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1 Introduction

Interacting quantum field theories with massless fields of spin greater than 1/2 are highly

constrained by consistency requirements. This is in particular true for higher spin gauge

theories, in which spins greater than 2 are coupled to gravity and for which powerful no-go

theorems (see for instance [1] for a review) rule out the existence of a non-trivial flat space

S-matrix. The no-go theorems can be evaded by considering theories in curved backgrounds

and indeed non-trivial higher-spin gauge theories in Anti-de Sitter (AdS) or de Sitter (dS)

spacetimes [2] can be constructed (see [3, 4] for a review). Their flat space limit is however

in general singular, in accord with the various no-go theorems.

Recently, an interacting spin 3 gauge theory in three flat spacetime dimensions was

constructed [5, 6]. This theory evades the above mentioned no-go theorems in a different

way, namely by not possessing any propagating bulk degrees of freedom. This is made

manifest by the fact that it can be formulated as a Chern-Simons theory, in complete

analogy to the pure gravity case [7, 8]. The absence of bulk degrees of freedom does not
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necessarily imply that the theory is trivial; in particular in the presence of a boundary,

boundary states that lie in a representation of a non-trivial asymptotic symmetry algebra

can exist. As such, in [5, 6] it was shown that a choice of gauge group, along with consistent

boundary conditions for the gauge field exist, such that the resulting Chern-Simons theory

can be interpreted as a spin 3 gauge theory in flat space-time that exhibits a non-trivial,

infinite-dimensional asymptotic symmetry algebra at future light-like infinity. The latter

is an İnönü-Wigner contraction of the W3 ⊕W3 algebra that was obtained by considering

SL(3)× SL(3) Chern-Simons theory around AdS space-time [9, 10]. This is similar to how

the BMS3 algebra, which appears as the asymptotic symmetry algebra for pure gravity

around flat space, is obtained by contracting two copies of the Virasoro algebra. The

non-linear algebra found in [5, 6] can thus indeed be viewed as an appropriate spin 3

generalization of the BMS3 algebra. Although this example only corresponds to a spin

3 theory, it can be easily extended to more general three-dimensional flat space higher

spin theories.

The work presented in [5, 6] mainly focused on constructing the theories and result-

ing asymptotic symmetry algebras, without considering in detail whether or not they are

compatible with unitarity. In the present work we investigate the issue of unitarity in

3-dimensional flat space higher spin gauge theories in more detail. With some notable ex-

ception, we find that generically only two out of the following three properties are possible:

1. flat space, 2. unitarity, 3. non-trivial higher spin states. Thus, requiring unitarity in

3-dimensional flat space higher spin gauge theories is extremely restrictive. We will show

this in higher spin theories in the principal embedding (such as the example of [5, 6]), as

well as in more general higher spin theories, in non-principal embeddings. We will more-

over argue that this absence of unitarity in non-trivial flat space higher spin theories is a

rather generic consequence of the structure of central charges and non-linearities in their

algebras. In fact, up to simple extensions the only unitary example with non-trivial higher

spin states we were able to find is a specific Vasiliev-type higher spin gauge theory, that is a

Chern-Simons theory with gauge algebra hs(1). This example evades the above mentioned

restrictions precisely because the resulting flat space asymptotic symmetry algebra can be

linearized. Indeed, this symmetry algebra can be viewed as an İnönü-Wigner contraction

of two copies of the linear W∞ algebra [11, 12].

This paper is organized as follows. In section 2 we recapitulate flat space/Galilean con-

tractions of conformal algebras (Virasoro and W-algebras) and restrictions on the central

charges from unitarity. In section 3 we contract two copies of the Polyakov-Bershadsky

(quantum) algebra and derive restrictions from unitarity on the central charge. In sec-

tion 4 we prove a general no-go result for flat space contractions of higher spin theories. In

section 5 we generalize the discussion to Vasiliev-type of higher spin theories and provide

a counterexample to our no-go result by circumventing one of its premises. In section 6

we conclude.

2 Flat space contractions and unitarity

In this section we summarize known facts about flat space contractions and unitarity. In

subsection 2.1 we review aspects of 3-dimensional flat space holography for spin-2 theories,
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following Bagchi et al., and Barnich et al. In subsection 2.2 we comment on unitarity for

Galilean conformal algebras. In subsection 2.3 we collect some of the main results for the

İnönü-Wigner contraction of higher spin gravity for the principal embedding [5, 6].

