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1 Introduction

Scattering amplitudes led to the discovery of string theory more than 40 years ago. But
after all these years, explicit results for higher-loop and/or higher-point amplitudes are rel-
atively sparse. In fact, since the publication of the famous review by D’Hoker and Phong [1]
in 1988, there has been a small number of new ten-dimensional scattering computations.
Using either the RNS or GS formalisms, the extensions to our knowledge in higher loops [2]
or higher points [3-8] were limited to bosonic external states while the overall coefficients
were not always under consideration.’

Since the discovery of the manifestly space-time supersymmetric pure spinor formal-
ism [11-14] there has been progress in extending results of scattering amplitudes? to the
whole supermultiplet [12, 17-23] by using the pure spinor superspace [24] but explicit com-
putations for genus higher than two are still missing though [25-27]. And the amplitudes
in the pure spinor formalism were also computed up to the overall coefficients. That has
changed since [28], where the precise normalizations for the pure spinor measures were
determined and where it was also shown how to evaluate integrals in pure spinor space.

IThere are however powerful approaches to discuss the coefficients which do not require direct ten-
dimensional scattering computations [9, 10].

2The use of the pure spinor formalism however is not limited to scattering amplitudes only. For reviews,
see [15, 16].



So in this paper we use and extend the results of [28] to obtain the coefficient of the
type IIB (and ITA [29, 30]) two-loop massless four-point amplitude from a first principles
computation and for the whole supermultiplet. To achieve that we use pure spinor measures
which present the feature of having simple forms for all genera, in deep contrast with the
complicated superstring measure for the RNS formalism [31, 32]. As mentioned in [33], it
is still an unsolved problem to find the precise normalizations for the chiral bosonization
formulee of [34]. Therefore the two-loop coefficient can not be obtained from a direct
calculation in the RNS formalism. In fact, computing the amplitude up to the overall
coefficient already required several years of effort which resulted in an impressive series
of papers [2, 35-39], so the strategy adopted in [33] was to fiz the two-loop coefficient
indirectly by using factorization. So in this respect the calculations of this paper make it
very clear how the pure spinor formalism can surpass the RNS limitations. But to present
our results we have chosen to adopt the clear conventions of [33], which also eases the
detection of any mismatches.

In section 2 the conventions and several pure spinor specific results are written down.
Emphasis is made regarding the generality and simplicity of the pure spinor setup. The
computations of the three- and four-point amplitudes at tree-level are performed in sec-
tion 3 to show that the conventions of section 2 match the RNS ones of [33] such that
APS = ABNS  where
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Then we use the very same machinery of the tree-level computation to obtain also the full
supersymmetric one- and two-loop amplitudes — including their precise coefficients — in
sections 4 and 5,
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which explicitly shows that with the pure spinor formalism those coefficients follow di-

rectly from a first principles computation. But we find disagreement with the RNS results
reported by [33], namely
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The mismatches seen in (1.3) will deserve some consideration. On one hand, the previous
PS computation of the one-loop coefficient in [28] by one of the authors claimed agreement
with the RNS result of [33]. But as will be pointed out in section 4, [28] made a mistake in
the evaluation of the b-ghost integral which explains the difference with the computation of
this paper. On the other (RNS) hand, we argue in section 4 that [33] forgot the two factors
of 1/2 from the GSO projection in the left- and right-moving sectors in their measure. This



observation will also explain the 1/2% mismatch at two-loops of section 5, as [33] fixed the
two-loop coefficient using a factorization constraint which depends quadratically on the
one-loop coefficient.3

In the appendix A we present the detailed covariant computation of the two-loop
kinematic factor needed in section 5. This appendix can be regarded as a fully SO(10)-
covariant proof of the 2-loop equivalence* between the non-minimal and minimal pure
spinor formalisms, and is analogous to the covariant proof of [40] for the 1-loop case. The
appendix B is devoted to proving a formula mentioned en passant in [17] which is used to
rewrite the two-loop amplitude in terms of integrals in the period matrix instead of in the
Teichmiiller parameters.

2 The conventions

The non-minimal pure spinor formalism action for the left-moving sector reads [13]

1
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with the constraints (Ay™A) = (Ay™A) = (Ay"r) = 0. The space-time dimensions are the
following [28]

o] =2, [X™] =1, [0] = V] = [0*] = [8°] = 1/2, [pa] = [wa] = [Aa] = [ra] = —1/2.
(2.2)
The OPE’s for the matter variables following from (2.1) can be computed to be

m al m 2 16} 5(16
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The Green-Schwarz constraint d,(z) and the supersymmetric momentum I1"(z) are
o= Po— - (0)adXom — - (Y"0)a(9md0), T = OX™ 4 - (09m00)  (2.4)
a = Pa o Y aldm = 4 Y a\UYm0ov), = 9 Y :

which satisfy the following OPE’s
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do(2) F(B(w), 2(w)) ~ P27 (Z(i”);}x(w)), 7 (2) £ (0(w), z(w)) ~ _0‘2' k" f (i(iv)i;w(w))

(2.5)

3For a compact Riemann surface S of genus g the correct factor is 1/2297 which is the number of spin
structures over S and is in agreement with factorization.

