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Abstract. We calculate the deuteron electromagnetic form factors in a modified version of Weinberg’s chi-
ral effective field theory approach to the two-nucleon system. We derive renormalizable integral equations
for the deuteron without partial wave decomposition. Deuteron form factors are extracted by applying the
Lehmann-Symanzik-Zimmermann reduction formalism to the three-point correlation function of deuteron
interpolating fields and the electromagnetic current operator. Numerical results of a leading-order calcu-
lation with removed cutoff regularization agree well with experimental data.

1 Introduction

The seminal papers by Weinberg on chiral effective field
theory (EFT) of nuclear forces [1,2] have triggered an in-
tense activity starting with ref. [3]. For recent reviews
see, e.g., refs. [4,5]. One of the most discussed aspects
of the application of chiral effective field theory to two-
and few-body problems is related to the question of how
to properly renormalize the resulting integral equations.
A new framework to solve this problem was proposed
in ref. [6], which is based on the manifestly Lorentz-
invariant effective Lagrangian and time-ordered pertur-
bation theory. Within this scheme the leading-order (LO)
nucleon-nucleon scattering amplitude is obtained by solv-
ing an integral equation (known as the Kadyshevsky equa-
tion [7]), and corrections are calculated perturbatively.
The LO equation is perturbatively renormalizable due to
the milder ultraviolet behavior of the two-nucleon propa-
gator compared to the standard heavy-baryon formalism.
Partial wave projected equations have unique solutions ex-
cept for the 3P0 wave, which requires a special treatment.
In the present study we calculate the electromagnetic form
factors of the deuteron, and therefore the issue of the 3P0

wave is not relevant here.
The electromagnetic structure of the deuteron has

been extensively analyzed in the EFT framework using
various approaches. In particular, Kaplan, Savage and
Wise [8] calculated the electromagnetic form factors of the

a e-mail: gegelia@kph.uni-mainz.de

deuteron up to next-to-leading order (NLO) in a frame-
work based on a perturbative treatment of potential pi-
ons and found good agreement with data up to momen-
tum transfers of the order of q ∼ 400MeV. Shortly there-
after a number of calculations based on Weinberg’s ap-
proach (or variations thereof) with non-perturbative pi-
ons have been performed at various orders in the chi-
ral expansion [9–13], see also refs. [14,15] for pioneering
quantitative studies of nucleon-nucleon scattering in this
framework and refs. [4,5] for recent review articles. Gener-
ally, after employing factorization in order to account for
single-nucleon electromagnetic structure, a good descrip-
tion of the deuteron form factors up to rather high values
of the momentum transfer was reported in all these calcu-
lations provided the isoscalar single-nucleon form factors
are accurately described1. Two-body currents, worked out
at leading loop order in the heavy-baryon formulation of
chiral EFT by Park et al. [16] and rederived recently by
the JLab-Pisa [17–19] and Bochum-Bonn groups [20,21],
are mainly of isovector type and thus play only a minor
role for the deuteron. Further applications of the exchange
currents to the electromagnetic structure and reactions in
two- and three-nucleon systems are reported in refs. [22,
23]. With the exception of ref. [8], which makes use of di-
mensional regularization, all these calculations employ a
finite ultraviolet cutoff Λ chosen to be smaller or of the

1 Note that the factorization amounts to taking into account
higher-order terms in the chiral expansion of the single-nucleon
current operator.
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order of the rho-meson mass. Much larger cutoff values in
the range of Λ � 4GeV are considered in ref. [24] together
with the leading- and next-to-next-to-leading-order chiral
wave functions.

In the present work, we extend our recently suggested
renormalizable formulation of nuclear chiral EFT with
non-perturbative pions [6] to calculate the electromag-
netic form factors of the deuteron at lowest order. Sim-
ilarly to ref. [25], we derive a system of integral equa-
tions for the deuteron without making use of partial wave
decomposition. The crucial new feature of our frame-
work is its explicit renormalizability in spite of the non-
perturbative treatment of the one-pion–exchange (OPE)
potential. This allows us to take the cutoff parameter to
infinity when calculating the two-nucleon amplitude both
perturbatively as well as non-perturbatively. Our paper is
organized as follows. In sect. 2 we briefly outline a general
formalism to calculate the form factors of the deuteron
in quantum field theory. The integral equations for the
deuteron interpolating field interacting with a pair of nu-
cleons are worked out in sect. 3. Finally, a discussion and
summary of the obtained results are given in sect. 4.

