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ABSTRACT: We search for stable bound states of non-extremal rotating three-charge black
holes in five dimensions (Cvetic-Youm black holes) and supertubes. We do this by studying
the potential of supertube probes in the non-extremal black hole background and find that
generically the marginally bound state of the supersymmetric limit becomes metastable and
disappears with non-extremality (higher temperature). However near extremality there is
a range of parameters allowing for stable bound states, which have lower energy than
the supertube-black hole merger. Angular momentum is crucial for this effect. We use
this setup in the D1-D5 decoupling limit to map a thermodynamic instability of the CFT
(a new phase which is entropically dominant over the black hole phase) to a tunneling
instability of the black hole towards the supertube-black hole bound state. This generalizes
the results of [1], which mapped an entropy enigma in the bulk to the dual CFT in a
supersymmetric setup.
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1 Introduction

In gravitational physics there are examples where thermodynamic instabilities lead to dy-
namical instabilities. These include the Penrose process, superradiance [2-7] and the Gre-
gory Laflamme instability [8, 9]. In the Penrose process, a particle falling into a rotating
black hole splits just outside the horizon with one part falling into the horizon and the other
going off to infinity. The outgoing part has more energy and angular momentum than the
infalling particle, reducing the angular momentum of the black hole. Superradiance is the
wave analogue of the Penrose process where a wave scattering off a rotating black hole is
reflected with a larger amplitude. These processes signal a thermodynamical instability, in
the sense that the entropy of the black hole increases in the process. In addition, it was
shown in [10, 11] that, for certain three charge black holes in string theory, during superra-
diance there is an increase in the dual field theory entropy. Gregory and Laflamme showed
that in the presence of a compact direction, on the one hand, a black string wrapping
the compact direction is favored entropically for small radius while a black hole is favored
for large radius and that on the other hand black strings develop a dynamical instability
when the radius is above a threshold radius (‘Gregory-Laflamme instability’). In [12] it
was shown that when a dual field theory can be defined, the Gregory-Laflamme instability
maps to a thermodynamic instability in the field theory. These examples suggest that
thermodynamic instabilities lead to dynamics in gravitational physics.!

The purpose of this paper is to study a similar phenomenon in the background of the
five-dimensional non-extremal rotating black hole (Cvetic-Youm black hole [14]), by study-
ing the potential of probe supertubes in the Cvetic-Youm background. We show that, near
extremality, the supertube can form a bound state with the black hole. This state can be
either metastable or stable (higher or lower energy than the state where the supertube sits
at the black hole horizon).

The first motivation of this paper is to understand the nature of the instability of [1] in
the non-extremal context. In that article, a supersymmetric thermodynamic instability of
field theory was mapped to a supersymmetric thermodynamic instability in the dual bulk.
The instability in the bulk corresponds to a bound state of a supertube and the supersym-
metric five-dimensional rotating three charge black hole (BMPV [15]) being entropically
favored over a single BMPV black hole when the angular momentum of the black hole

LA recent proposal by Verlinde [13] goes one step further and states that all gravitational force is in fact
of an entropic nature.



is large. However, since the supersymmetric black hole and the supersymmetric bound
state have the same energy, the thermodynamic instability does not imply that the highly
rotating black hole would emit a supertube: there is no dynamical instability.

The situation for non-extremal rotating black holes promises to be more interesting. As
different configurations can have different energies in addition to having different entropies,
a thermodynamic instability of the field theory should map to a dynamical instability on
the bulk side.? Motivated by the results of [1] we conjecture that there is such a process
of Penrose/superradiance type for the emission of supertubes from rotating non-extremal
black holes. Verifying this claim involves studying non-extremal multi-center solutions.
Even though many powerful techniques exist for the construction of supersymmetric multi-
centered black hole solutions [16-25], and recent remarkable progress has also been made
in construction techniques for multi-centered non-supersymmetric but still extremal solu-
tions [26-34], there are no generic fully backreacted multi-centered non-extremal solutions
known, so we have to rely on the probe limit to study them.® In this paper, we find ev-
idence for a Penrose-type process for supertubes in the background of the non-extremal
rotating Cvetic-Youm black hole, from the (static) analysis of probe supertubes.

There is also a second motivation for studying probe supertubes in non-extremal back-
grounds. They are a step towards a better understanding of general, non-extremal multi-
center black hole solutions. It is of importance to construct multi-center configurations,
both for their intrinsic value as basic solutions in supergravity, as for the important role they
play in the fuzzball proposal and its solution to the information loss problem (see [11, 40—
44] for reviews and references). A lot of features can already be understood from treating
one or more centers as probes. For instance, for supersymmetric multi-centered solutions,
many interesting results were first observed in the probe limit. This led to the development
of a rich literature on fully backreacted supersymmetric and non-supersymmetric extremal
solutions [16]—[34] and new interesting phenomena. The next natural line of investigation
is the status of multi-centered non-extremal solutions. As a first step, one can treat one
center as a probe in a multi-center background close to extremality. One expects that
at least metastable multi-center bound states should exist, as small deformation of the
known BPS and non-BPS extremal multi-center solutions. For recent work along these
lines see [45, 46].*

We derive two main results in this paper. First, we prove that in a non-extremal
Cvetic-Youm black hole background probe supertubes can form both metastable and sta-
ble bound states with the black hole. It is the angular momentum interaction between
supertube and background that provides the necessary repulsive force that allows for sta-
ble bound states. The Cvetic-Youm black hole can have two independent angular momenta;

2In this article the instabilities we find always involve a supertube tunneling through a barrier and thus
the dynamic instabilities are quantum mechanical.

3The only non-extremal multi-center fuzzball solutions known so far are the JMaRT [35-37] and the
running-Bolt [38, 39] solutions. These are very special, non-generic solutions.

“In [46], supertube probes are considered in supersymmetric multi-center backgrounds with incompatible
supersymmetries, such that the total configuration is non-extremal. The authors of [45] treat brane probes
in a four-dimensional non-extremal D0-D4 black hole background.



we find stable and metastable bound states both when the tube and the black hole rotate
in the same plane and when they rotate in orthogonal planes. Second, in the D1-D5-P
frame, we consider the D1-D5 near horizon limit. For small non-extremal excitations of
the third charge (P), we again find metastable and stable bound states. We show that the
stable bound states have a natural intepretation in the D1-D5 orbifold CF'T, describing a
new phase which is entropically dominant over the non-extremal black hole phase.

Finally, we discuss the organization of this paper. In section 2 we recall the non-
extremal rotating three charge black hole solution in the M-theory frame and give the
Hamiltonian of a probe supertube in this background. In section 3 we find the minima of
the potential. We show that the marginally stable bound states of the supersymmetric limit
generically lift and become unstable. Near extremality however, there are both metastable
and stable bound states. We study in detail the effect of energy above extremality and of
the charges and angular momenta on the existence of the bound states. In section 4, we
consider the background in the D1-D5-P frame and analyze the supertube potential in the
D1-D5 decoupling limit. We then analyze the phase diagrams in the AdS and the CFT and
compare the results, with emphasis on the interpretation of the new phase. In section 5
we discuss our results and give future directions for research. There are several clarifying
appendices. In appendix A, we give our notations and conventions, in appendix B we
derive the Hamiltonian in detail. In appendix C, we give a short discussion of the D1-D5
CFT and appendix D contains a comparison to the setup of [45].

Note. After the main results of this work were obtained, the preprint [45] appeared,
whose results our similar to ours. Both results were found independently. In [45], four-
dimensional static backgrounds are considered that lift to non-rotating black holes in five
dimensions using the 4D /5D connection. A lot of qualitative features are similar. The
differences are that we consider smooth probes and allow for angular momenta; the nature
of the repulsive forces responsible for the stable bound states differs in the two approaches.
Also, our treatment makes it possible to map the results to the D1-D5 system.

2 Supertubes in non-extremal black hole background

We want to discuss the physics of supertubes in the background of the five-dimensional
non-extremal three charge Cvetic-Youm black hole. First we discuss the background in
the M-theory frame and then we give the Hamiltonian for a supertube in this background.
The treatment of the minima of the Hamiltonian is deferred to section 3.

2.1 Cvetic-Youm black hole in M-theory

The Cvetic-Youm black hole [14, 47, 48] is a non-extremal, rotating three charge black hole
of five dimensional supergravity. It has two angular momenta, in two independent planes in
R*. We give the solution in the M-theory frame where it arises from a 7% compactification.
The three charges come from M2 branes wrapped on three orthogonal T2’s inside 7.



The solution depends on six parameters: a mass parameter m, three ‘boosts’ §; related
to the charges and angular momentum parameters ay, as. The metric and gauge field are

3
Z
dst) = —Z Hp(dt + k)* + Zdsj + Edﬁ ,
=1

3
A3 =Y AP nwr, AD = coth(6;)H, ' (dt + k) + BY) — coth(5p)dt,  (2.1)
I=1

where Z = (H1H2H3)1/3, ds% and wy are the flat metric and volume form on the I'*? torus
and the pure gauge term coth(d7)dt in the gauge field was subtracted to make sure the
electric potential dies off at spatial infinity. The rotation one-form k& and magnetic parts
B of the gauge fields are

m C1C2C3

k= 7 H (a1 cos? 0 dip + as sin® 0 do) + s15253(as cos® 0 dyp + ay sin® 0 de)| ,
BWU — f% CICK (a1 cos2 0 dy + as sin? 0do) , (2.2)
m ST

with I, J, K all different and we write
¢y = coshdy, sy =sinhdy. (2.3)

The solution is built from the functions

2
H1:1+%, Hmzl—%, f=r>4a2sin?0 + a3 cos® 6. (2.4)
The four-dimensional metric is
2 f7"2 2 2 2 2 2 2
dsi = Tdr + f(d6” + sin® 0 dp= + cos” 0 dip®)
+H, (a1 cos® O dip 4 ag sin® 0dg)? — (ag cos? 0 dip + ay sin® 0 dg)?
g= (" +a)(r? +ad) —mr?=(? —r2)(r? —r2). (2.5)

The roots of the function g(r) give the radial position of the inner and outer horizon of the
black hole:

1 2
(re)? = 3 <m —a?—a3+ \/(m —a} —a3)” - 4a%a%) . (2.6)

2

In order for the surface r* = ri to be null and describe an event horizon, one needs to

impose m > (|a1| + |az|)?, with equality for an extremal black hole [35].
The ADM mass, electric charges and angular momenta of the black hole are

m
Mapy = 5 Zcosh 2071, Jy = —m(a1cicacs — a2515253)
I
m .
Q[ = 5 sinh 25[ s J¢ = —m(a2616263 - a1515253) 5

where we have set G5 = 7 as discussed in appendix A.



