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1 Introduction

The defining data of a conformal field theory (CFT) consist of a set of distinguished op-
erators (primaries) and a set of structure constants. On top of these are the requirements
of crossing symmetry, that the operator product expansion is associative. Once these
constraints are satisfied, these data together with conformal symmetry generate all the
correlation functions in the theory, as sums or integrals of conformal blocks weighted by
the structure constants. The conformal bootstrap program, initiated in [1-3], aims to solve
and classify conformal field theories by analyzing these constraints.

While the conformal bootstrap program achieved huge success in solving and classify-
ing rational conformal field theories in two dimensions [4-11], outside this “tamed zoo”, the
crossing equations are an infinite set of equations depending on infinitely many variables,
and a systematic solution is not known. Recent developments based on numerical methods
allow the extraction of certain information, such as bounds on the gap in operator prod-
uct expansions and bounds on the central charge [12, 13]. A more analytic approach to
bootstrap is to consider limits in which the crossing equations simplify [14—-17]. This paper



takes the second approach, and study the crossing equations in the semiclassical limit of
two-dimensional conformal field theories.

The semiclassical limit is motivated by holography [18-20]. Two-dimensional conformal
field theories are holographically dual to three-dimensional quantum gravity in asymptoti-
cally anti de-Sitter (AdS) space, whose curvature radius (inverse bulk coupling) is equal to
the boundary central charge [21]. Perturbatively, the bulk spectrum consists of two distin-
guished classes of states: a light spectrum containing boundary gravitons and perturbative
string states, whose energies do not scale with the central charge, and a heavy spectrum
of non-perturbative states with energies of the order of the AdS curvature, responsible for
the microstates of BTZ black holes [22]. In order to examine the collective dynamics of
the heavy states, the semiclassical limit takes both the central charge and the operator
dimensions large while keeping their ratios fixed. In this limit, the correlation functions
of primary operators admit a perturbative expansion in the inverse central charge. To
leading order, the Virasoro block decomposition of the correlation functions are dominated
by intermediate primaries of particular weights (a saddle). As the cross ratio = varies,
correlation functions can exhibit “phase transitions” due to discontinuous jumps of the
weight of the dominant saddle.

This paper studies the four-point function of identical primary operators in the semi-
classical limit. Here we list a summary of our main results.

1. At the crossing symmetric point, if there is a single dominant saddle, then its weight
is fixed by conformal symmetry. Away from the crossing symmetric point, the weight
of the dominant saddle must be smaller than this fixed value for z < 1/2 and larger
for x > 1/2. See proposition 1.

2. If the four-point function receives sufficiently small contributions from light primaries,
then the structure constants involving heaving primaries follow a universal formula,

a la proposition 3.

3. We study the Zy twist field four-point function in the symmetric product orbifold.
Proposition 4 presents a logarithmically corrected Cardy formula that is valid for
h > c/12.

The sections are organized as follows. In appendix A, we give a definition of the
semiclassical limit. In section 2, we study the crossing equation in the semiclassical limit
and derive universal constraints. In section 3, we examine specific examples, including
Liouville theory, product orbifold theories, and meromorphic CFTs. In section 4, we discuss
the gravity dual of classical Virasoro blocks, and implications of our bootstrap results in
the gravity context.

2 Bootstrap in the semiclassical limit

The semiclassical limit of a family of two-dimensional conformal field theories is the limit
of large central charge ¢ while simultaneously scaling the operator weights with c. See
appendix A for a more careful definition. In this limit, the crossing equation simplifies



drastically, because except for a measure zero set of cross ratios, the sum over intermediate
states in either the s-channel or the t-channel is dominated by just one saddle. In theories
with a gap of order ¢, we will see that the structure constants exhibit certain universal
behaviors in the semiclassical limit.

To simplify the discussion, we omit anti-holomorphic variables, but the generalization
is straightforward.

2.1 Review of the conformal bootstrap

Conformal symmetry constrains the four-point function of primary operators to take
the form

(0a(x1)0p(22)0c(23)0a(wa)) = 2y oahy et haghathohehaghamha=ho=he pp ) (),
(2.1)

where h, is the conformal weight of o, etc, and Fypeq(z) is a function of the cross ratio
x = x12x34/T14x32. The four-point function can factorize in different channels. The s-
channel corresponds to the fusion of the primary operators o,(x1) and op(z2), and gives
an expansion at © = 0. The operators appearing in the operator product expansion (OPE)
of o4(x1) and op(z2) are organized into representations of the Virasoro algebra. Each
representation contains a primary operator and its descendants.

An inner product on the vector space of primary operators is provided by the two-
point function (o4(0)op(1)). We pick an orthonormal basis P with respect to this inner
product. Each primary operator and its descendants contribute to the four-point function
by a Virasoro block F(hg, hp, he, hg, b, c|x). The four-point function can be expanded as

Fabcd(x) = Z Ca'acrb (h)ccrcad(h)f(haa hba hm hd7 h7 C‘$) (22)
h

A similar expansion exists in the ¢t-channel by fusing o, with o4, and in the u-channel by
fusing o, with o..

In the rest of this paper, we specialize to the four-point function of identical scalar
primaries (TextOextTextText). Lhe expansion coefficients C’gextaext(h) are equal to the sum
of structure constants squared over all weight-h primaries appearing in the oext X Text
OPE, i.e.,

Cgextgext (h)

D e PRI = {8 € PIX g = b},

(z)erpf"ext XOText
h

(2.3)

They are real and non-negative if we assume unitarity. Crossing symmetry, or equivalently
the associativity of the OPE algebra equates the four-point function expanded in different
channels. We will analyze the crossing equation between the s- and ¢-channels

F(x)=F

TextOextOextOext (:L‘) = F(]‘ - "r) (24)
2.2 Crossing symmetry in the semiclassical limit

Given a sequence of CFTs, the semiclassical limit of a four-point function (CextCTextTextText)
is the limit of large central charge ¢ while taking the operator weights hey to scale with ¢



(fixed Mext = hext/c). When speaking of correlation functions, in general it is impossible to
keep track of a particular primary operator in a sequence of CFT's, so the best we can do is
to consider “correlation function densities” in the semiclassical limit. See appendix A for
a definition. We omit these details in this section, and simply refer to them as correlation
functions.

It is observed that the Virasoro block admits a semiclassical expansion [4, 23]

c

Flhests hyclz) = exp [~ (mext, mia)] g (mest, m, cla)

S (2.5)
9(Mext, m, c|x) = Zc_ G (Mext, m| ).

k=0

The functions f and g, can be computed order by order in an z-expansion. The expansions
for f and gy to the first few orders are presented in appendix B. Our analysis will assume
the following numerically observed properties of the semiclassical Virasoro blocks. For fixed
Mext < 1/27

1. f'(mext, m|1/2) is monotonically decreasing in m, and crosses zero only once.