2.1 Flat space holography

There are two ways to set up flat space holography. Either one just formulates everything

in flat space — the boundary conditions, field equations, classical solutions, boundary

charges, asymptotic symmetry algebra, etc. — or one starts from (A)dS and takes the limit

of vanishing cosmological constant, Λ = ±1/ℓ2 → 0. The fact that dS has rather different

properties from AdS is a caveat that sometimes the limit can be subtle. However, at the

level of symmetry algebras it is straightforward — and useful — to consider specifically

AdS in the limit of infinite AdS radius.

Flat Space: ℓ → ∞ (2.1)

Let us now start with the asymptotic symmetry algebra of (quantum) gravity in AdS3.

Following Brown and Henneaux, this symmetry algebra is the conformal algebra in two

dimensions [13]:

[Ln, Lm] = (n−m)Ln+m +
c

12
(n3 − n) δn+m, 0 (2.2)

[L̄n, L̄m] = (n−m) L̄n+m +
c̄

12
(n3 − n) δn+m, 0 (2.3)

Following Barnich and Compère [14] as well as Bagchi, Gopakumar and collaborators [15,

16], we then combine the Virasoro generators linearly in either of the following two ways

(ǫ = 1/ℓ ≪ 1).

Galilean contraction: Ln := Ln + L̄n Mn := −ǫ
(

Ln − L̄n

)

(2.4)

Ultrarelativistic contraction: Ln := Ln − L̄−n Mn := ǫ
(

Ln + L̄−n

)

(2.5)

In either of these cases the contracted algebra (after taking the limit ǫ → 0) is isomorphic to

the BMS3 algebra [14],1 which in turn is isomorphic to the Galilean conformal algebra [20]

and contains the three-dimensional Poincaré algebra as global subalgebra:

[Ln, Lm] = (n−m)Ln+m +
cL
12

(n3 − n) δn+m, 0 (2.6a)

[Ln, Mm] = (n−m)Mn+m +
cM
12

(n3 − n) δn+m, 0 (2.6b)

[Mn, Mm] = 0 (2.6c)

The central charges cL,M depend on the type of contraction:

Galilean contraction: cL = c+ c̄ cM = lim
ǫ→0

ǫ(−c+ c̄) (2.7)

Ultrarelativistic contraction: cL = c− c̄ cM = lim
ǫ→0

ǫ(c+ c̄) (2.8)

1See the recent papers by Duval, Gibbons and Horvathy for a higher-dimensional discussion [17–19].
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Note in particular that the cM central charge is dimensionful, as it is proportional to the

contraction parameter ǫ.

Physically, the correct contraction from AdS to flat space is the ultrarelativistic one

(see [21] for a discussion): in terms of Carter-Penrose diagrams, the asymptotic AdS cylin-

der gets boosted to null infinity. Algebraically, however, the Galilean contraction is some-

what simpler, since there is no mixing between operators of positive and negative conformal

weights in the definitions (2.4). Since we are mostly interested in asymptotic symmetry

algebras and their most general central extensions we shall therefore employ the Galilean

contractions whenever they are simpler to perform.

While the main focus of our paper is unitarity in higher spin theories, we mention here

briefly some of the recent achievements in flat space holography, many of which should

be generalizable to higher spin theories. First steps towards a generalization to four di-

mensions were pursued by Barnich and Troessaert in [22, 23]. A direct flat space limit of

Brown-Henneaux boundary conditions and the spectrum of physical (as well as some un-

physical) states with zero mode charges switched on was provided by Barnich, Gomberoff

and Gonzalez [24]. This includes in particular (shifted-boost) orbifolds of flat space, so-

called flat space cosmologies [25–27]. A first concrete suggestion for a holographic dual to

a specific flat space gravity theory (dubbed ‘flat space chiral gravity’) was given in [28],

where conformal Chern-Simons gravity at level k = 1 was conjectured to be dual to a chiral

half of the monster CFT (with c = 24), in the spirit of Witten as well as Li, Song and

