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1 Introduction

The skew field of quaternions H gives an example of a noncommutative Clifford algebra
with minimal dimension. It serves as a very convenient model of general Clifford con-
structions. Today, quaternionic analysis is regarded as a broadly accepted branch of clas-
sical analysis offering a successful generalization of complex analysis. It studies functions
defined on domains in R? or R* with values in the skew field of real quaternions H. This
theory is centered around the concept of ¥ -hyperholomorphic functions related to a so-
called structural set vy of H> or H*, respectively.

Quaternionic analysis initiated new solution methods for boundary value problems in
several research areas of mathematical physics, in particular in planar fluids, quantum
field theory, electromagnetic wave equations etc. Many scholars and experts have studied
some boundary and initial value problems in higher dimensions by using them, such as
Giirlebeck, Sprossig, Adler, Alesker, Yang, and so on [1-5].

The Cimmino system (1.1) offers a natural and elegant generalization to the four-
dimensional case of that of Cauchy-Riemann. Cimmino, Dragomir and Lanconelli have
done a lot of research on it [6, 7]. Recently, Abreu Blaya et al. [8] studied the Dirichlet
boundary value problem for the inhomogeneous Cimmino system (1.2). We have
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where f;, (m = 0,1,2,3) are continuously differentiable R-valued functions in  C R*. The
corresponding inhomogeneous Cimmino system is as follows:

fo _ I L _ W _

[ TR P P

af¢ ofi ofs if3 _
ﬁ*—ﬁ_ﬁ_ﬁ_gb (1.2)

dx3

where f;, are as stated above, g, € L,(Q,R) (m =0,1,2,3).

In this article, we will study a kind of mixed boundary value problem for the inhomoge-
neous Cimmino system (1.2) by using the quaternionic analysis approach. This article is
organized as follows. In Section 2, we recall some basic knowledge of quaternionic analy-
sis. In Section 3, we construct a singular integral operator and study some of its properties.
In Section 4, we first propose a kind of mixed boundary value problem for the inhomoge-
neous Cimmino system (1.2); then we obtain an integral representation of the solution of
the mixed boundary value problem by using the one-to-one correspondence between the
theory of quaternion valued hyperholomorphic functions and that of a Cimmino system’s
solutions.

2 Preliminaries

Quaternionic analysis studies functions defined on R* with their values in quaternion al-
gebra space H, which is a four-dimensional vector space with basis e, i, j, k. The basis
element e is a unit element, henceforth we shall abbreviate e to 1. Also, i, j, k satisfy the

following multiplication rule:
2=p=k=-1, j=—ji=k,  jk=-ki=i,  ki=—ik=j.

An arbitrary element of the quaternion algebra space H can be written as x = xo + ix] +
Jxo + kxz, 2, € R (m=0,1,2,3), and x = x9 — ix) — jxy — kx3. The norm for an element
x € H is taken to be |x| = \/x2 + 4% + x5 + x3 and satisfies |x| = |x|, |x +y| < || + |y], [xy| =
|| |y|. Obviously, ¥y = yx and xx = Xx = |x|. In addition, suppose the imaginary unit of C is
identified with the basis element i in quaternion algebra space H, then for arbitrary z € C,
we have z = x + ix; and its complex conjugate z = x — ix;. In this way it is easily seen that
zj =jz.

By means of the mapping xo + ix; + jxy + kxs — (xo + ix1) + (%2 + ix3)j (— (%0, %1,%2,%3)),
one can see H as C? (or R*). From now on, an arbitrary element & € H can be written as
& = z1+zj, 21, 22 € C. From the multiplication rule as stated above, for arbitrary & = z; + zyj,
n=c1+6jeH, z,2,61,6 € C. We have & = (2161 - 2250) + (2162 + 2251)), § =21 + 29 =
21+ 20) = 2~ 2z, and §& = €€ = |a1* + | = §.