Figure 1. Supertube embedded around a black hole.

There are two extremal limits. The supersymmetric extremal limit is m,a;, a2 — 0
and |07 — oo while keeping fixed the charges @) and ratios a;/y/m. The four-dimensional
base space becomes flat and one recovers the supersymmetric rotating three-charge BMPV
black hole [15] with Mapar = 3, |Q1]. The non-supersymmetric extremal limit is obtained
by putting m = (|a1| + |az2|)? and has Mapar > > ; |Q;|. This is the ‘ergo-cold’ black hole
studied in [10].

2.2 Supertube Hamiltonian

We want to investigate the dynamics of supertubes in the non-extremal black hole back-
ground. A supertube is a brane configuration with two monopole brane charges, a dipole
brane charge and angular momentum, that (locally) preserves eight supersymmetries [49—
51]. We consider supertubes with the two charges ¢; and g2 corresponding to M2 branes on
the first two 7%’s.5 The dipole charge, which we call d3, is an M5 brane along those two T?2’s
and along a one-cycle in the four-dimensional base which we parameterize by an angular
coordinate « as shown in figure 1 and two constants by, bs describing its embedding as

Y=ba, ¢=Dha. (2.8)

Because the M5 brane wraps a contractible cycle, the supertube carries no net M5 charge
but an M5 dipole moment. The angular momentum of the tube is related to the other
charges as

jtube _ bqut/,Ube + ij;ube — % . (29)

The Hamiltonian for a supertube probe can be obtained from its DBI/WZ action. For
details, see appendix B, where the calculation is performed in a specific ten-dimensional
duality frame.

The Hamiltonian is

> =

1 \/HmH1H2H3g((1402 -9 2H1H2Hgg¢(;2 - Hmkgé -9 2H1H2H3gc()jlcz - Hmkgé
T qi +d3 ) 3 +ds P
|d3| Hngﬂgggloz — Hp, k2 Hj Hi

5We use lower case for probe charges, upper case for background charges.



1 H,, ke 1
G142 — coth (51 — — coth 52 —— — — coth d7 coth d9
3 H, Hy Hagll) — Hyok? }{1 1¥2 ds 1¥11¥2
m Q3
B thé th & 2.10
deng )+ co 1 g1 + cothos g2, ( )

where k., g((j‘oz, B&‘g) are the pullbacks of the rotation one form, the four-dimensional metric
and the third magnetic field on the supertube worldvolume. The charges appear through
the shifted quantities

ii=q—dsAY, G =q—dAD, (2.11)

where Ag) are the pullbacks of the gauge fields on the supertube worldvolume.

We discuss two interesting limits of the background to understand the various terms.
In the flat space limit, the second and third lines in (2.10) vanish and the first line gives
the Hamiltonian of a supertube in flat space Hf;q; = l/R\/q% + R? \/qg + R?, where R is
the radius of the supertube. This term is like a position-dependent mass term. It stops

the supertube from flying away to infinity due to the tension of the dipole M5 brane and
also contains a centrifugal barrier for smaller radius. These two stabilize the supertube.

In the supersymmetric limit, the first term in the last line drops out and one recovers
a special case of [46], where the supertube Hamiltonian was computed in a general super-
symmetric three-charge background. In this limit, coth §; = coth do = 1 and one can prove
that the Hamiltonian is always greater than the sum of the charges, with H = ¢q1 + g2
only for supersymmetric minima. In particular, we recover the physics of supertubes in a
BMPYV background described previously in [52, 53].

The only new term appearing in the Hamiltonian in the non-extremal background is
the first one in the third line. This comes from the background magnetic gauge field. All
other terms are the direct generalization of the corresponding terms in the supersymmetric
BMPV background. We thus expect that at least close to supersymmetric extremality
(small m, a1, ag; large dr) we see similar physics as for the supersymmetric background. In
particular, we anticipate the existence of (meta)stable bound states outside the black hole
horizon. This intuition is confirmed in the next section.

3 Minima of the potential and bound states

In this section we wish to treat in depth the physics of supertubes in the Cvetic-Youm
background. To that end we discuss the possible minima of the supertube potential. First,
we concentrate on the supersymmetric limit and confirm results of [52, 53] for supertubes
in the BMPV background. In particular, we see that there is the possibility of having a
supersymmetric configuration where the supertube settles outside the black hole horizon.
Afterwards, we concentrate on the non-extremal background. We see that for the near-
extremal black hole, depending on the orientation of the angular momentum of the back-
ground vs. that of the supertube, the configuration can either become stable, or metastable
(having respectively lower or higher energy than when the tube falls to the horizon). Far
away from extremality all minima of the Hamiltonian are lifted and the tube falls into



the black hole. To get insight in the origin of the stable and metastable bound states, we
discuss the effects of the various interactions (due to gravity, angular momenta, electric
charges etc.) on general near-extremal configurations. We see that angular momentum is
necessary in giving the repulsive force that accounts for stable bound states.

To scan the effects of the various interactions on the existence of bound states in this
section, we choose a ‘passive’ point of view. We take positive supertube charges qi, g2 and
only one unit of dipole charge viz. d3 = 1. We also assume that the supertube wraps the
1 direction only while being in the # = 0 plane

bh=1, by=0, 6=0, (3.1)

and that the angular momentum for the tube is positive. We thus have Jq‘z}ube =qiq2/d3 >0
and J;)ube = 0. In this section, we let the background charges and angular momentum vary
(both in amplitude and orientation).

In all the plots in this section we choose the radial coordinate on the horizontal axis

PP =r?— ri , (3.2)

so it goes to zero at the horizon. The vertical axis measures the potential above its horizon
value

H(p) =H(p) —H(p=0). (3.3)
Note that near-extremality, where most interesting physics happens, the probe approxima-
tion is only valid when g1 + g2 < Mapwm, so we restrict to relatively small tube charges.

3.1 Supersymmetric background

We consider the supersymmetric limit of the Cvetic-Youm black hole (2.1). The geometry
becomes the five-dimensional rotating supersymmetric BMPV black hole [15] with ADM
mass Mapy = Q1 + Q2 + @3 and self-dual angular momentum J, = —Jg = J and the
four-dimensional metric is just flat space.”

The potential for a supertube in a generic supersymmetric three-charge background,
of which the BMPV background is a special case, was recently discussed in [46]. Because
of supersymmetry, everything can be described analytically and the probe approximation
captures all the physics of the fully back-reacted solution [54].

At the supersymmetric minimum, the potential is equal to the sum of the charges
H = q1 + q2. For the BMPV background, one finds that the supersymmetric minimum of
the tube potential is given implicitly as q1q2/d3 = Hgggg [46, 54]. For the embedding (3.1)
and d3 = 1, this determines the supertube position r = r, as

P =qq— Q3. (3.4)

A non-trivial supersymmetric minimum only occurs when the right-hand side is positive.
Note that the third charge Q3 is the only background information in this equation: the

SFixing ds = 1 does not affect the physics, as the Hamiltonian scales linearly in all the probe charges
q1,q2,ds , see appendix B.4.
"We choose the supersymmetric limit with m, a1, a2 — 07, 6 — 400 while keeping Qr, m/\/a; fixed.



0.08 -

0.035F I — i
0.030 — J=6, Q3=0.1 1
0025 J=18. 0 =1 ooer
0020¢ 0.04]
0.015F
0010 £ 002
0.005 [ /\ I
05 10 15 p 05 ) 5 p
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Figure 2. The supertube Hamiltonian in the supersymmetric rotating black hole background. The
tube wraps the ¥-direction and has rotation in that plane only. Furthermore, we have chosen the
background and supertube charges (Q1,Q2) = (30,20), (¢1,92) = (1.5,1.3). The third background
charge @3 and the angular momentum J are varied in the plots to show their effects. On the left,
examples of bound states. Varying Q)3 shifts the radial position of the minimum, while the relative
orientation of background and tube angular momenta affects the height of the potential barrier
(red vs. blue curve). The barrier is highest when they rotate in the same direction (Jy > 0). On
the right we plot a representative case for which no bound state exists.

values of the other charges (Q1, Q)2 and the angular momentum J do not affect the position
of the bound state. These other background parameters, however, do determine the height
of the potential barrier, through the electrostatic and angular momentum interactions be-
tween the background and the tube. These features are illustrated in figure 2.

From figure 2 we see that when the supertube angular momentum is aligned with that
of the black hole (Jy > 0) the barrier is higher than when they are opposite in direction
(Jy < 0). This suggests that like angular momenta repel while opposite angular momenta
attract. However, the bound state with the supertube at r = r, and the state where the
black hole has merged with the supertube at » = 0 have the same energy independent of
the sign of .J;. Thus from the point of view of the minima of the potential alone, we cannot
answer any questions about stability.

3.2 Effect of adding mass: near extremal and far from extremality

We consider the effects of going away from extremality. At fixed charges and angular
momenta of the background, this is achieved by taking the parameter m greater than zero:
Therefore, for larger m the supertube probe will feel a stronger gravitational pull. We thus
expect that for large m the supertube potential will lift completely as the gravitational
force dominates over all repulsive contributions. However for small m the behavior is more
interesting: we observe both metastable bound states (positive energy) and stable ones
(negative energy). The effect of increasing m is illustrated in figure 3.

The charges and angular momenta of the examples in figure 3 are the same as those
used for the supersymmetric BMPV limit in figure 2; when m = 0, we reproduce the latter
figure. For small m (figure 3a), bound states persist. Again, like angular momenta of
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Figure 3. The supertube Hamiltonian in the non-supersymmetric rotating black hole background.
The fixed background charges are (Q1, @Q2) = (30, 20) and supertube charges are (¢1,¢2) = (1.5,1.3).
On the left, 3 choices of background and probe parameters near extremality (m = 0.01). On the
right, the same system farther away from extremality (m = 0.9). All plotted examples in this
figure have the same parameters as those in figure 2a (we again took self-dual angular momenta
J = Jy = —Jy); hence figure 2a gives the supersymmetric limit (m = 0) of these configurations.
Near extremality, curves for supertubes corotating with the black hole (J; > 0) have their bound
states becoming stable while curves for supertubes anti-rotating with the black hole (J; < 0)
have their bound states becoming metastable. Far from extremality all the curves lift due to the
dominating gravitational pull and there are no bound states.

supertube and background (Jy > 0) repel and opposite angular momenta (Jy, < 0) give an
attractive force, but now they not only determine the height of the potenital barrier, but
also the energy of the bound state. When the tube and the background rotate in opposite
directions (Jy < 0), the energy of the bound state is raised and it becomes metastable.
When the tube and the black hole rotate in the same direction (Jy > 0), the energy of the
bound state is lowered and for m small, there can be a stable state. Raising m further has
the effect of lifting the energy of all the states, and far from extremality all bound states
disappear from the spectrum, see figure 3b.

