify
it with the index of the Dolbeault operator on the resolved moduli space and read off
the weights. The holomorphic functions depend on Bj, B, I, J, and we need to take into
account the complex ADHM equation (7.12) and the quotient by the group [[, U(k,).
Schematically, the character is computed by averaging over h € [[, U(k,),

Ch( ) = L / dhdetequations(l — eweight h)
g Vol detvariables(l — eweighth) ’

where the determinants are taken in the spaces of equations and variables and Vol is the
volume of [, U(k,). For M(2;0),

27 .
d 1 — ele
ch(g) = / do e (7.40)
o 2 (1—e ite— m—i—sz)(l _ ez§a+m+2¢)(1 _ ez§a+za—z¢)(1 e ite—ia— qu)

(7.39)

To evaluate the integral by residues we need to specify the precise contour. Following [38]
we assume that Ime > 0 and treat ¢ and @ as real variables. we find two poles in z = €'?,
and the character is given as
1 1
ch(g) = (1 — e=2id)(1 — eie+2ia) T (1 — e2ia)(1 — eie—2ia) °

Given the weights we found above, (7.41) is consistent with the identification of the char-

(7.41)

acter with the index
dim M

ind(9) = Z (—1)F TI“H%I@(M)(Q)

k=0

1

S D — (7.42)

Piea L1 —€ 5())
points

where j runs over the holomorphic tangent directions.
After this practice, let us now include the matter contribution. It is convenient to

consider the so-called Xy—genus:65

Xy(M) = Z yk(_l)lTngﬂl(M)(g)

k>0
1 — yewiP)
- ¥ I %0 )
P: fixed j
points

54Tt requires no explicit resolution of singularities, and therefore can be applied to any group that admits
an ADHM construction.
%The y,-genus also appeared in the instanton calculus for N = 2* theory [40].
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with y = ™. Each weight w;(P) will be of the form
wj = inja + %lja, (7.44)

where n; and [; are integers. (7.33) implies that the contribution to ind(Dpego) at the fixed

point P is given by —% Z]‘ €¥i. Then the contribution to (7.36) is given by

Z eine (e—;e _ 1) Zeznja+§lje ) (7‘45)
J

neL

Summing over the fixed points P, the contribution to the path integral is

o (ne 4+ M+ nja + 1je/2)/%(ne — m + nja + 1je/2)1/?
Z, (a,m;w,v) = E p
mono P 1;[ J;IZ (nE + n;a + lj5/2)
points

)

_ Z H sinl/2 [m(njra+rm+1;/2)] sinl/2 [m(njra —rm+1;/2)]
P sin[m(n;ra + 1;/2)]
points

(7.46)

where we recall that ¢ = 1/r. On the other hand, the x, genus in (7.43) can be written as

(M) = o (dime M) Z H sinl/z[%(nj& +m + lje/2)] sinl/Q[%(nj& —m+le/2)] .
Y sin[L (nja + Lje/2)]

P: fixed j
points
(7.47)
Thus we find that
Tmono (@30, v) = €~ 2 (A My (M (w;0) . (T48)

(e,m,a)— (27 27ri,27ra)

This is why the x,-genus is useful for us.

We now calculate the x, genus using the ADHM construction of the monopole moduli
space. Locally at the origin of the space of ADHM data, the space of holomorphic sections is
the tensor product of the space of holomorphic functions and the space of Dirac zeromodes.
(7.43) corresponds to Tr[det(1 — yg)], where the trace is over the holomorphic functions
and the determinant is over the zeromodes. Since the space of zeromodes is given by
the cohomology of the complex (7.15), the determinant over the zeromodes is given by
dety, ()/ dety, () dety, (+). Thus

Xy (M)
1 [y Getequarions (1€ h) detu (1—ye™iship)
- Vol detvariables ( 1—ewelght h) detV1 (1 — yeweight h) det Vs (1 — yeweight h)

. (7.49)
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In the case of M(2;0),

Xy (M(2;0))
27 d¢ (1 _ ez‘s)(l _ eirh+i%57i&+i¢>)(1 _ eim+i%g+i@+i¢)
- /0 2 (1- eiée*idﬂ‘ﬁ)@ - ei%€+i&+i¢)(1 _ ei%z-ﬂridfz’qﬁ)(l -~ ei%efi&fiq&)

(1- eim—&-i%a—&-i&—i(b)(l . eimﬂ%a—z‘a—iqﬁ)
(1 _ eirh)(l _ eiﬁ1+ia)
(1 o ez‘ﬁz—Qi&)(l o eiﬁz—l—ie—&-%&) (1 o ez‘m+2@'a)(1 o ez‘fn—f—ia—%&)
T (1= e 2ia)(] — eiet2ia) (1 — e2ia)(1 — ele—2ia) (7.50)

X

We note that (7.38) is indeed obtained from (7.50) using the relation (7.48).

The magnetic charge p can be screened by monopoles and get reduced to ¢, also an

even integer. We set [ := p — ¢. The moduli space M(p;q) can be described using the
ADHM construction as follows. The action of U(1) is specified by the matrix

2
P

—4
P lano

1
i
K= ,(7.51)
1
BEREE
—%4]12w
—P20 0
and the action of G' by
0
M = . 7.52
i (7.52)
The conditions of U(1) g-invariance
By +[K,Bi]=0, —By+[K,By]=0,
LI Bl 2+ K Bl (7.53)
KI—IM =0, MJ—JK =0
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require that the ADHM matrices take the following form:

0 0Bz 0
B21 0 0 B23.'.
By=| 0 B3y 0 , By= 0 . 0 , (7.54)
. . .‘.Bp_zp_l
0 BprprO 0
0 0
0 0
1 0
. /.2,1 . S 0 Jygm 0O ---0 (755)
o : : ’ SN0 0 e Ty g - 0 ’
p=l/
0 Ipfl/2,2
0 0
0 0

We consider the space of solutions to the complex ADHM equation
[B1,B2]+1J =0 (7.56)
and then take the quotient by the complexification of the group Hf;% U(k,) with
(ki ko, .o kpn) = (1,2,...,0/2,...,1/2,...,1). (7.57)

Counting shows that the resulting space M (p;q) has complex dimension [. This is the
singular moduli space of monopoles on R? in the presence of a singular monopole of charge
p at the origin with the boundary condition that the fields look like the charge p—I monopole
at infinity. The group U(1) s g generated by Q2 and the maximal torus U(1)s C SU(2) of
the group of global gauge transformations act on M(p;q) according to