2 The deuteron form factors

We use the conventions and notations of ref. [8]. The
deuteron is characterized by its momentum Pμ and po-
larization εμ. The polarization vectors can be expanded
in terms of basis vectors εμ

i (i = 1, 2, 3), which satisfy the
conditions

Pμεμ
i = 0, ε∗iμεμ

j = −δij ,

3∑

i=1

ε∗μ
i εν

i =
PμP ν

M2
d

− gμν ,

(1)
where Md = 2m − B is the deuteron mass, B its binding
energy, and m the nucleon mass. We choose these polar-
ization vectors so that in the rest frame of the deuteron
εμ
i = δμ

i and denote deuteron states with |P, i〉 (≡ |P, εμ
i 〉).

These states satisfy the normalization condition

〈P′, j|P, i〉 =
P 0

Md
(2π)3 δ3(P − P′)δij . (2)

The matrix element of the electromagnetic current op-
erator to leading order in a non-relativistic expansion can
be parameterized as

〈P′, j|J0
em|P, i〉 = e

[
FC(q2) δij +

1
2M2

d

FQ(q2)

×
(
qiqj −

1
3

q2δij

)]
,

〈P′, j|Jk
em|P, i〉 =

e

2Md

[
FC(q2) δij (P + P′)k + FM (q2)

×
(
δk
j qi − δk

i qj

)
+

1
2M2

d

FQ(q2)

×
(
qiqj −

1
3

q2δij

)
(P + P′)k

]
, (3)

where q = P′ − P is the transferred momentum and q =
|q|. The form factors are normalized as follows (see, e.g.,
ref. [26]):

FC(0) = 1,
e

2Md
FM (0) = μM ,

1
M2

d

FQ(0) = μQ, (4)

with μM = 0.8574(e/(2m)) being the deuteron magnetic
moment [27] and μQ = 0.2859 fm2 its quadrupole mo-
ment [28,29]. It is also common to parameterize the ma-
trix elements of the current operators in terms of the three
form factors GC , GM , and GQ, where

GC(q2) = FC(q2),
GM (q2) = FM (q2),

GQ(q2) =
1

M2
d

FQ(q2). (5)

We follow ref. [8] and define the deuteron interpolating
field as

Di ≡ NTPiN =
2∑

α,β,a,b=1

Nα,aPαβ
i,a,bNβ,b,

Pi ≡
1√
8

σ2σiτ2, (6)

where α, β and a, b are spin and isospin indices, respec-
tively. This choice is made for convenience, and observ-
ables do not depend on the particular form of the interpo-
lating field. The full propagator GD is given by the time-
ordered product of two interpolating fields,

GD(P )δij =
∫

d4xe−iPx〈0|T
[
D†

j(x)Di(0)
]
|0〉

= δij
iZ(P 2)

P 2 − M2
d + i ε

. (7)

The electromagnetic form factors of the deuteron are
related to the three-point function of the electromagnetic
current operator Jμ

em and two interpolating fields,

Gμ
ij(P, P ′) =

∫
d4xd4y e−iPyeiP ′x〈0|T

[
D†

j(x)Jμ
em(0)Di(y)

]
|0〉, (8)

through the Lehmann-Symanzik-Zimmermann (LSZ) re-
duction formula [8],

〈p′, j|Jμ
em|p, i〉

= Z
[
G−1(P )G−1(P ′)Gμ

ij(P, P ′)
]
P 2,P ′2→M2

D

= − 1
Z

[(
P 2 − M2

d

) (
P ′2 − M2

d

)
Gμ

ij(P, P ′)
]
P 2,P ′2→M2

d

,

(9)

where Z = Z(M2
d )/(2Md) is the residue of the propa-

gator. In other words, the form factors can be extracted
from the residue of the double pole of the vertex function
Gμ

ij(P, P ′).
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Fig. 1. Vertex function of the electromagnetic current and two interpolating fields of the deuteron. The circle with Γ stands for
the two-nucleon irreducible part of the vertex function, D is the amplitude of the deuteron interpolating field interacting with a
pair of nucleon fields. The black circles represent the interaction vertices of the interpolating field with a pair of nucleons, solid
lines represent the nucleons and the waved line corresponds to the electromagnetic current.

