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1 Introduction
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lowing Hilbert’s integral inequality (cf. [1]):

Assuming that <o Ve have the fol-

f,8el*(Ry),
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where the constant factor 7 is the best possible. Moreover, for
1

a=fanln, € B,b= (bl € Bllall = { Y2 |2 <o, bl = o We SHIl have the

following discrete Hilbert’s inequality

o0 00 ambn
Yoy < |all Ib, 2)
m+n

m=1 n=1

with the same best constant factor 7. Inequalities (1) and (2) are important in analy-
sis and its applications (cf. [2-4]) and they still represent the field of interest to numer-
ous mathematicians. Also we have the following Mulholland’s inequality with the same
best constant factor (cf. [1,5]):
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In 1998, by introducing an independent parameter A € (0, 1], Yang [6] gave an
extension of (1). By generalizing the results from [6], Yang [7] gave some best exten-

1 1
sions of (1) and (2) as follows: If p > 1, 5 + q =1, 1 + A2 = Ak (x, y) is a non-negative
homogeneous function of degree -4 satisfying k(1) = / ki (t, 1)t~ dt e R,
0

¢ () =071y () = 101 £ (> 0) € Ly (R,) = If||f|p’¢ = {/0 ¢ (x) ‘f(x)}”dx} [ ocl ,8(=0) € Lyy (R, Hpr'd,’”ng’w >0 then
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where the constant factor k(A,) is the best possible. Moreover if k;(x, y) is finite and
ky (x,y) 17 (ks (x,7)y*7") is decreasing for x >0(y > 0), then for
1
a={amlp., €lpy = ‘alllalw = {Z 210 () Ianlf’}p < w] = {bulpe; € Iy lallpg, Ibll4y > 0 we have
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where, k(A1) is still the best value. Clearly, for
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P=q=Zk=Lkﬂnﬂ=x+yM=A2=IimmmmYM)m&m%toﬂLka(@

reduces to (2). Some other results about Hilbert-type inequalities are provided by
[8-16].

On half-discrete Hilbert-type inequalities with the general non-homogeneous kernels,
Hardy et al. provided a few results in Theorem 351 of [1]. But they did not prove that
the the constant factors in the inequalities are the best possible. However Yang [17]

1
gave a result with the kernel (1 ) by introducing an interval variable and proved
+nx

that the constant factor is the best possible. Recently, Yang [18] gave the following
half-discrete Hilbert’s inequality with the best constant factor B(A;, A5)(A; > 0, 0 < 4,
< 1,/11 +)~2:/I)I

Jroy s Boam If], . ©
0 n=1

In this article, by using the way of weight functions and Jensen-Hadamard’s inequal-
ity, a more accurate half-discrete Mulholland’s inequality with a best constant factor

similar to (6) is given as follows:
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Moreover, a best extension of (7) with multi-parameters, some equivalent forms as

well as the operator expressions are also considered.

2 Some lemmas
4
Lemma 1IfA; >0,0<X; <1, A1+A=Aa > o setting weight functions w(n) and

w(x) as follows:

o0

(In /ax) Al !
w(n) = ln\/om / dx, neN\({1},
/ x(In axn)® (8)

00 ro—1
@ (x) = (In «/omc)'\1 > (In-an) , xe€ ( ! ,oo), )

‘= n(n axn)” Vo

then we have

@ (X) <) =B, ). (10)

In Jax
In Jom

Proof. Applying the substitution t = o (8), we obtain

o]

1 _
a)(n)=0/(1+t)lt“ Ldt = B (A1, A2).

1
Since by the conditions and for fixed x >
Jo
(In \/01)/))”271 ~ 1
y(In axy))\ y(In {/ax +In \/ay)k(ln Jay)'

h(x,y) =

3
is decreasing and strictly convex in y € (2, oo), then by Jensen-Hadamard’s inequal-
ity (cf. [1]), we find

1

. (In «/ay)}‘fldy
y(ln axy)

o (x) < (Ve lnx)Al

N w\g

X )Lz—ld
t= (ln\/a)i)/(ln Jax) / (tl . t)i < B (A, A1) B(A, 22),

In (3/e/2)
In J/ax

namely, (10) follows. O =
Lemma 2 Let the assumptions of Lemma 1 be fulfilled and additionally,