B, — ¢'2°B,, s=1,2, (7.58)
, —ia
I — ¢2°] <€ 61‘&) , (7.59)
J = e'3e <eid ) J (7.60)
e~ta : :
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We thus obtain a contour integral expression for the x,-genus of M(p;q):

p—1 kr

dzrz —Zrj 2
wit) = e PTG T e
1<J k

1 —'eiezri/sz)
I —ine
(1= eM2pif25) (1= €Mme /2 5)

r=1 1,
ki_o
2 e
H (1 _ ezmeza+z§€/zl_72 7,) (1 _ ezmezzs mZL—J Z)
2 2
i=1
X
ki_2
2 a1 .1 L n
[ (=€ /2 ) (1 - z)
— 2 2
1=
kp7%71
m 1a+15€ im z e—1a
H (1 e’e 2 Zp_l_l/gﬂ,) (1—6 €2 / -1 l/m)
X l:kl
p—%—l
(1 et tiacy —1—1/2,@) (1 — e 2 e s z)
=1
p—2 kr kr 1 p— 2 kr T+1
(1 — ¢Mein “2ri/Zr— 17]) HH H (1 — ¢Mein zm/zr+17]>
r=1i=1 j=1 r=1i=1 j=1
pgkrk'rl p2]€rkr+l
[T (1= /) TTTTTT (1 ¥0/0)
r=1i=1 j=1 r=1i=1 j=1
(7.61)

The first line on the right hand side represents the Haar measure on [[, U(k;.), which would
be clearer if the integral is written in terms of ¢,; such that z,.; = e'?ri. We again choose
to use the prescription where we integrate over each z,; along the unit circle |z,;| = 1,
assuming that @ € R and Ime > 0. The integral can be evaluated by residues, and the
computation can be automated as a Mathematica code. Applying the rule (7.48), we find
experimentally®® that

} cos 2 [mr(2a ;szz_)]]gsz [7r(2a — )] for p odd,
Zmono (@, 15D, q) = == X 5 & o
mono( p Q) (pT)](szrq)l SlanJ [7‘(?"(2& + Th)] Sln% [7'(‘7"(2& — T?L) for » ev(en' )

sin?~4[27ral

Combined with (6.71), the dependence of Ziono(ia,im;p, q) Z1-100p.eq(ia, im;q) on ¢ is in
fact only in the binomial coefficient.

56We have checked this for (p,q) = (2,0), (3,1), (4,2), (5,3), (4,0), (6,2), and (6,0).
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We now put everything together. Including the terms with ¢ < 0, we get

_ p! . q . q
<Tp> - - Z B W /da ‘Zl—loop,pole (za - E) Ze) (m - E)
cosh? [mr(2a + m)] cosh? [rr(2a — m)]

< 7 (ia B i) ‘2 « cosh?[27ral
st 4r sinh? [rr(2a + m)] sinh? [mr(2a — m)]

sinh? [27ral
This is the complete gauge theory result for 't Hooft loops in SU(2) N' = 2* theory. We
checked numerically for low values of p and generic values of 7 and m that (7.63) agrees

for p odd,
(7.63)

for p even.

with the expectation value of the S-dual Wilson loops.
This analysis, with the philosophy described, can be extended to other gauge theories.

8 Gauge theory computation vs Toda CFT

In this section we compare the results of our gauge theory analysis for the expectation value
of 't Hooft loop operators in A/ = 2 gauge theories on S* with formulae in [10-12], which
were obtained from computations in two dimensional Liouville/Toda CFT. As we shall
see, for the theories for which we explicitly carry out the comparison, we find beautiful
agreement.

In [10, 11] a dictionary was put forward relating the exact expectation value of gauge
theory loop operators in N' = 2 gauge theories on S* and Liouville/Toda correlation
functions in the presence of Liouville/Toda loop operators (topological defects). This
enriches the AGT correspondence [20], which identifies the gauge theory partition function
with a correlation function in Liouville/Toda (see also [41]), to encompass more general
observables. The identification in [10, 11] has yielded explicit predictions for the exact
expectation value of 't Hooft loop operators in N = 2 gauge theories on S*.

We compare the Liouville/Toda results for 't Hooft operators in N/ = 2* with the
corresponding gauge theory computations for both the one-loop determinants as well as
for the non-perturbative contributions due to monopole screening.

8.1 ’t Hooft loop determinants from Toda CFT

We now explicitly compare the results obtained for 't Hooft operators in the N = 2* theory
— corresponding to an A/ = 2 SU(N) vectormultiplet with a massive hypermultiplet in
the adjoint representation — with loop operator computations in Toda CF'T on the once-
punctured torus. For a 't Hooft loop labeled by a magnetic weight B = h; — corresponding
to the fundamental representation of SU(N) — the Toda CFT calculation yields [12]

N

/da C(ia,im)Zq(ia, q) Zinst (ta, 1+im, q ZTk ia,im)Ze(ia—hg, q) Zinst (ta—hg, 1Hm, q) ,
k=1

(8.1)
where
i(aj —ag)) (2 +i(a; — ar))

j#k
1
Ty (ia,im) = — ,
k(i - N Sll 1+z a] —ay) —tm)I'(1 +i(a; — ag) +im)
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m is the mass of the adjoint hypermultiplet and h; are the N weights of the fundamental
representation of SU(N).57 The result in (8.1) is expressed as much as possible in terms of
gauge theory quantities introduced in previous sections. The factor Zg(ia, q) is the classical
contribution to Nekrasov’s equivariant instanton partition function (4.10)

N
Za(ia,q) = exp [miTa - a] = exp [m'T Z al?] , (8.2)
=1

while Zinsi(ia, 1+im, q) is the instanton contribution (5.2).%® Finally C(ia,im) is the Toda
CFT three-point function® relevant for the once-punctured torus description of A" = 2* (&
la [42])

[Toso Yo=1(—ia - a)Ty— (i - a)
1oy Yoot (L +i(hs — By) - a+im)

with o the roots of the SU(N) Lie agebra. Since Yp—1(z) = G(x)G(2 — x) /27, with G(x)
being the Barnes G-function (6.19) and because a = h; — h; for j > i if & > 0 we obtain™

C(ia,im) =

(8.3)

[I,Glio-a)G(2 +ic - a)
Ha>0Hiin(1:|:ioz-a:tim) '

We note that C(ia,im) is precisely given by the square of the one-loop factor in Nekrasov’s
partition function of N = 2* in R* (see (6.32) and (6.67))

Clia,im) = (8.4)

C(ia,im) = | Z1-100p pole (ia, im)|* (8.5)

with

Zl—loop,pole(iay Zm) = Zl—loop,pole(_iaa _im) = Zl—loop,pole(iaa Zm)

1/2
[ L Glio-a)G@+ia-a) | 56
Ha>0Hi,iG(1iia-aiim) '
Thus we can write the Toda loop correlator as
/da ’ZI—loop,pole (ia, Zm) ’2 ch(ia7 Q)Zinst (iCL, 1+ im, Q)

N

X Z Ty (ia,m)Ze(ia — hy, q) Zinst (ta — hy, 1 +im, q) . (8.7)
k=1

We note that the result is given by the sum of N terms, associated to the N weights of the
fundamental representation of SU(N). Each of the N weights yields an identical contribu-
tion, and therefore we can focus on the contribution of the highest weight term, labeled by

S"Explicitly, h; = (6;; — 1/N)j;.

58To lighten notation we have set r = 1, have omitted the e1,e2 dependence of the instanton partition
function Zinst(a,m,e1,€2,q) = Zinst (@, M, q) and also used that m = 1+ im (5.6).

59This is the three-point function of two non-degenerate and one semi-degenerate primary operators in
Toda CFT when the background charge b = 1.

