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1 Introduction
Consider a fixed design regression model

Yii = § (Xni) + €nis i=1,2,..,n, 1.1

where x,,; are design points on a set A in RY for some g > 1, g(-) is an unknown
function on A and ¢,; are random errors. Assume that for each n, {¢,;, 1 < i < n} has
the same distribution as {¢; 1 < i < n}. As an estimator of g(-), the following weighted
regression estimator is given:

(%) = > Wii(x) Y,
i=1

where W,,,(x) = W,.(x,%,,1,...%,,,,) are weighted functions.

The above estimator was first proposed by Georgiev [1] and subsequently has been
studied by many authors. In the independent case, consistency and asymptotic normal-
ity have been investigated by Georgiev and Greblicki [2], Georgiev [3], Miller [4], and
the references therein. Fan [5] extended the work of Georgiev [3] and Miiller [4] in the
estimation of the regression model to the case of L7-mixingale for some 1 < g < 2.
Roussas [6] discussed strong consistency and quadratic mean consistency of g,(x), and
Roussas et al. [7] established asymptotic normality of g,(x) assuming that the errors
are from a strictly stationary stochastic process and satisfying the strong mixing condi-
tion. Tran et al. [8] obtained the asymptotic normality of g,(x) assuming that the errors
form a linear time series, more precisely, a weakly stationary linear process based on a
martingale difference sequence. Hu et al. [9] generalized the main results of Tran et al.
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[8]. Liang and Jing [10] established the consistency, uniform consistency, and asympto-
tic normality of g,(x) under negatively associated (NA) samples. Meanwhile, for the
semiparametric regression model, Ren and Chen [11] obtained the strong consistency
for the least squares estimator of 8 and the nonparametric estimator of g(¢) based on
NA samples, Hu [12] obtained the consistency and complete consistency for these esti-
mations based on the linear time series, Baek and Liang [13] established some asymp-
totic results for these estimations under NA samples, Liang et al. [14] also established
some asymptotic results for a linear process based NA samples, etc. For more details
of semiparametric regression model, one can refer to Hardle et al. [15] and the refer-
ences therein.

In this article, we investigate the nonparametric regression model based on negatively
orthant dependent (NOD) random variables, which is weaker than NA random vari-
ables. Some related definitions are given as follows:

Definition 1.1 Two random variables X and Y are said to be NQD if for V x,y € R,

PX<xY<y)<PX=x)P(Y<y).

A sequence of random variables {X,,, n > 1} is said to be pairwise NQD if for all i, j €
N, I # j, and X; and X; are NQD.

The concept of NQD was intruduced by Lehmann [16] and he pointed out some
useful properties of NQD, for example, let X and Y be NQD, then

(i) EXY < EXEY,

(it) P(X >x, Y >y) < P(X >x)P(Y >y), for V x, y € R,

(ii7) if f, g are both nondecreasing (or nonincreasing) functions, then fIX) and g(Y)
are NQD.

Definition 1.2 A finite collection of random variables X, Xs,..., X,, is said to be NA if
for every pair of disjoint subsets A1, A, of {1, 2,..., n},

CovlfXi:ieA),g(Xj:jeA)} <0,

whenever f and g are coordinatewise nondecreasing such that this covariance exists.

An infinite sequence {X,,},=1 is NA if every finite subcollection is NA.

Definition 1.3 A finite collection of random variables X, X,...X,, is said to be nega-
tively upper orthant dependent (NUOD) if for all real numbers x1,%2,...,%,,

n
PXi>xi,i=12.,m<[[PX>x),
i=1

and negatively lower orthant dependent (NLOD) if for all real numbers x1,xy,...%,,