The vertex function can be represented diagrammat-
ically as shown in fig. 1. It consists of the two-nucleon
irreducible part Γ connected to two nucleon-nucleon scat-
tering amplitudes contracted to vertices corresponding to
interpolating operators, denoted by D. For our LO calcu-
lations, we take the irreducible term in the form of the
one-nucleon current,

Γμ(p′, p) =
F1(q2)
2m

(p + p′)μ

+i
F1(q2) + F2(q2)

2m
δμ
i εijkqjσk, (10)

where F1 and F2 are the electromagnetic form factors of
the nucleon, qμ = p′μ − pμ, with pμ and p′μ the four mo-
menta of incoming and outgoing nucleons, respectively.

3 The deuteron equation

In the modified EFT approach of ref. [6] the LO NN scat-
tering amplitude is obtained by solving the integral equa-
tion

T (p′,p) = V (p′,p) − m2

∫
d3k

(2π)3
V (p′,k) T (k,p)

ω2
k (E − 2ωk + i ε)

,

(11)
where E = 2

√
p2 + m2 denotes the energy of two in-

coming nucleons in the center-of-mass frame and ωk =√
k2 + m2. The LO NN potential can be taken in the usual

form

V0 (p′,p) = CS + CT σ1 · σ2

− g2
A

4F 2
τ1 · τ2

σ1 · (p′−p)σ2 · (p′−p)
(p′−p)2 + M2

π

. (12)

By parameterizing the potential and the scattering ampli-
tude as (here we indicate explicitly the spin indices omit-
ted in eq. (11))

Vαβ, γδ (p′,p) = v0 (p′,p) δαγδβδ

+v1
a (p′,p)

(
σa

αγδβδ + δαγσa
βδ

)

+v2
ab (p′,p) σa

αγσb
βδ,

Tαβ, γδ (p′,p) = t0 (p′,p) δαγδβδ

+t1a (p′,p)
(
σa

αγδβδ + δαγσa
βδ

)

+t2ab (p′,p) σa
αγσb

βδ, (13)

substituting in eq. (11), simplifying the Pauli matrices,
and equating the coefficients of equal structures we arrive
at the following system of equations:

tab(p′,p) = vab(p′,p) − m2

×
∫

d3k
(2π)3

Wab,xy(p′,k)G(k) txy(k,p), (14)

where

tab =
(
t0, t1a, t2ab

)T
,

vab =
(
v0, v1

a, v2
ab

)T
,

Wab,xy =
⎛

⎝
v0, 2 v1

x, v2
xy

v1
a, v0δax + i εamxv1

m + v2
ax, δaxv1

y + i εamxv2
my

v2
ab, W32, W33

⎞

⎠ ,

W32 = v1
aδbx + v1

bδax + i εmxav2
mb + i εmxbv2

ma,

W33 = v0δaxδby−i εaxdδbyv1
d−i εbydδaxv1

d−εmxaεnybv2
mn,

G(k) =
1

ω2
k (E − 2ωk + i ε)

. (15)

The amplitude of the deuteron interpolating field in-
teracting with a pair of nucleon fields in the rest frame of
the deuteron is given by

Dj(p′) = Pj + m2

∫
d3k

(2π)3
T (p′,k)Pj

ω2
k (E − 2ωk + i ε)

, (16)

where the LO NN scattering amplitude is obtained by
solving eq. (11). It is convenient to parameterize the am-
plitude D in terms of two structure functions Δ1 and Δ2 as

Dj (p′) = Δ1(p′2)Pj + p′
ap

′
b Δ2(p′2)σaPj

(
σb

)T
, (17)

where isospin indices and terms resulting from anti-
symmetrization are not shown explicitly. Notice that the
structure functions Δ1 and Δ2 can be easily related to
the S- and D-state components of the deuteron wave
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function, see also ref. [25]. To derive equations for the
structure functions Δi of the projected amplitude we
parameterize the NN potential as

v0(p′,p) = ν1(p′,p),

v1
a(p′,p) = i εabcpbp′cν3(p′,p),

v2
ab(p

′,p) = δab ν2(p′,p)+p′ap′b ν5(p′,p)+papb ν6(p′,p)