"In this section, in order to avoid cluttering formulas, we drop inessential overall numerical factors.
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hy. It is important to remark at this point that genuine new contributions appear for loop
operators labeled by a representation with highest weight B for which not all weights are
in the Weyl orbit of B (non-minuscule representations). These contributions correspond
precisely to the non-perturbative contributions due to monopole screening encountered in
our gauge theory analysis! Section 8.2 demonstrates for 't Hooft loops with higher mag-
netic weight B that Liouville theory precisely reproduces the non-perturbative screening
contributions discussed in section 7.2.

Focusing on the highest weight vector contribution, we trivially rewrite the answer as

/da Zl-loop,pole(_iay _im)ch(_iaaq)Zinst(_iay 1- ’Lmaq) x Ty (iaa Zm) (8 8)
><Zl—loop,pole(iaa Z‘Tn)Zt:l(ia - hlu Q)Zinst (ia - h17 1+ im, Q) .

Without encountering any residues, we now shift the contour of integration ia — ia+ hy/2
to express the answer in a more symmetric form

/ da|Za(ia — h /2, q) Zins (i — h1/2, 1 + im, q)

Zl-loop,pole(_ia - h1/27 _im)Zl-loop,pole(ia + h1/27 Zm) Tl (ZCL + h1/27 Zm) .

(8.9)

Our next goal is to rewrite the second line in (8.9) as a complete square of a function
with the same shifted argument ia — hy/2 as in the first line times a remainder, which we
denote by E(ia,im)

/ da |Za(ia — h1/2,9) Z1100p pole(ia — h1/2,im) Zinst (ia — h1/2,1 +im, q)|* x E(ia,im) .
(8.10)
To anticipate where this path will leads us when comparing with our gauge theory
analysis, the complete square contributions reproduce the classical, one-loop and instanton
contributions that arise from the north and south poles of S*, while the remainder captures
the contribution from the equator!
In order to determine E(ia,im) in (8.10) we need to calculate

Zl—loop,pole(ia + h1/2, Zm)
Zl—loop,pole(ia - h1/2, zm)

E(ia,im) = Ti(ia 4+ hy/2,im). (8.11)

The ratio of one-loop factors can be determined by recalling that a; = a - h;, so that the
shifts 4a &= h1/2 in the arguments in (8.11) are given by (since h; - hj = §;; — 1/N)

iaj%iaj:lil/N ]751

. _ (8.12)
iay —ta; £1/2F1/N.

Therefore, only a1; = a1 — a; shifts, by ia1; — iay; = 1/2. Since a = h; — h; for j > i if
a > 0, we decompose the product over positive roots appearing in (8.6)

H.:ﬁ. I - (8.13)

a>0  j=2 2<i<j<N
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comprising the splitting of positive roots into h; — h; and the rest. Therefore only the
factors vazz - shift, the rest cancel between the numerator and denominator in (8.11). We
find

i ; 1/2
Zl—loop,pole(la + h1/2, m

Zl—loop,pole(ia - h1/2, im

) _
) 3 4iar; £im)G(3 —iar; +im)

Jj=2

ﬂ H G(L +iary £im)G(3 —iay; + im)
L &

. . , g
G(3 +ia1))G(5 +ia1;)G(—5 —iay;)G(3 —iay)
|G(=3 +1ia1;)G (5 +1ia1j)G (5 — iay))G(3 —iary) |

(8.14)
which since G(z + 1)/G(z) = T'(2) equals
1/2 1/2
1 [ 26— i & i) P01+ ia)P@ + i) ] o
j=2 L % F(% + iay; £ im) F(—% - ia1j)F(% —iaj)

Using the explicit form of the monodromy operators Tj(ia, m) in (8.1) we arrive at

N 1, 3, . 1. 3 . 1/2
E(ia,im) = H P(=5+ mljzr(j + Zalj‘.)r(_ﬁl - z'alj)l“(? —iay;) , (8.16)
=2 [[LT(5 +iay; £im)I(5 —day; +im)
which by Euler’s reflection formula I'(z)I'(1 — 2) = $ yields
N T . . . . ) . 1/2
B(ia,im) = ]| Sm(ﬂ(% iy —im)) S%n(ﬂ(% — ia1; —im)) (8.17)
j=2 sin( (5 + da1;)) sin(7 (5 + ia1;))
The result can be written in a more covariant form to arrive at the final answer
E(ia,im) =[] sin 7 (r [ + e o im] )as;nmf (7 [%E —ia-a—im])
a>0 sinl* Bl (7 [%E +ia - a]) -

|w-B]|

Hweadj sin~ 2 (7‘(‘ [% +iw - a— zm)]

- | P sinleBl (7’[’ [% + i - a])

This is precisely the gauge theory formula for the equatorial one-loop determinant (6.61).

This shows that the Toda prediction for the expectation of the 't Hooft loop operator
labeled by the fundamental representation in the N' = 2* theory with SU(NN) gauge group
precisely agrees with our gauge theory computation. We identify in the Toda correlator the
factor |Za(ia — h1/2,q) Z1-100p,pole (i@ — h1/2,im) Zins (ia — h1 /2,1 +im, ¢)|? in (8.10) with
the gauge theory contributions arising from the north and south poles of S* (see (6.34)),
while comparison of (8.18) with (6.61) demonstrates that indeed E(ia, m) precisely captures
the gauge theory contribution from the equator, so that

E(ia,im) = Z1.00p,eq(ia, im, h1) . (8.19)

The Toda calculation of [12] can be extended to describe 't Hooft operators with higher
magnetic weight in A/ = 2*. We have checked that the Toda calculation for B = 2hy also
exactly reproduces the gauge theory prediction.
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8.2 Monopole screening from Liouville theory

We now specialize to the A; Toda theory, i.e., Liouville theory. We compare the results
in [10, 11], which are the special case of the general Toda calculations above, with the non-
perturbative contributions from monopole screening in SU(2) N/ = 2* theory computed in
section 7.3

In Liouville theory, the 't Hooft loop expectation value is given in terms of shifted
conformal blocks. To simplify formulas we set » = 1 without loss of generality, also set b
to 1 and adapt the normalization of [10]

Zi(a,im, ) = e~2miTd’ (1+a,1+im,7), (8.20)

where F(a, ae, T) is the conformal block of the 1-punctured torus with modulus 7 in the
standard normalization [43], with internal and external Liouville momenta o and a..” Up
to a normalization constant, it was shown in [10, 11] that the loop operator expectation
value is given by "2

(L1,0)P)
= / . da C(1+a,1—a,14im)Zy(a,im,7)[(L10)" - ZL)(a,im, 1)

- / daC(1+a,1— a, 1 +im)Zu(—a, —im, —7)[(L10)” - Zu)(@, im, 7) (8.21)
aciR

The Liouville loop operator £ acts as a difference operator. For any meromorphic
function f(a), let us define the operators hy as multiplication by the functions hy(a):

A T(—2a)0(2 — 24)