Let @ C R* be a nonempty open bounded connected set and the boundary I' = 32 be a
differentiable, oriented, and compact Liapunov surface. The functions f which are defined
in © with values in H can be expressed as f(x) = fy + fii + f5j + f3k, where f,, (m =0,1,2,3)
are continuously differentiable R-valued functions in  C R%. On CO(, H), we define
the differential operators YD and VD as follows:

v a .0 " ad .0
D=2 —-j—=— ), D=2 —+j— ),
0z1 0z d0z1 "0z
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where
d 1 d .0 0 1/ 0 .0
—=\T——+i— ) — ==\—+tli— ]
321 2 axo 8x1 822 2 sz 8963
d 1 0 . d 0 1/ 0 )
—==—=-i—), — == —=-i—).
0z; 2\ 0xg 0x1 0z 2\ 0xy 0X3

Obviously, the differential operators ¥D and VD can be written as

ad a a a 7 a a d a

D= — 4i— —j— tk—, VD= — i 4 —k—,
on 8961 8x2 8963 3960 8x1 3962 8x3
which are associated to the structural set v = {1,7,—j,k} and ¥ = {1, —i,/, -k}, respectively.
Let Ags = 3>, 32 , then the following equalities hold on C® (2, H):

m=0 "Xy’

YDYD =VDVD = Apa = A2 = Ap.

Taking into account that the multiplication in H is noncommutative, the functions f are
called left v -hyperholomorphic in Q if YD[f](£) = 0 (£ € Q). The functions g are called
right v-hyperholomorphic in Q if [g]D(¢) = 0 (¢ € Q).

Denote by 0,4 the fundamental solution of the Laplace operator

1 1

64(5):_WW’

and by K, the fundamental solution of the operator ¥D:

] . 1 & 1 z+zf
IC - WD .l =[G WD: ! = 12 + 1512)2°
y (&) [©4] = [©4] 272 1% 272 (|z)? + |22]?)?

Then the corresponding Cauchy type integral operator is

VKL If)(E) = f Ky (1 = )y ()f () dT, = f Ky (n - &) donf (1),

and the Teodorescu type integral operator is

TQIf1(E) = - /Q Ky (n - £) (1) d,.

In this article, g(x) € Lp((Cz, H) means that g(x) € L,(E, H), g, (x) = |x|“’g(ﬁ) € L,(E,H),
in which E = {£]|§| < 1}, o is a real number, gz, = llgllz,&) + 8 |z, &), » > 1. The fol-
lowing fundamental statements are widely known to hold and can be found in [1, 9, 10],
respectively.

Definition 2.1 Suppose that the functions f, g, ¢ are defined in Q with values in H and
f>g € Li(2, H). If for arbitrary ¢ € C3°(R2, H), f, g satisfy

/ [0]"D(E)g (&) d + / (E)(€)dQs = 0,
Q Q

then f is called a generalized derivative of the function g, denoted by f = ¥D[g].
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Lemma 2.1 ([9]) Ifo1,00>0,0 <y <1, then we have
’Uly —Uzy| <lo1—0oo|".

Lemma 2.2 (Integral form of the quaternionic Stokes formula [1]) Let Q,I" = 92 be as
stated above and f,g € CV(Q, H), then

fr gE)ny (E)f(§)dTe = fﬂ (g]"D() - f(€) + g(&) - VDIf1(€)) d%.

Lemma 2.3 (Borel-Pompeiu quaternionic formula [1]) Let Q,T = Q2 be as stated above
and f € CY(Q,H), then for arbitrary & € Q, we have

/ Ky —§&)do,f(n) —/ Ky -&)'Df1(n) dg, =f(€)
r Q
and

_/rf(n)dm,/Cw(n -&)- _/Q[f]V’D(n)’Cw(ﬂ -&)dq, =f(&).