3.3 Effects of angular momentum

We have seen that near extremality the supertube can form a metastable or stable bound
state with the black hole. For the rest of this section we stay near extremality and investi-
gate what the effects of the angular momentum-induced interactions are on the dynamics
of the probe supertube.

First we prove that when the background has no rotation (Jy = Jys = 0), there are no
stable bound states possible. We then show, in examples, that there are again metastable
and stable bound states when angular momentum is turned on, both when the supertube
rotates in the same plane as the black hole and when it rotates in the orthogonal plane.



3.3.1 No angular momentum, no stable bound states

We prove that when the background has Jy = Jy = 0, the minimum of the potential has
a higher energy than at the horizon:

H=H-H|_,>0, (3.5)

and there can only be metastable bound states.
The Hamiltonian (2.10) in the non-rotating CY background is

QEH_H’p:O: V Hm(H1+H2)7 (36)

with the definitions

R2 1 q2q2
Hy = 4| d> + 52+ + 4,
\/ 0 " & R

Ho = —/ Hp, <tanh51;]111 —l—tanhéglc_z) ,
R? = H{HyHsg%) . (3.7)

It is enough to focus on the case where the electric charges of the supertube and the back-
ground have the same orientation (drqr > 0) because then the electric repulsion is strongest
(both terms in H2 give a negative contribution).

Consider the combination:

Hy = — <I‘§1 + I‘%) : (3.8)
We find
Y 7142 R\’
) - (P = (B - (5.9)
Since Hy > 0, it follows that also
Hi+Ha > 0. (3.10)

Furthermore, because H,, < 1,|tanhd;| < 1, we have that |H2| < H2. Combined
with (3.10), this gives that

H = \/Hn(H1+Hs) > 0. (3.11)
Equality can only be obtained in the supersymmetric limit (H,, = 1,|tanhd;| = 1):
ﬂsusy = Hiusy + H;usy > 0, (312)

with equality when % — HFHQ =0, or qgiqo = Hgg(()flo)é, the susy supertube radius relation.

In conclusion, we see that one needs a non-zero background angular momentum to
allow for stable black hole-supertube bound states (with # < 0).

~10 -
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Figure 4. The black hole and the supertube rotating in the same plane. The four-dimensional
space is spanned by four cartesian coordinates xp,x2,x3,x4. In this figure, the black hole has
rotation in the x1, x2 plane and so does the supertube. In (a) the tube rotates in the same direction
as the black hole while in (b) the tube rotates in the opposite direction to the black hole.
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(a) Rotation in same plane (Jy = 0). (b) Rotation in orthogonal planes (Jy = 0).

Figure 5. Effects of relative orientation of angular momenta on the probe potential. The
background has charges (Q1, @2, @3) = (20,20,0.1). The tube has charges (g1, ¢2) = (1.5,1.5). On
the left, J4 = 0; tube and background rotate in the same plane. This plot shows that increasing
Jy lowers the energy of the minimum. For sufficiently large .J,, there are stable bound states. On
the right J,, = 0; the supertube and black hole rotate in orthogonal planes. Again the potential,
and the value of the mininum, go down with increasing J.

3.3.2 Black hole and supertube rotating in the same plane

We consider a background with J, = 0. Since we took J;ube = 0, this means that the
supertube and the black hole rotate in the same plane. See figure 4 for a pictorial represen-
tation. The strength of the interaction between the angular momenta of the background
and the tube determines the stability of the bound state when we keep all other charges
fixed. As we noticed before, the relative sign of .J;, and the tube angular momentum is
important. By choosing the same orientation and Jy large enough, the bound state can
become stable, see figure 5a.

- 11 -



T T3, T4

o1

(a) Projection on z1,x2 plane (b) Projection on x3,x4 plane

Figure 6. We visualize a black hole with rotation in the x1, 22 plane and a supertube rotating in
the x3, 4 plane. On the left, we project on the plane of rotation of the black hole; the supertube is
a point on the vertical axis which represents the orthogonal plane. On the right, we project on the
plane of rotation of the supertube. In both figures the black hole is a pointlike obect in the origin.

3.3.3 Black hole and supertube rotating in orthogonal planes

When J, = 0, the supertube rotates in a plane orthogonal to the rotational plane of the
black hole. Again, the sign and magnitude of J, determines (meta)stability of the bound
state. We observe that when J, < 0 and large, the bound state becomes stable.

This might come as as suprise, as one would expect that, since the tube and black hole
rotate in orthogonal planes, the sign of J; would not matter. The reason of the seeming in-
consistency is that Jg — —Jy is not a symmetry of the Cvetic-Youm background. Rather,
one should consider the discrete transformation (Jg, Q3) — (—Jg, —Q3) (see section B.4),
which leaves the supertube Hamiltonian invariant. In this sense, we can restrict to Jy > 0
and attribute the origin of the bound states to a combined effect in ()3 and J;. We come
back to this below.

3.4 Effects of electric charges

Here we study the effect of varying the electric charges on the existence and stability of
bound states. Since the tube only has electric charges ¢1, g2 along the first two tori we
consider the two physically distinct possibilities: varying the third background charge @3,
and varying the background charges 1, Q2.

We first vary (3. When the supertube rotation is in the same plane as the black hole’s
(Jg = 0), we have the results in figure 7a. This situation has a Q3 — —Q3 symmetry as
we would expect. The effect of increasing |@s| in the case of both stable and metastable
states is to lower the curve and therefore the minima, and to shift the radial position of
the minimum towards the horizon.

The results of changing the third charge when the tube angular momentum is orthog-
onal to that of the black hole (Jy, = 0) are plotted in 7b. As discussed before, the potential
has a (@3, Jy) = (—Q3, —Jy) symmetry. We see that when Q3J, < 0 then increasing |Q3|
raises the minima while when @3J4 > 0 then increasing |Q3| lowers the minima. There
can only be stable bound states for Q3.Jy > 0, |Q3.J4| large enough.
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(a) Changing |Q3| with Js = 0. (b) Changing Q3 with Jy = 0.

Figure 7. Effects on the supertube potential of changing the third background charge. The fixed
background charges are (Q1, @Q2) = (20, 20) and the supertube charges are (¢1,¢2) = (1.5,1.5). The
first figure is with Jy = 0 and |Jy| = 3 (i.e. with the supertube and the black hole rotating in the
same plane). The dashed curves have Jy, < 0, the connected curves Jy, > 0. The effect of increasing
|Q3]| is to lower the minima. The second figure is with Jy = 0 and |Jg| = 3 (i.e. with the supertube
and the black hole rotating in orthogonal planes). When @Q3J4 < 0 the minimum is raised while
when @3J4 > 0 the minimum is lowered.

Finally, we study the impact of the background charges @)1, @2 on the supertube po-
tential. There are two effects at play. When (Q1,@Q2) have the same sign as respectively
(g1, q2) then increasing the magnitude of the background charges @1 or @2, reduces the
overall amplitude of the potential. This is shown by varying (Js in figure 8a. Again, we only
find bound states when the angular momenta of tube and black hole are aligned; they only
appear for Q2 small enough. The second effect has to do with the relative orientation of the
charges of the black hole and those of the supertube, see figure 8b. When (@1, Q2) have the
same sign as respectively (qi1,g2), the electrostatic repulsion is maximal and bound states
can appear. When one or both of the pairs (Q1,¢1), (Q2,¢2) have opposite orientation,
attractive forces dominate and there are no bound states.

3.5 Conclusions

We find that near-extremality (m small), bound states where the supertube settles at a
certain radius from the black hole, are possible. Because of the large parameter space,®
we have focused on a qualitative treatment of these bound states. With various plots, we
have scanned the parameter space and found that for the bound states to exist, the electric
charges of the probe ¢, g2 need to be oriented along )1, Q2 of the background, and one
needs Q3 small enough. Also, to a large extent it is (J3 which determines the radial position
of the supertube. These features are similar to those for supertubes in the supersymmetric

BMPYV limit of the background.

8There are three background charges Q;, two independent angular momenta Jy, Js, energy above ex-
tremality, proportional to m, and three independent probe charges ds, q1,q2. There are two continuous
scaling symmetries (section B.4), such that we effectively have a 7-dimensional parameter space.
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Figure 8. Effects on the supertube potential of changing the first and second background charge. In
both cases, the charges of the probe are (g1, ¢2) = (1.5, 1.5). The figure on the left shows the effect of
changing Q2. It has fixed charge (Q1, @3, |Jyl, J») = (20,0.1,2,0) The dotted lines have Jy, < 0, the
connected lines Jy, > 0. We see the effect of increasing (2 in both cases is to reduce the overall ampli-
tude of the potential, leading to bound states only when tube and black hole rotate in the same direc-
tion (Jy > 0). The figure on the right has fixed background charges are (Qs, Jy, Jg) = (.1,2,0) . It
shows the effect of the relative orientation of the tube and background charges. We see that a stable
state for Q1 > 0,Q2 > 0 is no longer a bound state when at least one of these charges changes sign.

New features compared to the supersymmetric limit are that near extremality a bound
state can become metastable (positive energy) or stable (negative energy), where we nor-
malized the energy to zero at the horizon. Whether a bound state is stable or metastable,
depends mainly on the angular momentum interaction. We considered black holes with
rotation in one plane. For a supertube rotating in the same plane as the black hole, the
orientation determines stability. When the angular momenta are anti-aligned, there can be
only metastable states. When they point in the same direction, the repulsive centrifugal
force brings down the energy of the minimum and for large enough background angular
momentum, the bound state can become stable. For the supertube and the black hole ro-
tating in orthogonal planes, also the interaction with Q3 plays a role, on top of the angular
momentum J of the black hole. When @Q3J < 0, we have only metastable bound states,
when Q3J > 0, stable states are possible when this combination is large enough.