(e D) = g1 1 it (3 Ty (@) = @)1 (@). .
(h--N(@) = (24 + ffi%&%ﬁl iy (@) =h-(@)] (@)
We also define the shift operator A:
(A~ F)(@) = fla—1/4). (8.23)
With these definitions the Liouville loop operator is defined by
Li0=hyA%+h A2, (8.24)
and the higher powers of £ take the form
(LrolP = Y hpgA™, (8.25)

q=p;p—2,...,—p

"'The shift by 1 in ae = 14 9m was clarified in [19)].
"2The complex conjugate of 7 appears with a minus sign because T enters into Zr, through 277 = e
, in order to avoid confusion with screened

—2miT

In this subsection we avoid using the symbol ¢ to denote €™

magnetic charge q.
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where hp ¢ is multiplication by a function hy 4(a). This function can be determined by the

recursion relation
hpt1,4(@) = hy(a )[AQ “hpg-1](a) + h—(d)[Ai2 “hpgra](a). (8.26)
The solution is given by
b (3) = 1'2'1 I'(~2sgn(q)a + r — 1)T(~2sgn(q)a + r + 1)
P - D(=2sgn(q)a + r +im)I'(=2sgn(q)a + r — im)
= (8.27)
p! sin” 7" (2wa + mim) sin r (2ma — wim)
sin?~ 19 (274) '

X
+ —
(524)! (54!
Up to a-independent factors, the Liouville three-point function is related to the gauge

theory one-loop determinant as
= ’ZI—loop,pole (dv Z’I?’L) |2
(8.28)

m) Zl—loop,pole (da Zm)

—a, —

C(l+a,1—a,1+im)
= Zl—loop,pole(

for a € iR, where Zi j60p pole(@, ) is given in (6.70). Thus the Liouville correlator (8.21)

becomes
<(£1 0)p> = / ) da Zl-loop,pole(_&a _im)ZL( a, —1m )
aciR ) (829)
X Zi-toop,pote(sim) 3 [hp,q A2 ZL] (@, im, 7).
q
Assuming that we can shift the contour without picking up residues,” we can write this as

N _ ~ [A Zl loo ole]( zm)

L10)P) = / da[A™%-h PP -
<( 1,0) > Z heiR [ p#]]( ) [Aq Zl loop, pole]( zm)

(8.30)
_?)

q
[Aq Zl loop pole](_da _Zm)[Aq ' ZL]( a, —1m

AT Z160p polel (@, im)[AT - ZpJ(a, im, T)

Using (6.70) and (8.27), we can calculate the combination in the first line and obtain a

simple result:
B [A q. Zl looppole](a’)
A7 h :
[ pq}( ) [Aq Zl—lOOP pole](a’)
P

n2

P
ne(2ma = wim) g odd,

(2ma + mim) si
_ p! » sin? (2 dz (8.31)
() ()1 cos§(27rd—|—m'm) 0s2(2ma — wim) '
2 2 for p even,
cosP(2ma)
(6.71) and (7.62), this is precisely

Comparing this with

Zmono(iaa im; b, Q)Zl—loop,eq(iav m Q)
"™We have checked the validity of the contour deformation numerically by comparing with the S-dual

Wilson loop expectation values
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Using the relation [20]

Z(a,im, 7) = Za(a, €™ Zinst (6, 1 4 im, e*™7) | (8.32)
we thus obtain
p! .
<(£1,0)p> = Z W/da Z1_100p7eq(7/a,, ’Lm,p) (833)
q=p,p—2,...,—p \ 2 /" \ 2 /"

. | ,
X ch (Z(I - %, 627%7—) Zl_loop,pole (ZCL — %, Zm) Zinst (Za — %7 im, 627'("5’7')‘

After reintroducing the dimensionful parameter r, the gauge theory result (7.63) for (7},)
and the Liouville theory expression (8.33) for ((Li1,0)P) precisely agree, including the
monopole screening contributions!

We note that the charge p 't Hooft loop 7T}, corresponds to the Liouville operator
(L£1,0)P. Thus our charge p 't Hooft loop T}, equals the power (77)? of the 't Hooft loop
that is S-dual to the spin 1/2 Wilson loop, and differs from the S-dual of the spin p/2
Wilson loop. The origin of the power is in the natural resolution of the Bogomolny moduli
space. As explained in [31], the moduli space of solutions describing an array of p minimal
't Hooft loops T,,—1 develops a singularity when two of the loop operators collide. In the
limit that all of them are on top of each other, the magnetic charge of the 't Hooft loop is
p. Said another way, the singularity of the moduli space can be resolved by replacing the
charge p 't Hooft loop with a collection of slightly displaced minimal t Hooft loops.”

9 Conclusions

We performed an exact localization calculation for the expectation value of supersymmetric
't Hooft loop opertors in N' = 2 supersymmetric gauge theories on S%. These results
combined with the exact computation of Wilson loop expectation values [2] constitute a
suite of exact calculations for the simplest loop operators in these gauge theories and allow
for a quantitative study of S-duality for this rich class of gauge theory observables.

A ’t Hooft loop was defined by specifying a boundary condition of the fields in the
path integral. We integrated over the non-singular and singular solutions to the saddle
point equations in the localization computation.

In the leading classical approximation the expectation value was obtained by evaluating
the on-shell action in the non-singular background (3.9), and the only perturbative quantum
corrections’ in the localization path integral are the one-loop determinants computed using
the Atiyah-Singer index theorem, arising from the north pole, south pole and equator. The
't Hooft loop expectation value receives two types of non-perturbative corrections. The
first is from instantons and anti-instantons localized at the north and south poles as in [2],

™ As noted in [2], the localization supercharge @ is indeed compatible with parallel loop operators each
located at a fixed latitude.

">The one-loop determinants are the unique perturbative corrections with respect to the localization
action @ - V. All the perturbative corrections with respect to the physical action [9] are reproduced by
integrating over the zero-mode a.
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arising because our localization saddle point equations become F™ = 0 and F'~ = 0 there.
One new feature in our calculation is that the Nekrasov instanton partition functions at the
poles have their argument shifted due to the 't Hooft loop background. The second type of
non-perturbative correction occurs as new saddle point field configurations, where smooth
monopoles in the bulk of §* screen the charge of the singular monopole inserted along the
loop. These arise from non-abelian solutions to the Bogomolny equations D® = *F', which
describe the saddle point equations in the equator. The field configurations were identified
as the fixed points of an equivariant group action on the moduli space of solutions of the
Bogomolny equations.

In this paper we have focused on the computation of 't Hooft operators for which the
magnetic charge and the electric charge vectors are parallel, where the electric charge is
acquired by the Witten effect, due to the non-vanishing topological angle §. The techniques
introduced here, however, can be used to compute general dyonic Wilson-"t Hooft operators.
The new ingredient for a dyonic operator is the insertion of a Wilson loop for the unbroken
gauge group preserved by the singular monopole background.

We compared our gauge theory calculations with some of the predictions in [10-12]
obtained from computations with topological defects in Liouville and Toda field theories,
and found a perfect match for all comparisons we have performed. The physical observables
in Liouville/Toda theory are known to be invariant under the modular transformations (or
more generally under the Moore-Seiberg groupoid) that are identified with the S-duality
transformations in gauge theory. Thus our results prove S-duality invariance of the N' = 2
gauge theories, in the sector of physical observables involving Wilson and 't Hooft loop op-
erators. In turn, the progress we made on gauge theory loop operators provides motivation
to study in more depth the two-dimensional observables. In particular the computational
techniques for topological webs, — the defects involving trivalent vertices — are to be de-
veloped in order to make a useful comparison with more complicated loop operators in
higher-rank gauge theories.