Strominger [29, 30]. A microscopic counting of the states responsible for the entropy of

flat space cosmology solutions was provided independently by Barnich [31] and by Bagchi,

Detournay, Fareghbal and Simon [32]. The flat limit of Liouville theory, the theory con-

trolling the classical boundary dynamics in AdS3, was taken by Barnich, Gomberoff and

Gonzalez [33] (see also [34]). The existence of a phase transition between (hot, rotating) flat

space and flat space cosmologies, as well as consistency with the chiral Cardy formula for

flat space chiral gravity was shown in [35]. Afshar provided flat space boundary conditions

of conformal gravity in the Chern-Simons formulation [36]. Schulgin and Troost realized

the BMS3 algebra in terms of vertex operators on the string worldsheet [37]. A discussion

of holographic currents in flat space holography was provided by Strominger [38, 39] and

Barnich and Troessaert [40], with one of the key insights being that one can use currents

and their algebras even in the absence of conserved charges (see also [41–43]). Aspects

of flat space holography in the presence of a non-backreacting scalar field were studied

by Costa [44] and independently by Fareghbal and Naseh [45]. Logarithmic corrections

to the Galilean Cardy and Bekenstein-Hawking formulas were calculated by Bagchi and

Basu [46]. A reinterpretation of flat space İnönü-Wigner contractions like in (2.4), (2.5)

was provided by Krishnan, Raju and Roy [47] by replacing the parameter ǫ formally by

a Grassmanian number, which automatically excludes terms quadratic in ǫ and was ap-

plied to discuss desingularization of the Milne Universe within spin-3 gravity [48]. Most

recently, a well-defined variational principle for flat space Einstein gravity was provided

and exploited to calculate 0- and 1-point functions in [49].
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2.2 Unitarity in Galilean conformal algebras

We focus now on the Galilean conformal algebra (2.6) and check under which conditions

it allows unitary representations. In order to proceed we have to choose a vacuum. Our

choice is defined by the highest weight conditions

Ln|0〉 = Mn|0〉 = 0 ∀n ≥ −1 . (2.9)

While the vacuum conditions (2.9) seem pretty standard and lead to a Poincaré-invariant

vacuum, it is nevertheless debatable if they are always the right choice. This is particularly

true for the ultrarelativistic contraction (2.5), where the generators Ln, Mn mix positive

and negative weight generators of the original CFT. We shall not enter such a debate here

and always stick to the vacuum definition (2.9) (or appropriate higher spin generalizations

thereof) in the present work. With similar caveats, we define also hermitian conjugation

in a standard way,

L†
n := L−n M †

n := M−n . (2.10)

Having defined the vacuum and hermitian conjugation, it is straightforward to address

the issue of unitarity. Constructing the inner products of all level-2 descendants yields the

Gram matrix
(

〈0|L2L−2|0〉 = cL
2 〈0|L2M−2|0〉 = cM

2

〈0|M2L−2|0〉 = cM
2 〈0|M2M−2|0〉 = 0

)

(2.11)

whose determinant is − c2
M

4 . Thus, if cM 6= 0 then there is always a positive and a negative

norm state, regardless of the signs of the central charges. Therefore, as long as cM 6= 0 the

Galilean conformal algebra (2.6) does not have any unitary representations [provided we

stick to the vacuum (2.9) and hermitian conjugation (2.10); this caveat applies everywhere

in our paper]. Note that this argument also applies to more general algebras that contain

the BMS3 algebra as a subalgebra.

For cM = 0 the Gram matrix (2.11) has vanishing determinant, which means there

is at least one null state. Assuming cL 6= 0 (otherwise the algebra becomes trivial) there

is exactly one null state and one state whose norm depends on the sign of cL. In this

case one can truncate the whole sector of M−n descendants of the vacuum, since they

are all null states [16, 28], and one is left with just a single copy of the Virasoro algebra

and the corresponding Virasoro descendants of the vacuum, L−n|0〉. Then standard CFT

considerations of unitary representations of the Virasoro algebra apply; in particular, the

central charge cL must be positive for unitarity.