2. f(mext, ma|z) — f(Mext, m1|z) is monotonically decreasing in 0 < x < 1, for arbitrary
fixed internal weights mo > mq > 0.

3. go(Mmext, m|x) > 0 for all internal weights m > 0 and cross ratios 0 < x < 1.

To use these properties, we will restrict to mext < 1/2, which is a relatively loose bound
compared to either the operators accounting for the microstates of the zero mass BTZ black
hole, mprz = 1/24, or the Hellerman bound [24] on the gap in the spectrum of primaries
Mgap < 1/12. The study of mext > 1/2 is left for future investigation.

In order to satisfy crossing symmetry, the summed structure constants squared which
are the coefficients in the Virasoro block decomposition (2.2) must also admit a semiclassical
expansion

C e (1) = XD [€ Do ()] (o () + O (1//) ). (2.6)

In theories with a discrete spectrum, the summed structure constants squared is a sum
of delta functions. In the semiclassical limit, this distribution can be approximated by a
continuous distribution plus isolated delta functions,

Qoo (M) = Y a5, 5(m — my) + /e gs (m). (2.7)

Here we adopt a normalization such that if the CFT has an order ¢ gap above the vacuum

vac

yac = 1. As we will see, the \/c factor in front of the continuous distribution

state, then ¢
qf;(e’i‘tt(m) is required for it to be comparable with the delta functions in the large central
charge expansion.

For notational simplicity, we define the classical branching ratio as

S (112 = P (1) = . (s 0]2). (28)



The crossing equation at large c is

O(1/e) = { Y exP[e S (MI2)] o (M) G0 (Mext, M) } — (@ —=1-2), (2.9)

where S, denotes the set of weights that maximize S, (m|x) globally, and go (mext, m|x)
is defined to also include the one-loop contribution near the saddle point,

90 (Mext, m|x)

90 (Mext, m|x) if m is at a delta function, (2.10)

o . e .
9o (Mext, M|T) X | [— 55 a™ s 5 S (D) if m is inside the continuum.

We presently analyze this crossing equation and discuss its consequences, restricting to real
cross ratios lying within 0 < x < 1.

Near the crossing symmetric point. Let us Taylor expand the right hand side of (2.9)
at the crossing symmetric point = 1/2. Since the right hand side is an odd function with
respect to x — 1 — z, all even power terms vanish. The coefficients of the odd power terms
to leading order at large c give

0= Z I (Mext, m[1/2)% gy (M) Go (Mext, m|1/2) Vi € N. (2.11)
m681/2
Suppose the crossing equation is dominated by finitely many points, Si/, = {m1,ma,

-, My}, which we order by m; < mg < --- < my,. The fact that S/, is the set of global
maxima means

Soext (M11/2) = Sooyy (M2|1/2) = - -+ = o (Mn]1/2), (2.12)

ext

and this was used to factor out the exponential when going from (2.9) to (2.11). By
property 1 of the classical Virasoro block, f/(mext,m|1/2) is monotonically decreasing in
m and crosses zero exactly once, hence the equations (2.11) imply that the saddles must
form pairs satisfying!

' (mext, k| 1/2) = — f'(Mext, Mint1-k[1/2),

o N N N R (2.13)
Qoext (mk)QO (mexta mk‘1/2) = Qoext (mn+1—k)90 (mexta mn+1—k|1/2) )

for k =1,...,[n/2]. Note that the last equation relates the one-loop (in 1/¢) part of the
structure constants for pairs of saddles. If n is odd, then there is a lone saddle M n41 sitting
at the solution to f’(mext, fﬁnTH\l/Q) = 0. ’

The multiplicity of the saddles is lifted in a small neighborhood 1/2 —e < x < 1/2+¢
of the crossing symmetric point. The saddle with the largest f’ value dominates the region

'First, g(m)go(m) does not vanish, otherwise m would not appear in (2.11). Suppose n > 1. In the large
4 limit, by the monotonicity property of f’(m), only m1 and m,, dominate the equation, and we conclude
in (2.13) for k = 1. m; and m, drop out of (2.11). Reiterate for other k.



1/2 — e < x < 1/2, and its partner which has the smallest f’ value dominates the region
1/2<z<1/2+¢€?

Focusing on a small neighborhood 1/2 — € < x < 1/2 + € but ignoring the possible
multiplicity at the point = 1/2, we conclude that there can be two scenarios (depending
on whether n=1orn>2at z =1/2).

1. The four-point function is dominated by a single saddle at m = m(mext ), solving the
equation
f/(mexta m<mext)’1/2) =0. (2.17)

In this case, the four-point function is smooth around = = 1/2. The solution m(mext)
as a function of mey is plotted in figure 1.

2. The four-point function is dominated by a saddle at m = m; for 1/2 —e <z < 1/2
and another saddle at m = mg for 1/2 < x < 1/2 4 ¢, where my and mq satisfy the
relation

I (Mmext, M1[1/2) = — f (Mext, Ma|1/2). (2.18)

A phase transition occurs at x = 1/2.
Next we prove the following proposition.

Proposition 1. The four-point function is dominated by saddles with weights m <
m(mext) for < 1/2, and saddles with weights m > m(mext) for x > 1/2, where m(mext)
is the unique solution to (2.17). If there is a single saddle at = 1/2, then its weight is

m = m(Mext)-

Proof. Let us assume the contrary, that the four-point function at some cross ratio z. <
1/2 is dominated by a saddle point with weight m. > m(mex;). We recall the observed
properties of the classical Virasoro blocks from earlier in this section. Property 1 implies
that m1 < Mm(mext) < Mmo. Property 2 implies that the four-point function in the entire
range of cross ratios z, < x < 1/2 should be dominated by saddle points with weights
m > my; in particular, this means that my > m, in the neighborhood 1/2 — e < z < 1/2.
Hence we arrive at contradicting inequalities. O

2Suppose S, (M|z) is a smooth function near « = 1/2 and m = 7y, (the generalization to non-smooth
Soevs (m]z) is simple). It has an expansion at z = 1/2,

_ _ 1 _ _
Soext (M|2) = Soexe (Mi[1/2) + (2 = 1/2)80 S (M| 1/2) + 5 (m — )0 Sorens (M1 |1/2)

(2.14)
+ (@ = 1/2)(m — Mk ) Om Oz So ey, (M [1/2) 4 - -+ .
When we move away from the crossing symmetric point, z = 1/2 + ¢, the new saddle point is at
. OmOzSoey, (MiK]1/2) 9
= — ext A O(e%), 2.1
T R S el /2) ) (219)
and therefore .
Soex (Me[1/2 4 €) = Soes (Mk[1/2) = & ' (Mext, Mrc[1/2) + O(). (2.16)
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Figure 1. The ratios as functions of the external weight mey;. See (2.17)

and (2.21) for definitions.

The following lemma will be useful later.