In our study an important role was played by the equivariant index for the moduli space
of solutions of the Bogomolny equations in the presence of a singular monopole background,
created by the 't Hooft operator. The analysis was similar to that of the instanton moduli
space that led to the Nekrasov partition function, and we defined the quantity Z,ono which
is an analogous physical quantity in the monopole case. It is possible to generalize and
formalize the definition of Zyeno by setting up a localization scheme on S x R3 [44].

The localization techniques we developed for ’t Hooft operators should also admit gen-
eralizations to other supersymmetric disorder operators, such as monopole and vortex loop
operators in three dimensions and surface operators in four dimensions. For example, it
would be interesting to formulate a path integral framework that realizes the mathematical
calculations [45-48] for instantons in the presence of singularities representing surface op-
erators. Also, the localization framework for N” = 2 theories on S* should apply to surface
operators preserving two-dimensional ' = (2, 2) supersymmetry. Localization calculations
for such observables should help understand disorder operators in the broad duality web
involving quantum field theories in diverse dimensions.

— 063 —



Acknowledgments

We would like to thank Nadav Drukker, Davide Gaiotto, Bruno Le Floch, Yuji Tachikawa,
Jorg Teschner and Masato Taki for helpful discussions. We would also like to thank the
KITP for providing us with a productive environment where part of this work was per-
formed. The research at KITP was supported in part by DARPA under Grant No. HR0011-
09-1-0015 and by the National Science Foundation under Grant No. PHY05-51164. T.O.
and V.P. also thank the Aspen Center for Physics for providing a stimulating environment.
J.G. is grateful to the Theory Group at CERN for warm hospitality and support. He
would also like to thank LPTENS and LPTHE in Paris for warm hospitality and the FRIF
for support. Research at the Perimeter Institute is supported in part by the Government
of Canada through NSERC and by the Province of Ontario through MRI. J.G. also ac-
knowledges further support from an NSERC Discovery Grant and from an ERA grant by
the Province of Ontario. The research of T.O. was supported in part by Grant-in-Aid for
Scientific Research (B) No. 20340048 from the Japan Society for the Promotion of Science.
The research of V.P. has been partially supported by a Junior Fellowship from the Harvard
Society of Fellows, and grants NSh-3035.2008.2 and RFBR07-02-00645.

A  Supersymmetry and killing spinors

The spinors in this paper transform in a representation of Spin(10), whose generators are
constructed from the Clifford algebra C(10)

{’YM,’YN} = 277MN where M =1,...,9,0. (A.1)

We take the Euclidean metric n™~ = §M~  In the chiral representation

0™
M
= A2
Y (FM 0 ) ) ( )
where M = (T, 19, -1, and '™ TM are 16 x 16 matrices which satisfy

rMpN  DNpM — ogMN — pMPN f pNPM — 9gMN (A.3)

The matrices T™ and I'™ act respectively on the negative and positive chirality spinors of
Spin(10) since

10) — - 1 9.0 —if1F2...f9F0 0 o 10
M0 =ity _< 0 e, popo | = loy ) (A9

In Euclidean signature, which we use in this paper, ten dimensional spinors are com-
plex. We choose a basis in which I'!, ..., T are real and I'’ imaginary. To describe '™
explicitly it is convenient to break SO(10) to SO(8) x SO(2) and use the octonionic con-
struction of the Clifford algebra C1(10). For the explicit expressions which are needed for
explicit construction of the supersymmetry equations in components we use matrices as
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defined in appendix A of [2] with a certain permutation of spacetime indices. If ™™ are
the matrices in [2], then the present I'M are given by

M =M+l for M =1,2,356,7 (A5)
F4 _ El FS _ £5 1‘\9 — £9 FO — ZEO ’

The factor of i appears in the relation to I'’ because our present conventions use the

MN — §MN “while [2] used the Lorentz metric with n® = —1.

Euclidean metric n
The supersymmetry parameter ¢ and gaugino ¥ in the N' = 2 vectormultiplet are
positive chirality spinors of Spin(10), while hyperino x in the N’ = 2 hypermultiplet is a

negative chirality spinor; they are subject to the projections

F56786 = —e, F5678\I’ — F5678X =, (AG)

)

where '9678¢ — TS0 T8¢,

The conformal Killing spinor equation (3.10) in the Bz x S! metric (3.7) is

Ve =T,¢ (A7)

- 1 1

W ¢ -
'V, = 12 <1 - @> €. (A.8)
4r2
In the vielbein basis e = ¢! = da’ and et = r (1 — %) dr, the non-zero components of
the spin connection are
wa‘i:—wi‘i:—x—idT i=1,...,3. (A.9)
2r

Equation (A.8) implies that € = €.(7) while the first three equations in (A.7) imply that
€ = €5(7) + 2'Tie.(7). The solution to the equation

V,e=T,¢ (A.10)

is (3.14) |
€ = cos(7/2) <és + 2'T; éc> + sin(7/2) T4 (27' Ec+ %Fi és) : (A.11)

with €5 and €. two constant ten dimensional Weyl spinors of opposite chirality.

B Lie algebra conventions

Let G be a compact Lie group and g the Lie algebra of G. As a vector space g is isomorphic
to RUm & In our conventions, for a gauge theory with gauge group G, the fields Ay, Fl and
®4 (A =0,9) of the vectormultiplet take values in g. In particular, we write the covariant
derivative as D = Dy = d + A and the curvature as Fy,, = [D,,D,]. If G is U(N) or
SU(N), the basis {T,} of the Lie algebra g can be represented by N x N antihermitian
matrices. Given the basis, the real coordinates a® of an element a € g are defined by the
expansion ¢ = a“T,. Let gc = g ® C be the complexification of g. An element a = x + iy
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of gc, where x,y € g, can be written as a = a®T,, with a® being complex numbers. We say
that an element a of g¢ is real if the coordinates a® are real. Complex conjugation acts by
conjugating the coefficients: a = a*T,, — a®T,.

If G is a compact Lie group, then the Lie algebra g of G can be equipped with a positive
definite bilinear form (e,e) : g x g — R invariant under the adjoint action of G. Such a
bilinear form g x g — R is defined uniquely up to a scaling, and extends holomorphically
to gc X gc — C. For g = u(N) and g = su(N), we choose (e ,e), also donoted by e - e, to
be given by minus the trace in the fundamental representation: (a,b) = — Tr ab.

The basis elements 7 in the Cartan algebra t of u(N) can be represented by the
diagonal N x N matrices

T, = idiag(0,...,0,1,0,...,0), (B.1)

where 1 is at the position «. Since in this basis the bilinear form is the identity matrix,
—TrT,Ts = dap, we do not distinguish between contravariant and covariant Lie algebra
indices. For an element a = a7, of t we refer to a using the following equivalent notations

ia1 0

(a1,...,an) & a s agTy=| 0 daz ... | (B.2)

where a, are real. When dealing with complexification t¢ we allow a, to be complex. The
notation (B.2) is also used for g = su(NV). For example, the Nekrasov instanton partition
function Zj,s takes a complex element a of {¢, i.e. the Coulomb parameter, as one of its
arguments. We use equivalently the following forms referring to Zist evaluated at a

A~

Zinst(&; €1, 52) - Zinst((a17 cevy &N)a €1, 52) - Zinst(d17 e 7dN7 €1, 52) . (B3)

It should be clear from the context what @ refers to in the main text.