Lemma 2.4 (Hadamard lemma [10]) Suppose Q2 be as stated above. If o', B’ satisfy 0 <
o, B <4, a' + B >4, then for all x1,x, € R* and x; # x,, we have

/ |t =™ |t = %2 dt < Mo (o', B') oy — 2|4
Q

3 Some useful properties of the Cimmino singular integral operator
By means of the idea as stated above, we suppose

§=Zl+22j€H, 21:x0+ix1,22:x2+ix36(C,
n=q1+sj€e€H, c=yo+iy,c2=y2+iy3€C,
f&) =f(z1,22) = wi(21,22) + Uz (21, 22)j, w1 =fo +ifi,us =fo +ifs €C,

g(&) = glz1,22) = vi(z1,22) + alz1, 22)j, Vi=go +ig1, V2 =g +igz €C.
Then system (1.1) can be written as

0 0y, Uy =0,
11 <— 1L Oni <~ 'D[f]=0. (3.1)
3521/{1 - 321 Uy = 0

Moreover, if the pair (#;,u2) of continuously differentiable (up to the second order)
complex-valued functions give a solution of system (1.1) then

2
+ 8:42%2

Agatiy = Acauy = 4(3

2121

)M1 =0.

A similar observation is valid for i, so u;, i are complex-valued harmonic functions,
i.e. the set of solutions of system (1.1) contains all holomorphic functions of two complex
variables.
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Similarly, system (1.2) can be written as

205 20,, Uy = vy,
12) = | CAmTERRE L up g
2352141 - 2821 Uy =Vy

The generalized Teodorescu type integral operator ¥T¢2[g] can be written as

VTe2(g)(z1,22) = VT2 [g](£)
-~ [ Koln- et der,

_ (z1 - G1) + (z2 — S2)j
272 Je2 (|2 — c1l? + 122 — 212)

=T (g) (a1, 22) + VT3 g) (21, 22)),

58(c1,62) dc2

$1:52

where the Cimmino singular integral operators 1/’T((CIQ) lg], ‘”T((CZQ) [g] are as follows:

(z21-61)
'Tlg) (a1, 22) = o . |2)2g(§1,§2)dc2§1,;2’

212 Jer (lzn— 1> + 1z — 62

TR lg)z1,22) =

il (z2- ) alen, o2 des
272 Je2 (lz1 — 61l + |22 — 62]?)? b 52/ 8C ¢ 6y -

Theorem 3.1 Let E be as stated above. If g € L,(C*,H), 4 < p < +00, then we have

@) "Te2 (1@ < Mi@)lgll,, § € C* = RY,
(2) YTeolgl € Co(C3H) = Cp(RYL,H) (0< B =1-4/p<]1),
(3) "D("Te2[g))(§) = g(6), £ € C* = R™.

Proof (1) First, we have

[V Tealgl®)] < —

— 27?2
1

o

272

Ol + 02.

g(n)dE,

/ (71— 1) + (2 — S2)j

£ (lz1 - 61?2 + |22 — 62/?)?

/ (71— 1) + (2 — 2)j
c

2 g (|21 = 1l + |22 — 2/?)?

g dca_p),

By the Hoélder inequality, we have

1 (zZi—61) + (z — §)j
- dE,
re /E(Izl—§1|2+ |22_§2|2)2g(n) '
1 |z1 = g1l + |22 — 52
— dE
Szl o I

1

1 1 1 1 q

<1 )| dE, < gl (/7%),
n2/5|s—n|3|g |4y = 2508l { = 9

where1/p +1/q =1.

Page 5 of 16

(3.2)
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When & € E, because of 4 < p < +00,1/p+1/q =1, we have 1 < g < 4/3. Thus s m dE,
is bounded. Hence we have

(fmee) =
PR <.
elE—npa ") =

When £ € C? - E, by Lemma 2.1 and the generalized spherical coordinate, we have

1 1
1 q d0+2 3 3g 7

——dE 5](/ 7 dp) <Js,

(/E |& =l ”) s ’

where p = € — 1|, do = d(§,E).
Therefore, for V& € C? = R*, we can obtain

O = M(p)lgl,, &eC*=R*
where M (p) = max{/1/n% J5/m%}.

