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In this article, a new relationship for the calculation of the Zener drag pressure is described in
which the effect of the size distribution of nanoscale dispersed particles is taken into account, in
addition to particle radius and volume fraction, which have been incorporated in the existing
relationships. Microstructural observations indicated a clear correlation between the size
distribution of dispersed particles and recrystallized grain sizes in the AA7020 aluminum alloy.
However, the existing relationship to calculate the Zener drag pressure yielded a negligible
difference of 0.016 pct between the two structures homogenized at different conditions resulting
in totally different size distributions of nanoscale dispersed particles and, consequently,
recrystallized grain sizes. The difference in the Zener drag pressure calculated by the application
of the new relationship was 5.1 pct, being in line with the experimental observations of the
recrystallized grain sizes. Mathematical investigations showed that the ratio of the Zener drag
pressure from the new equation to that from the existing equation is maximized when the
number densities of all the particles with different sizes are equal. This finding indicates that in
the two structures with identical parameters except the size distribution of nanoscale dispersed
particles, the one that possesses a broader size distribution of particles, i.e., the number densities
of particles with different sizes being equal, gives rise to a larger Zener drag pressure than that
having a narrow size distribution of nanoscale dispersed particles, i.e., most of the particles
being in the same size range.
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I. INTRODUCTION

DISPERSED second-phase particles exert a retard-
ing force or pressure, named Zener drag, on the low-
and high-angle grain boundaries, which significantly
affects the recovery, recrystallization, and grain growth
of deformed structures.[1–10] It is commonly understood
that the Zener drag pressure is a complex function of the
interface, shape, size, interspacing, and volume fraction
of dispersed particles.[1,2]

One of the primary objectives of the homogenization
treatment applied to direct-chill cast aluminum alloys
before hot deformation is to create small dispersoids
that act as recrystallization inhibitors during deforma-
tion and annealing or solution treatments.[11] In 3XXX
series aluminum alloys, e.g., Mn-containing dispersoids
formed during homogenization, play an important
role in controlling the recrystallization behavior of
the alloys.[12,13] In 6XXX series aluminum alloys, the
formation of different kinds of dispersoids, i.e., Zr-,

Mn-, and Cr-containing ones, which play a role of
recrystallization inhibition, has been investigated.[14–18]

In the case of 7XXX series aluminum alloys, the
formation of Zr- and Sc-containing dispersoids has
been a subject of interest for many years.[19–21] For
example, Robson et al.[19,20] investigated the effect of Zr
addition on the dispersoid formation and the fraction
recrystallized after hot deformation. It was concluded
that by using an optimum two-step homogenization
treatment, a smaller fraction of recrystallization could
be obtained. Robson[21] also studied the effect of Sc on
the formation of dispersoids, as Sc was expected to
eliminate the dispersoid-free zones, as observed in
scandium-free 7050, thus greatly increasing the recrys-
tallization resistance. Other investigations showed that,
in addition to the size, shape, and volume fraction of
dispersed particles, their size distribution is dependent
on the homogenization treatment. For example, Fuller
and Seidman[22,23] investigated the precipitation and the
evolution of Al(Sc,Zr) particles in an Al-Sc-Zr alloy
during heat treatment and found these particles with
different size distributions after different treatments. The
results obtained by Clouet et al.[24] also clearly showed
that quite different size distributions of Al3Zr and Al3Sc
particles ranging from a broad distribution to a local-
ized one might result from different treatments
employed. Similar observations were made by Li and
Arnberg[25] as to the formation of Mn-rich dispersoids
in the AA3003 aluminum alloy and by Novotny and
Ardell[26] concerning the formation of Al3Sc particles in
an Al-Sc alloy.
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Considering a random spatial correlation between the
boundaries and the dispersed particles, the Zener drag
pressure (Pz) can be expressed in the simplest form by
the following relationship:[1,2]

Pz ¼
3cFv

2r
½1�

where Fv is the local volume fraction of dispersed
particles, r the particle radius, and c the energy of the
grain boundary that dispersed particles are pinning. It
can be seen from Eq. [1] that the Zener drag due to the
presence of dispersed particles at grain boundaries is
maximized by maximizing the volume fraction (Fv) and
minimizing the particle size (r).