In conclusion, necessary conditions for unitarity of Galilean conformal algebras (2.6)

with vacuum (2.9) and hermitian conjugation (2.10) are

cM = 0 cL ≥ 0 . (2.12)

Requiring non-triviality converts the inequality into a strict one, cL > 0.
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2.3 Contraction for higher spin theories in principal embedding (WN)

The contractions (2.4), (2.5) can be generalized to W-algebras, which appear as asymptotic

symmetry algebras in higher spin theories in AdS3 [9, 50]. These theories are most efficiently

formulated as Chern-Simons gauge theories, typically with gauge group SL(N)×SL(N),

with specific boundary conditions imposed on the gauge connection. Which W-algebra

one obtains depends, among other things, on the way the SL(2) part describing gravity is

embedded into the SL(N). In this section we focus on the principal embedding, in which

the theory has higher spin fields with spins 2, 3, . . . , N . The ensuing asymptotic symmetry

algebra is denoted by WN . Since we want to keep our discussion theory-independent at

a purely algebraic level, we are not going to write down any actions, specific theories or

explicit results for the central charges. We just assume there is some theory that leads

to the algebras we present. This assumption is justified in all cases that we are going to

discuss, at least for specific sets of choices for the central charges.

The simplest case is spin-3 AdS gravity, whose asymptotic symmetry algebra consists

of two copies of the W3 algebra [9, 50]. The non-trivial commutation relations between the

generators of a single copy of W3 are given by [51–53]

[Ln, Lm] = (n−m)Ln+m +
c

12
(n3 − n) δn+m, 0 (2.13)

[Ln, Wm] = (2n−m)Wn+m (2.14)

[Wn, Wm] = (n−m)(2n2 + 2m2 − nm− 8)Ln+m +
96

c+ 22
5

(n−m) :LL : n+m

+
c

12
(n2 − 4)(n3 − n) δn+m, 0 (2.15)

with the usual normal ordering prescription

:LL : n =
∑

p≥−1

Ln−pLp +
∑

p<−1

LpLn−p −
3

10
(n+ 3)(n+ 2)Ln . (2.16)

The generators of the other copy of W3 will be denoted with bar on top, L̄n and W̄n.

We define the Galilean contraction by analogy to the spin-2 case (2.4):

Ln :=Ln + L̄n Mn := −ǫ
(

Ln − L̄n

)

(2.17a)

Un :=Wn + W̄n Vn := −ǫ
(

Wn − W̄n

)

(2.17b)

The contracted algebra was derived in [5]:

[Ln, Lm] = (n−m)Ln+m +
cL
12

(n3 − n) δn+m, 0 (2.18a)

[Ln, Mm] = (n−m)Mn+m +
cM
12

(n3 − n) δn+m, 0 (2.18b)

[Ln, Um] = (2n−m)Un+m (2.18c)

[Ln, Vm] = (2n−m)Vn+m (2.18d)

[Mn, Um] = (2n−m)Vn+m (2.18e)
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[Un, Um] = (n−m)(2n2 + 2m2 − nm− 8)Ln+m +
192

cM
(n−m)Λn+m (2.18f)

− 96
(

cL + 44
5

)

c2M
(n−m)Θn+m +

cL
12

n(n2 − 1)(n2 − 4) δn+m, 0 (2.18g)

[Un, Vm] = (n−m)(2n2 + 2m2 − nm− 8)Mn+m +
96

cM
(n−m)Θn+m

+
cM
12

n(n2 − 1)(n2 − 4) δn+m, 0 (2.18h)

We used the definitions

Θn =
∑

p

MpMn−p Λn =
∑

p

:LpMn−p : − 3
10(n+ 2)(n+ 3)Mn (2.18i)

and normal ordering

:LnMm : = LnMm if n < −1 :LnMm : = Mm Ln if n ≥ −1 . (2.18j)

The central charges are given by (2.7) in terms of the original central charges c and c̄. We

assume here that cL and cM can take arbitrary (real) values.

We address now unitarity. The vacuum is defined again by the conditions (2.9), sup-

plemented by

Un|0〉 = Vn|0〉 = 0 ∀n ≥ −2 . (2.19)

Similarly, the hermitian generators (2.10) are supplemented by U †
n := U−n, V

†
n := V−n. The

spin-2 result for level-2 descendants (2.11) still applies, so that unitarity again requires the

necessary conditions (2.12).