C Coordinates and Weyl transformations on S*

The SO(5) isometry of the round metric on S* is made manifest by the induced metric on
the following hypersurface in R®

X244+ X2=r2. (C.1)

In this paper, a certain U(1); C SO(5) isometry of S* generated by the generator .J plays
a key role. It acts on the embedding coordinates as

X; +iXo — (X1 +iXo)

) ; ) (C.2)
X3 +iXy — (X3 +1iXy),

and its fixed points X5 = 4 define the north and south pole of S*. The following coordi-
nates are of use in the paper:
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Latitude coordinates: the metric is given by
ds? = r2(dv? + sin® 9dQ3) (C.3)

where df2,, is the metric on the unit S™ and ¥ is the latitude angle on S*, with ¥ = 0, 7/2
and 7 corresponding to the north pole, equator and south pole respectively. The embedding

coordinates are
Xy =rsindng a=1,2,3,4
(C.4)
X5 =rcos?,

where n, is a unit vector in R* parametrizing S°.

The U(1); action induced by .J is realized by the Hopf fibration. Consider S? : |w1|? +
lwa|? = 1, (w1, ws) € C? and the U(1) action (wy,ws) — (e*w1, e wsy). Introduce angular
coordinates on C%: w; = pcos Ze™ and wy = psin Fe™ % so that the U(1) acts by shifts
1 — 1 + €, and consider the map ok ®C? - R3

T = wow = p*(sinn cos p, sinnsin @, cos7), (C.5)

so that (p?,7,¢) are the spherical coordinates on R®. Rewriting the flat metric on C? in
the (p,n, v, 1) coordinates we get

1 1
ds® = dp* + p? <4d772 + 5(1 — cosn)dp? + (1 — cosn)dpdip + d'zbz) . (C.6)
The unit S® is at p = 1 with metric

1 1 1
Q3 = ZdUQ + 5(1 — cosn)de?® + (1 — cosn)dpdip + dip* = Zd(b + (dyp +w)?,  (C.7)

where
dQy = dn? + sin® 1) dy? (C.8)
and 1
w= 5(1 — cosn)dep. (C.9)
In these coordinates, the U(1); vector field is v = %@, and the dual 1-form used in

section 3.3 is
dzt by, v

vl

The 1-form w satisfies dw = 1vol(S?).

U= =r(dy +w). (C.10)
S2 x S?! foliation coordinates: the metric is given by

ds® = r*(d€* + sin? £dQy + cos? £dT?) (C.11)
where 7 is the coordinate on S and 0 < ¢ < 7/2. The embedding coordinates are given by

X1 +iXo = rcos{e”
X3 + X4 = rsiné sin ae (C.12)

X5 =rsinfcosa,
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where d2 = da? + sin? ad¢?. The U(1); symmetry generator .J acts by shifts

T—=>T+¢

o (C.13)

In these coordinates the north and south pole are at ({ = 7/2,a =0) and ({ = 7/2,a = 7)
respectively.

B3 x S?! foliation coordinates: the metric is given by

a2

3
d82 _ Zizl dle + 7”2 ( 47’2) d7'2 (C 14)
(1+ ) (i) |
4r2 4r2

and |#|? < 4r? defines the three-ball Bs. The embedding coordinates are given by

(1+5%) (C.15)

The U(1); symmetry generator J acts by

21 +ixe — € (xq + iz
( ) (C.16)
T—T+E€.
In these coordinates the north and south pole are at & = (0,0,2r) and & = (0,0, —2r)
respectively.

D Q-invariance of the ’t Hooft loop background

The background created by a circular 't Hooft loop with magnetic weight B located at
# = 0 in the B3 x S metric (3.7) takes the same form as that of a static 't Hooft line in
flat spacetime (3.8) (for # = 0)

B x;
ij: = —gﬁijk‘fﬁ
B (D.1)
I

Since B € t takes values in the Cartan subalgebra of the gauge group G, the singularity is
abelian in nature.

We can verify that the the deformed monopole equations (3.38), (3.39), (3.40) are
solved by the ’t Hooft loop background (D.1). For example, let’s consider the first spa-
tial equation (3.38). In the background (D.1) F\;, Fy;, K1, D;®9 vanish. We group the

14>
remaining terms to make the structure of cancellation obvious using that (D.1) satisfies
D;i®g = 0;®9 = e = ifiijjk i,5,k=1,2,3, (D.2)
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where the first equality is due to the abelian nature of the background (D.1). Evaluation
yields for (3.38)

47‘2(—D1(I)9 + Fgg) + (—$% + x% + x%)(Dl‘Pg + F23) + (—2$1$2)(D2(I>9 — Flg)
+(—2z123)(D3Py + F12) + —221 P9
—B.%'g Bl’l
|Z[? |7

—Bxl
|2

—DBx
+ (—2$11’2)W32 + (—2x123)

=0+ (-2t + 22+ 22)

Bxi2?  Bux
|z |1

The cancellation in the second deformed monopole equation (3.39) is exactly the same with
replacement of indices 1 — 2. In the third equation (3.40), the relative signs are different,
but again all terms cancel similarly. In analyzing the last equation (3.40) we also find that

®y can be turned on as long as
Do /7
L

4r2

K3 =— (D.4)
This observation plays an important role in finding the most general solution to the saddle
point equations, as discussed in section 3.3.

Similarly, it is very easy to show that the invariance equations (3.37) are satisfied by
the background (D.1). For these only D;®g and Fjj, contribute and cancel elementarily
due to formula (D.2). These equations also exhibit that ®y has a zeromode, given by

a
q>0 - W B (D5)
1+ 5=
and therefore, due to (D.4)
Ky——— YT (D.6)

N2’
(1+)

where a € t is constant. In comparison with [2] the profile of ®q is not constant in Bs x S*.
However, since the metric on B3 x S' and S* are related by a Weyl transformation with
Q= (1 %), it follows from (2.10) that the Weyl transformation makes ®( constant in
S, as found in [2] .

It is straightforward to show that the background created by the 't Hooft loop when
0 #0 (3.9)

B T; . 2 B
Fj, = BORUEER Fig = —1g70 1 Gk o)
o = E Py = —a20 b i '
TR 0= 79 6n2 7]

solves the localization equations Q- ¥ = 0 As we have already demonstrated that the terms
involving ®¢ and Fjj, cancel in the invariance equations (3.37) and deformed monopole
equations (3.38)—(3.40), we just have to exhibit cancellation of the terms involving ®( and
Fj4. Since the 't Hooft loop background is 7 independent and abelian (i.e. [®g, Pg] = 0),
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we are just left to verify from the invariance equations (3.37) that

1 i |z)? .
% Z4+|:Dzy2(1+4r2>q)0:|:0 121,2,3

CClF42 - $2F41 =0.