4As will be mentioned in appendix A, there is a loophole in the 2-loop equivalence proof of [20]. Some
terms in the non-minimal pure spinor kinematic factor were argued to vanish using a U(5) decomposition
but, as will be shown explicitly using the identities of [23], are in fact proportional to the kinematic factor
of the minimal pure spinor formalism. As this loophole only affects the proportionality constant, it does
not alter the conclusions of [20] but had to be taken into account here.



where D, = 62@ + ;(Wmﬂ)oﬁm is supersymmetric derivative. The composite b-ghost is

given by [13] (see also [41])
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and satisfies [13]

{Q,0(2)} =T(2) (2.6)
where the BRST-charge @ and the energy-momentum tensor 7'(z) are

1
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From (2.2) it follows that [Q] = [b] = [T] = 0.
Scattering amplitudes in the non-minimal pure spinor formalism use vertex operators
in unintegrated and integrated forms, which for the massless states are given respectively by
/

/
V(z) = A*Aa, U(z) = 00%Aa + ApI™ + O; AW + Z Ny F™ (2.7)

where A, (X,0), A™(X,0), W*(X,0), F™ are the standard 10-dimensional N' =1 SYM
superfields [42, 43]. They have the following #-expansion [19, 44-46]
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where a,,(z) = ene™?, €(z) = (2/a’)Y?x*e** and F,,, = 20jmay) with [en,] = 0 and
[x*] = 1/2. The space-time dimensions of the superfields and the vertex operators are

[Aoz] - 1/27 [Am] =0, [Wa] = _1/27 [fmn] =-1, [V(Z)] - [U(Z)] =1 (2'8)

Vertex operators for the closed string are V(z,2) = &V (2) ® V(2) and U(z,2) = &U(z) ®
U (z) with the understanding that only the left-moving modes carry the e** factor. 7 is
the overall vertex operator normalization which will be fixed below to £ = k, where & is
the normalization convention used in [33]. Therefore as in [33], its precise value in terms
of @ and the string coupling constant [47, 48] will not be needed here.

Finally, the string coupling constant appearing in scattering amplitude computations
in the pure spinor formalism is e(29=2#_ As discussed below, by choosing a convenient



normalization for the pure spinor tree-level measures its equality with the RNS convention
of [33] e9-21 = ¢(29-2A will follow.

The construction of the zero-mode measures for the non-minimal pure spinor variables
was given in [13] and their precise normalizations were found in [28]. It is however con-
venient to use slightly different conventions for the measures of [28] to make their genus-g
dependence (and generality) explicit, facilitating computations in different genera. The
space-time dimensionless genus-g zero-mode measures are given by

(AN T o, azasasas = Cr€a...aspr...pi AN . dAPH (2.9)
[AN T2 = ¢y e@r-aaPi-PIIg) L dN,, (2.10)
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[ds) = CuTayanaseuss €71 D55 (2.14)
[d6] = cod"®0), [dd'] = cqd'Sd’  (2.15)
with the following normalizations
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where R is arbitrary and parametrizes the freedom in choosing the normalization of the
tree-level amplitude and A, is the area of the Riemann surface. As will be shown in section

3, using the value

V2

2 _

R*= (2.20)
fixes the tree-level normalization to be the same as in the RNS computations of [33]. The
tensors 1o, .. a5 T are defined as

Toiazazasas = ()‘Vm)al ()‘VH)OQ ()"Yp)a:a (anp)az;as (2'21)
Ta1a2a3a4a5 — ()\,ym)ozl ()\,}/n)ag ()\,yp)ag (,ymnp)a4a5 (222)
and satisfy
Ta1a2a3a4a5Ta1a2a3a4a5 = 5! 26()‘>‘)3' (2'23)
The appearance of the area A, and of the factor Z, will be explained in the next subsection.
They are
1
A:/d% . Ty = ., og>1 2.24
g VO 2= (@) (2:24)



where €7 is the period matrix of the Riemann surface. It is well-known that for g = 1 the

period matrix is given by the Teichmiiller parameter 7.

To avoid cluttering in the formulae we define the genus g bracket <>(n,g) as
o~ (N —(r0)
(M, 0))ng) = / 8NN | MO (2.25)

for an arbitrary pure spinor superfield M (A, A, 0, 7). With the above conventions the inte-
gral over the zero modes of pure spinor space becomes [28]

/ [AA][dA] (M) e~ N = (7;68‘) (Z) Cn>0 (2.26)

which together with (2.23) imply that

o\ /% [ o 2(7+n)!
7
Ning) = (A9>(ng)—2R<A> <2> P (2.27)

where we used the abbreviated notation (A30%) = (Ay"0)(\y*0)(Ay'0)(67,56). Due to the
identities of [23] the following trick from [28] is required for the tree-level, one- and two-loop

amplitudes

(A O™ ) O ) F gy = = s (%0 (225)
where K denotes the kinematic factor of [33], which will be written down below.

It is convenient to consider the genus-g expectation value of the exponentials at the
same time as the integration over the non-zero modes of the pure spinor variables, as the
latter is equal to (detdd)® [28]. When both expressions are computed the determinant
factors cancels out and one can use the following expression

4
<H eik-x>g _ (27‘(‘)105(10)(]{;) (27:45 . H F (2, Z])ak' kI (2.29)

=1 1<J

for their combined result. Therefore by using (2.29) the integration over non-zero modes of
the pure spinor variables is already taken care of. For the sphere one has Fy(z;, 2j) = |2ij]
whereas for genus g > 1 it can be written in terms of the prime form as [1]

o \akikT _ C \jakiki B —1 E E
Fy(zi, %) = |E(z, %j)| exp(—2m(Im€Q); ; (Im wr)(Im wy)), (2.30)
Zi Zi

where wy(z) (I =1,...,g) are the holomorphic 1-forms over 3.
From (2.27) and (2.29) it follows that in amplitudes of closed string states the factors

of A4 cancel in the always-present product of,

N
’i T \/2 o (7+n o 7
N P[] )5 = 26000, (2) ("7 ) TT £ 2™+

=1 1<j
(2.31)



The independence of the closed string amplitude with respect to the area of the surface
follows from the fact that the number of bosonic and fermionic conformal weight-zero
variables is the same.