When a metastable supertube-black hole bound state exists, it is important to under-
stand what the configuration where the tube sits at the black hole horizon corresponds to
(‘merger’ of the supertube and the black hole). The merger describes the end state of the
decay of the bound state and should be a well-defined (black) object. In particular, pushing
a metastable supertube in the black hole should not make it possible to overspin the black
hole. Similarly, when a stable supertube-black hole bound state exists, it is important to
understand when it is the final state of a process where a supertube pops out of a rotating
black hole and when it cannot be understood in this way. These questions require a better
understanding of the phase diagrams; we leave them to future work.
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4 Decoupling limit

In this section, we turn to a frame where the three background charges describe a D1-D5-P
system. We find a thermodynamic instability in the D1-D5 CF'T along the lines of the one
found in [1]. Unlike [1], we consider a non-supersymmetric instability. We also give the
supertube potential in the appropriate decoupling limit of the Cvetic-Youm geometry that
is dual to the D1-D5 CFT and we find that the rich physics of metastable and stable bound
states survives the decoupling limit. The main purpose of this section is to discuss in detail
the regions in parameter space where (meta)stable bound states exist in the D1-D5 CFT
and in the bulk and to show how the thermodynamic instability in the CF'T maps to the
existence of stable bound states in the bulk, signaling a dynamic instability of the black hole.

4.1 Background and motivation
4.1.1 Motivation

In [1] a supersymmetric thermodynamic instability in the bulk was mapped to a supersym-
metric thermodynamic instability in the dual CFT. The setup in [1] was similar to the one
being studied in the current paper but in addition it was supersymmetric. Supersymmetry
allowed the study of fully back-reacted supertubes in the presence of BMPYV black holes,”
using the known construction of multi-center BPS solutions.

It was found that in the bulk, supertubes can coexist with the BMPV black hole
near the cosmic censorship bound |Q1Q2Q3| — J? > 0.19 In a small region, very close to
this bound, the bound state of supertube and BMPYV is entropically dominant over just a
BMPYV. This bound state also exists for charges that do not obey the cosmic censorship
bound (and for which there is no BMPV black hole), all the way to the unitarity bound,
which is a bound on the maximum rotation for a given mass coming from the dual D1-D5
CFT. This is shown in figure 9a. In the dual CFT this thermodynamic instability mani-
fested itself as the long string sector being entropically dominant far away from the cosmic
censorship bound while a sector with one long string and a short string condensate comes
into existence and dominates entropically close to the cosmic censorship bound.!! Beyond
the cosmic censorship bound, the long string phase ceases to exist and the long string plus
short string condensate dominates all the way to the unitarity bound. This is shown in
figure 9b. One finds that the phase boundaries map and the supertube-black hole bound
state is identified with the long string-short string condensate. Note that the entropy of
the bulk configurations is smaller than that of the CFT phases, which indicates that some
of the CFT states are lifted at strong coupling.

Since for a supersymmetric bound state the energy is exactly the sum of the energy of
the constituents, there is no binding energy and the thermodynamic instability does not
imply that a highly rotating BMPV would dynamically expel a supertube, as it cannot

lower its energy.'?

9The BMPV black hole [15] is the supersymmetric limit of the non-extremal Cvetic-Youm black hole.
10 Absence of naked closed causal curves requires |Q1Q2Q3| — J* > 0.

1See section 4.1.2 for some more explanation of the effective string picture of the CFT.

121 [18, 53] this system was studied in the probe limit and indeed this lack of instability showed up as
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(a) Phases in the bulk. (b) Phases in the CFT.

Figure 9. Existence and entropy of the new phase found in [1] and the single BMPV phase in
the (j,ns)-plane, where j is proportional to the angular momentum of the black hole and n3 to
its electric charge Q3, see eq. (4.2) below. In the bulk (left) the supertube and BMPV phase
can co-exist with the BMPV in the orange region but has smaller entropy. In the green region
the supertube and BMPV is entropically dominant over the BMPV phase. In the blue region the
bound state can exist even though the single BMPV itself cannot. In the CFT (right) the long
string and short string condensate phase exists and dominates entropically over the long string
phase in the green region. In the blue region the long string phase does not exist but the long
string and short string condensate phase continues to exist.

One can perform a more general analysis than the one in [1] in the D1-D5 CFT by
turning on left and right-moving excitations. This breaks all supersymmetry and makes
the system non-extremal. We show below that this system has the same thermodynamic
instability on the CFT side as was the case for [1]. The lack of supersymmetry suggests
that this should map to an instability in the bulk, where the black hole wants to form a
stable bound state with the supertube. In section 3, we have found such an instability for
supertubes in the non-extremal Cvetic-Youm background. However, in the generic non-
extremal black hole charges and anti-charges are excited for all three modes @1, Q2, Q3
and this does not map to the well-understood D1-D5 CFT.'® We first need to perform the
correct decoupling limit such that only the third charge is excited and we can compare to
the D1-D5 CFT. After taking this decoupling limit we expect the CFT thermodynamic
instability to map to the bulk physics by having supertubes co-rotating with the black
hole forming a stable bound state (negative binding energy). We find that there are stable
bound states for large angular momentum.

4.1.2 D1-D5 frame

We discuss how the Cvetic-Youm in the M-theory frame maps to the D1-D5 frame. The 11-
dimensional solution (2.1) can be dimensionally reduced along one of the directions of the
first torus to give an S' x T compactification. This system can then, by a series of T and

the bound state being marginally bound (no binding energy).
13This is because two of the background charges map to the central charge of the CFT and the third
maps to excitations of the CFT. To map to the CFT we need only one kind of charge and anti-charge.
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S dualities, be mapped to a frame where the three M2 brane charges become D1 wrapping
the S', D5 wrapping the S* x T% and momentum along the S'. This frame is called the
D1-D5 frame. If we take a decoupling limit by zooming into the core of the geometry
in the D1-D5 frame, as described in more detail in section 4.3, we get an asymptotically
AdS3 x S3 region. At the same time the Higgs branch of the D1-D5 system flows in the IR
to what is known as the D1-D5 CFT. This CFT is believed to be marginally deformable
to the so called orbifold point. The supergravity point in the moduli space of the D1-D5
system is not the same as the orbifold point but many calculations done at the orbifold
point are seen to match the results at the gravity point exactly [55-60] and some results
get corrections but the qualitative behavior is the same [1, 48]. The remarkable ability
of calculations done at orbifold point to capture supergravity physics and its considerably
simplicity make it an invaluable tool. According to the AdS/CFT paradigm the asymptotic
AdS3 x 83 and the D1-D5 CFT are dual to each other. We will study the D1-D5 CFT at
the orbifold point. Technical details of the D1-D5 can be found in appendix C.

We will use the crude description of the D1-D5 CFT at the orbifold point in terms of
‘effective strings’. These effective strings have a total winding number the product of the
number of D1 and D5 branes and runs along S'. The total winding can be distributed into
many singly or multiply wound effective strings. The excitations of this effective string run
up and down S! and are called left movers and right movers.

4.2 Bound states in CFT

In this section, we show there exists a thermodynamical instability at the orbifold point in
the D1-D5 CFT. Such a thermodynamic instability was also found in the supersymmetric
limit in [1]. Note that since are no dynamics at the oribifold point and a thermodynamic
instability is the only type of instability we can find. We hope to show a dynamic instability
using recent techniques of moving off the orbifold point discussed in [61-63] in the future.

We discuss the various phases in terms of the intensive charges of the corresponding
CFT state:

N N.
n3r = 7311 ) n3r = TgR ) (4'1)
. Jr ) Jr
—_ = = — 4.2
JL N’ JR N’ ( )

where 6NN is the central charge of the D1-D5 orbifold CFT, N3y, N3 are the (normalized)
left- and right-moving conformal dimensions of the state and Jp, Jr its R-charges. See
appendix C for more information on the D1-D5 CFT.4

Let us first review the instability found in [1]. The BMPV black hole is dual to states
in the CFT that, to leading order, are described by left-moving excitations on one long
string of winding N. This phase is shown in figure 10a and has an entropy

Spympy = 21wNy/ngL — j2. (4.3)

M Note that in appendix C, we choose standard notation for the CFT charges. In particular, we denote
]\/vpL7 NpR instead of Ns3r,N3gr.
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(a) BMPV phase (b) Enigmatic phase

Figure 10. The BMPV and the enigmatic phases at the orbifold point of the D1-D5 CFT.

However, there is another phase possible when NI windings condense into singly twisted
sectors with no excitations on them. The left moving angular momentum of the short string
condensate is taken to be aligned with the total angular momentum. This part carries no
entropy and all the entropy is carried by the remaining long string

2
S = 271']\7\/(1 —l)nar, — (jL - i) , (4.4)

where each short string carries away one unit of winding and half a unit of angular mo-

mentum in the left and right sector.'® This entropy is maximized for

I =2(jr — naL), (4.5)

and its maximal value is

Senigma = 27TN\/TL3L(TL3L +1- 2.7L) . (46)

This new phase is shown in figure 10b. We follow [1] and name this the ‘enigmatic’ phase,
as it is related to the entropy enigma of [64, 65|, where certain two-center BPS black
hole configurations can have larger entropy than a single-center solution with the same
asymptotic charges.

When jz, > ng, the entropy at the orbifold point for the enigmatic phase is larger than
the one for the BMPV phase and there is a thermodynamical instability, favouring the
enigmatic phase.

Now we repeat this analysis for non-extremal charges in the CFT. This is done by
having both left and right movers turned on in the CFT. At leading order such a black
hole is dual to states in the CFT which have left and right-moving excitations on the long
string of winding N. At the orbifold point the left and right movers do not interact so the

SBHZQWN\/ng,L—j% + QWNy/ngR—jIZ%. (4.7)

We can look at states where some winding is taken out of the long string and we have in

entropy is additive

addition to a long string carrying all the excitations a condensate of short strings. Each

151n [1] the chemical potential for jr was zero so the two phases with different jr had the same energy.
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short string caries :I:% units of angular momentum in the left and right sectors. If the total
length of the short strings is NI then the entropy is

§1 = 2mN (1~ Dnar, — (jp + G2 + 20N\ /(1 Dnar — (G + 722, (48)

where jihort = :l:% and j%‘ort = :l:é (independent signs) to account for the possible rela-
tive orientations of the short string condensate angular momenta with the total angular
momenta. When both signs are equal, the short string condensate angular momentum is
(anti-)aligned with the total angular momentum. When they have opposite signs then the
short string condensate has angular momentum orthogonal to the total angular momentum.