(D.8)

Using that Fj = r (1 - '%'j) F,; and D; ((1 n 'ZLE) <1>0> = % ( - '%‘j) By = LFyy, we
conclude that (D.7) solves the equations (3.37).

We now verify that the deformed monopole equations (3.38)—(3.39), 3.40) are solved
by ®q and F; of the 't Hooft loop background (D.7). From (3.38) and (3.39) we get

—$3Fi4+$iF321=0 1=1,2, (Dg)
which is trivially satisfied by (D.7). From (3.40) the relevant equation is
iq)o — IL‘1F14 — ZL‘QFQZL — SL‘3F321 =0 (D.l())

which is indeed solved by the 't Hooft loop background (D.7).

This concludes the explicit check that the direct sum of the monopole background
configuration (D.7) and the @y zeromode profile (D.5) with the associated auxiliary field
K3 (D.6) solve the localization equations @ - ¥ = 0.

E Hypermultiplets in general representations

In this appendix we will derive the formula (6.28) of the one-loop index for hypermultiplets
in an arbitrary representation.

We will do this by generalizing, and also applying in a suitable way, the formula (6.27)
that is valid for the adjoint representation. Let us begin with A" = 2* theory in flat space
which we regard as a dimensional reduction of the super Yang-Mills in ten dimensions. The
group SO(4) that rotates the 5678 directions factorizes into the product of the R-symmetry
group SU(2)r and the flavour symmetry group SU(2)p.

In order to derive (6.28) for complex and real representations, let us take the gauge
group to be U(2). Applying the adjoint formula (6.27) to this case, we find the index’®

6%(1’51—&-1'62) i | =it

o i(a1—a2) —i(a1—az)
()l —ce2) 2 (¢ e ) (1)

where diag(e’@, €¥92) and diag(e™™, e~"™) parametrize the maximal tori of U(2) and SU(2)r
that we denote by U(1); x U(1)2 and U(1)r respectively. Under U(1); x U(1)2 x U(1)p, off-
diagonal fields in the hypermultiplet transform in representations with charges (+1, —1, £1)
and their complex conjugate. The trick is to consider a new N = 2 theory that is ob-
tained by setting all the off-diagonal components of the U(2) adjoint fields in the vector
multiplet to zero, regarding G’ = U(1); as a new gauge group. We also project the hy-
permultiplet fields onto those with charges (+1,—1,41) and their conjugate, and regard

"SWe neglect the terms with zero weights.
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U(1)p = [U(1)2 x U(1)F]diag as a new flavour group. The hypermultiplet index for the new
theory is obtained from (E.1) by keeping the relevant terms:

e%(ifl-i-iag)

©2(1 — eier)(1 — efe2)

(ei&’—im’ +e—i&’+irh’> ’ (E.2)

where @’ = a;, and the Coulomb parameter ds and the original mass parameter /m have
combined into a new mass parameter 7/ = ag—r. Thus we have derived the formula (6.28)
for the spacial case of gauge group U(1) and a single charged hypermultiplet. Noting that a
general complex irreducible representation of an arbitrary gauge group G can be thought of
as embedding G into U(dim R) whose maximal torus is U(1)4™ 7 this U(1) result implies
the formula (6.28) for any complex R.

Similarly any strictly real irreducible representation defines an embedding of G into
SO(dim R) with maximal torus SO(2)[4™%/2l " Noting that the vector representation of
SO(2) ~ U(1) gives the minimal real irreducible representation, the U(1) formula (E.2)
also generalizes to (6.28) for any real representation R.

To treat the case where R is a pseudo-real representation, let us begin with N = 4
theory with gauge group SU(3) and perform a projection as follows. We pick a subgroup
G’ = SU(2) of SU(3) as a new gauge group, and denote its commutant by U(1)". We
parametrize the maximal torus of G’ x U(1) by diag(e'(@+0) ¢i(=a+b) ¢=2iby et us keep
only the vectormultiplet fields for G’. Under the embedding

SU(3) x SU(2)r D SU(2) x U(1)’ x U(1)g (E.3)
where U(1)r is the maximal torus of SU(2)p, the hypermultiplet splits as
(adj, 2) —...D 2+17+1 D 2+17_1 D 2_1’_4.1 &) 2_1’_1 D.... (E4)

We project the hypermultiplets onto 2_1 11 and its conjugate 21 _1. Picking the diagonal
U(1)p = [U(1) x U(1)r]diag, We get half-hypermultiplets in the pseudo-real representation
2 of gauge group SU(2) with flavour symmetry SO(2) ~ U(1)’. This is the minimal case
involving a pseudo-real representation. We can obtain the hypermultiplet index in the
present case by keeping relevant terms in the adjoint formula (6.27):
6%(i51+i52) eim + e_im % % a-Lib iaib Gtib b
_ _ _ e a e* a eza (2 e*’La*Z e*’La (2 elaf’l/ )
(el —eie2) 2 (e + * + +
6%(i51+i52) 6! i’ ia! i’ Y
a m —a m a —1m
— 72(1—ei51)(1—ei52)(6 +e +e +

e—i&/—im/) , (E5)
where the arrow indicates the projection and we have defined /' = m — b. The expres-
sion (E.5) is a special case of (6.28). For any gauge group G, a pseudo-real representation
defines a homomorphism from G to the group Sp(dim R) whose Cartan subalgebra is iso-
morphic to that of Sp(Z)% dim B SU(2)% dimE The Cartan subalgebra of flavour SO(2Ny)
is isomorphic to that of SO(2)" =~ U(1)". Thus this minimal case (E.5) implies the
formula (6.28) for any pseudo-real representation R.

— 71 —



F Singular monopoles and instantons

Solutions of the Bogomolny equations are related to U(1) invariant instantons [14]. Let us
consider a gauge field A in R* ~ C2. We regard the four-dimensional space C? as a U(1)
fibration over R? using the map

(21, 22) = (21,%2)0 <21> =T (F.1)

22

from C? to R®. The right-hand side is invariant under (z1,22) — (e™™z1,e"2). We
will denote this symmetry group by U(1)g. If ¥ is a coordinate of the U(1)x orbits, the
four-dimensional metric is given by

(kégzzgz(de+4x%dw%—wP), (F.2)
where
x = |7 (F.3)
and w is a 1-form on R? such that
2dw = vol(S?) (F.4)

is the volume form on the unit two-sphere.”” In accord with this fibration structure, we
decompose the four-dimensional gauge field as

A=A+ 2(d) +w)®, (F.5)

where A = A;dx' and ® are the connection and a scalar on R3. If we assume that A is
independent of 1, or equivalently invariant under the U(1)x action, the four-dimensional
curvature F = dA+ A A A decomposes as

F=dA+ANA
:F—%@¢+@AD¢+§@%mw%+mMAw¢+m), (F.6)

where F' = dA+AANA and D = d+[A, - | are the three-dimensional curvature and covariant
derivative. Its dual with respect to the four-dimensional metric (F.2) is given by’

kg F = —(x3F) A 2z(dp + w) — x3DP — % (2®vol(S?) + 2zdx A (dp + w)) . (F.7)

""For example, if we take angular parametrization z; = /2 cos ge_w and z; = z'/?sin gew““’, then
w = 2(1 — cosn)de.