The topological prescription [13] for computing the 4-point amplitudes at tree-level,
one- and two-loops® is

Ao = e / 22 ([N VL) V(1) V3 (00) U (21)[2) (2.32)

4
Ar = ;HA‘/ d27'1H/dzzz‘(‘/\/(b,ﬂ1)V1(O)Ui(zi)]2> (2.33)

A2=142“/
M

where M; (My) is the fundamental domain of the Riemann surface of genus 1 (genus 2)
and N is the regulator [13]

4
&1 [ b U ) (2.34)
=1

271=1

N = Z — ()= (wlw!)—(r8)+(s'dl) (235)
() denotes the integrations over the zero-modes
g
) — H / [d6][dd!][dr][ds][dw!] [dw] [dA][dA] (2.36)

and the b-ghost insertion is [50, 51]

1 .
(b, ;) = o /dzyjbzzuj-z, j=1,...,3g — 3. (2.37)

where the normalization 1/27 comes from bosonic string theory [50] because the topological
prescription is based on it. With the above conventions, the space-time dimension of the
genus-g four-point amplitudes is given by [A4] = 8. In the following sections we don’t keep
track of the overall sign of the amplitudes.

Following [33] we use d?7 = dr A dr, d*>z = dz A dz (in particular le d*z = 2m).
Furthermore )s has space-time dimension —2 and is given by

Vs = —sA(1,4)A(2,3) + tA(1,2)A(3,4), (2.38)

where A(i, j) = wi(z)wa(zj) —wi(zj)wa(z;) and wy(z) is the basis of holomorphic 1-forms
discussed below and s = —2(k! - k%), t = —2(k* - k%), u = —2(k' - k3) are the Mandel-
stam variables satisfying s + ¢ 4+« = 0. Finally, the omnipresent supersymmetric kine-
matic factor K can be conveniently represented by the pure spinor superspace expression

®The ; factor appearing in the two-loop amplitude was argued for in [49]. Every Riemann surface of
genus 2 can be written like a hyperelliptic curve y? = h(z) where h(z) is a polynomial of degree 6 and ¥ is
the coordinate over CP'. This curve has the Z» symmetry y — —y, so the 1/2 factor is needed. We would
like to thank Cumrun Vafa for this explanation.



K = 23040({(AAHY My W2)(A\y"W3)FL.), where the brackets here are defined such that
((A\36°)) = 1 [23]. While the computations of [33] did not involve the whole supermultiplet,
this representation of K is convenient because its bosonic component expansion has the
same normalization of the kinematic factor K of [33],

K = (') [2tu(e3 ety — 4t (k- e (K2 - 64)] + perm + fermions (2.39)

where the fermionic terms can be looked up in [23].

2.1 The normalization of zero-modes

Since the dimension of the zero Cech cohomology group H°(3,, Q), where Q'(%,) is the
sheaf of holomorphic 1-forms over ¥, is equal to the genus g of the Riemann surface we
expand a generic conformal weight (1,0) field as [13]

= ¢(2) Z wy(z (2.40)
where ¢ are the zero modes and {w;(z)dz} is a basis of the HY(X,, Q') group such that
/ w;(z)dz = dj, / wj(z)dz = Qy; ,j=1,2,...,9

(wi,wj) = / w;w; dz A dz = 2Im$;; (2.41)
g

where a; and b; are the generators of the Hl(Eg, Z) = Z?9 homology group and (1;; is the
period matrix [52]. If we expand ¢ over another basis {c;} related by w; = B]a; then [53],

det / w;wjdz Adz | = det|B|*det /aiaj dz N\ dz
29 Eg

detB| = | /det(2Imy;) = 2, (2.42)

the basis {¢;} is orthonormal, (a;, ;) = d;;. Expanding the fields over the new basis as

so that for

o= Z?:1 ¢"a; one can show that the measure satisfies

dg'" -+ dd'9 = det(B)°d' - - - do?, (2.43)

where ¢ = +1(—1) for bosonic (fermionic) fields. In the non-minimal formalism the in-
tegration measures for conformal weight-one fields is defined in terms of the ¢’ compo-
nents, but it is more convenient to use the {w;} basis in explicit computations. To ac-
count for this we absorb the Jacobian (2.42) equally into each of the [d¢!] measures as
(det(B)/9d@p) - - - (det(B)/9d¢9), which explains the factors of Zgy in (2.16)-(2.19).

Similarly, the appearance of A, in the measures of the conformal weight-zero vari-
ables [AY, Ay, 7o, 0%] follows from the expansion in a complete set of eigenfunctions for the
Laplacian of the worldsheet [54]

A*(2) = A§ Ao+ D AFA(2, 2) (2.44)

J
and Ag = 1 is the generator of the cohomology group HO(EQ, O) = C, where O is the sheaf
of holomorphic functions over £,. Because the norm of Ag is [[Ao||* = A, the measures of

the scalars must have the Jacobian Az,/ 2 (where € = +1(—1) for bosonic (fermionic) fields),
explaining the factors of A, in (2.16)-(2.19).