As discussed in [5], the condition cM = 0 leads to a further contraction of the alge-

bra (2.18). This is so due to the appearance of first and second order poles in cM in the

commutation relations of flat space higher spin generators Un and Vn. Singularities are

avoided if we rescale the generators

Un → cMUn (2.20)

before taking the limit cM → 0. The contracted algebra then simplifies and the non-

vanishing commutators read

[Ln, Lm] = (n−m)Ln+m +
cL
12

(n3 − n) δn+m, 0 (2.21a)

[Ln, Mm] = (n−m)Mn+m (2.21b)

[Ln, Um] = (2n−m)Un+m (2.21c)

[Ln, Vm] = (2n−m)Vn+m (2.21d)

[Un, Um] ∝ [Un, Vm] = 96(n−m)Θn+m (2.21e)

As in the spin-2 case, the remaining non-trivial part of the algebra is a single copy of the

Virasoro algebra (if cL 6= 0). In particular, all the descendants of higher spin generators

– 7 –
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U−n, V−n (and of the supertranslations M−n) are null states. This means that at least for

the present example unitarity in flat space higher spin gravity leads to an elimination of

all physical higher spin states. The only physical states that arise as descendants of the

vacuum are the usual Virasoro descendants.

An interesting question is to what extent our main conclusion depends on the specific

W-algebra that we used. We address this question first for the principal embedding.

Precisely the same conclusions are reached for arbitrary WN algebras. A first step in

this direction is to generalize the contraction (2.19) to all higher spin generators, which

is straightforward [6]. It can be checked that the contracted algebra again contains poles

in cM , which requires an additional contraction like in (2.20). The final flat space algebra

compatible with unitarity is essentially of the form (2.21): again, all higher spin states

decouple and the only physical states that arise as descendants of the vacuum are the

usual Virasoro descendants.

In the remainder of the paper we generalize the discussion to non-principal embeddings

and also to the hs(λ) case.

3 Unitarity in contracted Polyakov-Bershadsky (W
(2)
3 )

It is interesting to extend the discussion of the previous section to more general higher spin

theories, i.e, to drop the assumption that we are in the principal embedding. In this section

we focus on the simplest non-principal embedding, which leads to the Polyakov-Bershadsky

algebra, W(2)
3 , as asymptotic symmetry algebra.

In section 3.1 we contract two copies of the Polyakov-Bershadsky (quantum) algebra to

its Galilean (quantum) version. In section 3.2 we discuss restrictions on the central charge

from unitarity and find non-trivial upper and lower bounds.

3.1 Galilean Polyakov-Bershadsky

The (quantum) W3 algebra is generated by Ln, Ĝ±
n and Jn whose non-vanishing commu-

tation relations read [54, 55]

[Ln, Lm] = (n−m)Ln+m +
c

12
n(n2 − 1) δn+m, 0 (3.1a)

[Ln, Jm] = −mJn+m (3.1b)

[Ln, Ĝ±
m] =

(

n

2
−m

)

Ĝ±
n+m (3.1c)

[Jn, Jm] =
2k + 3

3
n δn+m, 0 (3.1d)

[Jn, Ĝ±
m] = ± Ĝ±

n+m (3.1e)

[Ĝ+
n , Ĝ−

m] = − (k + 3)Ln+m +
3

2
(k + 1)(n−m)Jn+m + 3 :JJ :n+m

+
(k + 1)(2k + 3)

2

(

n2 − 1

4

)

δn+m, 0 (3.1f)
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with the central charge

c = 25− 24

k + 3
− 6(k + 3) (3.2)

and the normal ordering prescription

:JJ :n=
∑

p≥0

Jn−pJp +
∑

p<0

JpJn−p . (3.3)

By replacing Ln → L̄n, Ĝ±
n → ˆ̄G±

n , Jn → J̄n, k → k̄ and c → c̄ in (3.1) one obtains the

commutation relations for the second copy of the W(2)
3 algebra needed for the Galilean

contraction. In order to properly contract these two algebras a rescaling of Ĝn and ˆ̄Gn with

a suitable factor, e.g.
√
−k − 1, is necessary. Otherwise terms of O(1

ǫ
) would spoil the

limit ǫ → 0. We drop the hat for the rescaled generators, Ĝ±
n =

√
−k − 1G±

n and similarly

for Ḡ±
n .