Lemma 1. If the inequality

Do 1) = & F s, 111/2) < Do,y (0) = 5/ (st 011/2) (219)

is obeyed for m < m(mext), then it is obeyed for all m > 0.

Proof. The contrary implies the existence of a classical branching ratio Sy, (m.|z) at some

ext

weight m, > m(meyx) that is larger than S, (m|z) for all m < m(mext). Then there is

ext

no saddle with weight m < m(mex), contradicting m; < m(Mext)- O

Away from the crossing symmetric point. At a generic cross ratio z # 1/2, the
four-point function is dominated by a single saddle m = m(z). Here we ignore the measure
zero set of cross ratios with multiple saddles. Again Taylor expanding in z, we find that
m(z) and Mm(1 — z) must satisfy the relations®

fl(mexe, (x)|2) = = f'(Mexe, M1 — 2)[1 — @),
Soex (M(2)|2) = Sy (M(1 = 2)|1 — ), (2.20)
Goese (M(2)) G0 (Mext; M(2)|2) = oo (M(1 = 7))o (Mext, M(1 — 2)[1 — ).

We point out a curious observation. The s-channel block appearing in the crossing
equation can be written via the fusion transformation (C.7) as an integral over t-channel
blocks with different weights [25-27]. We show in appendix C.2 that for an s-channel block
of weight m < 1/24 at a fixed cross ratio z, the fusion transformation is in fact dominated
in semiclassical limit by the ¢-channel block whose weight is determined by equation (C.14).
We find numerically that the solution to this equation coincides with the solution m(1—x)
to the first equation in (2.20).

3The 2 in m(x) and M (1 — z) are merely labels and should not be expanded. More precisely, we first
Taylor expand the crossing equation and then take the large ¢ limit. The saddle condition is the same for
all Taylor coefficients.



2.3 Universality of structure constants

A main result of the bootstrap is that both the classical p,.,,(m) and one-loop ¢, (m)
parts (in 1/c) of the structure constants C2_ . (m) are related for the pair of dominant
saddles (m(x), m(1 —x)) at any cross ratio 0 < z < 1, as is seen from the second and third
equations in (2.20).

Let us consider a CFT whose spectrum of primaries has an order ¢ gap above the
vacuum state,* so that py, ., (0) = 0 and ¢, (0) = 1. The four-point function is dominated
by the vacuum block near x = 0. As the cross ratio is increased to some x = xpr, this
four-point function undergoes a phase transition and becomes dominated by a different

saddle. Let us denote by Myae(Mext, ), for 0 < x < 1/2, the solution to
f,(mexta O‘J}) = _f/(mexta mm(mexh 1‘)’1 - .’L'), (221)

which is the ¢-channel saddle partner of the s-channel vacuum block. Since CZ_ , (0) =1

for the isolated vacuum block, py..,(m) and ¢, (m) are unambiguously fixed for all m >

mm(mext s xPT) s

. 1 . 1
Poexs (mm(mextax)) = gf(mexta mm(mext, x)‘l - $) - éf(mexta()’x)a
~ 2.22
gO(mexta 0|.%') ( )

go(mexta ﬁlm(mexta .TC)|1 - $) .

Qoext (mﬁ(mexta $)) =

After the phase transition, even though the equations (2.20) continue to relate pairs of
saddles, we do not have an invariant reference point like the vacuum was before the phase
transition, and therefore universality is lost. If the only phase transition occurs at x =
xpr = 1/2, then this universality holds in the widest range m > Mgae(Mext, 1/2). The above
analysis did not assume the positivity of the structure constants squared, but positivity
is not violated by the universal formula (2.22) according to property 3 of the one-loop
Virasoro block.

Figure 2 shows the function Mmgae(Mext, ) for mex; between 1/2400 and 1/2, and sug-
gests that Mwac(Mext, T)/Mext 1S N0t very sensitive to meyt. Figure 3 plots the universal
classical and one-loop structure constants, pe,,,(m) and g, (m). High orders in the z-
expansion are needed for the precision of results at large m, but the point here is univer-

sality. Note that the structure constants C2 (m) ~ exp(cPeye. (m)) decay faster than

OextOext
167", as is required by the convergence property of the four-point function [29].

If the external operators have a gapless OPE (the gap is of order ), then generically
the s-channel saddle moves continuously away from the vacuum as x is increased, until
it reaches Mm(mext), which is the solution to Equation (2.17). No sharp phase transition
occurs (xpp = 0).

Intuitively, the phase transition cross ratio xpt should be larger for theories with larger
gaps. However, even if the gap is large, as long as it is smaller than m(mext), we can tune

4More precisely, let us consider a sequence of CFTs labeled by ¢ = 1,2, ..., with monotonically increasing
central charges ¢;, that admits a semiclassical limit. For any given weight h, there exists an I}, such that
the only primary appearing in the OPE with weight below h is the vacuum, for all ¢ > [;,. This is analogous
to the condition in [28] on the density of states.
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Figure 2. The weight Mvaz(mext, x) as a function of the cross ratio = for external weights mext =
a/24. See (2.21) for a definition. The curves from top to bottom are for o = 1/100,1/10,1/2,1,2,12.

the structure constants large to make zpr as small as we want. For this reason, there does
not seem to be a bound on xpr by the size of the gap.

Combining the above considerations with lemma 1, we are led to the following
propositions.

Proposition 2. The gap (in the OPE of identical external operators) is bounded above by

Mgap < T/flm(mext, 1/2)

Proposition 3. If the following condition is satisfied

Flmese,mI1/2) = < f(me,011/2) Vm < filme),  (2:23)

D=

po’ext (m) S

then the only phase transition occurs at x = 1/2, and py.,(m) and gy, (m) follow the
universal formula (2.22) for m > Myae(Mext, 1/2).

The quantities m(Mext) and Myas(Mext, 1/2) and are the unique solutions to the equa-
tions (2.17) and (2.21), and their numerical values are plotted in figure 1. The entire
discussion in this section can be easily generalized to include the anti-holomorphic sector.

3 Applications

We examine a few theories in the semiclassical limit: Liouville theory, product orbifold
theories, and meromorphic CFTs. Liouville theory and the untwisted sector four-point
function in the product Ising model provide basic sanity checks of our results. They both
exhibit no phase transition, and at the crossing symmetric point, there is a single saddle
whose weight is determined by proposition 1. We will explicitly see the movement of the
dominant saddle as the cross ratio varies.



pUext (m)

Mext
151

- : é M/ Myt
-0.5
-1.0L
(a) Classical po.,,, (m).
log(qoe,(M))
15¢
10 —
5¢
— : m L I Po—ra—
m/m,
or 3 5 6 8 ext

(b) One-loop go.,, (m).

Figure 3. The universal classical p,,__ (m) and one-loop ¢<°™*(m) parts of the structure constants

Oext

as functions of the internal weight m, for external weights mey = «/24. See (2.22) for definitions.
The curves from top to bottom in both (a) and (b) are for & = 1/100,1/10,1/2,1,2,12.