+(pap′b+p′apb) ν4(p′,p), (18)

where the νi(p′,p) are scalar functions of p′2, p2 and p′·p.
We then obtain the following system of integral equations:

Δ1(p2) = 1 + m2

∫
d3k

(2π)3
G(k)

{
Δ1(k2) [ν1(p,k)

+ν2(p,k) + C1ν6(p,k)]

+Δ2(k2)
[
C1 (ν1(p,k) + ν2(p,k))

+2(p · k)ν3(p,k) + 2k2(p · k) ν4(p,k)

+
[
(p · k)2−C1p2

]
ν5(p,k)+(k2)2ν6(p,k)

]}
,

Δ2(p2) = m2

∫
d3k

(2π)3
G(k)

{
Δ1(k2)[2B ν4(p,k)

+C2ν6(p,k) + ν5(p,k)]

+Δ2(k2)
[
C1ν5(p,k) − 2Bk2ν3(p,k)

+C2 (ν1(p,k)+ν2(p,k)+2 (p · k) ν3(p,k))
]}

,

(19)

where we have defined

B ≡ (p · k)
p2

,

C1 ≡ 1
2

[
k2 − (p · k)2

p2

]
,

C2 ≡ 3 (p · k)2 − k2p2

2 (p2)2
. (20)

As the Δi functions depend only on k2, the integration
over angles can be carried out explicitly in eqs. (19) so that
one is finally left with a system of two one-dimensional
integral equations which can be solved numerically. The
deuteron manifests itself as a pole at P 2 = E2−02 = M2

d .
Equations (19) are divergent and require regularization.
Here, we employ cutoff regularization. However, since all
ultraviolet divergences can be absorbed into a redefinition
of the low-energy constant C3S1 = CS + CT , we take the
cutoff parameter Λ to infinity after renormalization.

The three-point function is given by

Gμ
ij(P, P ′) = m3

∫
d3k

(2π)3

×
D†

j,αβ(P ′,k)Γμ
αβ,α1β1

(P, P ′,k)Di,α1β1(P,k)

ωk ωk− q
2

ωk+ q
2

(
E−ωk−ωk− q

2

) (
E−ωk−ωk+ q

2

) ,

(21)

where D†
j,αβ(P ′,k) and Di,α1β1(P,k′) denote the ampli-

tudes of the deuteron interpolating field interacting with
a pair of nucleons in a general frame. As appropriate at
LO, these quantities can be obtained from the amplitudes
calculated in the rest frame of the deuteron, see eq. (16),
by means of a Galilean transformation. We choose to work
in the Breit frame, so that D†

j(P
′,k) = D†

j(k + q/4) and
Di(P,k) = Di(k − q/4).

Using eq. (17), the deuteron full propagator GD can
be written as

GD (E,0) = m2

∫
d3k

(2π)3
Δ1

(
k2

)
+ k2

3 Δ3

(
k2

)

ω2
k (E − 2ωk + i ε)

+ N.P.,

(22)
where “N.P.” stands for contributions which do not con-
tain the deuteron pole. We use eq. (22) to calculate the
residue Z.

4 Discussion and summary

Using the formalism outlined above, we calculate the elec-
tromagnetic form factors of the deuteron at LO by solv-
ing the integral equations numerically. We employ exact
isospin symmetry as appropriate at LO and use the follow-
ing values for the low-energy constants entering the OPE
potential:

Mπ = 138MeV, Fπ = 92.4MeV, gA = 1.267. (23)