n
PXi <xii=1,2,..,m) <[[PXi <x).
i=1
A finite collection of random variables X, X»,..,X,, is said to be NOD if they are both
NUOD and NLOD.
An infinite sequence {X,},>1 is said to be NOD (NUOD or NLOD) if every finite sub-
collection is NOD (NUOD or NLOD).
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The concepts of NA and NOD sequences were introduced by Joag-Dev and Proschan
[17]. They pointed out that NA random variables are NOD random variables, but
neither NUOD nor NLOD implies NA. Various results and examples of NOD random
variables can be found in Joag-Dev and Proschan [17], Bozorgnia et al. [18], Asadian et
al. [19], Wang et al. [20], Wu [21,22], Wang et al. [23,24], Li et al. [25] and Sung [26],
etc. Obviously, by the definitions of NOD and pairwise NQD, NOD random variables
are pairwise NQD random variables. For more results and examples of pairwise NQD
random variables, one can refer to Lehmann [16], Matula [27], Wu [28], Gan and
Chen [29], Li and Yang [30], etc. But unlike NOD random variables, pairwise NQD
random variables have not some nice inequalities such as Bernstein-type inequality as
we know.

Inspired by Liang and Jing [10] and other articles referred above, we investigate the
nonparametric regression model based on NOD random errors. By using the moment
inequality, Bernstein-type inequality and truncating method for NOD random vari-
ables, we obtain some consistency results for estimator of g(x) such as the mean con-
vergence, uniform convergence, almost sure convergence and convergence rate. We
generalize some results of Liang and Jing [10] for NA random variables to the case of
NOD random variables. Meanwhile, as an example of designed assumptions for weight
functions, we give the nearest neighbor weights.

For any function g(x), we use c¢(g) to denote all continuity points of function g on the
set A in R for some g > 1. Let ¢, ¢y, ¢35, C, C;, Cs,... denote the positive constants
whose values may vary at each occurrence. [x7 denotes the largest integer not exceed-
ing x, I(B) is the indicator function of set B, x* = xI(x > 0), x~ = -xI(x < 0) and ||x||
denotes Euclidean norm of x. In this article, main results are presented in Section 2,
some lemmas and the proofs of main results are presented in Sections 3 and 4,
respectively.

2 The main results
Under the nonparametric regression model of (1.1), for any fixed point x € A, some
assumptions on weighted function W, (x) = W,(x, x,1,..., x,,,;) are given as follows:

(Hy) YL Whi(x) > 1 as n — o
(Ho) Y1 [Whi(x)| < C for all n;
(Hs) i, Wﬁl(x) — 0 asn —> oo
(Hy) Y0 [Wii(x)] - |8 Geni) — 8(x)| I ([Ixni — x| > @) = 0 as n — o for all a > 0.

Theorem 2.1 Let {¢,, n > 1} be a mean zero NOD sequence. Assume that the condi-

tions (H,)-(Hy) hold true. IfsuanlEsﬁ < 00, then for x € c(g) and some p € (0, 2],

Elg(x) —gx)|' = 0, as n— . (2.1)

If SUP Elen|” < O for some p > 2, then (2.1) also holds true.

n>1
In order to obtain uniform convergence for the estimator of g(x), for any fixed point
x on a compact set A in RY for some g > 1, some uniform version of assumptions on

W,i(x) = W,(%,%,1,...%,,,,) are replaced by that as follows:
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n
(H})sup,eq ‘21:1 Whi(x) — 1‘ — 0asn — oo;

(H/Z)supxeA

le Wm(x)‘ < Cfor all n;
v n
(H3)sup,es ) Wii(x) = 0 asn — oo;

(H})supyca Z; |Wm(x)| I (|xni — x|l > a) - 0asn — oo foralla > 0.

Theorem 2.2 Let {¢,, n > 1} be a mean zero NOD sequence. Assume that the condi-
tions (H}) — (Hy)hold true and g is continuous on the compact set A. If

sup,..Ee} < oo, then for some p € (0, 2],

sup E|gn(x) —g(x)‘p — 0, as n— oo. (2.2)
X€A

IfSUPE|8n|p < X for some p > 2, then (2.2) also holds true.

n>1
Next, we will study the almost sure convergence and convergence rate for the esti-
mator of g(x). Similarly, for any fixed point x on the compact set A in R4 for some g
> 1, some assumptions on the W,,,(x) = W,(x, x,,1,...X,,,,) are shown as follows:

(HS) {Z?:l Wni(x) - 1| =0 (n_1/4) %
(He) Y11 |Whi(x)| < C forall n > 1 and max; <j<y |Wyi(x)| = O (n_l/zlog%/zn);

(H7) 0y [Whi(x)| - |8(tni) — ()| I (Ilxni — xIl > an~1*) = O (n~Y/4) for some a >
0.