Twisted sector correlators in product orbifold CFTs are of various physical interests.
The semiclassical limit of product orbifold CFTs can be achieved in two ways, either by
taking the number of copies to be large, or by taking the central charge of a single copy to
be large. The first limit is of interest in the symmetric product orbifold of T4 or K3, where
the twisted sector states correspond to long strings in AdS3 x S3 x (T or K3) [30]; a large
number of copies gives a weakly coupled bulk description. The second limit appears in the
computation of higher genus partition functions and Renyi entropies in holographic theo-
ries [28, 31, 32]. By considering the Zg twist field four-point function, we will recover the
semiclassical version of the Hellerman bound on the gap in the spectrum of primaries [24],
and the logarithmically corrected Cardy formula that is valid for h > ¢/12 [33-35]. Fur-
thermore, we give a condition for there to be a single phase transition in the second Renyi
entropy, which was argued to be true in holographic theories by [28, 32].

~10 -



3.1 Liouville theory

Liouville theory is the simplest example of a CFT with a semiclassical limit.”> It does not
contain a vacuum state, and the spectrum of primaries is continuous above the ground
state of weight hgrounda = (¢ — 1)/24. A closed form formula for the structure constants
was proposed in [37-40], and was mathematically proven to satisfy crossing symmetry
in [25, 26, 41]. In fact, many properties of the Virasoro blocks were discovered in the study
of Liouville theory [25, 26, 41]. Here we use Liouville theory to check the results of our
semiclassical bootstrap analysis.

Consider the four-point function of identical operators of weight hext = Mextc in the
semiclassical limit. Since a vacuum is absent, we expect that the dominant saddle should
move continuously from mgrouna = 1/24 to M(mext) (the unique solution to (2.17)) as we
vary the cross ratio from z = 0 to 1/2.

In the semiclassical limit, the continuous spectrum of primaries in Liouville theory is

1 1 1 1
=_—4/-—6 —+iR > —. 3.1
n 5 1 m€2 1K>0, m 21 ( )

The structure constants reduce to the on-shell classical Liouville action on a three-punctured
sphere [39]

parameterized by

2 C
CE]extynext (77) = €xp |:b2 Re S( l) (next7 Next 77) 9 (32)
where

Re S(Cl)(next, Next ) = — H(21ext +1 = 1) = H(2next — 1) — 2H () + H(0)
H(2n) + H(2n— 1) (3-3)
2 )

+ H(2Next) + H(2next — 1) +

and H(n) = G(n)+G(1—n) = [{logy(z)dx is the semiclassical limit of the special function
b%Yy, (see appendix C.1). ’

At a fixed cross ratio z, the four-point function is dominated by a single saddle
that solves’

0
aim |:Re S(d) (nexta Text 7’) - f(mex‘m m’x):| =0. (34)

figure 4 shows the distribution of the classical branching ratio (defined in (2.8)) as the cross
ratio varies. The solution at z = 1/2 is numerically verified to be equal to m = m(Mext ),
as is required by conformal symmetry.

3.2 Product Ising model

Consider the product of n copies of the Ising model, which has central charge ¢ = n/2. The
four-point function of the product spin field oext = 0™, which has weight mexy = Mext = 1/8,

5See [36] for a review of Liouville theory.

SNote that this equation is exactly the same equation that determines the dominant t-channel sad-
dle (C.16) in the fusion transformation. The saddle point analysis of classical Liouville theory was previously
considered in [42].

- 11 -
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Figure 4. The ground state meyxy = 1/24 four-point function in Liouville theory. The dashed
lines plot the classical branching ratio S, (m|z) (defined in (2.8)) as a function of the internal
weight m, for cross ratios x = 10(0‘_5)/10/2 with a = 0,1,...,5 from bottom to top. The solid line
traces the dominant saddle as the cross ratio is varied. The dominant saddle is at m = 1.32 My
(semiclassical: M(Mext) = 1.32mext) at the crossing symmetric point.

is the n-th power of the single copy four-point function

1+v1l—-2x 1-v1-2x
2

2x

F(z,7) = |z(1 - )|~/ (‘

"

) . (3.5)

The structure constants can be obtained by decomposing F'(z,z)" into Virasoro blocks (of
finite central charge). At large n, we expect the behavior of the structure constants to
obey our results from the semiclassical bootstrap. Figure 5 shows the distribution of the
classical branching ratio for scalars, defined as in (2.8) but with a smoothly interpolated”

f(meXhm’x)

6 =c¢ tlogC? (m) — f(mext, mlz) (3.6)

So'cxt (m|x) = po’cxt (m) - OextOext 6 )

as the cross ratio is varied. The dominant saddle moves continuously from the ground state

m =0 to m = m(mex) as the cross ratio x varies from 0 to 1/2.

3.3 Zs orbifold, character expansion, and Renyi entropy

The four-point function of Zy twist fields in the symmetric product orbifold can be lifted
to a torus partition function, the modular invariance of which can be written in the form
of a crossing equation. Denote by ¢(x) = exp(in7(x)) the elliptic nome of x, and by P the
function®

Phess, hy ) = (16g)~ (/2 a1 — ) /20 hos e (e D/AShore - (3.5)

"Here the classical Virasoro block f includes both the holomorphic and anti-holomorphic factor.
8The elliptic nome is defined by
_mK(1—=z)

log g(x) = K@)
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Figure 5. The 0% (mey = 1/8) four-point function in the product Ising model. The dashed
lines plot the classical branching ratio S,_,(m|z) (defined in (3.6)) for scalars as a function of
the internal weight m, for cross ratios z = 10(0‘*5)/10/2 with « = 0,1,...,5 from bottom to top.
The solid line traces the dominant saddle as the cross ratio is varied. At the crossing symmetric
point, the dominant weight is at m = 1.12my. It further approaches the semiclassical value
M (Mext) = 1.24 Myt as the number of copies is increased.

where K(x) = oF1(1/2,1/2,1|z) is a hypergeometric function. The function P is the
prefactor in the elliptic representation of the Virasoro block?

F(hext, h, c|x) = P(hext, h, c|x)H (hexs, b, c|q), (3.9)
where H (hext,h,c|lq) = 1+ O(q). The non-vacuum character x is related to P by the
identity

P2 h=(e=1)/24)
x(q) = = 1672(=¢/2) ((1 — 2))/** P(c/16, 2h, 2¢c — 1|z), (3.10)

n(r)

n(7) being the Dedekind eta function. The vacuum character is x"2¢(¢q) = (1—¢?)x(q). The
modular transform 7 — —1/7 then translates to crossing x — 1 — x under this identity.