-8 -



2.2 On the normalization of the holomorphic 1-forms

The result of scattering amplitudes in the pure spinor formalism does not depend on the
normalization of the holomorphic 1-forms w;(z). To see this one notes that in closed string
amplitudes® at genus ¢ the difference between the number of independent fermionic and

bosonic conformal weight-one left-moving variables is always 16g + 11g — 11g — 11g =

al al

5g, corresponding to dé,s ,wé and w As Z, appear in the conformal weight-one

measures as Z;/ 9 their total contribution to closed string amplitudes is always |Z g5 2=z glo.
Furthermore, when saturating the 11¢g s*! zero modes the regulator factor A/ provides 11g
d!, zero-modes as well — because they appear in the combination (s’d’) in A and there

Ta zero-modes from. So to complete the saturation of d’ the b-

%,

is nowhere else to get s
ghosts and external vertices will always provide 5¢ factors of |d/wr(z)|?, which scales as
21% under wy(z) — xwy(2). To finish the proof it suffices to note from (2.41) and (2.42)
that Z, scales as Zy — 2797, and therefore |Z]|? offsets the scaling of the \w?g ? factors
from the b-ghosts and external vertices.

3 Tree-level

The massless four-point amplitude at tree-level is given by (2.32),
Ao = e / 224 (N VEO)V2 (1) V3 (00) U (20) ). (3.1)

The amplitude (3.1) was computed in components by [19] and later expressed in pure spinor
superspace up to an overall normalization in [23], where it was used that (H?:l eikix(zi’zi» =
\zﬂ‘éaltll - z4]_§0‘/“. The normalization of the tree-level amplitude of [23] can be deter-
mined a posteriori by using the precise value for the expectation value of the exponentials,

4 5
7.1 . A _ la/ o la/u
L0 = @800 (i, ) 2=z b @2)
where Ay = 47 is the area of the sphere. Doing that in the computations of [23] we obtain,
ar \° [/ \*
Ag = (2m)10610 (k)rte 21 KoKoC(s,t,u), (3.3)
22/ 2
where , , ,
INEREAN _a't (—&u
Cls,tyuy=an 0 ¢ M OTER0) (3.4)
F(l + 0448)F(1 + a4t)r(1+ a4u)
and the kinematic factor Kj is given by the pure spinor superspace expression [23]
m n K
Ko = (AAD) (MY W) (MY W) Fn) 3.0) = ~g9g25 (X%6°)) 3.0 (3.5)
where the last equality follows from (2.28). Using (2.27) we get
NGE0) R [(a\?
Ky=K = K 3.6
o~ Kipiny = v (5) >

5The analysis can be trivially modified to the open string.



and therefore

5 8
Ao = (2W)105<10>(k)g4e—2ﬂR2 < 2 ) (O/> KKC(s,t,u) (3.7)
2 \ 7o/ 2 ” '
4 V2 a'\®
= (27)10500) () g4 e—2m (21%60/5 (2 ) KKC(s,t,u),

where we used that R? = \1/62 .
2167

3.1 The tree-level normalization

To fix the normalizations at tree-level to match those of [33] we need two conditions [47, 48],
therefore we also evaluate the three-point amplitude, which is given by

Ay = e 2NV (0)V (1) V (00)[?). (3.8)

Using (2.29), the component expansion found in [40] and the fact that (k% -k7) =0

3 _ A}
Ay = (27T)105(10)(k)’436 2 (271.22/)5 ‘Kt‘Z
hence,
e V2 o \?
A = (2ﬂ)105(10)(/§)/§3e 2u 06,7605 < ) ) WsW g (3.9)

where we used that

P = (AN 2 = 500 s = X7 (7Y () s
’ 28802 267 \ A 2
and W3 = (e! - e?)(k? - e®) + (el - e3) (k! - €2?) + (e? - €3) (k3 - e1) is the 3-pt kinematic factor
in the RNS computation of [33].
In the normalization conventions of [33] the tree-level tree- and four-point amplitudes
were shown to be given by”

2676/5 2

AN = (27)10609) ()3 e 22 ( V2 ) <al>4W3W3, (3.10)

212,26 ,10 2

ABNS — (27)105(10) ()54 =27 ( V2 ) <O/>8KKC(5,t,u). (3.11)

Comparing the RNS results of (3.10) and (3.11) with the corresponding PS amplitudes
of (3.9) and (3.7) it follows that

R=r, e H=e2\ (3.12)

so the PS and RNS tree-level normalization conventions are the same. The numerical value
of the parameter R in (2.20) was chosen precisely for this match to happen. After this
tree-level matching is done there remains no more freedom to adjust conventions.

"Note that [A;] = 6 and [Ag] = 8, so in [33] the factors of (a’/2) were forgotten.

,10,



4 One-loop

The one-loop massless four-point amplitude is given by (2.33),

Al = ! 4/ > H/d Zi|N (b, ) VEO)U () ). (4.1)

The regulator in (2.35) becomes N = e~ (W) =(w!wh)=)+(s'dY) () denotes the integra-
tions over the zero-modes of [0%, dy, 7o, 8%, Wa, W™, A%, A\y] and the b-ghost insertion written
n (2.37) reads

1
(b, 1) = o / d?zb 2. (4.2)
As discussed in [13], there is an unique way to saturate the zero-modes of all variables.
The b-ghost must provide two d, zero-modes with Zég(o‘ YY) (d Y dt ) wiwy, where
wy; = 1 is the holomorphic 1-form in the torus. Therefore the integral (4.2) is easily

computed to give

) = gy () O

2737 (AN)? ’
because f d2zw1w1,u1 = 1. The integrated vertices contribute three d}x zero-modes via
(‘;,)3(d1W2)(d1W3)(d1W4), so (4.1) becomes