We can maximize this entropy with respect to [ but the answer is complicated and not
particularly illuminating. For illustrative purposes and comparison with the bulk physics
we concentrate on states with charges

n3L = N3r = N3, JL=—-JrR=17, (4.9)

which corresponds in the bulk to a black hole with no net third charge and rotating in
plane only.! We call such a CFT state a black hole state. It is shown in figure 11a and

SBH:47TN\/n3—j2. (4.10)

We discuss two possibilities for the entropy of the enigmatic state, depending on the ori-

entation of the short strings’ angular momentum ;51 = jshort,

its entropy is

4.2.1 Angular momentum of short strings and background (anti)aligned

If the short strings have their angular momentum (anti) aligned with the total angular

momentum, j51 = —jshort = 7/2 the entropy of the new phase is
I 2
S;=4rNy [ (1 —)ns — <j - 2) , (4.11)
which is maximized for
Il =2(5—n3), (4.12)
and is
Senigma = 47N \/nz(n3 + 1 — 27) . (4.13)

This phase is dual to the bulk configuration depicted in figure 4. These states are shown
in figure 11b. The bound for existence and dominance of the new phase (I > 0 or j > n3)
is the same as that for the supersymmetric case studied in [1] due to the charges in the left
and right sector being equal. This solution only exists for j > 0.

16The relative sign of jg, jr determine whether this is the - or the ¢-plane.
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(a) Non-Extremal Black Hole (b) Non-Extremal Enigmatic Phase

Figure 11. The non-extremal black hole with no net third charge and the corresponding enigmatic
phase at the orbifold point of the D1-D5 CFT.
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Figure 12. The black hole exists above the cosmic censorship bound, nz > j2. The green region
( > nz and nz > j2) is where the enigmatic phases exists and dominates . This is consistent with the
intuition that the black hole wants to spit out angular momentum. On the CFT side we are working
outside the probe limit so we also get the blue region (n3 > 0,n3 < j2 and n3 > 2j — 1) where the
long string sector does not exist but the enigmatic phase still exists and dominates on other phases.

4.2.2 Angular momentum of short strings orthogonal to total angular momen-

tum

If the short strings have their angular momentum orthogonal to the total angular momen-
tum, jihort =+ jﬁ%‘ort = 1/2, the entropy of the new phase is

si=aemf - om - (-8 vl (0 8)

On taking the derivative with respect to I we get two solutions

le =1—n3++/(1+n3)2—452. (4.15)

These roots are always defined, as the unitarity bound in the CFT requires n3 > 2|j| — 1.
The entropy for these roots is

Sy =V2rN(\/—(ns +1—25)lx + /—(n3 + 1+ 2j)l1). (4.16)
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Since [, the number of short strings, is positive, the entropy is imaginary. We conclude
there is no enigmatic phase for this choice of angular momentum. This phase is dual to
the bulk configuration depicted in figure 6.

4.3 Decoupling limit of the non-extremal black hole

We wish to interpret the CFT results in the dual geometry. Therefore we study the D1-D5
decoupling limit of the non-extremal black hole metric (2.1) in the D1-D5 frame. It is a
product of T% with twisted fibration of S% over a BTZ black hole [66]. This allows us to
map the various stable, marginal and metastable bound states we find in the bulk to phases
in the dual D1-D5 CFT.

This decoupling limit is obtained by assuming Q1, Q2 > Q3,m,a?, a3, such that we
can study non-extremal excitations of (03 in the ()1, Q2-background, and focussing on the
region 72 < Q1,Q2. When m = 0, the system is dual to supersymmetric (only left- or
right-moving) excitations of the D1-D5 CFT with central charge 6 /N1 No, where N; denote
the integer charges of the background. We want any non-extremality (m > 0) to excite
only the third charge so that this maps to both left-and right-moving excitations in the
same CFT dual. These conditions are captured by

Q3* < Q1Q2,  m3 < mymy. (4.17)

where m; are the mass of M2 branes wrapped on the I*" torus defined in (A.5). We
implement the second condition by defining a small parameter ¢ and taking

mi1=mo =1, m3=c¢, (4.18)

and expanding the Hamiltonian to first order in €. The first condition is then automatically
satisfied.!” With this convention the first two harmonic functions in the core region are
(in terms of the integer charges)

N N.
Hy =— HQZT;.

In the D1-D5 frame, the metric then describes small (3 and anti-Q3 excitations on a
warped BTZ x 83 x T* geometry. The third charge and anti-charge map to left and right-
moving excitations of the D1-D5 CFT dual and the angular momenta to the R-charges of

(4.19)

this CFT. The CFT charges can be read off from the gravity quantities as

- 1 - -
N3p, = imez‘s3 ) N3g = 1me 23,
1 1
Jr = "9V NiNs(a — az)e” Jr = 9V N1 Na(ar + ag)e™™.. (4.20)

"In addition to the above conditions we require the usual AdS/CFT conditions: the AdS radius is
large in string units and very large in Planck units in the D1-D5 frame. If the T° radii are given by
Rz, R, Rs, R¢, R7, Rs with reduction to type IIA on direction x then these conditions are respectively

6
% > 1, N — oo where [l1; is the 11-dimensional Planck length.
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In principle, we can invert these relations and write the Hamiltonian explicitly in terms of
the CFT variables. However, this form is not in general particularly illuminating except
in a some special cases which we give below.

Since we want to compare to the orbifold point in the dual CFT which only sees the
combination N1No we make the simplifying assumption

Ny = Ny =N, Niwbe = niube — /N o (4.21)

which does not change the physics qualitatively.
To first order in €, the Hamiltonian is

V Hm(\/ Ntube - 33/8 + C3a)2
Haght) — VHp (538 — Hp'cza)

_( V Ntube - 335) - Hm( V Ntube + 6304) + \/ HmH3g¢(;2> .

H -2 Ntube:\/eﬁf<

where
B 4y/ N3 N3g _ (v/N3r, — v/N3p)?
H,=1- ——"> " H;=1+ ,
f /
a = a1by cos® 0 + asby sin? 0, B = asby cos® 0 + arbysin® 0,

f=r*+aisin®0+a3cos’0, gl = f(b]cos’ 0+ bsin®60) + Hy,'a® — 57, (4.22)

It is not hard to see that the shifted and scaled Hamiltonian

W= H_Q\/Ntube

= (4.23)
is a function only of the intensive quantities defined in (4.2) and of
o _ T _ [ Niube
= n= N (4.24)

This follows from the scaling property discussed in the appendix, eq. (B.20). Thus the
intensive Hamiltonian .7 has a natural interpretation in the CFT.

To discuss the stability properties, we specialize to the case where the net third charge
is zero (s3 = 0) and the angular momentum is only in the ¢ plane (a2 = 0). Then we have

N3 = N3R = N3, JL=—JrR=1], (4.25)

This restriction keeps the rich physics, but makes an analytical treatment possible.

We study the two main possibilities for the orientation of the tube angular momentum:
first we let the tube rotate in the same plane as that of the black hole, then we give it
rotation only in the orthogonal plane. Both have metastable bound states, but only when
the tube and black hole rotate in the same plane, the bound state can become stable.
Note that in contrast to previous section, we keep the background fixed and change the
embedding of tube to describe different relative orientations of angular momenta.
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4.3.1 Supertube rotation in same plane as that of black hole

To make the tube rotate in the same plane as that of the black hole we take 8 =0, b; = 1
and by = 0. There are two possibilities, one where the tube co-rotates with the black hole
(7 > 0) as shown in figure 4a and the other where the tube rotates against the black hole
(7 < 0) as shown in figure 4b.

The Hamiltonian is

H = (p+2§)(p—n)?+4ns(p—n), (4.26)
where we have used the shifted radial coordinate
P =% = 4ng — 1), (4.27)

which measures the distance from the horizon. The local maxima and minima of the
potential (4.26) occur at

. 1 , . . 1 . -
=3 (2(77 —J) = V(2 +n)? - 12n3) . pr= <3(2(n )+ V(2i+n)? - 12n3) ,
(4.28)
respectively and a bound states exist when the discriminant D? is positive:
D? = (2§ +n)? —12n3 > 0. (4.29)

The ‘binding energy’ is given by the difference between the potential at the local minimum
and the horizon

Hlimpe = Hlpmo = =D =2 =)D+ =) (4.30)

which should be negative for stability. Hence the condition for a stable bound state is
D>n—-j. (4.31)

From these conditions, we find three distinct regions in the phase diagram for the back-
ground charge ng vs. the background angular momentum j: the region with stable bound
states, the region with metastable bound states and the region with no bound states. The
bounds for these regions depend on the charge 7 of the probe: for smaller 7, the size of the
different regions shrink. We gather these bounds and show these regions in figure 13 for a
representative value n = 0.5. Although this value is too large for a probe the qualitative
features do not depend on the value of 7.

Note the difference when the tube and the background anti-rotate (j < 0) or co-rotate
(7 > 0). Only when j > 0, one observes stable bound states. When j < 0, the angular
momentum interaction is attractive and there are no stable bound states. This is consistent
with the intuition that the black hole wants to expel angular momentum. It is instructive
to observe that there are still metastable bound states for both 7 > 0 and 5 < 0.

~93 -



-0.3 -0.2 -0.1 0.0 0.1 0.2 03 -]

Figure 13. The phase diagram in the decoupling limit for black hole-supertube bound states with
angular momentum in the same plane, for n = % The background black hole exists (has no naked
CTC’s) above the cosmic censorship parabola, n3 > j2. Metastable bound states exist in the orange
region for ng < %(j +1n/2)?, stable bound states exist in the green region, with ns < i(j2 + 2nj).

4.3.2 Supertube and black hole rotating in orthogonal planes

To make the supertube rotate in a plane orthogonal to that of the rotation of the black
hole we take § = 7, by = 0 and by = 1. This configuration is shown in figure 6.
Then the Hamiltonian is

PV p? + 4ng
V2 +4(ng — j?)

again in terms of the shifted radial coordinate

(7* 4+ 4(ns — %) +n*) — 2(p* + 2n3)n, (4.32)

p=7—d(ns — %), (4.33)

which measures the distance from the horizon.
This expression is not amenable to a full analytic study. However, on the cosmic
censorhip parabola (n3 = j2), the Hamiltonian simplifies and one finds bound states for

242
4

] < Jmax = - (4.34)

Raising n3 > j2 adds more mass to the system (but not more overall charge) and will lift
the energy of the bound state.