1
p>1 + q =1,a, >0,€ N\{1},f (X)is a non-negative measurable function in

1
( Ja' oo>. Then we have the following inequalities:
o
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q
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1 "= (12)
Ja
1
- q
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Proof. By Hilder’s inequality cf. [1] and (10), it follows
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Then by Beppo Levi’s theorem (cf. [19]), we have

1
P
71 (In /ox) A=A(p-1)
J < [B (a2 )]‘7 / P (x) dx
v Z n(Inaxn)* (In /an )1 w)
\/oz
1
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B G, A9 7 . 21 (In Jax) '~ 20 (p= l)fﬂ( "
= , x
v 1 =2 n(lnaxn) (In /o )1 *2
p
1l
= [B (A1, 20)19 / @ )2 (In Vax)" TP o dxy
Je

that is, (11) follows. Still by Holder’s inequality, we have
i a ! ~ i 1 (In \/ozx)(lfkl)/qxl/‘7
“~ (In axn)* | = (In axn)* (In \/an)(lsz)/pnl/ﬂ
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i 1 n"‘l(ln\/an)(17A2)(q71) q
x n
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Then by Beppo Levi’s theorem, we have
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and then in view of (10), inequality (12) follows. O =
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3 Main results
We introduce two functions

Px): =+"'(In «/owc)p(lﬂmi1 (x € (; , oo)) , and
o
W =n (InVan) T e N\ (1)),

wherefrom, [® (x)]' 7 = ! (In \/otx)qMﬂ, and [¥ ()] = 1(ln x/om)phfl.
x n

Theorem 3 If

11 1
p>1,p+ =LA >00<A <Ltk =ha>,f(®), anzofeLP¢(Ja/m),a:{an)3:2el,,,\p,Hme>0, then we

have the following equivalent inequalities:

00 anf (x) dx / f(x) andx
I= <B(,h ,
; 1[ (In axn)* Z < (Inax (1, 42) ||f||p<1>||“||q\y 13
\/Ol a
1
"1»
3 ST f @) dx a4
- w1t B (i, A ,
! nX=2:[ o (In axn)* <B (1 42) ”f“p,(b
Ja
q
a
L:= / [® @] q[ an } dxp < B(r1,22) llallgw, (15)
(In axn)*
Ja

where the constant B(Ay, A,) is the best possible in the above inequalities.
Proof. By Beppo Levi’s theorem (cf. [19]), there are two expressions for [ in (13). In
view of (11), for @(x) < B(4, A,), we have (14). By Hilder’s inequality, we have

oo 1
=) w4 (n)/ (na Kf(x)dx [W(nm"]snmnq,w. (16)

n= 2
Ja
Then by (14), we have (13). On the other-hand, assuming that (13) is valid, setting
p—1

e e}

ap = [W ()] /(1 Af<>dx ;e N\{1},

\/ot



Chen and Yang Journal of Inequalities and Applications 2012, 2012:70
http://www.journalofinequalitiesandapplications.com/content/2012/1/70

then ! = ||a||,, v By (11), we find J < «. If ] = 0, then (14) is valid trivially; if / >0,
then by (13), we have

lallgy = =1 < B, 22) [f], g llallgu, ie.

lallfy =T < B G 22) [f], o

that is, (14) is equivalent to (13). By (12), since [w(x)]"? >[B(1,, 1,)]' "¢, we have (15).
By Halder’s inequality, we find

X 1 -1 S
I= / [cbﬂ(x)f(x)] |:<I>l’ (x)Z( n :|dx§Hprl¢L.

4 5 (In ozxn)l
Ja

Then by (15), we have (13). On the other-hand, assuming that (13) is valid, setting

oo q-1
n 1
) =[P @] |:Z ¢ :| , X€ <¢a,w>,

s
s (In aexn)

(17)

then L7 = "f“p, o~ By (12), we find L < «. If L = 0, then (15) is valid trivially; if L
>0, then by (13), we have

Il = L7 =1<BGu ) [f],4llalle ie

108 = L <BGu ) llallgu,

That is, (15) is equivalent to (13). Hence inequalities (13), (14) and (15) are
equivalent.