A physical meaning of this equivalence was explained in [32]. Given any CFT C
with central charge ¢, we can take the symmetric product orbifold Sym?C and consider
the four-point function of the twist field £ which has weight h = ¢/16 [44]. This four-
point function has a lift to the torus partition function Z(q) of C, and also computes the
second Renyi entropy of two intervals [32, 44]. Expanding the torus partition function
in characters is equivalent to expanding the twist field four-point function in “SymZ(Vir)
blocks” of primary operators of the form o¢ ® o¢, where o¢ are primaries in C. Note that
the Sym? (Vir) descendants of such an operator include infinitely many Virasoro primaries.
It was checked in [32] to the first few orders in the z-expansion that the Sym?(Vir) blocks
are indeed equal to the characters up to a conformal factor.

We presently explain how to apply our results from the semiclassical bootstrap. Ob-
serving that in the semiclassical limit, the function H multiplying the prefactor P in the

9This form appears in the Zamolodchikov recurrence relation [23, 43].
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Virasoro block (3.9) does not contribute to the classical Virasoro block !’

lim log H(c/16,2mec, 2c — 1|q) Lo, (3.11)
c—00 I8
we obtain the following identity (m = h/c)
1 log16  log(z(1 —z))
— —\loga® =
(m 24) e d [ 2 "7 u (3.12)
ext = 1/32, '
+ [_f(m ! 3/3 mle) —2mlog 16] .

On the left is the classical character, and on the right, the first bracket is a conformal factor,
and the second bracket is the classical Sym?(Vir) block. We see that in this normalization
of the Sym?(Vir) block, each o¢ ® o¢ appears in the twist field four-point function with unit
coefficient. Therefore, when decomposing the twist field four-point function with respect to
the Sym?(Vir) blocks, the expansion coefficients C%¢(m) are precisely the classical density
of primaries in the single copy CFT C,

¢p" (h) = C2e(m) = explepe (m)]ge (m). (3.13)

The factor of ¢ on the left comes from the difference between the measures dh and dm.
We can pretend that we are bootstrapping with the classical Virasoro block f(mext =
1/32,m|x) by defining an effective classical structure constant

pe(m) = pe(m) — mlog 16. (3.14)

Then by proposition 2, a bound on the gap in the spectrum of primaries in C is given by!'!

C

=N 1
Mgap < Myac(Mext = 1/32,1/2) = —, or hgap = 192

L + O(), (3.17)

which is the holomorphic version of the Hellerman bound [24].'2 Furthermore, if the
condition

1
pe(m) <m(m —log16) Vm < M(mex = 1/32) = 21 (3.18)

10This would not be true if the external weight did not scale as c/16.
" Using the identities

q'(z) _ w2 L,
o)~ TR sd@lesdl—w) =, (3.15)

we can show that the ¢-channel saddle parter of the s-channel vacuum is at
201 _ 2
Frome(1/32,2) = — (1 + M) S (M) } . (3.16)

24 K2(x) 24
The other formulae in this section are easily derived with the use of these identities.
12 After taking into account the anti-holomorphic sector, we obtain the conventional Hellerman bound [24]
for the total weight, Agap < ¢/6.
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is satisfied, then there is only one phase transition at the crossing symmetric point, and
pe(m) obeys (by proposition 3 and lemma 1)

, T 1 1
=L fm—— —mlogl6  vm>—
pe(m) = Zzyfm = 55 —mlog "=y (3.19)

pe(m) < m(m — log 16) vm > 0.

Next, the O(c") part of the non-vacuum character identity (3.10) reads

g/ B (16¢)1/12

n(r)  (z(1 —z)V12K (2)1/2 (3.20)

We can pretend that this is the generic (non-vacuum) one-loop block g(mext = 1/32,m >
0|x). Assuming that spectrum of primaries has an order ¢ gap above a the vacuum state,
the vacuum one-loop block is g(mexy = 1/32,m = 0|x) = (1 — ¢?)g(Mmext = 1/32,m > 0|z).
Then if (3.18) holds, the one-loop structure constants obey the universal formula

12¢ T 12m—1 1
_ 1— 727r(24m71)> AT v > 3.21
4(m) =\ 3 3 ( c P16 vaam 1 T2 (321

Translating the above into a statement about the density of primaries, we obtain the
next proposition.

Proposition 4. If the spectrum of primaries has an order ¢ gap above a the vacuum state,
and the light spectrum is sparse in the sense of

pP(h) < exp(2rh) Vh < i (3.22)
then this inequality holds for all h > 0. Furthermore, the density of primaries for the heavy
spectrum h > ¢/12 is given by'>

ph(h) = V 24;2— ¢ (1 - ‘fzﬂ\/m)
X exp [277 % (h — i) — % (;Z;;i@) +O(1/¢)

in the semiclassical 1/c¢ expansion with h/c fized.

(3.25)

13A Cardy formula analogous to (3.25) but for the density of all states p(h) can be obtained by the
convolution

p(h) = p"(h=n)p(n) =Y p(n)6(1+n—h). (3.23)

The result is

for h > ¢/12, in the semiclassical 1/c expansion with h/c fixed.
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This takes the form of a logarithmically corrected Cardy formula for the density of
primaries. The Cardy formula for primaries is related to the original formula for the
full spectrum by a shift of ¢ —+ ¢ — 1. Logarithmic corrections are obtained by a slight
modification of [35] to be

12 c—1 c—1

P

By=,)— 2 h— h>ec. 3.26
PCardy (h) 24h(cl)e><p[7r\/ 5 ( 51 >] > c (3.26)

The semiclassical expansion of this formula almost agrees with (3.25) in proposition 4,
except for the factor of 1 — e~ 27V24h/c—1 that is exponentially suppressed in the Cardy
regime h > ¢. That the Cardy formula is also valid for h > ¢/12 at large central charges

was first discovered in [34].

Comments on Renyi entropies. The four-point function of the Zy twist field computes
the second Renyi entropy of two intervals, whereas the four-point functions for the maxi-
mal twist fields in the Z, product orbifolds compute higher Renyi entropies. The results
of [28, 32] suggest that in CFTs with a weakly coupled holographic dual, all Renyi entropies
should have a single phase transition at the crossing symmetric point. They argued that
this is true in the Zs case assuming a sparse light spectrum, but for higher Renyi entropies
it was left as still an open question. Proposition 4 makes precise the condition of a sparse
spectrum, while proposition 3 gives a condition for there to be a single phase transition.

3.4 Meromorphic CFTs

Consider the four-point function of holomorphic conserved currents eyt of integer weight
hext- Meromorphy fixes the functional form to be [45]

Z4Z%xt aixi
F(x) - theth(l — x)2hext ) (327)

which depends on 4heyt + 1 coefficients a;. After imposing crossing symmetry, we are left
with [%‘Tﬁﬂ + (Oheys mod 6) many coefficients. The division by 6 in the first term can be
understood as the order of the crossing group S3, while the second term is due to accidental
symmetries when heyt € 6Z.