"To compute the Hodge star, we need to know the orientation of C? in terms of our coordinates. The
standard orientation of C? corresponds to the sign of the volume form vol(C?) o —dadndpdy in the
angular parametrization. Indeed, at (z,n,p,v) = (1,0,0,0) we have dRez1 D dx,dlmz1 D —di, dRezs D
dn,dlmzs D dip, so vol(C?) o —dxdndpdip. The three-dimensional volume form is vol(R?) = z2 sin ndzdndep.
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Comparing (F.6) and (F.7) we see that the anti-self-duality equations F* = 0 in four
dimensions is equivalent to the Bogomolny equations

F = x3D® (F.8)

in three dimensions. Thus U(1)g-invariant instantons are in a one-to-one correspondence
with solutions of the Bogomolny equations.

To be more precise, we need to specify the boundary conditions we impose in three
and four dimensions. In three dimensions, we require that the Higgs field ® vanishes at
infinity. As we see from (F.5) this is indeed necessary if A at infinity becomes pure gauge
¢ 'dg with g : S — G depending only on the angular directions of C2.

To understand the appropriate boundary condition at the origin, let us consider the
trivial background A = 0 on C?. Let w be a coweight of the gauge group G. We recall
that a coweight is an element of the Lie algebra, and discretely quantized in such a way
that the exponential ¥ is invariant under ¢ — ¢ + 27. A singular gauge transformation
by eB¥ induces a non-trivial field

B
A=eBYePY = —Buw + 2z(dy + w)Q— , (F.9)
x
ie.,
B 9 B

This is precisely the 't Hooft operator background in the transverse directions to the loop.
If we start with a general gauge field, after the singular gauge transformation by eB¥,
the group U(1)x acts as an isometry that shifts ¢ as well as a linear transformation on
the fibers of the gauge bundle. In general, a smooth gauge field on C? in variant under
the U(1)x group action becomes a field configuration in three dimensions that obeys the
boundary condition appropriate for the 't Hooft loop. The linear transformation on the
fiber at the origin encodes the magnetic charge of the 't Hooft operator. In fact, one can
reverse the logic and use this connection with instantons to define the precise boundary
conditions for singular solutions of the Bogomolny equations, which is otherwise difficult to
specify. See for example [22], where this definition of boundary conditions was concretely
used to compute the dimension of the moduli space by suitably applying the index theorem.

G Instanton partition functions for U(IV)

For G = U(N), the localization calculation represents the instanton partition function
Zinst as a sum over the set of the U(1)., x U(1)e, x U(1)N-fixed points on the moduli
space of non-commutative instantons on C2. For each fixed point, we need to compute the
equivariant Euler character of the self-dual complex

D™ 0% @ad(g) B Q' ®ad(g) Q% @ ad(g). (G.1)

Note that we can decompose the complexified spaces of differential forms as Q% ~
00, Q(lc ~ QL0 g Q0L Q(2C+ ~ 020 ¢ Q%0 @ Q%2 where  is the Kihler form. Using
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Hodge duality, we also have the relations Q%2 ~ Q%0 and Q%! ~ Q9. It follows that the
complexification of the self-dual complex (G.1) is isomorphic to the Dolbeault complex

D: 0% ad(g) 2 0% @ ad(g) 2 Q%2 @ ad(g) (G.2)

twisted by Q%0 @ Q29 The index of the self-dual complex (G.1) differs from the index
of the Dolbeault complex (G.2) by a factor accounting for complexification, and another
computing the weights of the toric U(1), x U(1), action on the fiber of Q%0 @ Q2?9 at the
origin:

1+t

ind(D¥™) = ind(D) . (G.3)

Mathematically it is sometimes more convenient to consider the torsion free sheaves,
which are known to be in a one-to-one correspondence with non-commutative instantons.
Deformations of the torsion free sheaves are captured by the Dolbeault complex (G.2).
Each fixed point is labeled by an N-tuple of Young diagrams Y = (Y1,...,Yy). Each
partition Y, defines an ideal sheaf of rank one & in the standard way [36]. Let Vy be
the space of holomorphic sections of &. For Y = (A} > Ag--- > )\/\/1), where \; and
A; are the number of squares in the i-th column and row respectively, the basis of Vy is
given by monomials zi_lzg_l for all (7,7) such that j > A;. (The counting of squares in
each Young diagram starts from (i,7) = (1,1)). In other words the basis in the Vy is
enumerated by the squares outside of the Young diagram Y. Each basis element zi_lzg_l
generates an eigenspace of the torus 7' = U(1),, x U(1)., with eigenvalue ti_ité_j , where

(t1,t2) = (€1, e2). Therefore the character of Vy as a U(1),, x U(1),-module is

. ) 1
_ 1—iy =7
ch(Vy) = E by g = (1— t_l)(l _ t—l)
(i,4) &Y 1 2

—x(Y), (G4)

where
X(Y)= > 7 (G.5)
(4,5)eYy
We also have
XY)y= > (G.6)
(i,5)eYy
For each fixed point Y we need to compute the equivariant index of the twisted
Dolbeault complex (G.2) in the background of the connection defined by Y. Since
ad(g) = N®N where N is the fundamental representation, the adjoint-valued cohomology
space of D is the tensor product of the Vy and Vy modules over the ring of holomorphic
functions. Hence

ind(D) = ch(Vyf @0 Vi) = ch(Vif)ch(Vi ) /ch(O%)

N 1 . 1
- Z S lsj ((1 — tl)(l — tg) - X (1/1>) ((1 - tl—l)(l B t;l) - X(Y})> (1 - tl)(l - t2)

ij=1
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where s; = e'®. We can extract the common infinite part independent of Y

N

_ 1
ind(D)1.100p = sits; — — (G.8)
Z_l SRR ()
and denote the remainder in (G.7) by ind(D)inst:
ind(D) =: ind(D)1-100p + Ind(D )inst - (G.9)

To convert the index (Chern character) ind(DY™) to the fluctuation determinant (Euler
character), we need to expand in powers of (¢1, t2) and take the product of weights according
to the rule

anew“(gl’”’d) — Hwa<€17€27 a)‘e. (G.10)
(03 (0%

Notice that ind(D) and t;'t,'ind(D) in (G.3) are exchanged by (e1,e2,a) —
(—&1,—€2,—a). For the common one-loop factor Zj.joop at the north pole, it is impor-
tant to use

14ttt

ind(DY™)1-100p = 5

ind(D)1100p » (G.11)
rather than ind(ﬁ)l_loop, before expanding in positive powers of t1,ts as we did in sec-
tion 6.7 For the finite instanton part Zi,s computed by the rule (G.10), however, the
result obtained from

T+t
4_{_; 2 ind(D)inst (G12)

ind(D"™)inst =
is identical to the result from ind(D)ins; because the signs that appear from (e1,e2,a) —
(—e1, —€2,—a) cancel out in the product. Thus the instanton partition function can be
computed either from the self-dual complex or the Dolbeault complex.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License which permits any use, distribution and reproduction in any medium,
provided the original author(s) and source are credited.
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