There are also some interesting publications on the
effect of Zener drag pressure on the recrystallization
behavior. For example, Nes et al.[2] studied the interac-
tions between particles and grain boundaries, including
the effects of the size, shape, and distribution of the
particles with the same size, and found that such effects
may strongly affect the recrystallization and grain
growth. However, the authors did not consider the effect
of the size distribution of particles. Andersen and
Grong[27,28] proposed an analytical model of grain
growth in metals and alloys in the presence of growing
and dissolving precipitates on normal[27] and abnor-
mal[28] grain growth. Novikov[29] simulated the grain
growth in three-dimensional model polycrystals with
randomly distributed particles at the grain boundaries.
The particles were assumed to be of spherical shape and
identical sizes, and their boundaries to be noncoherent.
Simulations yielded the exact dependence of the normal-
ized limiting grain size on the particle volume fraction,
regardless of the initial grain size.[29] It was concluded
that in materials with randomly distributed particles, the
dependence of the normalized limiting grain size on the
volume fraction is tight up to a volume fraction of 0.12,
which proved the validity of the Zener theory as well as
their simulations. Maazi and Rouag[30] presented a
model for grain growth simulation, in the presence of a
preferential particle distribution. The model predicted
two grain size limits due to second-phase particles. If the
particles had a size less than the maximal critical radius,
the grains would shrink, and if these had a size greater
than the minimal critical radius, the grains would grow,
while between the two limiting radii, no grain growth
took place. In most of the studies in this field, the basic
equation of Eq. [1] and its derivations[6–9] have been used
to estimate the retarding pressure for recrystallization,
and a reasonable agreement between the predictions and
the experimental results has been reached. Further
studies[8,11,12] on the Zener drag without introducing
other effective parameters such as the size distribution of
dispersed particles have not led to any relationship that is
significantly different from Eq. [1].

In other studies, however, the size distribution of
dispersed particles has been recognized as an effective
parameter on the physical and mechanical behavior of
materials. For example, the effect of the size distribution
of dispersed particles on the mechanical properties and
the growth and dissolution of these particles in struc-
tures were investigated.[31–36] Myhr et al.[33] generated a

special control volume formulation of the classical
precipitation model for coupled nucleation, growth,
and coarsening to describe the evolution of the particle
size distribution with time during thermal processing of
Al-Mg-Si alloys, including both isothermal and noniso-
thermal transformation behavior. The size distribution
of particles was found to be effective on the precipitation
behavior. Myhr and Grong[34] studied the nonisother-
mal transformations in alloys containing a distribution
of particles and found that the memory of a past process
step, i.e., the previous particle sizes, is likely to have an
effect on the overall transformation behavior. In addi-
tion, Tundal and Ryum[35,36] investigated the effect of
size distribution of dispersed particles on their dissolu-
tion during homogenization. It was demonstrated that
the size distribution of particles is an effective parameter
on the model predictions and, therefore, should be
considered in the model if an accurate prediction of the
dissolution kinetics is to be achieved. However, there
has been no publication on the effect of size distribution
of dispersed particles on the recrystallization behavior.
In other words, no study has been conducted with the
effect of this parameter on the Zener drag pressure taken
into account, although it is experimentally observed that
this effect is partly responsible for recrystallization and
grain growth behavior.
In this article, two heating rates toward a homogeni-

zation temperature were chosen in order to create two
distinctively different size distributions of dispersed
particles with similar values of Pz based on Eq. [1].
The samples were then hot deformed, followed by
annealing to demonstrate a relationship between the size
distribution of dispersed particles and the recrystallized
grain size in the AA7020 aluminum alloy. The objective
of this research was to derive a new relationship that
included the effect of the size distribution of dispersed
particles in the calculation of the Zener drag pressure.
The derived equation could then be used to suggest an
optimum size distribution of dispersed particles, which
would result in a maximum Zener drag pressure.