Theorem 2.3 Let {¢,, n > 1} be a mean zero NOD sequence such that
supnzlEsﬁ < 00. Suppose that the conditions (Hs)-(H7) hold true and g(x) satisfies a

local Lipschitz condition around the point x. Then for x € A,

gi(®) > g(x), as n— oo, as. 2.3)

Theorem 2.4 Let {¢,, n > 1} be a mean zero NOD sequence such that
supnzlEsﬁ < 00. Suppose that the conditions (Hs)-(H;) hold true and g(x) satisfies a

local Lipschitz condition around the point x. Then for x € A,
gn(x) —g(x) =0 (n’l/‘l) , as. (2.4)

Remark 2.1 The similar assumptions on weighted functions can be found in Ren
and Chen [11], Hu et al. [31] and Liang and Jing [10], etc. Under the NA sequence
and other assumptions, for some p > 1, Liang and Jing [10] obtained the result E|g,(x)-
gx)[? — 0 as n — oo (see Liang and Jing [10, Theorem 2.1]). In our Theorem 2.1, we
give the result E|g,(x)-g(x)|” — 0 as n — o for some p > 0. Liang and Jing [10] also
studied the strong consistency of the estimator for g(x). In our Theorems 2.3 and 2.4,
the strong consistency and convergence rate of the estimator for g(x) are presented.
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Since NA sequence is a NOD sequence, we generalize some results of Liang and Jing
[10] to the case of NOD sequence.

Example 2.1 Here, we give an example that the designed assumptions (Hs)-(H;) are
satisfied for the nearest neighbor weights. Without loss of generality, let A = [0,1] and

Xpi = rlz' 1 <i<n.Forxe A, werewrite |x,; - x|, |%,2 - %|,..., [%,., - x| as follows
(n) (n)
‘le(x) ‘ < ‘xR )~ x‘ ‘xR W ~ X[/ (2.5)
if |x,; - ®| = % - %[, [%4 - x| is in frond of |x,; - x| for i <j. Let k, = r17°87 and

define the nearest neighbor weight functions as following

(n)

if |xp — x| < ‘ka(x)

J
Wni(x) = Whi (X, Xn1, Xn2, -+ -, Xnn) = § kn (2.6)

0, otherwise.

Consequently, for every x € [0,1], we can find by definition of R; (x) and choice of
Xui that

n n Iy
1
Z Whi(x) = Z Wig,(x) (%) = Z " 1, (2.7)
i=1 i=1 i=1
W, oo (2.8)
lrgzag; m(x) B ky — ns/8’ .

- —1/4 (xm - 2
Z Wi (x)1 (Ixm- —x| >an ) Z Wi(x) 2 71/2
i=1
b (™ L) by
(xRi(x) ) nll? < ’/” a2 (2.9)
k,a? P k,a?

2
< (k") n'? < @ Va > 0.

nl/a’

If g is continuous on [0,1], then by (2.6)-(2.9), it can find that the assumptions of
(Hy)-(H;) and (H}) — (H}) are satisfied.

3 Some lemmas
Lemma 3.1 (cf. Bozorgnia et al. [18]). Let random variables X1,X,,...X,, be NOD, ff5,...,
[ be all nondecreasing (or nonincreasing) functions, then random variables f,(X1), fo
(X2),ev0r f1(X,,) are NOD.

Lemma 3.2 (cf. Asadian et al. [19]). Let {X,,, n > 1} be a NOD sequence such that
EX, =0 and E|X,|’ < e foralln>1 and p > 2. Then

p n n /2
<c Y EXil+ (Z EX}) ,
i=1 i=1

where ¢, depends only on p.

Page 5 of 13
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Lemma 3.3 (cf. Wang et al. [20]). Let {X,;},=1 be a sequence of NOD random vari-
ables such that EX,, = 0 and |X,,| < b for each n > 1, where b is a positive constant.