In a CFT C with charge ¢, we can decompose F'(z) into Virasoro blocks. Because the
four-point function F'(x) only receives contributions from primaries of even integer weights,
just from counting the freedom of tuning the coefficients, the gap in the primary spectrum
of o x o is bounded above by [46, 47]

Ahext + 4
hgap <2 <|:eé:| + (6hext mod 6) + 1) ’ (328)

which asymptotes to 4hey/3 at large hexs.

Zo twist field four-point function. Suppose C is the Zy symmetric product orbifold
of a meromorphic CFT B of central charge ¢, and let gexy = € be the twist field of weight
hext = (2¢)/32. The naive upper bound (3.28) on the gap in £ x £, coming from counting
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Figure 6. The heyy = 2 four-point function in the monster theory. The dashed lines plot the
smoothly interpolated classical branching ratio S, (m|z) (defined in (3.6)) as a function of the
internal weight m, for cross ratios © = 10(‘3“_5)/10/2 with « = 0,1,...,5 from bottom to top.
The solid line traces the dominant saddle as the cross ratio is varied. The dominant saddle is at
m = 1.58 Myt (semiclassical: M(mexy = 1/24) = 1.32 Moyt or M(Mext = 1/12) = 1.27 mext) at the
crossing symmetric point.

the number of tunable coefficients in (3.27), is gapgye < (2¢)/24. By lifting to the torus,
this translates in the semiclassical limit to an upper bound on the gap in the spectrum of

primaries in B, that is the extremal bound for meromorphic CFTs: hgap < ¢/24+0(0) [48].

Extremal CFTs. Extremal meromorphic CFTs have central charge ¢ = 24k and a gap of
size hg;%) = k41, for k € N. We take a sequence of operators O*) with weight hgﬁ% = hg;)p,
and consider the four-point function (O®O®O®O®))  Assuming that this four-point
function has a semiclassical limit, as the cross ratio x varies, the dominant saddle cannot
move continuously away from the vacuum due to the large gap, and there should be a phase
transition at a finite x = zpp. Then for sufficiently large weight m > Mgae(Mext, TpT), the
structure constants should follow the universal formula (2.22). Figure 6 shows the smoothly
interpolated classical branching ratio (defined in (3.6)) for the £ = 1 monster theory, whose
four-point function is known explicitly [49]. Since the gap is at mgap = Mext, the phase
transition occurs between the bottom two curves at xpt =~ 0.16. We do not know whether
this ¢ = 24 picture is actually representative of the semiclassical limit.

4 Comments on gravity

This section discusses aspects of classical Virasoro blocks in the context of holography.
We first review the worldline prescription that reproduces classical Virasoro blocks in the
“heavy-light” limit. We then propose a similar prescription in the “light” limit, and discuss
the implications of the results of semiclassical bootstrap.

Bulk dual of classical Virasoro blocks in the “heavy-light” limit. In [50-52], it
was shown that Virasoro blocks in the semiclassical “heavy-light” limit are dual to certain
worldline actions in a conical defect or BTZ black hole background. More precisely, in the
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regime where the weights (h; = m;c) all scale with the central charge ¢, and mg = mg4 = my,
are of order one, but mi, mo and m are parametrically small, we can treat the “light”
operators o1 and oy as probes of the background created by the “heavy” operators o3 and
o4. The heavy operators create a bulk geometry that is either a conical defect (my, < 1/24)
or a BTZ black hole (my, > 1/24), and the leading order expansion in m, mso of the classical
Virasoro block f(mq,ma, mp, mp, m|z) can be computed by minimizing a worldline action.
The worldline action consists of the geodesic distance from ¢; on the boundary to a bulk
point x, weighted by mq, and the same for g9, plus the geodesic distance from the bulk
point x to the conical singularity or the BTZ black hole horizon, weighted by m. The
position of the bulk point x is chosen to minimize this worldline action.

Bulk dual of classical Virasoro blocks in the “light” limit. Still in the semiclassical
limit, consider a different parameter regime, where all weights m; and m are parametrically
much smaller than one. We expect a similar correspondence between the leading order
expansion of the classical Virasoro block f(m1, mo, ms, mg, m|x) in m;, m, and a worldline
action in the AdSs background. It is simplest to work in a Poincare patch of AdSs with
metric ds? = (dy? + dzdz)/y?. The geodesic distance L(x,x’) between two bulk points x
and x’ is given by

(y—y)+ |z — o
2yy/

L(x,x') = cosh™ (1 + u(x,%x)), wu(x,x)= (4.1)

I

which diverges as one take the bulk point x’ to the boundary. After regularizing this
divergence,'* the geodesic distance from a bulk point x to a boundary point 2’ is

2 2
L(x,2') = log {W“} . (4.3)
For simplicity, we choose identical masses m; = mMext, and consider the worldline
action (see figure 7)
S(xlax27x37x4)
(4.4)

= min {Mext [L(Xq, 1) + L(Xq, 2) + L(Xp, x3) + L(Xp, z4)] + mL(Xq,Xp) } -

Xa,Xp

We propose the following relation between the worldline action S(z1, 22,23, 24) and the
classical Virasoro block f(mext, m|z)

Re f(mext, m|z)
6
= —Mext [log |1 — z4|? + log |22 — x3|*] + S(21, T2, T3, T4) + O(Mex, m)>.

+ (z-independent term) (4.5)

By conformal symmetry, we can fix the four points on the boundary at x1 = —z/2, 29 =
z/2, x3 = —1, x4 = 1. Then by the symmetry of the system, the two bulk points xa,

" The geodesic distance expanded in 1/y/ is given by

—log(y') + O(y"). (4.2)

2 2
L(x, %) = log [w}

We simply drop the divergent logarithm.
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Figure 7. The worldline action corresponding to the classical Virasoro block. The bulk points x,
and xy, are chosen to minimize the total geodesic distance.

xp that minimize the worldline action S(z1,z9,x3,z4) must be located at z, = z = 0.
Further minimizing with respect to the two remaining variables y, and ¥, we find that the
following solution exists as long as the triangular inequality 2meyt > m is obeyed,
4(2mext — m)? + (2Mext + m)22>

4(4m?2, — m?)z (4.6)
2]‘

S(—2/2,2/2,—1,1) =m cosh™!

+ Mext 10g[642%] — 2Mexs log[dm?2,, — m
Expanding in the cross ratio x = 82/(2 + 2)2, we find that (4.5) is indeed satisfied.

Relation to Ryu-Takayanagi formula. The m = 0 version of the classical block/world-
line action correspondence was used in [28] to match the entanglement entropy of two inter-
vals in the boundary CFT with the Ryu-Takayanagi formula [53]. There the entanglement
entropy is obtained via an analytic continuation of the Renyi entropies. By the replica
trick, the Renyi entropies in a 2D CF'T are related to correlation functions of the maximal
twist operators in a symmetric product orbifold of the original CFT. It was argued in [28]
that the second Renyi entropy of two intervals, computed by the four-point function of
twist operators, is dominated by the classical vacuum block, and it was assumed that the
higher Renyi entropies behave the same. Then by analytic continuation, the entanglement
entropy is given by a classical vacuum block with parametrically small external mexs, that
is further mapped to a worldline action with two disconnected pieces.