II. EXPERIMENTAL PROCEDURE

Cubic samples of 20 mm were cut from the center of a
direct chill cast AA7020 ingot. The chemical composi-
tion of the samples used in this study is shown in
Table I. The as-cast samples were homogenized at
783 K (510 �C) for 8 hours prior to which two differ-
ent heating rates of 523 K and 323 K/h (250 �C and
50 �C/h) were applied and coded as S1 and S2. After the
homogenization treatment, the samples were cooled
in air.
The as-homogenized samples were examined using a

JEOL* 6500 field emission gun–scanning electron

microscope (FEG-SEM). The optimum operating
voltage and current were found to be 10 kV and 1 nA,
respectively. To estimate the number density of

*JEOL is a trademark of Japan Electron Optics Ltd., Tokyo.
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nanoscale dispersed particles, images at a magnification
of 50,000 were examined using image analysis, while for
the determination of the sizes of the dispersed particles,
a magnification of 75,000 was used in order to ensure
accuracy.

Uniaxial hot compression tests were performed at
723 K (450 �C) at a strain rate of 10 s�1, using a
DSI GLEEBLE** 3800 thermomechanical simulator.

Compressive deformation proceeded to a strain of 0.6.
The tests were performed at least twice for each
condition to ensure the repeatability of the data.
Cylindrical samples having a diameter of 10 mm and a
length of 12 mm were used. They were heated to 723 K
(450 �C) at a heating rate of 10 K/s (10 �C/s) and kept
at the temperature for 110 seconds in order to attain a
homogenous temperature in the test material and anvils,
based on the previous studies using the same facility.[37]

The samples were subsequently water quenched to
maintain the as-deformed structure so that no further
microstructural changes would occur after deformation.
The samples were annealed in a salt bath furnace at
773 K (500 �C) for 2 hours and then cut through
thickness. The grain structure was studied by a polarized
light optical microscope. The average grain size from
five images was determined using the general line
intercept procedure according to ASTM E 112-96.[38]

III. RESULTS AND DISCUSSION

A. Effective Parameters on the Recrystallization
Resistance and Grain Growth

The ability of FEG-SEM to determine the sizes of
dispersoids of larger than 10 nm in AA7050 has been
reported.[19] In addition, it has been confirmed by the
present authors in the case of AA7020[39] that the
particle radii measured using both FEG-SEM and
transmission electron microscopy imaging methods are
in quite reasonable agreement. However, the FEG-SEM
is easier to use and gives the possibility of investigating a
larger area of sample for statistical measurements and
was thus used exclusively in this investigation.
Figures 1(a) and 2(a) present typical FEG-SEM

images of samples S1 and S2, respectively. The white
spots clearly seen in the images are the dispersed
particles, which have distinctly different distributions
as a result of the different homogenization conditions.
The size distributions of the particles are shown in
Figures 1(b) and 2(b). It can be seen that these two
structures indeed contain dispersed particles of quite
different size distributions. It should be mentioned that
the sizes of individual particles in each image were
measured by taking pictures at higher magnifications
under the SEM. In sample S1, most of the particles fall
in a narrow size range of 26 to 30 nm, while in sample
S2, the number densities of the particles with different
sizes from 14 to 40 nm are almost equal. The main
reason for these two different particle size distributions
is the different heating rates applied during homogeni-
zation from room temperature to the homogenization
temperature. At the faster heating rate, sample S1, the
material was taken to the homogenization temperature
within a short period of time, about 1 hour. In this case,
most of the dispersoids formed at higher temperatures,
near or at 783 K (510 �C). At these temperatures, the
critical radius for a new nucleus to form is larger than at

Table I. Chemical Composition of the Alloy Used

in this Study

Element Si Fe Cu Mn Mg Zn Ti Cr Zr Al

Wt pct 0.30 0.30 0.19 0.35 1.20 4.37 0.002 0.10 0.13 bal.

Fig. 1—(a) FEG-SEM image of the sample S1 after the homogenization treatment and (b) average size distribution of the nanoscale dispersed
particles determined from 25 images. N = 5.3 lm�2 (N = 12.2 lm�3) and raveg = 30 nm.