Denote A2 =Y 1, EX?for each n > 1. Then for every ¢ > 0,
n 82
P Xi|>¢e| <2expqy— .
2 Xize)=2ew 2 (242 + be)

i=1
4 Proofs of the main results
Proof of Theorem 2.1: By C, inequality, it has

Elga(x) —8()|” = ¢ {Elgalx) — Egu(x)|” + [Egu(x) — s’} (4.1)

For x € ¢(g) and a > 0,
|Egn(x) — 8(x)] < D [Wii(%)] - |8 i) — 8(6)| I (llxai — x]| < )

i=1

+ Y [ Wail®)] - |8 Goni) — ()| T (i — xIl > )

i=1

+|g(x)] -

Xn: Wm(x) -1

So, similar to the proof of (2.10) in Hu et al. [31], by conditions (H;), (H,) and (Hy),
it is easy to have that

[Eg(x) — 8(0)] = 0, xec(g). (4.2)

On the other hand, by Lemma 3.1, for the fixed x, we can see that
{Wi(x)ei, 1 <i<n} and {W,;(x)e;, < i <n} are also NOD sequences. Combining

with Wyi(x)e; = Wy (x)ei — W,;(x)s;, without loss of generality, we assume W, (x) = 0

in the proof. If 0 <p < 2, by Jensen’s inequality, Lemma 3.2, (H3) and S‘il? Esﬁ <00 we
n>

have
n p
E|g,,(x) — Egn(x)|p =E Z Whi(x)&ni
i=1
n p n 27 P2
=FE Z Wm(x)ei < E(Z Wm(x)s,-) (4.3)
i=1 i=1

p/2

n p/2 n
< {Z Wf”(x)Eeiz:| <G {Z w,%,.(x)} -0,
i=1 i=1

following from that {g,;, 1 < i < n} has the same distribution as {¢;, 1 < i < n} for each

n. Otherwise, for p > 2, by Lemma 3.2, sup,.Ele|’ < oo and (H3) again, we obtain

Page 6 of 13
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n p n p
E|gn(x) — Egn(x)|" = E[>_ Wai(x)eni| =E|Y_ Wi(x)e;
i=1 i=1
n n p/2
<GCs3{ Y Wh)Elel + [Z Wii(x)Esf} (4.4)
i=1 i=1

n PR o P2
<Gy [Z Wf[i(x):| + [Z w}li(x)} -0,
i=1 i=1
. n o\ 1/ n B 1/p f iti b 1<i<
since (Zi:l “i) > (Zi:l “i) or any positive number sequence {a;1 < i < n}

and 1 £ a < B. Therefore, by (4.1)-(4.4), the desired result (2.1) has been proved
completely.

Proof of Theorem 2.2: Since g is continuous in the compact set A, g is uniformly
continuous in the compact set A. Consequently, similar to the proof of Theorem 2.1,
we can get that

. 3 p_ - _ _
Jim sup E |8n(x) — Egn(x)|" =0, lim sup |Egn(x) — g(x)] = 0.

Therefore,
lim sup E|g,(x) —g(x)\‘7 < { lim sup E|g,(x) — Eg,,(x)|p + lim sup |Eg,(x) — g(x)\p} =0,
n—oo x€EA n—o00 x€A n—o00o x€A

which implies the desired result (2.2).
Proof of Theorem 2.3: Combining the proof of (4.2) with the assumptions of (Hs)-

(H7) and g(x) satisfying a local Lipschitz condition around the point x, we can get that
[Eg(x) - g(x)] = O (n™*). (4.5)
Therefore, for x € A, to prove (2.3), we only have to show that
gn(x) —Egn(x) > 0, as n— oo, aus. (4.6)
Without loss of generality, we assume that W,;(x) > 0 in the proof. Let
- (em- < —i1/2> + el (Iem-l < i1/2> +il?g (gm- > '1/2),
5g? = (Sni — i1/2> I <5ni > i1/2> , eg? = <8m + i1/2> I (Sm‘ < —i1/2> /
eri=—i"20 (& < —i"2) v el (leil < M2) + 21 (& > 12,

£ = (si — i1/2> I (ei > i1/2> , &3i= (ei + i1/2> I (ei < —i1/2> .