1 o\ 8
./41 = 91532 7_(_2,144 < > / d2TH/d222|K1 sz zl)>1’ (43)

i=1
where the computation of the zero-mode integrations in
Ky = / (dd")[ds ] [dw][du] e~ w1
(W™ r) (d i d ) AAD) (A W) (d W) (d W) 1) (4.4)

is straightforward and goes as follows. Using the measures (2.11) and (2.12) and the results
of [28] one gets

~(ww (AN)?
Jiduaugeten = O (45)
Hence,
1 1 1 Sldl mn 1 9 3 4
K= oz / [dd*][ds"]eC (O™ 1) (dppd) AAD) (AW 2) (AW ) (dWH)) 4.1
(4.6)
The integration over [ds] using the measure (2.14) leads to
= (27()711/2 o ’ 1 ai...a561...0
= 26(11151) Z1 R \ 2 [dd" [T .cap €125 d, - d,
X (Y™ Pr) (d Ympd" ) AAN) (@ W) (W) (d W) (1) (4.7)

Using the identities

pP12...P1

/leddpl-"dpl(i:Epl...plﬁ, epl...p16€al Q507 . p11_11|5|5a1 a56(48
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b b
()20 Ymamapn) proors =273 sy (4.9)

()‘le)[al ()"Ym )042 ()"Ypl)as (7m1n1p1)a4a5}:()"7m1 )041 ()‘7 )042 ()‘7p1 )043 (’YM17L1P1)044045 (4'10)

the integration over [dd'] is easily performed and (4.7) becomes

3(27 5/2 75 N\ —2
= ( 2)R 1 <2> (™ DYAAD) QW) AW My W)y (411)
where we also used that [20] fe re)r fD e re)( .). Using the identity [40]

<(Mm"”D)(Ml)(MmW2)(AvnW3)(A7pW4)>(1,1) (AW ) Fn) 2.
K

where in the last line we used (2.28), the kinematic factor (4.11) can be written as
@r)PZK (TP s
Using the definition (2.27) one concludes from (4.12) that
(271')5210 o\ 4
‘<K1>‘2 - 21432]%12 KK’N(Q,l)’2 9 . (4'13)

The amplitude (4.3) therefore is given by

(2m)° NCAY 2,10 sz(z~)
A= g o o KKK () d o H d?2| N 1| Y,

i= 1
which upon using (2.31),

4

2 X (N (o 10(10) (1 208 R? (o aki-kd
INey (e ) = (2m) 76V (k) HF1 Zis %)

510
=1 (27T) o 1<J

and Z{% = (273)7® finally becomes

KK o 8
— (2 105(10) k K /
Al ( 7T) ( )2971'2(1/5 My T2

H/d2ZZHF1 Zi, 25) akl K (4.14)

=2 1<j

It should be pointed out that the previous computation in [28] claimed that the 1-loop
computation in the pure spinor formalism agreed with the RNS result of [33], but it was
incorrectly used that [ dzzwlwl,uj = 2 instead of = 1. And to compare with the result
of [33] one takes into account the translation invariance of the torus to integrate the “extra”
i dijl = 2 integral in their equation (2.22) to conclude that (4.14) differs® by ; from the
RNS result reported in [33]. We argue that the one-loop result of [33] is missing the
two factors of 1/2 from the GSO projection for both the left- and right-moving sectors,
explaining the 1/22 discrepancy.’

8There is a missing factor of (a’/2)® in [33].
9We thank Eric D’Hoker for kindly confirming to us their missing 1/4 factor [55].
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5 Two-loop

The two-loop massless four-point amplitude in the non-minimal pure spinor formalism is

given by

= 1/<;462/\HH/ dQTj/dQZ, IN (b, 1)U (2)]?) (5.1)

i=17=1

where () denote the zero-mode integrations [[7_, [1d0)[dd!)[dr][ds"][dw!][dw!][dA][dN] and

1 z
o) = o, [ Py (52)

The 32 (22) zero-modes of d, (5%) are denoted by dZ, (s¢) for I = 1,2. As shown in [13],
they are saturated by the different factors of (5.1) as

3
N = (stdHM (s%d*)! H b, 117) H3(@?)? U'0tUiUut — (dY)?(d?)?, (5.3)

so that each b-ghost contributes only zero-modes with the term (¢ )(fgg(n:;;) (dymnpd). The

expansion do(y;) = do(2) + dhwi (y;) + d2ws(y;) implies a zero-mode contribution of

(DYmnpd) (y) = ( Ymnpd )fll() ( Ymnpd )f12() (dQ'Ymnde)fZQ(y)

where f;;(y) = w;i(y)w;(y), i,j = 1,2 is the basis of holomorphic quadratic differentials for
the genus-2 Riemann surface [56]. It follows from a short computation that,

3
H b, pj) = CbH/d Yt (Y5) Ay, y2) Ay, y3) Ays, y1)
Jj=1

1 abc e i
X oags () X r) Ognar) (@ AT 2Y ) (5.)

where ¢, = (3giw)3(‘)§/)3 and A(y,z) = wi(y)ws(z) — wa(y)wi(z). In the computation
of (5.4) one can check that combinations containing a different number of d, and d2 zero
modes e.g.,

(Aaber) (Vyaes ) Aygnir) (d'y e d?) (d' ! d?) (d*9" d?)