**GLEEBLE is a trademark of DSI, Inc., Poestenskill, NY.

METALLURGICAL AND MATERIALS TRANSACTIONS A VOLUME 42A, APRIL 2011—1111



lower temperatures.[40–42] It is possible that some of
the nuclei that formed during heating would dissolve in
the structure, since at the homogenization temperature,
they might not be stable at 783 K (510 �C). Such
behavior has been observed in the case of the formation
of precipitates during age hardening of aluminum
alloys.[33–36] Therefore, only the particles that had
sufficiently large sizes could survive and continue to
grow, which resulted in a narrow size distribution of
particles. In addition, due to the very short time to reach
the homogenization temperature, the fraction of the
particles that formed during heating might not be
significant. Therefore, most of the particles formed near
or at the homogenization temperature and, conse-
quently, had almost the same sizes. However, at the
lower heating rate, sample S2 was at low temperatures
for a longer time during heating, about 10 hours
compared to 1 hour for S1. Particles having different
sizes would form during heating and became stable
before reaching the homogenization temperature. Con-
sequently, sample S2 had almost equal number densities
of particles with different sizes.

The average particle radii and number densities are
shown in Table II, which also presents the average
normalized values of the Zener drag pressure (Pz/c),
calculated using Eq. [1]. It is clear that although these
two microstructures contain dispersed particles with
quite different size distributions, Eq. [1] results in very

similar Pz/c values with a difference as small as
0.016 pct. (This value has been calculated as the
percentage difference between the values of Pz/c in
samples S1 and S2.)
To verify the viability of the existing relationship,

Eq. [1], to calculate the Zener drag pressure, the
recrystallization response of the samples after hot
deformation and annealing was investigated and the
results are shown in Figures 3(a) and (b) for the samples
S1 and S2, respectively. It is clear that the sample S2
heated at a slower rate to the homogenization temper-
ature of 783 K (510 �C) has smaller recrystallized
grains. S2 has an average grain size of 54 ± 5 lm, while
S1 has an average grain size of 73 ± 7 lm.
It is well known that the interface, shape, size,

interspacing, and volume fraction of dispersed parti-
cles[1,2] affect the Zener drag pressure and, therefore, the
recrystallization resistance and grain growth of a
deformed material. The Zener drag pressure exerted by
dispersed particles shown in Eq. [1] represents the easiest
way to judge the recrystallization resistance of the
deformed material. However, the results of the present
investigation clearly show that in spite of the similar
values of the Zener drag pressure based on the existing
relationship (Eq. [1]), the recrystallization response is
quite different. This indicates that in addition to the
mentioned parameters, the size distribution of dispersed
particles may also be effective on the recrystallization
resistance.

B. The Zener Drag Relationship Including the Effect
of the Size Distribution of Dispersed Particles

The procedure to calculate the Zener drag pressure
including the size distribution of particles was the same
as that used in References[1] and[2]. Assuming that the
boundary is planar,[1,2] the particle within a distance ri

Fig. 2—(a) FEG-SEM image of the sample S2 after the homogenization treatment and (b) average size distribution of the nanoscale dispersed
particles determined from 25 images. N = 5.94 lm�2 (N = 14.48 lm�3) and raveg = 28 nm.

Table II. Number Densities and Average Radii
of Nanoscale Dispersed Particles, along with the Calculated

Pz/c Values Using Equation [1]

Sample
Name N (lm�3)

raveg
(nm)

Pz/c
(lm�1)

Difference
in Pz/c (Pct)

S1 12.20 30 0.06894 0.016
S2 14.48 28 0.06895
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on either side of the boundary will intersect it. There-
fore, NSi, the number of particles intersecting with a unit
area of the boundary for the particles with a size of ri,
is[1,2]

NSi ¼ 2riNVi ½2�

where Nvi is the number of particles with a radius of ri
per unit volume. The pinning pressure exerted on the
unit area of the boundary by the particles with a size
of ri (PZi) is given by[1,2]

PZi ¼ NSiFSi ½3�

in which, the maximum restraining force on the
boundary, FSi, can be expressed as[1,2]

FSi ¼ pric ½4�

where c is the specific energy of the boundaries that
the particles pin. Equation [3] may be rewritten as[1,2]

PZi ¼ NSipric ½5�

Inserting Eq. [2] into Eq. [5] leads to

PZi ¼ 2NVipr
2
i c ½6�

Therefore, the pressure exerted on a boundary by a
group of particles with different sizes is

PZ ¼ 2pc
Xn

i¼1
NVir

2
i ½7�

By inserting the relationship between the number den-
sity of particles, their radii, and the volume fraction
presented in Eq. [8][1,2] into Eq. [7], Eq. [9] is derived.