Since Eey; = Eg; = 0 for each #, it is easy to see that

gﬂ(x) - Egﬂ(x) = Z Wni(x)eni

i=1
= X": Wii(x) [55? — Esgt?] + 2": Whi(x) I:ES? — Eeg?] + Xn: Whi(x) [sg? — Esg?]
i=1 i=1 i=1

=Ty + Tpp + Tys.

(4.7)

Page 7 of 13
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Obviously, for the fixed x and #, {Wni (x) (8 1i — Ee l,i)} is a NOD sequence with

1<i<n

mean zero. Meanwhile, by the condition (Hp), it has

max |Wy;(x) (61, — Eey)| < 212 max [Wii(x)| < c1log™/
1<i<n 1<i<n

ZVar m(x) £1,i — Eel, Z (x)Es

n
< ¢; max ’Wm(x)| Z |Wm(x)‘ < 637171/210g_3/2

1<i<n
i=1

Since {e,;, 1 < i < n} has the same distribution as {¢;, 1 < i < n} for each n, we obtain
by applying Lemma 3.3 that for every € > 0,

P(|T| = ¢) = (Z Whi(x) [ ") Esg?] > s) =P <Z Wai(x) [e1,i — Eei] = 8)

i=1

g2

<2exp
[ 2 (263n*1/210g73/2n + clslog73/2n) ]
< 2exp {—c4log3/2n} <c¢sn™?,  for n large enough,
which implies
n
Tn = Z Whi(x) [SY? — ESY/?:I — 0, asn— oo, a.s., (4.8)
following from Borel-Cantelli lemma.

2
Next, we turn to estimate T, and T),3. It can be checked by S‘ill) Ee} < 00 that
n=>

i Eé?g? _ i Eey; i &il (g > i'/?)]
— i1210g”*(2i) 4 i1/210g5/4(2i) —~ i112l0g>(2i) @9)
Z 1log5/4(21)

which implies

oo (n)

> 8251/4 <00, as.
= i/2log”" (2i)

Consequently, by Kronecker’s lemma, we have that

Q]
& — 0, as.
n1/210g5/4(2n) Z
Thus, by the condition (Hp), it is easy to see that
n
< max |Whi(x)| Z e < cn?1og ™0 Z eg?

Z Woi(x)el?
i=1 (4.10)
—0<log 1/ ) a.s.

i=1

Page 8 of 13



Yang et al. Journal of Inequalities and Applications 2012, 2012:140 Page 9 of 13
http://www.journalofinequalitiesandapplications.com/content/2012/1/140

Obviously, by su113 Ee, < 00 and (Hs) again,
nz

Z Woi(x)Eel") | =

i=1

Z Woi(x)Eea,i

i=1

< an*l/Zlog*3/2n é i~12g [8121 <|8i| > il/z)] (4.11)
=0 (log_S/Zn) .

Combining (4.10) with (4.11), it follows

< max [ Wo()| ZE[IS;II(IS;I > 11/2)]

i=1

|Tn2| =

(log 1/4 ) a.s. (4.12)

il (X) [sgnl) Ea(")]

sup Es < 00

Likewise, by , we will found that

(n)

o E83,

s E}831 ad —E 81 & '1/2)] ad Ez?i2

- < < 00
;ilmogS/“(zi) Z i2log®*(2i) ~ Z 1/210g5/4(21) ‘;ilogsﬂ(zi)

which implies

0o ‘ ()

831

21: i1210g% (2i)

<00, a.s.

Then, by Kronecker’s lemma

— 0, a.s.

(n)
‘53"1

W—logs/4 (2n)

Consequently, by (Hg), it has that

Z Whi (x)g(")

—o(log 1/ ) as.

n

(n)

= i WOl 2 e
i=1

On the other hand, by (Hs) and Snl>111) Ee? < 00 again,

Z Wi (x)Ee(")

Z Whi(x)Ees,i

i=1

< max |Wai (%) ZE[I&II(I&I > 11/2)]

i=1

< cn’l/zlog_s/zn Xn:i’l/zE [aizl (Isil > 1-1/2)]
i=1

=0 (10g73/2n) .