The linear combinations that will lead to the Galilean contraction of the Polyakov-

Bershadsky algebra are defined analog to (2.4) and (2.17)

Ln :=Ln + L̄n Mn := −ǫ
(

Ln − L̄n

)

(3.4a)

Jn :=Jn + J̄n Kn := −ǫ
(

Jn − J̄n

)

(3.4b)

U±
n :=G±

n + Ḡ±
n V ±

n := −ǫ
(

G±
n − Ḡ±

n

)

. (3.4c)

Actually, there are some ambiguities in the normalizations of the generators G±, Ḡ±, U±

and V ±, which we fix in convenient ways and with no loss of generality.

The limit ǫ → 0 then yields the contracted algebra

[Ln, Lm] = (n−m)Ln+m +
cL
12

n(n2 − 1) δn+m, 0 (3.5a)

[Ln, Mm] = (n−m)Mn+m +
cM
12

n(n2 − 1) δn+m,0 (3.5b)

[Ln, Jm] = −mJn+m (3.5c)

[Ln, Km] = −mKn+m (3.5d)

[Ln, U
±
m] =

(

n

2
−m

)

U±
n+m (3.5e)

[Ln, V
±
m ] =

(

n

2
−m

)

V ±
n+m (3.5f)

[Mn, Jm] = −mKn+m (3.5g)

[Mn, U
±
m] =

(

n

2
−m

)

V ±
n+m (3.5h)

[Jn, Jm] =
32− cL

9
n δn+m, 0 (3.5i)

[Jn, Km] = − cM
9

n δn+m, 0 (3.5j)
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[Jn, U
±
m] = ± U±

n+m (3.5k)

[Jn, V
±
m ] = ± V ±

n+m (3.5l)

[Kn, U
±
m] = ± V ±

n+m (3.5m)

[U+
n , U−

m] =Ln+m − 3

2
(n−m)Jn+m − 18 (cL − 26)

c2M
:KK :n+m

+
18

cM
:JK :n+m +

(cL − 32)

6

(

n2 − 1

4

)

δn+m, 0 (3.5n)

[U±
n , V ∓

m ] = ±Mn+m − 3

2
(n−m)Kn+m ± 18

cM
:KK :n+m

± cM
6

(

n2 − 1

4

)

δn+m, 0 (3.5o)

with the central charges

cL = c+ c̄ cM = ǫ(c̄− c) (3.6)

and the normal ordering prescription

:KK :n≡
∑

p≥0

Kn−pKp +
∑

p<0

KpKn−p (3.7)

:JK :n≡
∑

p≥0

(Kn−pJp + Jn−pKp) +
∑

p<0

(JpKn−p +KpJn−p) . (3.8)

We call the algebra (3.5) ‘Galilean Polyakov-Bershadsky’ algebra and will use a similar

nomenclature for other Galilean contractions of two copies of W-algebras discussed in later

sections.

3.2 Unitarity in Galilean Polyakov-Bershadsky

For the same reason as in the spin-2 case there are no unitary representations of the

algebra (3.5) for cM 6= 0. Thus, if we want unitary representations we have to take the

limit cM → 0, which requires that we rescale the generators appropriately.

U±
n → Û±

n = cMU±
n V ±

n → V̂ ±
n = cMV ±

n (3.9)

Taking the limit cM → 0 leads to a further contraction of the Galilean Polyakov-Bershadsky

algebra. The non-vanishing commutators are given by

[Ln, Lm] = (n−m)Ln+m +
cL
12

n(n2 − 1)δn+m, 0 (3.10a)

[Ln, Jm] = −mJn+m (3.10b)

[Jn, Jm] =
32− cL

9
n δn+m, 0 (3.10c)

[Ln,Mm] = (n−m)Mn+m (3.10d)

[Ln,Km] = [Mn, Jm] = −mKn+m (3.10e)
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[Ln, Û
±
m] =

(

n

2
−m

)

Û±
n+m (3.10f)

[Ln, V̂
±
m ] = [Mn, Û

±
m] =

(

n

2
−m

)

V̂ ±
n+m (3.10g)