NVi ¼
3FVi

4pr3i
½8�

PZ ¼
3

2
c
Xn

i¼1

FVi

ri
½9�

Table III shows the calculated normalized values of
the Zener drag pressure (Pz/c) for samples S1 and S2,

based on Eq. [7]. It is clear that the newly derived
equation predicts a larger value of Pz/c for sample S2,
being 5.1 pct larger than that of sample S1, which is in
line with the experimental observations in this research.
As mentioned earlier, the percentage is expressed by the
percentage difference between the values of Pz/c in
samples S1 and S2.

C. Differences between the Existing and the Newly
Derived Equations

Based on Eq. [9], it is clear that the newly derived
equation is inherently close to the existing one, Eq. [1].
However, Eq. [9] gives the possibility to differentiate
between different size distributions of particles to obtain
the highest recrystallization inhibition. The term a is
defined as the ratio of the Zener drag pressure including
the effect of the size distribution of dispersed particles to
the Zener drag pressure without this effect. For the a
parameter, the Zener drag pressure was calculated using
the average radius of the dispersed particles, following
the same procedure, which resulted in

PZavg ¼ 2pcNVavgr
2
avg ½10�

where

NVavg ¼
Xn

i¼1
NVi ½11�

and

ravg ¼

Pn

i¼1
NViri

Pn

i¼1
NVi

½12�

Fig. 3—Grain structure after annealing at 848 K (575 �C) for 10 min, following hot compression tests of the samples (a) S1 and (b) S2.

Table III. Calculated Pz/c Values for Samples S1 and S2
Using Equation [9]

Sample Name Pz/c (lm�1) Difference in Pz/c (Pct)

S1 0.0726 5.1
S2 0.0763 –
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Therefore, substituting the terms in Eq. [10] with
Eqs. [11] and [12] yields a Pz value equal to

PZavg ¼ 2pc

Pn

i¼1
NViri

� �2

Pn

i¼1
NVi

½13�

The a parameter is

a ¼ PZ

PZavg
¼

Pn

i¼1
NVir

2
i

Pn

i¼1
NVi

Pn

i¼1
NViri

� �2
½14�

With mathematical simplification, Eq. [14] may be
rewritten as

a ¼

Pn

i¼1
NViri

� �2

þ
Pn�1

i¼1
NVi

Pn

j¼iþ1
NVj ri � rj
� �2

 !

Pn

i¼1
NViri

� �2
½15�

The detailed expressions of the individual terms in
Eq. [15] are presented in Appendix A. Assuming the
dispersed particles with different sizes are at a constant
size difference equal to d, i.e., (ri+1 – ri) = d, a may be
expressed as

a ¼

Pn

i¼1
NViri

� �2

þd2
Pn�1

i¼1
NVi

Pn

j¼iþ1
NVj

 !

Pn

i¼1
NViri

� �2
½16�

It is clear that the first term of the numerator in
Eq. [16] is equal to the denominator. Therefore, the
determining term for the maximization of the a parame-
ter is the second term of the numerator defined as NUM.

NUM ¼ d2
Xn�1

i¼1
NVi

Xn

j¼iþ1
NVj

 !
½17�

Since all the terms in Eq. [16] are positive, a is always
larger than 1. This finding indicates that the newly
derived equation for the Zener drag pressure always
has a larger value than the one using the average parti-
cle size values. This may be considered an advantage
over the Pz calculated from the average values, since it
is always less than the values predicted by the equation
according to the size distribution of particles. In other
words, it is a trustable equation to rely on for inhibit-
ing recrystallization. As presented in Appendix B,
NUM will be maximized when the number densities of
the particles of different sizes are equal, which may be
written as

N1 ¼ N2 ¼ . . . ¼ Nmax ¼ . . . ¼ Nn�1 ¼ Nn ½18�

Equation [18] indicates that for a given total number
density of evenly dispersed particles, Pz is maximized
when the particles with different sizes have equal

number densities, as indicated by a broad distribution
of particle sizes in the size distribution plot. This is in
agreement with the finding in this research that the
recrystallization resistance of sample S2 with a broader
size distribution of particles, as shown in Figure 2(b), is
larger. The corresponding values of the a parameter for
samples S1 and S2 were calculated to be 1.05 and 1.11,
respectively.