For n € C? — E, we suppose that i = %, then we have || < 1. Thus by g € L,(C?, H),
similar to the proof as stated above, we have

Oy, <M{(p)liglz,-
Therefore, we obtain
"Te2[gl€)] < Mi(P)lgl,, & eC*=RY,

where M (p) = M;(p) + M{ (p).
(2) For arbitrary &/,6” € C2 = R%, &’ #£”, we have

VT [g1(8) - T2 g1 (7))

N
iy S S
=05+ 0,
and
[ - E
| [[5- o

= "1l 2) - T8, 2) | + [T 1) (21, 23) - T 16 (21,2

= 11 +12. (33)
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Since
-5 - &
-t |7 —nl*
_ @ - VIE" —nl*(I2] — c1l* + |25 — 521%)
|E" —nl*|E" —n|*
(7 -alP+1z - oP)E - nPE - &)
& —nl*|E" —nl*
1z, = SVIE" = nlPlz] — c1* = I2] — s1I*1E" = nl*(Z] - &)l
a4 N~z — 61 21— 61 N~z — 61
B &' —nl*|E" —n|*
N 1z - SVIE" = n*12s — 2l* = |25 — 221" — > (& - S1)
&' —nl*|§" —n|*
= Kl(%-/’s//r T)) + ICZ(%-/fEH’ 7])-
Thus

)

1
11<—//C1 §,6"n)|g(n)| dE, + nz/E’Cz(é/,s’ﬁn)!g(’?)\dﬂi:Ih”h’

Again, because of

]CI(S/IE//)n)
1@ - )IE" -0l - ail? - |2 - 1lP1E = n*E - &)
B € —nl*&" - n|*
1@ - IE" - - )E - &) - (7 - S — s)IE - nlE - &)
& —nl*|E" —n|*
_ 121 — G1llIE" = nl* (2] - ¢1) — (2 — sVIE = nl*11Z] - &l
& —n|*E" —n|*
- 2 — GullIE” — |2} = 24| + [1E" = nI*> = 1§ = nl?ll2] - c11]lZ] - G
B & —nl*|E" —nl*
- 12, - GUllIE" = nl?lz] — 2] +1&" = &'l(1E" - nl +1&" = nDlzy — culllz] - &1l
- & —nl*|E" —nl*
- & = nllI§" —n*1g" —&'| +|E" = &'|(1E" —nl + &' = n)IE" —nl]|E" - n]
- & —n|*E" —nl*

3
1
_ el _gn .
Rl P

Thus by (3.5), (3.6), and the Holder inequality, we have

1 [ 1
L < — S dE. e — "
“—2n2/E§|§’—n|4-’|s”—n|l|g(”)‘ il
1

3
1 / " ]' 1
= gzl - |;</E & —n|-Dajg” —yp|la dE”)

1
||g||Lp|s ~&"| Z (n)ye.

Page 7 of 16

(3.4)

(3.5)

(3.6)

(3.7)
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Suppose oy = (4 —0)q, Bi=1q (1 =1,2,3). By 1 < g < 4/3, we know
O<an,pBi<4, o+ fr=4q > 4.

Thus, by Lemma 2.4, for [ =1, 2, 3, we have

1
0 _
hi = /E & ni@Dajer— i

< MO(ah 131)|$/ _ E//|4*0‘l*ﬂl

= Mol )€ - £ (3.8)
Thus, by inequalities (3.7) and (3.8), we obtain
I, < 5 ||g||L,,|E -&’| Z Moo, Br)|€’ 5”|4 4q)$
I=1
<Jillgllz, |&' - €"|° 39)

where0<f=1+(4-4q)/q=1-4/p<1.
Next, we discuss I,.
For arbitrary £,£” € C2 = R*, &' #£", we suppose |£' — £”| = § and construct a sphere
B(&’,38) with the center at £" and radius 35. Next we discuss [, in two cases.
(i) If B(¢',38) N E # @, then we may suppose B(§/,38) N E = Qy, E — Q; = . Thus we
have

1 ’ "
- F/E'Cz@’s )leGn| dE,

o ’Cz(é g, n)lg(n |d§21,7

T o2

1
o ) /Cz(é’,é”,n)|g('7)|d92ﬂ

=10+ 1. (3.10)

2

Again, by inequality (3.4), the Holder inequality, and the use of a local generalized spher-
ical coordinate, we have