vanish trivially due to the index symmetries, confirming the zero mode counting of (5.3).
Using the period matrix parametrization of moduli space the b-ghost insertions become

3
/ d2T1d2T2d2T3’ H(b, Mj)’2 =
Mo j=1

1 1
= /M POl 36 Wrer) Ve ) Qg (™) (d ™ ) (P )
2

where f ?Qr; = f d?>Qq1d*Q12d%Q9s and we used the identity of the appendix B.
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The integration over [dw!][dw] can be done using the results of [28] taking into account
the different normalizations for the measures (2.11) and (2.12),

(AN

/ [dw")[dw][dw?][duw?]e~ (D=0 = (27)22

752 (5.5)

It is straightforward to use the measure (2.14) to integrate over [ds!][ds?], and the ampli-
tude (5.1) becomes

A2 o 8
A2 = o 2030( 111511 (2> /M2 01,12, | (d9)ida) fde?) ar) a2

o~ (N)=(rf)
(AN)8

X (A’le )al (A’Ynl )a2 (A’Ypl )043 (r)/mlmpl )a4a5 ()‘r)/mQ )51 (A’YnQ )52 (Xym )53 (7m2n2p2)ﬁ4ﬁ5

at...asp1...p11 B1...0501...011 71 1 2 2
X € € dﬂl"'dplld51 ..d511

X [(dlwl)(dl WQ)(dQW?’) (d2W4)’U)1 (zl)wl (ZQ)’U)Q (23)w2(24)

(Maber) (Maesr) (Mygnir) (d'y™d") (d' 7T d) (7" d?)

—i—(lel)(d2W2)(d1W3)(d2W4)w1(zl)wg(zg)wl(zg)w2(24)
—l—(lel)(dZWZ)(deg)(d1W4)w1(zl)wg(ZQ)wg(zg)wl(24)
H(PWH(PW2) (W3 (W ws (21)wa (z2)wr (23) w1 (24)
+(d2W1)(dlWz)(dlwg)(d2w4)WQ(Zl)w1(22)?1}1(2’3)11)2(24)
4
HAW (A W (&W?)(d W ws (21 )wn (z2)wa(z3)wn (z0)] [ < ([ [ )2 (5.6)
=1

where the only non-vanishing contribution from the external vertices contains two d' and

two d? zero-modes coming from (a’/2)*(dW)*.

using (2.15) and (4.8)—(4.10) one gets

Integrating the d, zero-modes in (5.6)

4

w0 (a\° 2 10| ‘2 H ik
.AQ = ( ) / d Q]JZ ICQ X < e -m>2 (57)
2432 2 Mo ?

i=1
where the non-minimal kinematic factor K is given by
Ky = <()"7m1n1p1r)()"YdefT)()"Ymgngpgr)()\')’mldeme)\)

X[+ MY WH AP W) (A2 W) (AP W) (Hio34 + Haar2)
AW (AP (A2 W) (AP WH) (Higoa + Hoars)
HMWH P (A2 W) (AP WD) (Hiags + Hosa) ) (—32)  (5.8)

and we defined
Hijr = wi(zi)wi(25)wa(2)wa (). (5.9)

In the appendix A we will show that

K = 22385 V(MY 0™ W) 00" W) Fh ) = 2230 KO0 (5.10)
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where the second equality follows from (2.28). Hence (5.7) is given by

7\ 6 4
Ay = k1?22 KK (O; ) /M d* Q1 Z3 |V P 1N 2 (] | €% (5.11)
2 =1

From the formula (2.31) we get

4 4

ik-x \/2 o ak?-kI

Moo PIL e = 0050w, 2 () TR 612
i=1 1<j

which together with Z10 = 271%det(Im€; ;)= implies that

OKK [(o/\" d?Q g
— (27)105010) () 4 2,\\/ / 1J / i 2 Fy(zi, 25 ak?-kI
“42 ( 7T) ( )K/ € 210a/5 2 Mo (detImQ[J)5 4 |y | H 2(Z ?Z])

1<j
(5.13)
which is the final result for the 2-loop amplitude.! And we have shown that the compu-
tation of the whole supersymmetric amplitude including its coefficient is straightforward
using the non-minimal pure spinor formalism.

6 Conclusions

We used the genus-g measures in the non-minimal pure spinor formalism to find the overall
coefficient of the two-loop amplitude and have shown that there are no major differences
in carrying out the computations when compared against the analogous calculations for
the tree-level and one-loop amplitudes. In fact, this task is significantly simplified by the
pure spinor superspace identities of [23] linking the four-point kinematic factors. These
observations must be compared against the unsolved difficulties in the RNS formalism,
which besides having no explicit computations for the whole supermultiplet has to rely on
a factorization procedure to find the two-loop coefficient. Furthermore, we argued that the
mismatch of 1/16 found in the two-loop amplitude compared with the result of [33] is due
to a missing factor of 1/4 from the GSO projection in their one-loop amplitude.
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A Non-minimal two-loop kinematic factor

The non-minimal two-loop computation of section 5 leads to the kinematic factor
K = (M D) (M D) (0™ D) (Made g M) [(M"WH M W) " W) (M WH]) (3.2).
(A.1)

The coefficient obtained here is 1/16 times the result reported by [33]. This difference can be accounted
for by the missing factor of 1/4 in their 1-loop result which is used as input in their fixing of the 2-loop
coefficient through factorization.
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In [20] it was shown'! that (A.1) is proportional to ((Ay™"P9"X)(AY* W) FrnnFpgFrs) (0.2
the kinematic factor obtained in the minimal pure spinor formalism [17], whose equivalence
with the RNS result of [2] was established in [18, 23]. We will now evaluate all the terms
in (A.1) to find the exact coefficient announced in (5.10).