[Jn, Û
±
m] = ± Û±

n+m (3.10h)

[Jn, V̂
±
m ] = [Kn, Û

±
m] = ±V̂ ±

n+m (3.10i)

[Û+
n , Û−

m] = − 18 (cL − 26) :KK :n+m . (3.10j)

To discuss unitarity we define the hermitian conjugates of our operators

L†
n := L−n M †

n := M−n J†
n := J−n K†

n := K−n (3.11)
(

U±
n

)†
:= U∓

−n

(

V ±
n

)†
:= V ∓

−n (3.12)

and the vacuum in the usual way

Ln|0〉 = Mn|0〉 = 0 {∀n ∈ Z|n ≥ −1} (3.13)

Jm|0〉 = Km|0〉 = 0 {∀m ∈ Z|m ≥ 0} (3.14)

U±
p |0〉 = V ±

p |0〉 = 0

{

∀p ∈ Z+
1

2
|p ≥ −1

2

}

. (3.15)

We discuss now restrictions on the remaining central charge cL from demanding uni-

tarity. The central terms in the Virasoro algebra (3.10a) and the current algebra (3.10c)

must have non-negative signs. This immediately implies lower and upper bounds on the

central charge.

0 ≤ cL ≤ 32 (3.16)

States generated by Mn, Kn, U
±
n and V ±

n have zero norm and are orthogonal to all

other states. Thus we can mod out these states and extend our definition of the vacuum

in the following way

Ln|0〉 =Jn+1|0〉 = 0 {∀n ∈ Z|n ≥ −1} (3.17)

Mm|0〉 =Km|0〉 = 0 ∀m ∈ Z (3.18)

U±
p |0〉 =V ±

p |0〉 = 0 ∀p ∈ Z+
1

2
. (3.19)

The only (perturbative) states that remain in the theory for 0 ≤ cL ≤ 32 are descendants

of the vacuum L−n|0〉 with n > 1, J−m|0〉 with m > 0 or combinations thereof. In order to

have a well defined basis of states at level N , we employ the following ordering of operators

Jm1

−n1
. . . J

mp

−np
L
mp+1

−np+1
. . . LmN

−nN
|0〉 , (3.20)

with mi ∈ N, n1, . . . , np ∈ N\{0}, np+1, . . . , nN ∈ N\{0, 1}, n1 > . . . > np, np+1 > . . . >

nN , and
∑N

i=1mini = N . We check now further restrictions from non-negativity of the

norm of descendants of the vacuum.
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At level 1 there is only one state generated by J−1. The norm of this state is given by

CJ = − (cL−32)
9 which is non-negative if the bound on the central charge (3.16) holds.

At level 2 three states generated by L−2, J−2 and J2
−1 are present. The Gram matrix

K(2) is given by

K(2) =









〈0|L2L−20〉 = cL
2 〈0|L2J−2|0〉 = 0 〈0|L2J

2
−1|0〉 = CJ

〈0|J2L−2|0〉 = 0 〈0|J2J−2|0〉 = 2CJ 〈0|J2J2
−1|0〉 = 0

〈0|J2
1L−2|0〉 = CJ 〈0|J2

1J−2|0〉 = 0 〈0|J2
1J

2
−1|0〉 = 2C2

J









. (3.21)

For CJ = 0 the two J-descendants are null states. For cL = 0 descendants generated

by Ln have zero norm but are not orthogonal to all other states in the theory, so they

are not null states and cannot be modded out. Two of the three eigenvalues of the

Gramian (3.21), λ0 = 2CJ and λ+ = 1
4

(

cL + 4C2
J +

√

(cL + 4C2
J)

2 + (1− cL)16C2
J

)

are

non-negative in the whole range 0 ≤ cL ≤ 32. The third eigenvalue, λ− = 1
4

(

cL + 4C2
J −

√

(cL + 4C2
J)

2 + (1− cL)16C2
J

)

, changes its sign at cL = 1 and is positive in the range

1 ≤ cL ≤ 32. At cL = 1 the descendant associated to L−2 is proportional to the J2
−1

descendant.