1 |2} — GillE" — nl*|25 — 6ol
Ig) = 2 2/ : / 4\g : 4 |g(n)|d9177
T* Joy 1§ = nl*|E" —nl
1 |25 — sal?1E" = 0’1z - &
+ 2 ? ’ 4180 14 |g(77)|d91n
2r* Jo, 1§" —nl*1E" —nl

1 1 1
<— | ——|gn)]de ) de
= 272 o |g/_n|3‘g(n)‘ ln+ / |g,/ n|3‘g(77 ‘ 1n

1 4 % 1 d %
sfsngnL,,[(/ﬂl ) (/Q o) |
38 1 %1 46 1 %1
< ]6”g||Lp [(/0 p3q—3 ) + (_/(; p3q—3 dp) ]
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4-3q / 7 1-4
<Flgl,s 7 =Flgl, | -7
= Frligls, |§' - €"|°

In addition,

’CZ (5/: ‘i:”’ 77)

|z = SDIE" = nP125 — ©* = 125 — 2P 1€ = nl* & = $)

|&" = n[*€" —n|*
@ =& +73 -Z)E" —nl’lz - ool ~ 17 - w18 — P& ~ &)
& —nl*§" —nl*

_| @& - 5)IE" - nl’lz — ol + 7 - Z)IE" —nPlzs - ol
|E" —n|*|E" - n|*
@ - )2y — s2l*1E" - nl?

|E" = nI*|E" —n|*
_ A —alllg” - %125 — c2l* = 125 — 2l *1E" — nl?
- |&" —n|*|E" —n|*

|2y — 2 11E" = n|*|2} — ¢
|E" —n|*|&" - n|*

Again, because of

6" = ul’|5 - c2|” - |25 - 28" = u[”|
| A R T
& =0’ |z - oo - |2 - o |& - )|

<" -nl'll& -l - |-l [+ - al lg" -l - [&' -l

Page 9 of 16

(3.11)

<|&” - n*25 - 2| (|25 — ca| +|2h — 2) + |25 — <u|*|€" ~ &|(|&” = n] + |&" = n])

3
< is//_%./| Z|s//_n|3—ri1|%_/ _ n|m

m=0

Thus, we have

ICZ (E/,EH) n)
|6 = ll&" = &1 30,0 1&" = nlPI8" = n|" + €'~ E"1E" = nlI&" = n?

= 4 4
& = n|*E" —nl

=g -¢"| 2 +23: : .
& —nl* 18 - nl*E" -l

So by (3.10) and (3.12), we obtain

1 v
)+ 5t | el o

/ " 1 |g(n)|
< |5 -& |;/ﬂz |$,_n|4dQ2n

(3.12)
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+ |§,_§” 27.[2/ Z 1€ — |4 llé” dQZﬂ

22

-1 1 (3.13)

2

First, similar to the method estimating I;,, we have

12" <Jslglls, g - €")°. (3.14)

2 =

Second, when 1 € Q,, |’ — | > 38, |§” — n| > 28. Thus we have

28 <& —n|-|&-&"|<|&"-n|<|&-&"|+|&-n|=8+|6-n

’

(3.15)
5 <6 —n|-l§ -] <|5 ~nl < | —&"| +]&" | =5+ " —].
So we know
1 - 3
L_W-nl 3 516
2718 -nl =2
Thus, by (3.16), the Holder inequality, and Lemma 2.4, we can obtain
1 lg(n)l
) _ e e do
S /g & =it
" 2lg(m)]
¢ [ ds
<! 72 Jo, &/ =nPIE" —nl
<Jollgls, & — |77
= Jsliglz, €' - &"|". (3.17)
So, by (3.13), (3.14), and (3.17), we have
12 < hollgll, & - €"|". (318)
Therefore, by (3.10), (3.11), and (3.18), we can obtain
h, <Juligls, &' -&"". (3.19)

(ii) If B(¢/,38) N E = @, then for arbitrary n € E, we have |£’ — 5| > 38, |£” — 5| > 28. Thus
similar to the method estimating Ig), we have

h, <Jolgl,|e - &"]". (3.20)
So, by (3.19) and (3.20), we have

Ly, <Julgl, |8 -&")", €.6" eR* =, (3.21)

where /i3 = max{/i1,/12}.
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Thus, to sum up, by (3.5), (3.9), and (3.21), we obtain