To simplify the covariant computation of (A.1) we use (MY D)(Ayadgergd) =
48(AN)(Ay¥ D) —48(Ay™ \)(AD) and drop the last term because (A\y™W7') is BRST-closed.
And for the same reason we can use (Ay?y9D) instead of (Ay* D) in the first term. There-
fore (A.1) becomes

K = 48((M M D) (M D) (M D) [ WH M W) " W2 (' W] (22). (A2)

The strategy to evaluate and simplify'? (A.2) is straightforward due to the identities obeyed
by the pure spinor A*. One uses the SYM equation of motion for W¢ in the form of

aoc m 1 m_min aoc
(MDY (MW = LTy PN F i (A.3)
1
(VDY W) = (e EL (A

and uses gamma matrix identities'® in such a way as to get factors which vanish by the
pure spinor property of (Ay™)q(Aym)s = 0. For example, one gets identities like
(X" N) (A7 D) [,

mini

(W W2)] = 48N (MY D) [Foe(MW?)] (A5)
and

F2, 0 "5 N) (M) a (M) g (M) =
= 16(AN) 0y F, — 00 Fay — 01 Fi ) (M) a (M) g (M%) (A.6)

Following the above steps (A.2) becomes

K = 576((\" D) (M "y D) [Fop (M W) (" W?) (' W)
OO ) O T — L L O 09 7)1 2)]) Cr
—192(M7 D) (MY D) [Fr. Ay WH MW M W2) + (B = 4)]) 1. (A7)

The last line of (A.7) vanishes. To see this note that the factor inside brackets is BRST-
closed, so that we can replace (Ay%y9D) by (M D). Furthermore (Ay9%D)(A\y92D) =
— (M99 D) (A9 D) — 2(M2D)(Ay®D) and the last term vanishes when acting on

"There is a loophole in the proof of [20] though. In that proof the terms in (A.1) which are of the form
EWW W F where argued to vanish after summing over the permutations. However we show here that by
using the identities of [23] those terms are actually proportional to W FFF, so the conclusions of [20] still
hold true. CM would like to acknowledge a question made by I. Park which sparked the motivation to
revisit that proof.

2These kind of computations confirm the observations made long ago that pure spinors simplify the
description of super-Yang-Mills theory [57, 58].

13The package GAMMA [59] is often very useful for these manipulations.
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Fip Oy WH MW (AyW?) because (A7 D) = (A\y'7*D) =6, (AD) and (Ay')a(Ayi)s = 0

due to the pure spinor property. Therefore by using the gamma matrix identity of
(V") o’ (Ymn)p 7 = —80%85 — 20055 + 4v5lyvme (A.8)

and dropping the term proportional to the BRST charge and using momentum conservation
(so that D, and Dy effectively anti-commute) we get

(M D) (A9 D) = 8(AN)(Dy' D) + 4(M™ D) (M4 D). (A.9)

The first term in the r.h.s. of (A.9) is proportional to k* and vanishes by momentum
conservation, while the last term vanishes when acting on F3,(Ay'W4) (AW 1) (A W2)
for the same reason as explained above.

For convenience we write (A.7) as
K =576K,, —192K,, — 192K,, + (1 < 2) (A.10)

where

Kqy = (MM D) (MY D) [Fay MW MW A WH]) (1.

while K,, and K,, can be obtained by permuting the labels in K,,. Using the SYM
equations of motion and a few gamma matrix identities we get

Kay = +((MPMD) | 6k (MW (A W) (0" W2) (' W)
1 , 1 A
=, PN Fr Py O W O W) = (N Fp T (D W) (A W)

1 A
=, VTN F o P DY W (M W) ) (1,9)- (A.11)

After a long and tedious computation using straightforward manipulations and identities
like (Ay™ P9I \) L Fo = (A\y™mPa \) F FL and [17)

AU N MY WY [T Foa T + FonFoaF s + Frn T Frs] =0 (A.12)
one gets
1 . )
Koy = = o Ui "y W FL ™90 (M W) ' W) (L1 + (1 = 2)

1 A A .
= S2FRRL g W) 4 2K i WA EL ) (™7 A (A W)y W) (1.9

[a

—_

= ((2FLEL O W) 4 26 i W) FL ) (070 (W) Oy W) o

[a
H(OY PN [(Frn FpgFrs = AT pnFog Frs) Q"W =3F 0 Fo Fr(Ay°W?) +(3  4)]

=72k, (MW [Fr A W) 0y W) + Fi (AN WH O W) + Fpy 0" WH Ay W)
24k, (AW HFRL M W (MY W) + 24k, A" W) Fi (A W (' W) (0.2 (A.13)

W
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To simplify the ( )(_; 2y terms in (A.13) it is convenient to have A, in the combination (A))
by using the identities,

(A" W Q™ PN (A" W) (A ) = 2000) (W 9 W (™90 (A W)
(A.14)

and similarly

My W Qo X A W2 (W) = 200 (W W (™) W?) - (A.15)

(A D O N (A W2 W) = 200) (W W (A7 0) (A W?). (A.16)

In [23] it was proved that

(™ PTN O W P g Frs)ngy = —16(k" - K2 (AT Q™ W) (A" W) Fr)