Finally,

|Tn3|

i (%) [831 Es("] (log iy ) as. (4.13)
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Therefore, by (4.7), (4.8), (4.12) and (4.13), (4.6) is completely proved. The desired
result (2.3) follows from (4.5) and (4.6) immediately.

Proof of Theorem 2.4: By the estimation of (4.5), to prove (2.4), we only need to
prove that |g,(x) - Eg,(x)| = O(n''*), a.s. It is also to assume that W,;(x) = 0 in the

proof. Similar to the proof of Theorem 2.3, we will use the same notation 85?, gqi and

T,, for q = 1, 2, 3, where i'/* is replaced by i'/*. Obviously i‘ilf Eey < 00 implies

sup Ee; < 00 , by (Hp), it has

n>1

max |Wyi(x) (e1, — Ee,)| < 2n"/* max |[Wy(x)| < cin “14og3
1<i<n 1<i<n

ZVar[Wm-(x) (e1i — Ee)] < Z W2 (x)Ee? < con~log>?

i=1

Since {¢,;, 1 < i < n} has the same distribution as {¢;, 1 < i < n} for each n, we obtain
by applying Lemma 3.3 that for every € > 0

n
p <|Tn1| > 8n‘1/4) -p (Z Woi() [sﬁ'/‘) - Esﬁ’f)] > sn—1/4>
i=1
n
=P (Z Whi(x) [81,1‘ — Esl,,'] > 87’[1/4)

i=1

e 1’1_1/2

<2expj-—
2 <2czn*1/210g_ n+ clsnfl/zlog%/zn)
< 2exp {—0310g3/2n} <c¢n?, forn large enough,

which implies by Borel-Cantelli lemma that

n'*T,; — 0, as. (4.14)

Meanwhile, it can be checked by SnL>111) Eg, < 00 that

00 Ee™ o0 Ee, : ) il/4 o Egt
Z i1/4 i/lZ 5T Z i1/4 832/12 Z 1/4 813/>2 )] = Z ; ;21 n <
o iV4og¥t(2i) I iVtogT (2i) T log™*(21) ‘o ilog™=(2i)
which implies
i Sgnl) <00, as
il410g>? (2i)

Then, we have by Kronecker’s lemma that

Z s(") as.
1/‘*log‘a’/2(2n)
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Consequently, by (H.6), it follows

Z Wm(x)s21 < max |W i(x)] Z e(") ( ’1/4) , as., (4.15)
i=1 i=1
and
n
ZWm(x)Es(") = D" Wai(x)Eea,i
i=1 i=1
n
< max |Wp,(x)| ZE[IE,-II (Ig,-| > i1/4)]
L=izn i1 (4.16)
n
< C5n’1/210g_3/2n2i’3/4E [8?1 (Ieil > i1/4)]
i=1
=0 (n_l/“log%/zn) .
On the other hand, it can be checked that
i E egnl) i E|e3l i [eil (ei < '1/4)] - > Ee}
< 0
— il4log’?(2i) 4 ilAlog¥?(2i) T 4o illflog¥?(2i) T 4 ilog¥?(2i)
which implies
i B
a.s
1/‘*log3/2(21)
So, by Kronecker’s lemma,
(n)
1/4log3/2(2n) Z ‘831 s
Consequently, by (H.6), we have
) -1/4
< {Islglwm(xﬂ Z ‘831 0<n / ), as., (4.17)
i=1
and
n
ZWm(x)Es(") = ZWm(x)Eb“s,i
i=1 i=1
< max |Wy(x)] ZE [leit (1 = )]
1=isn -1 (4.18)

n
< cn’l/zlog_3/2n2i’3/4E[ (Ie | > 11/4>]

i=1

=0 (n_1/4log73/2n) :

Finally, similar to the proof of (2.3), by (4.14)-(4.18), it easily has that |g,(x) -Eg,(x)|

= 0, as..
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