L <Jullgl, |8 -¢")", &6 eR*=C2 (3.22)
Similarly, we have
L <Jsllgll, & -&"|", £.6" eR*=C2 (3.23)

So, by (3.3), (3.22), and (3.23), we obtain

B

O3 <My(p)lgllL, |§ -&"|", &,6"eR*=C?, (3.24)

where Mj(p) = Jia + J15.
For nn € C? — E, we suppose that n = #, then we have |5y/| < 1. Thus by g € L,(C?,H),

similar to the proof as stated above, we have

B

Os <M5(P)lglL,|& -€"|", &, eR*=C%

Therefore, for arbitrary &/,£"” € C2 =~ R%, &' #£”, we obtain

"Tea(g)(') - T gl ()| < Map)lglln, |8 - &7, &6 eR* =2,

where M;(p) = M, (p) + M3 (p), i.e. VT2 [g] € Cp(C%H) = Co(R%,H) (0< B <1).
(3) For arbitrary ¢ € C°(C?,H), there exists a bounded closed set Q C C?, such that
supp@ CC Q. Thus, by T2 [g](c0) = 0, Definition 2.1, Lemma 2.3, and the Fubini theorem,

we have
/C 191'DE) Tea gl € der,
- Jim / ()" D(E)" T2 () (8) dQ
- Jo
~lim fQ [0]'D(€) [E Ky~ g des, dQ:
 lim [E 2 /Q [P1"D(E)Ky (€ - n) dQeg(n) e,
_ lim [ / (&) doc Ky (&~ ) - w(n)]g(n)dczn
C2 aQ

d— oo

-~ [ otnetndcs, - [ o6 dea,
C? Cc?

where d = supg zrcq €' — §”|. Hence, in the sense of generalized derivatives, we have

YD("Te2[g])(§) = (&) O

Remark 3.1 By the process of proof in Theorem 3.1, it is easy to show that “'ng) lg],
'Tlg] € Cp(C%,C) = Co(RYC) (0< p < 1.
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4 Integral representation of solution of the mixed boundary value problem for
the inhomogeneous Cimmino system

In this section, let E = E; x E; be abounded domain, 9E,, (m = 1, 2) be simply closed curves

in the z,,-plane, and 9E,, € C/(}), 0 < p < 1. Without loss of generality, we may consider

0E,, = {zml|zm| =1} and E,, = {z,4]|z,| <1} (m =1,2). Denote by E}, E;, the inner domain

and outer domain of 0E,,, respectively, and E** = Ef x E;, E*" =Ef X E;, E™* = E] X E;,

E—~ =E] xE;, I =0E; x 3E,.

Problem P The mixed boundary value problem for the inhomogeneous Cimmino system
(1.2) is to find a function f(z1,25) = u1(z1,22) + uz(z1,22)j satisfying the Cimmino system
(1.2) and the following boundary condition:

uit (i, ) = Git, t)uy (b, ) + Ga(t, B)uy (4, 1)
+ GS(tl» t2)u1__(t1’ t2) + H(tlr tZ)» t= (tl» tZ) € F) (4'1)
uy(ti, t) =h(t,t), t=(t,t) € dE, (4.2)
where u; = fo + ifi, up = fo + if3, z1 = %0 + ix1, 23 = %3 + ix3. G1(21,22), G2(21,22), G3(21, 22) are

analytic in E*~, E~*, E~ and are continuous in E*~, E~*, E~~, respectively, which have no
zero. We have G,,(t1,5) (m=1,2,3), H(t1,t) € Co(I', C), h(t1, ;) € C,(0E,C) (0 <o < 1).