IV. CONCLUSIONS

In this study, two different homogenization treat-
ments were applied, resulting in distinctively different
size distributions of dispersed particles. However, the
Zener drag pressure values based on the existing
equation showed only a very small difference of
0.016 pct, although the recrystallized grain sizes after
hot deformation and subsequent annealing were quite
different. A new relationship for the Zener drag pressure
was derived, which accounted for the effect of the size
distribution of dispersed particles. The predictions of the
newly derived equation were compared to the recrystal-
lized grain sizes after hot compression and subsequent
annealing. The following conclusions have been drawn.

1. In addition to the known parameters, i.e., the inter-
face, shape, size, interspacing, and volume fraction
of dispersed particles, the size distribution of parti-
cles is also an effective parameter on the recrystalli-
zation inhibition of the alloy.

2. The newly developed equation is able to differenti-
ate between the samples with similar Pz values from
the average particle radii, but with different size dis-
tributions of dispersed particles.

3. The ratio of the Zener drag pressure from the new
equation to that from the existing equation is maxi-
mized when the number densities of all the particles
with different sizes are equal. This indicates that in
the two structures with identical parameters except
the size distribution of dispersed particles, the one
that possesses a broader size distribution of parti-
cles, i.e., the number densities of particles with dif-
ferent sizes being equal, gives rise to a larger Zener
drag pressure than that having a narrow size distri-
bution of dispersed particles, i.e., most of the parti-
cles being in the same small size range.
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APPENDIX A

For the a parameter, Eq. [14] may be written as

a ¼ N1r
2
1 þN2r

2
2 þN3r

2
3 þ . . .þNnr

2
n

� ��

N1 þN2 þN3 þ . . .þNnð Þg=
Xn

i¼1
NViri

 !2

½A1�

Multiplication in the numerator of Eq. [A1] leads to

a ¼ N2
1r

2
1 þN2

2r
2
2 þN2

3r
2
3 þ . . .þN2

nr
2
n

� ��

þ N1N2r
2
1 þN1N3r

2
1 þ . . .þN1Nnr

2
1

� �

þ . . .þ NnN1r
2
n þNnN1r

2
n þ . . .þNnNn�1r

2
n

� ��
=

Xn

i¼1
NViri

 !2

½A2�

Equation [A2] can be ordered as

a ¼

N2
1r

2
1

þN2
2r

2
2

þN2
3r

2
3

þ . . .

þN2
nr

2
n

0

BBBBBBB@

1

CCCCCCCA

þ

N1N2 r21 þ r22
� �

þN1N3 r21 þ r23
� �

þ . . .

þN1Nn r21 þ r2n
� �

0
BBBB@

1
CCCCA

8
>>>>>>><

>>>>>>>:

þ

N2N3 r22 þ r23
� �

þN2N4 r22 þ r24
� �

þ . . .

þN2Nn r22 þ r2n
� �

0
BBBB@

1
CCCCA
þ

N3N4 r23 þ r24
� �

þN3N5 r23 þ r25
� �

þ . . .

þN3Nn r23 þ r2n
� �

0
BBBB@

1
CCCCA

þ . . .þNn�1Nn r2n�1 þ r2n
� �

9
>>>>>>>=

>>>>>>>;

,
Xn

i¼1
NViri

 !2

½A3�

which can be rearranged as

a ¼ N2
1r

2
1 þN2

2r
2
2 þN2

3r
2
3 þ . . .þN2

nr
2
n

� ��

þ 2N1N2r1r2 þ 2N1N3r1r3 þ . . .þ 2N1Nnr1rnð Þ
þ 2N2N3r2r3 þ 2N2N4r2r4 þ . . .þ 2N2Nnr2rnð Þ
þ 2N3N4r3r4 þ 2N3N5r3r5 þ . . .þ 2N3Nnr3rnð Þ
þ . . .þ 2Nn�1Nnrn�1rng
þ N1N2 r1 � r2ð Þ2þN1N3 r1 � r3ð Þ2þ . . .