Semiclassical four-point funcions in the “light” limit. Four-point functions are
given by sums of Virasoro blocks weighted by the structure constants squared. Consider
a semiclassical four-point function with identical external operators having parametrically
small weight mext. In general, this four-point function receives contributions from Virasoro
blocks with m ranging in the entire positive real line. However, by proposition 1, a four-
point function can always be approximated by a single block with m < m(mex < 1) =
1.41 meyxy < 2mext in the appropriate channel, and therefore always admits a worldline
description in the bulk. It would be interesting to investigate the role of the one-loop
Virasoro block in this correspondence.
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Bound states of “light” particles. Consider a CFT that is holographically dual to
gravity coupled to a “light” particle with mass Mparticle that is of order the AdS curvature,
but parametrically small. In the CFT language, there exists a primary operator oparticle
with weight hparticle = Mparticle¢ < 1. Proposition 3 implies that if no bound state exists

with weight mpound < M (Mparticle), then the classical and one-loop structure constants
in the oparticle X Tpartice OPE is bounded above by (2.23), and universal (2.22) for m >

mm(mparticle o 1 /2) .

Bulk dual of generic classical Virasoro blocks. One outstanding question is whether
there is a similar correspondence between bulk geometry and the classical Virasoro block
f(m1, ma, ms, my, m|zx) with order one m; and m. In this parameter regime, none of the
external and internal operators should approximated as probes, and the classical Virasoro
block may correspond to a classical action of a bulk geometry. A hint of the correct bulk
geometry is provided by considering the four-point function of Zy twist fields. We showed
in (3.12) that the classical Virasoro block is related to the classical part of the Virasoro
character. According to [54, 55], the classical part the vacuum character is equal to the
Einstein-Hilbert action plus the Gibbons-Hawking term evaluated on Euclidean AdSs with
compactified time circle.
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A CFTs with a semiclassical limit

Consider a sequence of CFTs labeled by ¢ = 1,2,..., with central charges ¢; that are
monotonically increasing and unbounded. We would like to study the behavior of this
sequence of CFTs as i goes to infinity. In general, it is impossible to keep track of a
particular primary operator in this sequence of CFTs, as there is no canonical map from
the spectrum of the i-th CFT to the spectrum of the (i + 1)-th CFT. The best we can do
is to consider the integrated correlation functions

]:(i)(mlv e 7mn|x1> e 7$n)
= > X Y (0D@)of@)- - 0D@)), A1)
hl(l?e[leci] hge[o,mm] hﬂe[o,mnci}

where (’)((f) are primary operators in the i¢-th CFT with weight hgi) that have normalized

two-point functions. This sequence is said to have a semiclassical limit, if the integrated
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correlation functions admit a perturbative expansion in 1/¢, in the following sense. First
we iteratively define a sequence of functions

fk(mla”' 7mn‘x17”' 71.71)
k—1
Eilirélocf_l[logf(’)(ml,--- SMp |21, ) — Z ¢ " Fm(ma, e mplzy, e m)],
m=0

(A.2)
where the right hand side may contain logarithmic divergences independent of x and m, that
need to be properly subtracted while taking the limit. We demand that the limit exists
and Fi(mq,--- ,mp|z1, -+ ,2,) are continuous functions in both m and x; furthermore
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their derivatives with respect to m are distributions.”®> Then we define the semiclassical

integrated correlation functions by a formal power series
F(ma,--- ,mpscloy, - o) = * exp (Cfo +Fi+c R+ ) ) (A.3)

and the semiclassical correlation function density by taking derivatives

0 0

- omy ' omy,

F(mla"' ,mn;c|x1,--- 7:CTL) F(m1>"' ,mn;C’.fUl,"' 71'”)7 (A4)

which can be put into the form
F(my, - ympiclar, - mn) = Fe? (go+ ¢ g +---), (A.5)

where the #’s in (A.3) and (A.5) are x; and m; independent constants.
As an example, let us compute the two-point function density for m > 1/24. The
integrated two-point function in the i-th CFT is

min(mi,ma)c; pi (h)
.'L'2h’

FO(my,malry, 25) = / dh, (A.6)

c;/24

where p;(h) is the density of states. By the Cardy formula [33, 34] and assuming = < 1,
the integral is dominated in the ¢ — oo limit by the contribution from m = min(mq,ms),

1 1
Fo(my,mg) = 277\/6 (min(ml,mg) — 24) — 2min(my,m2) log x. (A.7)

The semiclassical integrated two-point function is

1 1 1
F(my,malx) = 7 exp [2770\/6 (min(ml,mg) - 24) — 2cmin(my, mg)logz + O(%)|,
(A.B)

5The definition (A.1) of the integrated correlation functions is not invariant under orthogonal transfor-
mations on primary operators of the same weight. This ambiguity may correspond to different limits (A.2),
and some of these limits may not exist. We thank Xi Yin for pointing this out.
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where a logarithmic correction is also included. The two-point function density is then

given by
. \ﬁé(ml — mg) 1 1 0 1
F(my, mo|z) = T Bme &XP 2me g lmi—o; +0O(c) |, for mi,mg > o
(A.9)

In some special situations, we can keep track of a particular sequence of a set of
operators {(’)gi),(’)g), .-+ }, such as {0"} in product Ising models. Some of their n-point
functions may be analytically continued to the entire real line of the central charge ¢;. The
analytically continued n-point function also admits a semiclassical expansion.

B Semiclassical Virasoro blocks

In the limit of large central charge ¢ while taking the operator weights h; to scale with ¢
(fixed m; = h;/c), the Virasoro block admits a semiclassical expansion

C
F(hext, hexta hexta hexta h7 C|$) = €Xp [_6f(mext> m|$) g(mexta m, C|$)7

> (B.1)
9(Mext,myclz) = ¢ Fgp(Mext, mlz).
k=0
To the second order in the x-expansion,
f(Mext, m|x) = 6(2mext — m) logx — 3mx
B 3(3m + 26m? 4 16Mexs (M + 2Mmext) )22 N O(mg),
8(1+ 8m)
( =14 13ma (1+82m + 1980m2 + 16224m? + 43264m*) 22 (B.2)
Mext, M|T) =
01 Mhext 2 32(1 + 8m)?
16mex (—3 + 208m? + 88mext + 4m(5 + 104mexy ) )22
4 16me +(—3 4+ 208m* + met—: m(5 + 104mext ) )x + O,
32(1 + 8m)

By computing to the sixth order in the x-expansion, the following properties are numerically
observed to hold for fixed external weight mey; < 1/2.

1. f'(mext, m|1/2) is monotonically decreasing in m, and crosses zero only once.