Lemma 4.1 If ¥ € C®(E,H), h € C,(IE,C) (0 < <1), g € L,(C%LH) (4 < p < +00), then
the equation YD[W] = 0 with the boundary condition W, |yg = h(ty, t) — ‘/’ng) gl(t1, t2) has
the solution W = wy + woj = wy + jwy and

Wa(8) = fa [0 - T3Lel0] 3 6le, 0 ok

o
ov
wi(§) = (&) + wo(§)

or

_ . — . . ad
W2(Zl, Zz) = /{;E[h(tl, t2) — '/’ng) [g] (tl,tz)]aG(Zl,Zg,tl, tg)daEtl_tZ,
wi(z1,22) = (21, 22) + wo (21, 22),

where v is the unit outward normal on dE, G(§,n) is the Green’s function in E = E; X Es,
D(z1,27) is an arbitrary analytic function in E = E; X E,, and

(t2 - S2)
Gil? + |t — 6o

1
Tl ) = o [

wo(z1,22) = Tr, [~0, W) + Tr, [Po],

~ _ 1 —0,,W2(51,22)
Ty, [~0,, W] = __f "I M2\51,%2) dE:,,
T Ep

pelsn ey .

1—21
~ 1 Do(z1, 62)
TEZ[%]:—;/ %dlszgz,
Ey 2 T X2

1 0, Wa(c1, 2
Dy(z1,22) = —/ LALIGTE) dioEic.
27i JyE, S1—z1
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Proof From Remark 3.1, we know ‘”ng) [g] € C4(C?,C) = C4(R*,C) (0 < B <1). Thus by
[9], we have /1 — ‘PT((CZZ) [g] € C,(3E,C) (0 < u = min{e, B} < 1). So we may construct

- — o 0
() = /o [0 -1l 366, 0 doE

where v is the unit outward normal on 9E, G(&, n) is the Green’s function in E = E] X Ej,

and
1 (tr — &)
T e(t, 8) = — 2 )dea .
clelln) 272 Jex (In = 1> + |62 - §2|2)2g(§1 &) dc

Then w; (&) is a complex-value harmonic function in E, i.e. Ac2w, = 4(822121 + 822222)12/2 =0.
Hence

82’1 (azl V_VZ) = _82'2 (azz ‘Z}Z) (43)
Again, by (3.1), we have

DWW =0 e | 0aMTa#2=0, O = 0 We, (4.4)

352 wp — 321 Wy = 0 352 wy = 821 ws.

By (4.3), we know —d,, w», 9, W, satisfy the compatibility condition
822 (_8Z2 ﬁ}2) = 821 (azl ﬁ/Z)

Thus by Theorem 7.2.1 of Chapter 7 in [11], the general solution w;(z1,2,) of system (4.4)
possesses the form

wi(z1,22) = D(21,22) + wo(21,22),
where ®(z1,z,) is an arbitrary analytic function in E = E; x E; and
wo(z1,22) = Tp, [~z 2] + T, [®o],
1 —0;,Wa(51,22)

Te [0 ﬁ/]z——/ ————dE,
1 23 W2 7 Jg -z I

~ 1 Do(z1, 52)
Tg, [®o] = ——/ ————dE,,,
Ey

T G2 — 2y
1 0z, W2 (51, 22)
Qo (z1,22) = — / """ ddE . 0
27i Jog, G121

Lemma4.2 LetG,, (m=1,2,3), H, wy, E etc. be as stated above. Find a sectionally analytic
function ®(z1,2z,) in E**, E*~, E=*, E~, such that ®(z,z,) is continuous in E**, E*~, E™*,
E~ and satisfies the boundary condition
O (1, 1) = Gity, ) DT (t1, 82) + Galtr, £2) DT (81, £2)
+ G3(t1, 1)@ (t1, 1) + (G1 + Gy + Gz — 1) (wo (8, £2)

VTR Q) 1) + Ht, o), t=(t,t) €T, (4.5)
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where

1 (ti-c)
T e, 1) = —/ =
Cz[g]( 1,12) 272 e (|L‘1—§1|2 + |6 _§2|2)2g(§1’§2) e

Then the solution has the form

F(z1,25), z=(z1,23) € E*,
F ) G ) ) = ) S E+_;

D21, 2,) = (21,22)/ Gy (21, 22) z=(z1,2) B (4.6)
F(z1,22)/Ga(z1,22), z=(z1,23) € ET¥,