For generic values of n3, we do not have analytic control so we study the n3 vs. j
phase diagram numerically. For ns > j there is indeed a small region where metastable
bound states exist. The phase diagram is plotted for an illustrative example in figure 14.
Note the symmetry j <> —j. This is consistent with the intuition that since the black hole
rotation and the supertube rotation are in orthogonal planes the sign of the black hole
angular momentum does not matter. Note also that there are no stable bound states

4.4 Comparison of results from the bulk and the boundary

The CFT analysis was performed at the orbifold point which has a different regime of
validity than the supergravity description. Thus it is instructive to compare the results.
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Figure 14. The phase diagram in the decoupling limit for black hole-supertube bound states with
angular momentum in orthogonal planes, for n = % The background black hole exists above the
cosmic censorship parabola, nz > j2. The orange region is where supertubes can form a metastable

bound state with the black hole. All bound states have j < jnax &~ 0.4268. There are no stable
bound states.

The CFT and bulk phase diagrams are plotted in figure 15. The bulk analysis was done
in the probe limit and therefore the phase diagrams are limited to being inside the cosmic
censorship bound where the black hole exists (n3 > j2). We take n = 1 for the supertube
charge in figure 15, even though strictly speaking it falls outside the probe limit, to be able
to compare to the CFT where the short string condensate has charges of the same order
as the long string.'®

We see from the bulk that when the supertube and the black hole have rotation in the
same plane, there are stable bound states when the rotations are aligned (5 > 0). They
exist for small ng and large angular momentum shown by the green region in figure 15a.
From the CFT analysis we see there is a similar region, where the two-center ‘enigmatic’
phase is entropically dominant for j > ns, shown by the green region in figure 15b. The
region of stability of the supertube-black hole stable bound states in the supergravity
description falls well within the region where the enigmatic phase is thermodynamically
stable in the CFT. We take this as evidence that both phases should be identified and hence
a thermodynamical instability in the CF'T maps to a dynamical instability in the bulk.

For small ng there is another small region where metastable states exist in the bulk,
shown by the orange region in figure 15a. This region mainly has the angular momenta
of the tube and the black hole aligned (j > 0), but also for anti-aligned angular momenta
j < 0 we find a small set of metastable states. These metastable bound states do not have
an analogue in the orbifold point of the CFT. It would be interesting to go beyond the
orbifold point to see what the CFT interpretation of these metastable states is.

If we choose orthogonal rotational planes for the black hole and the supertube, there
is no new enigmatic phase in the CFT (figure 15d). However, in the supergravity phase

18The qualitative features of the bulk phase diagrams are independent of i but the existence regions of
metastable and stable states shrinks with 7; for a more quantitative treatment of the bound states and
exact comparison with the CFT, one would need a fully back-reacted analysis.
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(c) Bulk: Rotation in orthogonal plane. (d) CFT: Rotation in orthogonal plane.

Figure 15. The phase diagrams from bulk and boundary analysis. From the bulk we find stable
(green region) states for supertubes rotating along the black hole and metastable states (orange
region) for supertubes rotating along and against the black hole (figure (a)). Furthermore, for
supertubes rotating in a plane orthogonal to the rotation of the black holes we find only metastable
states (orange region in figure (c)). From the boundary we find that the new ‘enigmatic’ phase has
a larger entropy than the black hole phase stable states for rotation along the black hole (green
region in figure (b)), but no metastable states for orthogonal rotation (figure (d)).

diagram of figure 15c, there is a small region, close to the cosmic censorhip bound, where
the supertube can form a metastable bound state with the black hole. Again, it would
be interesting to go beyond the CFT orbifold point to understand the CF'T nature of this
metastable phase.

5 Discussion and future directions

In this article, we have calculated the potential of supertubes in the non-extremal Cvetic-
Youm black hole black hole background. We then specialized to circular supertubes and
used the potential to search for bound states of supertubes and black holes.

For the near-extremal black hole, we found there are metastable and stable bound
states (potential at the minimum higher or lower than its horizon value). Angular momen-
tum of the black hole was found to be crucial for the existence of the repulsive forces which
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produce stable bound states. Either the black hole and the supertube rotate in the same
plane and we observed stable bound states for large background angular momentum, ori-
ented to give a repulsive interaction. Or the black hole and the supertube have rotation in
orthogonal planes and then the repulsion is a result of the interaction of the supertube with
the third charge and the angular momentum orthogonal to the supertube. Due to the large
number of background and supertube charges, we have concentrated on an example-based
scan of this space of parameters to get a qualitative view of when metastable, stable or no
bound states appear. It would be interesting to perform a more detailed numerical analysis.
This would allow a more quantitative view of the supertube-black hole phases and of how
the phase boundaries depend on the mass, charges and angular momenta of the background.

In section 3.5, we motivated that metastable bound states should always decay to a
well-defined Cvetic-Youm black hole. In particular, it should be impossible to overspin
the black hole by bringing in a supertube, such that naked closed timelike curves (CTC’s)
do not form. The stable bound states on the other hand can either be the end product
of the decay of a Cvetic-Youm black hole, or they can be new non-trivial solutions for
a set of charges for which no CTC-free Cvetic-Youm black hole exist. This hints at an
interesting black hole phase diagram. For a given set of charges and angular momenta, the
black hole is not necessarily the unique solution — there can also be supertube-black hole
bound states.!” This extends the black hole phase structure in five-dimensional general
relativity (Myers-Perry black holes [70], black rings [71, 72], helical black rings [73] and
combinations [74-78]) to a theory with electric fields and Chern-Simons terms. It would
be very interesting to study the black hole/bound state phases and decay processes in
more detail, both in a probe and a back-reacted setup. Furthermore, if the back-reacted
solutions persist all the way to the unitarity bound then they would correspond to adding
non-extremality to the two-charge fuzzball solutions [79]. It would then be interesting to
study if small non-extremality can be added to the two-charge fuzzballs and the resulting
solution coarse grained to produce the supertube-black hole bound states.

We have also studied the same setup in the D1-D5 decoupling limit. This allowed
an interpretation of the bound states in the dual D1-D5 orbifold CFT. We restricted to
no net third charge (‘P’ in the D1-D5-P frame) and we have seen that a thermodynam-
ical instability of the CFT (a new ‘enigmatic phase’ being entropically favoured over the
‘black hole phase’) maps qualitatively to the existence of a dynamical instability in the
bulk (supertube-black hole bound states having lower energy than the configuration where
the supertube falls to the black hole horizon). This is the non-extremal realization of the
supersymmetric results of [1]. The existence region for stable bound states on the bulk side
falls well within the region where the enigmatic phase is entropically dominant in CFT.
The reason we find only a small part of the phase diagram in the supergravity analysis,
is that we are bound by the validity of the probe approximation and the existence of the
background black hole (cosmic censorship). We believe that for the back-reacted solution

90ther two-center non-extremal solutions have been found in the literature where a black hole is im-
mersed in scalar hair condensate and can be thought of as the end point of superradiance [67-69]. The
difference with our construction is that the the supertube-black hole bound state carries a dipole charge
and cannot be the end point of superradiance.
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describing the bound state of the supertube and the non-extremal black hole, also the
phase boundaries of the supergravity and the CFT regimes will map as they do in the
supersymmetric setup of [1].

We noted that the metastable bound states that appear in the bulk have no direct
interpretation in the orbifold CFT. It would be interesting to move away from the orbifold
point and identify the dynamical process explaining the existence of metastable and stable
new phases also in the CFT.

Finally, our current treatment and the one of [46] show that the physics of supertubes
is a very interesting tool to understand non-extremal solutions, much like it has been for
supersymmetric solutions. As we mentioned before, their study could give more insight on
the decay processes of non-extremal solutions. One could also study entropy enhancement
of supertubes in non-extremal background (analogous to [80] for supersymmetric setups).
There is still a lot of rich physics that can be obtained from further probe calculations.
For instance, going back to the original motivation of our paper, it would be interesting to
extend the current static analysis to scattering of supertubes off non-extremal black holes.
We believe that one would observe a supertube analogue of the Penrose process. (See [53]
for a similar analysis in the supersymmetric BMPV background.)
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A Notations and conventions

For the largest part of this paper, we follow conventions of [54], appendix D.
Newton’s constant in D spacetime dimensions is related to the D-dimensional Planck

length as
Gp = 2m)P3p)P2. (A.1)
The string length is /2 = o/. The tensions of the extended objects in string and M-theory
are:
1 1 1
" oral PP gs@mp (L)t TN T g2(2m)(6)S
1 1 (A.2)

e = e me . M= @r (e

where g5 is the string coupling constant. It is related to the eleven-dimensional Planck
length as
by = g3 (A.3)
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In a compactification of M-theory along a circle of radius Ry1, the ITA coupling constant
is given as

R11 = gsfs . (A4)

For convenience we list the masses of a single M2 brane wrapping the first, second or third
torus in a 7° compactification of M-theory:

R5Rg R7Rg Ry R
m1 = l3 , Mo = l3 , M3 = l3 . (A5)
11 11 11
In a 7% compactification of M-theory, where the radius of each torus circle is Rs, ..., Rio,

the five-dimensional Planck length is related to the eleven-dimensional Planck length as

~ Gn G . (11)? 1

™
Gs = = = T .
g ’UOZ(T6) (27T)6R5R6R7R8R9R10 4 R5R6R7R8R9R10 4 mimsaoms

(A.6)

The relation between the integer charges counting the number of M2 and M5 branes, N;
and ny, and the physical charges of the five-dimensional solution, Q7 and dj, upon com-
pactification of M-theory on T is

N Ny N3 nr

Q1= , Q2 = , Q3 = , dy = —. (A7)
mamsg mims mimsa mr

We adopt the conventions

m1:m2:1, m3 = €. (AS)
which leads to
T
— €. A.
T (A.9)

In the largest part of this paper, we put ¢ = 1. The main exception is section 4, where we
keep it explicit. Note that the equalities (A.8), (A.9) are numerical, but are not dimen-
sionally correct. They should be interpreted as fixing the unit of length.