2. f(mext, m2|x) — f(Mext, m1|x) is monotonically decreasing in z € [0, 1] for arbitrary
internal weights mg > my > 0.

3. go(mext, m|x) > 0 for all internal weights m > 0 and cross ratios 0 < z < 1.

C The semiclassical limit of the fusion transformation

The fusion transformation relates the s-channel Virasoro blocks to the t-channel via a
fusion matrix, which is defined in terms of special functions T'y, Sy, and T} [25-27]. This
appendix works out the semiclassical b — 0 limit of these special functions, and computes
the fusion transformation by saddle point approximation.
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C.1 The semiclassical limit of special functions

The Barnes double gamma function I'y(z|w;,ws) is defined by

0 -
log 'z (w1, wa) = En D (z+ nwr + nawy) o (C.1)
n1,n2=0 -

The special functions I'y(x), Sp(z), and Tp(z) are defined by

Da(alb, b D) i
r =" Sr)==——~—"—, T = , C.2
Oy MY e YT nene s @2
and I'y(x) function satisfies the periodic condition
[Ombbr—1/2
To(z+b) = S Ty(x). (C.3)

I'(bx)

In the limit & — 0, the periodic condition becomes a first order differential equation for
b%log(T,(y/b)). The solution gives the semiclassical limit of the special functions

b2 log Ty(y/b) = (y — 1/2) log V27 + (3’_21/2)2 log b — j dzlogT(z) + O(b),
1/2
b?log Sy(y/b) = (2y — 1) log V21 — ! dzlogT'(z) + O(b), (C.4)
1-y

y
b?log Ty(y/b) = —(y — 1/2)*log b + / dzlog~y(z) + O(b).
1/2
The expression for Sp can be written in terms of polygamma functions
b*log Sy(y/b) = (2y — 1) log v2r — =2 (y) + "2 (1 — ) + O(b), (C.5)
where (=2 (y) is the polygamma function of order —2. It has the asymptotic behavior

M — (5 +ilog(2m) s+ O(s") s = o0,
_m252 + (% - ilog(QW)) s+ 0(s%) s — —oc.

—pD(is) + (1 —is) = { (C.6)

C.2 Correspondence between s- and t-channel blocks

Consider the Virasoro algebra with central charge ¢ = 1+ 6Q?, with weights parameterized
by ha = a(Q — «). The s- and t- channel Virasoro blocks are related by the fusion
formula [25-27]

Gloxt “e"t] Flhawss hay, c|1 — ). (C.7)

Qext lext

‘F(haext7 has’ C‘x) = / dat Fasoct
Q/2+iR>

where for simplicity we specialize to the case a1 = as = ag = a4 = Qext. The fusion matrix
Fy .0, 1s given by
100

1
- Pb(aS)at7ant) X Z/ dSTb(asaahantuS)u (CS)

—100

Qext Clext

Fasat

Qext Clext
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where

I'p(2Q — 20ext — Olt)Fb(Oét)QFb(Q - at)QFb(Q — 200ext + )
Fb(zQ — 20text — as)Fb(as)QFb(Q - as)ZFb(Q — 200ext + as)
Fb(*Q + 20ext + Oét)rb(QOé — Ott) Fb(QQ — QQS)FZ,(QO(S)
Fb(_Q + 200yt + as)Fb(zaext - as) Fb(Q - 26“t)rb(205t - Q)7

Sp(U1 + 5)Sp(Ua + $)Sp(Us + $)Sp(Uy + 8)
Sp(Vi + 8)Sp(Va + 8)Sp(Va + 8)Sp(Q + 5)

Pb(a57 O, aext) =

Tb(a87 g, O S) =

Ui = as, Us = Q+as_204exta Uz = as+2aext_Q7 Us = ag,

V1= Q+a5_at; Vo = as+0g, ‘/3 = 2as.
(C.9)
The semiclassical limit is achieved by taking b — 0 while keeping n; = bq; finite. In this
limit, the Virasoro block exponentiates as

1
F(hagyss hasc|l —x) = exp (—be(hoéext/b7 ha/b,c|l —z) + O(l/b)) , (C.10)
and the integrals (C.7) and (C.8) can be computed by a saddle point approximation. The

terms proportional to logb all cancel in the exponent of the fusion matrix, and therefore
the semiclassical limit is given by the simple replacement rule

rio/t) - exp (-2

G(y) — G(1 - y)) = exp (_w(—2)(y) (1 - y)) (C.11)
b? b2 ;

Sp(y/b) — exp <—

where G(y) = f1y/2 dzlogT'(z), and ¥(=2)(y) is the polygamma function of order —2. Note
that G(y) is not a meromorphic function.

Let us define s = i0/b. The o integral in (C.8) is dominated by points maximizing the
real part of log T}, along the integration contour. In the following, we will assume ns+2n > 1;
otherwise infinitely many poles will cross the o integral contour as we take b — 0.

Real ns (hs < ¢/24). When 7; is real, the o integral is dominated by the contribution
at o =0
¢(_2) (s +ne) — w(_Q)(l — s — M) — ¢(_2)(—773 +ne) + ¢(_2)(1 + s —m)+

(C.12)
=Gms+m) =G —ns—n) = G(=ns +m) +G(L+ns —n) + -+,

where the omitted terms --- do not involve 7;. Note that the n-dependent factors cancel
for when the s-channel is the vacuum 7; = 0. The other n.-dependent factors in the fusion
matrix can be written as

lim b? log Py (15 /b, 1¢ /b, Text /b)
b—0

= —2H(n¢) — H(2Next + 1t — 1) — H(2next — n¢) + G(1 = 2n¢) + G(2n; — 1),

(C.13)

— 24 —



where H(y) = G(y) + G(1 —y) = fly/Q dzlog~y(z). Thus for real n,, the s-channel block is
equal to the fusion matrix times the ¢-channel block evaluated at the solution to

0= —2logy(n) —logy(2next +1: —1) + 1og ¥(2nexs —1¢) — 21og T'(1—27;) + 21og I'(2n; — 1)
+1logT'(ns + n¢) +logT'(1 — ns — 1) —log T'(—ns + 1) — log T'(1 + ng — m¢)

d
- Tmf(next7nt!1 — ).
(C.14)

Complex ns (hs > ¢/24). When 75 € 1/2 + iR, the o integral has maximal real part
of the exponent on the whole segment —2Imn, < o < 0, where the 7,-dependent piece is

(5~ ) 10081 — 200) ~ tog(2n, — 1. (.15)

Note that the ns dependence is gone. In the fusion transformation, the s-channel block is
dominated by the t-channel at the solution to

0= —2logy(ne) —logy(2next +nt — 1) 4 log ¥(2next — n¢) +log y(2n: — 1) + log v(2n)

d
- 5 exts 1- .
d'f]tf(n & 7|1 — )

(C.16)
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