The low-energy constant C3S1 is fixed to reproduce the
experimental value of the deuteron binding energy of
B = 2.22MeV. The resulting description of neutron-
proton phase shifts and the quark mass dependence of
the S-wave scattering lengths and the deuteron binding
energy can be found in refs. [6] and [30], respectively2. In
particular, the 3S1 and 3D1 phase shifts and the mixing
angle ε1 turn out to be reasonably well described (at least)
up to laboratory energies of the order of Elab ∼ 250MeV.
The corresponding parameter-free and cutoff-independent
predictions for the electromagnetic form factors of the
deuteron are plotted in fig. 2. In all cases the obtained re-
sults agree reasonably well with experimental data in the
whole plotted range of the momentum transfer. For low
values of q all three form factors are accurately predicted
at LO with the deviations increasing at high momentum
transfers and reaching about ∼ 20% at q = 200MeV. Sim-
ilarly to observations made in earlier studies based on the
non-relativistic approach [11,12,24], the deviations from
the experimental data can be largely traced back to the
slow convergence of the chiral expansion of the nucleon
form factors [31,32]. Indeed, substituting the phenomeno-
logical parametrization of the nucleon form factors from
ref. [33], our predictions for FC(q2), FM (q2) and FQ(q2)
are in an excellent agreement with the data even at large
values of q. For the deuteron magnetic and quadrupole mo-

2 Note that in ref. [6], the low-energy constant was adjusted
to the empirical phase shifts rather then to the deuteron bind-
ing energy. This leads, however, only to a minor difference in
the produced nucleon-nucleon scattering amplitude.
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Fig. 2. LO EFT predictions for the Coulomb (left panel), magnetic (middle panel) and quadrupole (right panel) form factors
of the deuteron as a function of the momentum transfer q in comparison with experimental data from refs. [34,35]. Solid and
long-dashed lines (short- and medium-dashed lines) show the predictions in the chiral (pionless) EFT with and without using
phenomenological form factors of the nucleon, respectively.
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Fig. 3. LO EFT predictions for the Coulomb (left panel), magnetic (middle panel) and quadrupole (right panel) form factors
of the deuteron as a function of the momentum transfer q in comparison with experimental data from refs. [34,35]. Solid(blue),
dashed(red) and dashed-dotted(orange) lines show the predictions of the current work (solid line in Fig. 2) and of the non-
relativistic approach with cutoff values 800 and 20000 MeV, respectively.

ments we obtain the values of μLO
M = 0.826(e/(2m)) and

μLO
Q = 0.271 fm2 in good agreement with the experimental

numbers of μM = 0.85741(e/(2m)) and μQ = 0.2859 fm2.
The observed deviations of the order of ∼ 3.5% for the
magnetic moment and ∼ 5% for the quadrupole moment
are consistent with the expected size of higher-order cor-
rections due to the two-nucleon currents [13,23].

It is also instructive to compare the results in the EFT
with and without explicit pions, see fig. 2. The pionfull ap-
proach yields a clearly superior description of the Coulomb
and magnetic form factors. This is consistent with the
observation that the one-pion–exchange potential plays a
very important role in the 3S1-3D1 channel as witnessed,
e.g., by the low-energy theorems, see ref. [6]. Notice that
the quadrupole form factor vanishes at LO in the pionless
approach since the deuteron in this case does not have a
D-state component. Finally, we emphasize that our pion-

less results agree well with the ones obtained within the
non-relativistic framework in ref. [8].

We also performed deuteron form factor calculations in
non-relativistic EFT applying cutoff regularization. The
results are plotted together with the results of the current
work and the experimental data in fig. 3. A comparison
between our results and the ones obtained within the non-
relativistic framework with a finite cutoff (Λ ∼ 800MeV)
shows that relativistic effects and finite-cutoff artifacts are
numerically small for the form factors at low values of
momentum transfer. Such agreement is to be expected
given the highly non-relativistic nature of the deuteron
bound state. The predictions for the form factors in the
non-relativistic framework of refs. [36,37] employing an
infinitely large cutoff, are also close to our results3.

3 For our interpretation of such an approach, see refs. [38,6].
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To summarize, in the present work we calculated the
electromagnetic form factors of the deuteron at LO in an
EFT using the renormalizable approach of ref. [6]. Fol-
lowing ref. [8], we introduced an interpolating field for
the deuteron and calculated the form factors by applying
the LSZ reduction formalism to the three-point correlation
function. We worked out a set of integral equations (with-
out making use of partial wave decomposition), which are
renormalizable at LO, i.e. all ultraviolet divergences are
absorbable into a redefinition of the parameters of the
LO potential. Our parameter-free and cutoff-independent
predictions for the electromagnetic form factors of the
deuteron at LO are in very good agreement with the ex-
perimental data.
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