(A.17)

and that ((AAY) (A" W?2)(My"W3)F ) (n.g) is completely symmetric in the particle labels,

hence

<(>\,ymnpqr)\) [ (frlnnfgqus - 4‘7:71nn‘7:5q‘7:§s) (A78W4) - 3f%nf§qf7}s()‘lysw2)]>(0,2)
+(3 = 4) = +240(k" - B {AAD ") W) F ) 0.2),

where we also used the momentum conservation relation of (k' - k) + (k' -k*) = — (k' - k?).
The last two lines of (A.13) can be simplified by using (My"W) = QA™ — k™ (AA) and
by noticing that the terms of the form Q(A™)Fpq(MPW)(Ay?W) are BRST exact and
therefore vanish. Doing that one gets

=72k, (0" W) [Fra M W) O W) + Fi (A WH O WH) + Fpy 0" WH Ay W)
+ 24k (MW F 0 W O W) - 24k, W) F " WH (AW ) 0.2)
= +240(k" - K*)((AAY MY W) (M W) Fon) (0.2) - (A.18)
Feeding the results above into the expression for K,, in (A.13) one can write it as
K, = K,,, + Kg,,, where
Koy = = O™ ) (W mns WH A WH F 02 + (1 2) (A.19)
— [Pk WV gni g W)+ K (W gns W) Foe) O ™A (0 W)y 0,2 +(3 = 4)]
and
Kay, = +480(k" - K2 (AAN) (YW (MW Fp) (0.2) (A.20)

Furthermore, by using the gamma matrix identities ™" =

ATIRAP AP | @ T and
mny 0 0’__850'55 4™ 50_25550
(’Y )a (7mn)5 - a®p + 7a57m a’B

the pure spinor identities (Ay*™™PIX)(Av4)5 = (MY™)a(Mm)s = 0, the equation of motion
kL (Ay™WT) = 0 and the results above, K,,, (and its permutations K,,, and K,,, ) can be
further simplified. In fact, one can show that

— (ke (Y™ X) (W2 s W (M W F ) 0.2)
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= 32(k3, O™ W P W) O ) P ) + (3 < 4)
= =32 (K k%) + (K k) (MAD O™ W) 0" W) )y (A2D)

From %%np Wﬂfnp = 48(5;’{5% — 525%) and the equation of motion for Wy* it follows that,
— kP Oy N (W g W2) Foo (A W) = 48(k% - k) (AAD) " W2) (M W2) F,
and
;fﬁsk;(W%Qhawl)(MW“U)(MCW?) = 48(k' - ) AA ) (MW (M WA F

From (A.21) one also gets

Fraka(WhygneWH O ") (A W2) = 16(k - k%) (AAD) (A" W2) (A" W),
(A.22)
Plugging the identities (A.21)-(A.22) in (A.19) and summing over the indicated permuta-

- 1
2
tions leads to
Koy = 2400k - F) (AAD) " W) (0" W) F) 0.2 (A.23)
hence
Koy = Koy, + Koy, = 720(k1 : k2)<()‘A1)(>‘7mw2)()‘r)/nWB)]:fnnNO,Q)' (A'24)
From (A.10) and (A.24) and their permutations one arrives at the final result'* for (A.1),
K = +720{AAD (0" W) (" W) Fr) 0.2) X
x [576(k" - k?)—192(k* - k*)—192(k* - k') +576(k* - k') —192(k® - k') —192(k* - k?)]
= 3-27-2880(k" - k%) (AA") (MY W) (M W) F) (0.2) - (A.25)
The complete kinematic factor (5.8) is obtained using the result (A.25) and permuting

its labels. The first line of (5.8) is given by (A.25) while the second and third are obtained
by replacing s — u and s — t respectively. The final result is therefore

Kz = —3-2°.2880((AAY ) (M W) (M W) Fr)0.2)
x [s(H1g34 + Haa12) + u(H1324 + Hog13) + t(Huazs + Hosia)]
= 22385 V(AN (MW (W) P 0.2) (A.26)

where we used the Mandelstam variables and © = —t — s together with

Hi934 + H3q12 — Hizoa — Hos1z = A(1,4)A(2,3)

Hya93 + Ho314 — Hi304 — Hosz = —A(1,2)A(3,4).
and the definition (2.38). With (A.26) the expression for the kinematic factor (5.8) is
finally demonstrated.

1Ty check results we performed explicit component expansion computations with especially-crafted pro-
grams using FORM [60, 61].
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B Period matrix parametrization of genus-two moduli space

Let p1,%, (i = 1,2,3) be the Beltrami differentials, 7; (¢ = 1,2, 3) the Teichmiiller parameters
and wr(z) (I =1,2) the holomorphic 1- forms over Xy, then [17]
3 2
/d%d%d%‘ H/dei,ui(zi)A(l, 2)A(2,3)A(3, 1)‘ = /d2911d2912d2§222 (B.1)
i=1

where A(i, j) = wy (2;)wa2(z;) — wi(2;)wa(z;). To prove this one uses the identity'® [1, 65]

[z @ ) = 5 (B.2)

and expands A(1,2)A(2,3)A(3,1) to get

001 8012 82 iy

3
2 (2 =
H/d () ALDAL DA = — 5 e 5

So

— 081 08hz 0229 eIk dr A droy A drs
0ty 0Tj 0Tk
081 68212 08222

= —0Q11 N 0Qo A 0Q99.

3
drm N drm A drs H/dQZZ',U,Z‘(ZZ’)A(l, 2)A(2,3)A(37 1) =
=1

Multiplying the last expression by its complex conjugate we get (B.1).
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Attribution Noncommercial License which permits any noncommercial use, distribution,
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