B Hamiltonian for supertubes in Cvetic-Youm background

In this section we derive the Hamiltonian for an M2 — M2 — M5 supertube in the eleven-
dimensional non-extremal black hole background (2.1). The result applies to all dual-
ity frames which give the same five-dimensional geometry. As for the supertube in flat
space [49, 51], the Hamiltonian is derived from the Born-Infeld action of the dipole brane,
in our case an M5 brane. Since the Born-Infeld description of an M5 brane is rather in-
volved, we go to a duality frame more amenable to computations. We reduce along one of
the torus coordinates such that the dipole brane is a D4 brane and the tube charges ¢; and
g2 become an F1 and a D2 respectively. From the D4 brane Born-Infeld action, we get the
Hamiltonian by a Legendre transform. The calculation is similar to the one for supertubes
in supersymmetric three-charge backgrounds [46].
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B.1 Reduction to ITA over a torus direction

We reduce over one of the directions of the first two-torus. The remaining coordinate of
that T? is called z. The metric and dilaton are (in string frame)

A A A
ds?, ., = 223\ 7720 (dt + k)% + Zds? + Z-dz? + Z-ds? + —-ds?
Slo,str € m( + ) + 54 + Hl 27+ HQ STQ + H3 sTg )

Ho H
¢ = (Z/H)*? = 12{123- (B.1)

The gauge fields are

By = AWM A dz ,
Cy = AD AdTy + A®) A dTy . (B.2)

We also need the following components of the five-form gauge field:

2

m cos” 6

015(32/34 = W(GZClcQSS — a15152C3) (B.3)
(5) msin? f

Ct¢y34 = W(alcl@‘% — (25152C3) . (B.4)

The five-form potential can be obtained from C3 by Hodge dualization as dC5 = —xdC3 +
Hj3 A F3, or by the appropriate duality chain from the RR gauge field C in the original
Cvetic-Youm solution, which is in a frame where the three charges correspond to D1 branes,
D5 branes and momentum (P) along their common direction. For the form of Cy in that
frame, see [48].

B.2 DBI Lagrangian

We consider the embedding of a D4 brane, with dissolved D2 and F1 charges, in the ten-
dimensional background. We wrap the D4 brane on the z-direction, on the second 72 and
along a one-cycle in the external space. With embedding coordinates £° ... &%, we have

t=¢" z=¢', Y=0€, o=0hb&, (B.5)

and &2, £* make up the second two-torus. To avoid unnecesary confusion in subscripts, we
single out the &2 coordinate as
a=E£2. (B.6)

The world-volume field on the D4 brane is:
2’ F = £dE0 A der + Bde! A do . (B.7)

The magnetic field B is a source for D2 charge inside the D4 worldvolume. The electric
field &€ is a source for F1 charge.
The action for a D4 brane wrapped |Npy4| times in the black hole background is

S = Spr+Swz,
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SBI = —|ND4|TD4/d5€ ei(b\/—det (g+B—|—27ra’F),

Swz = —ND4TD4/C5 — Npy4Tpy /(B + 27TC¥,F) ANCs, (BS)

where all fields are interpreted as pull-backs on the D4 worldvolume. If the brane is an
anti-D4 brane then Np, is negative.
After some algebra, the Born-Infeld action is

Z ~
Spr = —m1m2|ND4|/d§0 \/aa m (B+k £2—gWzé2, (B9

where the proportionality constants m1, me are the masses of the first and second M2-brane
(see eq. (A.5)) and satisfy:

myma = Tpy / detdade3de = TpyR, (210) (27 Rs)(27) (27 Rs) (B.10)

and we defined the shifted electric and magnetic fields
£ =E+By=E+AY =&+ cothsy (H' — 1), (B.11)
B =B+ Biy=8-AY =B —cothd, H 'k — BL. (B.12)

When the background has no rotation (k, = 0), this is exactly the structure of the super-
tube in flat space.
The Wess-Zumino action is

ko th s
Swz=mimaNpy [ ng[gA 24+ BA®) + coth 6y coth 6, CPLAA@ —coth sy AD
HHy H
%fz (a1by cos® 0 + asby sin 9) . (B.13)
152 m

B.3 Hamiltonian

The D4 brane action describing the F1-D2 — D4 supertube contains the conserved D2
charge, B, but the electric field is not a conserved quantity. To find the Hamiltonian,
which depends on the conserved D2 and F1 charges, we need to perform the Legendre
transform of the action with respect to &.

The Hamiltonian density is defined as

oL
H=E5: L. (B.14)

The physical charges ¢, g2 (dimensions of length squared) and dipole charge ds (dimension
of length) of the supertube are (we use (A.5)):

4G5 OL ND4
= - = d3B ds = —/ B.15
aQ — 95 ¢ = d3B, 3 = o ( )

Then the Hamiltonian is

@H \/ Hp, Zggaa \/ (({2 — H, k2 \/@2)2 e 239((;2 — Hp, k2
H3 Ht

m |d3| Z3gaa H,, k2
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1 Hpka

q G 1 k
5 G1Ga — coth 512 — coth 52q—2 — — coth §; coth 5y —=

+—
d3 Zngg _ Hmka H1 H2 d3 H1H2
1 C3 m 2 s 2

_ b1 cos” 0 ba sin” th§ thé B.16
0 5155 FH.. (a1by cos® 0 4 azbe sin® ) 4 coth §1 q1 + coth bz g2, ( )

with the notation for the shifted charges

ko
G = q—dsA?) = g — ds <B§?> + chg) :
Hy
i ko
G = qo — dzAl) = g — d3 (Bgl) +chy H1> : (B.17)

B.4 Symmetries of the Hamiltonian

Because of symmetries in the equations of motion (both in supergravity and in the probe
approximation), the Hamiltonian (B.16) also has several symmetries. We list them here.

B.4.1 Continuous symmetries

Under a conformal rescaling of all length scales, the supergravity charges are affected, since
the electric charges and angular momenta are dimensionful. The Hamiltonian scales as:

1
H(m, Qr, Jis;q1,d3;7) = XH(AZW% NQr, N Jis N2qy, Ads; Ar) (B.18)
where J; denote the angular momenta of the black hole.
We can also consider the effect of a linear scaling of all integer charges, keeping length
scales fixed. Since the probe Hamiltonian is first order in the probe charges, a linear scaling
of the probe charges has the effect:

1
H(m, Qr, Ji; g7, d3;r) = Xﬂ(m’ Q1. Ji; Mgy, Ad3;r). (B.19)

Note that there is no similar linear scaling of the background charges. This is because
such a linear scaling would scale up all M-theory charges and there is a (hidden) Kaluza-
Klein monopole charge in the four-dimensional base metric (2.5), which has been fixed to
a certain value and is not a free parameter.2’

In the D1-D5 frame decoupling limit, mimsg > mg, we can also consider the scaling of
various charges with the string coupling constant. This gives for the shifted Hamiltonian
A =H—(q1+q):

1
H(m, Q1,Q2,Qs, Ji;q7,ds;T) = 9*271(92%9@1,ng,QQQg,ngi;QQJ,da;gr)7 (B.20)

This scaling is not visible outside the decoupling limit because in general m gets contribu-
tions from all three charges and has no clean scaling. In the decoupling limit, m only has
contributions related to the third charge and m scales in the above way.

20Note that the scaling (B.18) does not affect the kaluza-Klein monopole charge.
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B.4.2 Discrete symmetries

First we consider only the Cvetic-Youm background (2.1). We can perform several Zs
transformations that give an equivalent physical background. For example, flipping the sign
of @y is equivalent to (d7,a1,¢) — (=07, —a1, —¢). This means one obtaines an equivalent
background with reversed charge of type “I” by performing Q; — —Qr and Jy, — —Jy.

When we consider probe supertubes, only some of these sign choices give inequivalent
results. In this paper, we use two discrete symmetries of the Hamiltonian. One that flips
the signs of @)1, @2 of the background and ¢, g2 of the probe, and on that affects the pair
(@3, Jy of the background:

%(ma Q1> Q27 Q37 J¢, Jl/}a q1, 492, d3; T) = H(m, _Qb _Q2> Q37 Jl/)a J¢7 —q1, —q2, d3a T)
= H(ma Qlu Q27 _Q37 J?,[M _J(b) q1, 92, d37 T) . (B21)

C D1-D5 CFT

In this section we give a quick review of the D1-D5 CFT. For a more detailed review, see
for example [81].

Consider type IIB string theory on S! x M* with N; D1-branes wrapping S' and Nj
D5-branes wrapping S x M*, where M* is T* or K3. We take the size of M* to be string
scale. The Higgs branch of this system flows in the IR to an N' = (4,4) SCFT whose target
space is a resolution of the symmetric product orbifold M = (M*)V /Sy = Sym™ (M*),
where Sy is the permutation group of order N and N = NiN;5 (N = N1N; + 1) for
M* = T* (for M* = K3). The orbifold M is called the “orbifold point” in the space of
CFT’s and the theory is easy to analyze at that point.

This CFT is dual to type IIB string theory on AdSs xS x M*. To have a large weakly-
coupled AdS3, N must be large and the CFT must be deformed far from the orbifold point
by certain marginal deformations (for recent work see [61-63]).

For presentation purposes, we will henceforth take M* = T, but much of the discussion
goes through also for M* = K3. The theory has an SU(2);, x SU(2)g R-symmetry which
originates from the SO(4) rotational symmetry transverse to the D1-D5 system. There is
another SU(2); x SU(2), global symmetry which is broken by the toroidal compactification
but can be used to classify states. We label the charges under these symmetries as «, & and
A, A respectively. At the orbifold point each copy of the CFT has four left-moving fermions
Y4, four left-moving bosons 0X AA, four right-moving fermions ¢*4 and four right-moving
bosons OXA4. In addition the CFT has twist fields opn, which cyclically permute n < N
copies of the CFT on a single 7¢. One can think of these twist fields as creating winding
sectors in the D1-D5 worldsheet with winding over different copies of the T%.

The D1-D5 CFT is in the Ramond-Ramond sector because of asymptotic flatness
and supersymmetry. Elementary bosonic twist fields (without any bosonic or fermionic

excitations) are charged under SU(2);, x SU(2)g viz. 02 or under SU(2); x SU(2); viz.