1
n

~ 052 (o o)
f =

€
For 0 < & <pAy, setting 4, = (In «/om)'\rffl,n e N\{1}, and

’

A

€,
Hinvax) P, xe[ja,oo>

if there exists a positive number k(< B(1;, 1,)), such that (13) is valid as we replace B
(A1, A2) with &, then in particular, it follows

ey [ eyl @ <kl il
1

py (In ax
Jo

p 1

~ 7 dx 1 . ad 1 q
-k e/ x(In \/otx)sa'1 [ 2(In 2Ja)g+l ; n(In Jom)“l }

Ja
1 1

B k(i) ’ { 2(1n21/oz)g+] " ! x(In \/lotx)g” dx} '

1

(18)
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. o] )‘27 -1 1 s )‘175 1
I= 1 (1 Pd
; ( n\/om n / x(lnaxn) n\/ozx) y
= e
Ja

e
o M= -1
> 1 t P
= (1 | /
(n\/axz/(n\/an); n(anan)8+1 l/ln\/an (t+ 1))»
e P s 1
=B[X — A —A
(1 p 2+p);n(an et A 1

>B<A1—8,k2+8> o dy—Ae)
p y(lw )

1 £
= Bl{Ai— A —A(e),
g(lnz\/a)g ( 1 p 2+ p) (8)
. 1/In /an

1 1 y-%a
A(e) = o / t P dt
n; n(In /an) ! J (t+1)"

™ N\g

W find

that is, A(e) = O(1) (¢ — 0). Hence by (18) and (19), it follows

1
B )\1 - 8,}»2 + ¢
( ¢ R p)—sO(1)<k ¢ eop T ! R q,
(In2/a) 2(In2./«) (In2/a)
and B(A;, 1,) < k(e — 0%). Hence, k = B(A, A,) is the best value of (13)

Due to the equivalence, the constant factor B(A;, A,) in (14) and (15) is the best pos-
sible. Otherwise, we can imply a contradiction by (16) and (17) that the constant factor

(20)

in (13) is not the best possible. O =

Remark 1 (i) Define the first type half-discrete Mulholland’s operator
1 1
T:Lyo (\/a' oo) — Iy g1-pas follows: for f € Ly o (\/o/ oo), we define Tf €l y1as

r 1
Tf(n) = 1/ (lnaxn)’\f(x)dx' n e N\{1}.

Then by (14), it follows ||Tf||p,q,17,, < B(}"lr)"z)”f”p,q)ﬂl’ld then T is a bounded operator

with || T|| < B(Ay, Ay). Since by Theorem 1, the constant factor in (14) is the best possi-
ble, we have || T” = B(A1, A,).
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(ii) Define the second type half-discrete Mulholland’s operator
- 1 ~ 1
T:lgy — Lgai-a (Ja , oo)as follows: For a | Loy define Ta € Ly g1 (Joc' oo)as

Ta(x)=i ! an, xe(ja,m>.

= (In axn)*

Then by (15), it follows HTCIH“’H < B(*1, A2)llallywand then Tis a bounded operator
with HTH < B(X1,A2). Since by Theorem 1, the constant factor in (15) is the best possi-

ble, we have HTH = B(A1, ).
Remark 2 We set p=q=2,A=1, 1 =Xy = ;in (13), (14) and (15). (i) if & = ‘91, then

we deduce (7) and the following equivalent inequalities:

2
00 o0 oo
1
3 T gl <22 [ s ax, (21)
n|) Inl
w2 | Ingan J
2 2
o0 o0 2 [o¢]
! > o e < 2 > nal;
X In 2xn " (22)
3 n=2 9 n=2
2
(ii) if a = 1, then we have the following half-discrete Mulholland’s inequality and its
equivalent forms:
/f(x) > | "dx < /xfz(x)denaﬁ , (23)
1 n=2 nxn 1 n=2
i [Fw,] ]
x
dx 2 [ xf?(x)dx, 24
gn Inxn =7 l/xf(x)x @)
o0 o0 2 [o¢]
/ ! ol e < 2 Zna2 (25)
-
o e Inxn ~
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