�n

þN1Nn r1 � rnð Þ2
	

þ N2N3 r2 � r3ð Þ2þN2N4 r2 � r4ð Þ2þ . . .
�

þN2Nn r2 � rnð Þ2
	

þ N3N4 r3 � r4ð Þ2þN3N5 r3 � r5ð Þ2þ . . .
�

:

þN3Nn r3 � rnð Þ2Þ

þ . . .þNn�1Nn rn�1 � rnð Þ2
o. Xn

i¼1
NViri

 !2

½A4�

or

a ¼
Xn

i¼1
NViri

 !2

þ N1N2 r1 � r2ð Þ2þN1N3 r1 � r3ð Þ2
�

8
<

:

þ . . .þN1Nn r1 � rnð Þ2
	

þ N2N3 r2 � r3ð Þ2þN2N4 r2 � r4ð Þ2þ . . .
�

þN2Nn r2 � rnð Þ2
	

þ N3N4 r3 � r4ð Þ2þN3N5 r3 � r5ð Þ2þ . . .
�

þN3Nn r3 � rnð Þ2
	
þ . . .þNn�1Nn rn�1 � rnð Þ2

9
=

;

,

Xn

i¼1
NViri

 !2

½A5�

Eq. [A5] can be mathematically simplified as

a ¼

Pn

i¼1
NViri

� �2

þ
Pn�1

i¼1
NVi

Pn

j¼iþ1
NVj ri � rj
� �2

 !

Pn

i¼1
NViri

� �2
½A6�

Assuming the dispersed particles with different sizes
are evenly sized with a difference equal to d, i.e.,
(ri – ri+1) = d = cte.

a ¼

Pn

i¼1
NViri

� �2

þd2
Pn�1

i¼1
NVi

Pn

j¼iþ1
NVj

 !

Pn

i¼1
NViri

� �2
½A7�

APPENDIX B

Assuming the total number density of dispersed
particles is Ntot, which can be written as

Ntot ¼ N1 þN2 þ . . .þNmax þ . . .þNn�1 þNn ½B1�

where Nmax is the largest number density of dispersed
particles with a specific size, Eq. [B2] expressing the
ratio of other number densities to the maximum
number densities can be written as

Nmax ¼
1

m1
N1 ¼

1

m2
N2 ¼ . . . ¼ 1

mn�1
Nn�1 ¼

1

mn
Nn ½B2�

The numbers m1, m2, …, mn–1 and mn should be less
than 1, since Nmax is larger than all the other values of
N, i.e., N1 to Nn. Since the number density cannot have a
negative value, m1, m2, …, mn–1, and mn should be larger
than zero. Equation [17] can be extended as
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NUM ¼ d2 N1N2 þN1N3 þ . . .þN1Nnð Þ½
þ N2N3 þN2N4 þ . . .þN2Nnð Þ
þ N3N4 þN3N5 þ . . .þN3Nnð Þ
þ . . .þNn�1Nn� ½B3�

Insertion of Nmax into Eq. [B3] yields

NUM ¼ d2N2
max m1m2 þm1m3 þ . . .þm1mnð Þð

þ m2m3 þm2m3 þ . . .þm2mnð Þ
þ m3m4 þm3m5 þ . . .þm3mnð Þ
þ . . .þmn�1mnÞ ½B4�

NUM in Eq. [B3] will be maximized if m1 =
m2 = … = mn = 1, since m1 to mn are between 0
and 1. By giving 1 for all m1 to mn in Eq. [B2], it
becomes

Nmax ¼ N1 ¼ N2 ¼ . . . ¼ Nn�1 ¼ Nn ½B5�

This indicates that for a given total number density of
evenly sized dispersed particles with a constant differ-
ence in size, Pz will be maximized when the particles
with different sizes have equal number densities.
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