O.AB aA

2% while elementary fermionic twist fields are charged under SU(2);, x SU(2); viz. of

or SU(2)g x SU(2); wiz. 624, A general Ramond sector ground state is made up of these
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Figure 16. Various states in the Ramond sector of the D1-D5 CFT.

bosonic and fermionic twist fields with the total twist > n = N as

n n
n,a,&,AA

Z n(Nn,ad + Nn,AB + Nn,aA + Nn,dA) =N,
n,a,&,A,B
Nn,ad = {Vn,AB — 07 17 27 R Nn,aA = Nn,dA = 0; 1. (Cl)

\gr, gr) = H (O-aa)Nn,ad(O-AB)Nn,AB(O-gA)Nn,aA(O-g‘A)Nn,aA’

A general Ramond sector state is made of left- and right-moving excitations on the
Ramond ground states

lex, gr),  |gr.ex),  |ex,ex) (C.2)

where “ex” means acting on Ramond ground states “gr” by the bosonic and fermionic
modes. In figure 16 we diagrammatically represent a non-SUSY state in the CFT with both
left- and right-movers. The arrows represent different R-charges of elementary twists. The
states of the CFT are characterized by their left and right dimension (Lg and Lg) and R-
charges (Jr, and Jg). In our conventions, Jy, g, the third components of the SU(2) 1, r gener-
ators J; 1., are half-integers. The Ramond sector ground states all have the same dimension
Lo=1Lo= %. An excited state has dimension greater than that of the ground state and any
additional dimension is related to the left- and right-moving momentum along the branes by
N - N

NpL - LO - Z, NpR - LO - Z (03)

The relation of the CFT quantities with the bulk quantities are

m cosh 20, 19 m sinh 20, 15,
= N, N, = Npr, — N,
T T
G e = IR, ag. T =—Ir—Jr, (C4)

with the identification NpR = N3g, NpL = N3, (Sp = 03.

D Relation to “hot halos and galactic glasses”

We explain the connection to [45]. Those authors consider four-dimensional black holes
of ITA string theory. They put D6-D4-D2-D0 probes in the non-extremal, static, D4-D0
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black hole background. In this appendix, we show how their background and probes can
be connected to ours, and what the similarities and differences of the resulting physics are.

First, we explain the dualization of the non-extremal D0-D4 background to the D6-D2
frame, which we then uplift to eleven-dimensions. This gives the non-rotating Cvetic-
Youm black hole of section 2. Afterwards, we compare the probes. We conclude with some

remarks on the (dis)similarities.

D.1 Background

Four-dimensional non-extremal D0-D4 black hole. In [45], the static non-extremal
D0-D4 black hole background [82, 83] is considered. For later comparison, we write down
their solution as a truncation of a 7® compactification of ITA string theory, known as the
STU model. This gives N = 2 supergravity coupled to three vector multiplets: there are
3 scalar fields z# and 4 vector fields 1212, Al‘i‘ (including the graviphoton). In [45] a further
truncation is made to one vector multiplet as®!

A=K, At=K44A) (D.1)
where K4 are constants normalized to
D=6K'K2K?. (D.2)

In [45], D is put to one. We keep it explicit for now and will put D = 2 later.
The four-dimensional black hole metric geometry is of the form

4 2
dsi = —e’Vat* + e (_C4d72 + ——(df? + sin’ 6d¢2)> : (D.3)
sinh® c7 sinh” cr
with spatial infinity at 7 = 0, and the scalar field 2! is purely imaginary:
=iy, (D.4)

The solution is given in terms of the functions

y P
Hy = [Qol sinh(er + ¢2), H, = 1] sinh(cT + ¢4) - (D.5)
c c

The equations of motion determine U and y as

I 6HA
—2U 3 _ 0
=\ ZHH?, = =2, D.6
c 3 0+ Hy ( )

and the gauge potentials are

A0 — 1 62_,_9(22) —c)dt, Al = Pi(1 = cosf)dg,

2Qo Ho (D.7)
S A A A5 _ .3 o, P2
By = Qo(1 — cosf)do, By = 2b; < ¢ +g1% C) dt.

21'We will use hats on coordinates, charges and functions whenever confusion with those of the five-
dimensional Cvetic-Youm solution is possible.
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We have included the dual gauge potentials Bo, Bl, for more information see [45].

Note that the constants ¢ and ¢4, which determine the asymptotic values of the func-
tions Hy, Hi, should be fixed by asymptotic boundary conditions. In [45], four-dimensional
asymptotics are chosen. We leave the constant co, which sets the string coupling constant,
unfixed, to interpolate between weakly coupled ITA string theory (four non-compact di-
mension) and M-theory (five non-compact dimensions).

Uplift to M-theory. We perform the dualization to the eleven-dimensional M2-M2-M2
black hole in three steps. First we uplift the four-dimensional solution to IIA. Then we
dualize it to a D2-D6 black hole. The D6 charge then makes an uplift to eleven dimensions

possible.
The uplift of the D0O-D4 solution to the ITA string frame metric is
~ 92 3 ~ D
dsyg = ds3 + Z yKAdsy e?® = K'K2K3 = Ey?’, (D.8)
A=1

where dsi1 are unit metrics on the two-tori T4. We choose C5, C7 as independent RR fields:
Cs ZDABC(KQ)Agl ANwp N\ wc, C?ZDBO/\Wl Nwa A ws. (D.Q)

where (K?)4 = DapcKBKC and Dapc = DABC = |eapc| and wy are unit volume forms
on the three orthogonal T?’s inside 7°°.

We perform 6 T-dualities along 7°. This gives a D6-D2 black hole in what we call the
ITA’ frame. The ten-dimensional string frame solution is

d d 2+ 23: d8124 29 6 -3
510 = 454 yKA’ e = D )
A=1
C1 = DBy, C3 = Bi A (K?)qwa . (D.10)

The uplift to the eleven-dimensional metric is given as:
ds?, = e*®B(dpy1 + C1)? + 722342, . (D.11)

We make the redefinition m = 4¢11 ¢ and the coordinate transformation

% =2 “sinher =1 — e 27, (D.12)
r
and we put D = 2 in the following. Then we define the functions

m

Hy=K*H?H,,  Hy=8HY?Hy, Hp,=1- (D.13)

r2’

All of these functions have the form a + 7%. We then find that the eleven-dimensional
metric and three-form potential are

3
HyHyHs)~ /3
ds}) = —(H\HyH3)"*/* Hydt? + (HyHyHs) "*3ds3 + > “jqj)dsi,

A=1
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ITA 1A’ M
Background | P4 | D4 (Tg x T¢) D2(T4) Qa M2(T4)
Qo DO D6(T) Qo (fixed) KKmon
Probes p° D6 Do Jo Ang. Mom.
pA | DA(Tp x T¢) D2 (Ty) qa M2 (Ty)
4a D2 (Tx) D4(Tg x T¢) dp M5(Tg x Te x (S1)4)
do DO D6 (T°) / /

Table 1. Overview of the background and probe charges in the ITA /four-dimensional language
of [45] and in the M-theory/five-dimensional language used in this paper. We compare the charges
and notations and on which two-tori T4 they are wrapped. The coordinate « is along the M-theory
circle, PA = K AP, Note that in the probe limit the charge in the bottom line cannot be mapped
to a probe charge in five dimensions.

e
Az =) 7oAt Awa (D.14)
A A

with four-dimensional base metric

2 12 4 o
L Af +;(d92+sin29d¢2)>, (D.15)

1 R N ~ ~
s} = - (d +2DQo(1 — cos )dg)* + Ho(

with ¢ = 2¢11 has period 4.

4D /5D connection. The eleven-dimensional solution (D.14) is very similar to the non-
rotating Cvetic-Youm solution (2.1). However, at this point it has only four non-compact
directions. The asympotic form of the metric (D.14) is set by the value of Hy at spatial in-
finity. When Hy = cst at spatial infinity (ca # 0), the four-dimensional base is asymptotic
to R3 x S': spacetime is compactified to the four-dimensional black hole of [45]. When
Hy = 0 at spatial infinity (ca = 0) there is a fifth non-compact direction. By choosing the

value of the charge Qo and the constant ¢4 as®?

Q() = 611/4, e“ = coth 51 s (D.16)

the four-dimensional base space becomes R* and the eleven-dimensional solution is the
Cvetic-Youm black hole (2.1) with Jy, = Jy = 0 and electric charges Q4 = 2K AP|. This is
the same 4D /5D connection as for supersymmetric multi-center black hole and black ring
solutions [22, 84-88]. For an overview of the relation between the charges in four and five
dimensions, see table 1.

D.2 Probe

In the D0-D4 frame, the authors of [45] consider probes with D6-D4-D2-D0 charges. In
the D6-D2 frame, these are again of the same form. They cannot be uplifted to eleven

22Tn conventional coordinates p= 7“2/47 we have Ho = 4@0/p and Qo = {11/4 gives one unit of Kaluza-
Klein monopole charge.
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dimensions, as the D6 probe brane charge does not have a higher-dimensional probe ana-
logue. This is because D6 charge maps to a geometric charge (Kaluza-Klein monopole),
which cannot be treated as a probe, in contrast to electrically or magnetically charged
probe branes. For an overview of the probes in the different frames, see table 1.

The problematic D6 charge (in the D6-D2 frame) is a DO charge in the D0-D4 frame
used in [45]. We see that one needs to truncate this charge (go = 0 in [45]) to be able to
compare to brane probes in the five-dimensional non-extremal black hole background.

D.3 Comments

In conclusion, we see that the uplift of the D0-D4 background of [45] to five non-compact
dimensions gives the Cvetic-Youm black hole without angular momentum (Jy = Jy = 0
or aj = ag = 0). Moreover, the D6-D4-D2-D0 probes of [45] can only be uplifted if we
truncate one of the charges (D0 probe charge in the D0-D4 background frame).

Therefore, both treatments are complementary. First, the geometries have different
intrinsic dimensionalities (four-dimensional vs. five-dimensional). Second, both treatments
have features the other one does not have. The rotating Cvetic-Youm background has
two angular momenta, which would map to extra D6 charge and four-dimensional angular
momentum in the D0-D4 background. And the probes in the four-dimensional background
have an additional charge (the charge that cannot be uplifted in the probe limit) compared
to the supertube probes we use in this paper. Moreover, supertube probes are smooth
upon backreaction, while the brane probes of [45] generically describe charges that would
backreact to black holes. Also the origin of the attractive interaction responsible for stable
bound states is complementary as these are largely related to exactly those charges that do
not map to the other frame (five-dimensional angular momentum in our frame, D0O-charge
and compactification in the D0-D4 frame of [45]).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License which permits any use, distribution and reproduction in any medium,
provided the original author(s) and source are credited.
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