—F(z1,22)/G3(z1,22), z=(z1,22) €E™,

where

1 171(5‘14‘2)
F(z1,22) = —/ —— = d0E,., diE,_,
(27i)? Jog, xoE, (51— 21)(52 — 22) ot 2

and H = (Gy + Gy + G3 = 1)(wo + VT z[g]

Proof From Remark 3.1, we know ‘/’ng) [g] € C4(C?,C) = C4(R*,C) (0 < B <1). Thus by
[9], we have H = (G, + Gy + G — 1)(wg + ‘/’T(gz) [g]) + H € C,(T',C) (0 < u = min{a, B} < 1).
Hence by Theorem 7.1.2 of Chapter 7 in [11], it is not difficult to verify this lemma. 0

Theorem 4.1 Let E, OE etc. be as stated above. If g € L,(C%H) (4 < p < +00), then the
solution of Problem P can be expressed as

&) =W(E) + " Te2[gl(6),
where YD[W¥] = 0 and

W(E) = wi(E) + wa(€))j = wi(E) + jia (£),
wi(E) = D(E) + wo(£),
Wa(€) = [,,[n0) - VT3 [g)(1) L G(E, 1) dOE,,

1 (Z1-61) + 2z - S)j (e ) de
272 Je2 (121 — 12 + |22 — al?)? be2de

"Te2lglE) = VT2 [gl(z, 22) =

S1,52

=T [g)(z1,22) + VT2 g1 (21, 22))s
herein wy, ‘”T((CZZ) lg] are as stated in Lemma 4.1, @, v 2 gl are as stated in Lemma 4.2.

Proof By Theorem 3.1, we know YD[Y T2 [g]1(€) = g(&), thus YD[W (£) + VT2 [g](€)] = g(€).
Hence, by (3.2), we know the general solution of system (1.2) has the form

F() = W) + VT2 [gl(©), (4.7)

where VD[W] = 0, £ =21 + 2), f(§) = f(21,22) = 1 (21, 22) + U2 (21, 20)] = w1 (21, 22) +jiha (21, 22),
W (&) = W(z1,22) = wilz1,22) + Walz1,22)] = wilz1, 22) + jwa(z1,22), and

(zZi—G1) + (z2 — §)j
lz1 — 1% + |22 — 621?)

5 8(51, 62) de2

61,52

MTalgl(€) = Talglem) = 35 [ -

VT gl(z1,20) + TElg) 21, 22)f = " Tl @1, 22) + T g 21, 22).
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Thus

Uy (z1,22) = walz1,22) + "’ng) [g](z1,22).

So the boundary condition (4.2) in Problem P can be written as
Wy = hity, ) = VTR e, 1), ¢ = (8, 2) € OE. (4.8)

Therefore, by Lemma 4.1, the solution to the equation YD[¥] = 0 with boundary condition
(4.8) can be expressed as

V(&) = wi(§) + wa(§)) = wi(§) +jwa(§),

where wy, w, are as stated in Lemma 4.1. Again, by (4.7), we have
u1(z1,22) = wi(z1,22) + wT((Clz) [g](z1,22).

From Lemma 4.1, we have
wi(z1,22) = ®(z1,22) + wo(21,22),

where ®(z1,2;) is an arbitrary analytic function in E = E; x E, w is as stated in Lemma 4.1.
In addition, by Chapter 7 in [11], we know w, € C,(C?,C) (0 < « < 1), by Remark 3.1, we
know ‘/’T((Clz) [g] € C4(C% C) (0 < B <1). So the boundary condition (4.1) in Problem P can
be written as

O™ (h, ) = Gi(t, )P (t1, 1) + Ga(t, &) D7 (8, 1)
+G3(t, 1)@ (1, 1) + (G1 + Gy + G3 — 1) (wo (1, 1)

+ ¢T((512) gt 0)) + H(ty, t2), t=(t1,t5) €T

Therefore, by Lemma 4.2, we know ®(z1,2,) can be expressed as (4.6) in Lemma 4.2. In
conclusion, we complete the proof. d
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