L−2|0〉 = 9
62 J

2
−1|0〉 (3.22)

We have checked explicitly that the key features discussed above persist for level 3 and 4

descendants of the vacuum. In particular, non-negativity of the eigenvalues of the Gramian

always restricts to values of cL larger or equal to 1. The same is expected to hold for

arbitrary levels.

Thus, the region 0 ≤ cL < 1 is excluded and necessary conditions deduced from the

analysis above for the central charge to be consistent with unitarity are

1 ≤ cL ≤ 32 . (3.23)

At the lower end of the allowed interval, cL = 1, the determinant of the Gram matrix

vanishes and thus some states become linearly dependent. Only J−n descendants remain

in the theory and all L−n descendants depend linearly on them. It is noteworthy that this

is also the value where the Polyakov-Bershadsky algebra has its only non-trivial unitary

representation [56]. At the upper end of the allowed interval, cL = 32, the states corre-

sponding to the û(1) part of the algebra become null states and only the Virasoro modes

remain. The resulting representation is unitary for our choice of the vacuum.

While there are further restrictions from unitarity, our results above show already two

remarkable features:

1. Requiring unitarity implies that all higher-spin descendants of the vacuum become

null states and drop out of the physical spectrum.

2. Unitarity implies a lower and upper bound on the central charge, in this case 1 ≤
cL ≤ 32.
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We consider now further restrictions from unitarity. To this end we make the inverse

Sugawara-shift

T = L− 1

2k
: JJ: (3.24)

with the û(1) level k = 9
cL−32 from (3.10), so that the CFT factorizes into two commuting

CFTs, a free boson with central charge c = 1 and a coset Virasoro CFT with central charge

c = cL − 1. Unitarity of the latter restricts c to the minimal model values c = 0, 1
2 ,

7
10 , . . .

for c < 1 [57]. In the next section we generalize the results of this section to generic flat

space higher spin theories.

4 No-go: unitarity in contractions of general non-linear W-algebras

We have seen in section 2 that flat space higher spin theory cannot be unitary for the

principal embedding, unless we contract to a theory where all higher spin states become null

states. Moreover, we have generalized these results to the Galilean Polyakov-Bershadsky

algebra in section 3. The way in which the contraction works makes it plausible that also

other non-principal embeddings could lead to similar conclusions. In this section we show

that this is indeed the case, first by considering particular examples and then by proving

a general no-go result.

In section 4.1 we discuss a particular spin-4 example that leads to an upper bound

cL = 42 for the central charge. In section 4.2 we give an infinite family of higher spin

examples in the next-to-principal embedding. In section 4.3 we prove a general no-go

result. In section 4.4 we show that our no-go result also allows to eliminate multi-graviton

states in flat space.

4.1 Upper bound on central charge (W
(2−1−1)
4 )

In this section we show that the existence for an upper bound on the central charge arises

not only in the Polyakov-Bershadsky algebra, but also in the Galilean contraction de-

rived from the W(2−1−1)
4 algebra. We start with two copies of this algebra, generated by

Ln, Jn, S
±
n , S

0
n, G

a|b
n , with a, b = ±,

[Ln, Lm] = (n−m)Ln+m +
c

12
n(n2 − 1) δn+m, 0 (4.1a)

[Ln, S
a
m] = −mSa

n+m (4.1b)

[Ln, Jm] = −mJn+m (4.1c)

[Ln, G
a|b
m ] =

(

n

2
−m

)

G
a|b
n+m (4.1d)

[Sa
n, S

b
m] = (a− b)Sa+b

n+m − k + 1

2

(

1− 3a2
)

n δa+b, 0 δn+m, 0 (4.1e)

[Sa
n, G

b|d
m ] =

a− b

2
G

2a+b|d
n+m (4.1f)

[Jn, G
a|b
m ] = 2bG

a|b
n+m (4.1g)

[Jn, Jm] =− 4kn δn+m, 0 (4.1h)
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[G±|±
n , G±|∓

m ] =
k

αk + β
(n−m)S±

n+m ∓ 1

αk + β
:JS :±n+m (4.1i)

[Ga|±
n , G−a|∓

m ] = a
(k − 2)

αk + β
Ln+m ∓ a

2

(k + 1)

αk + β
(n−m)Jn+m +

k

αk + β
(n−m)S0

n+m

a
k(k + 1)

αk + β

(

n2 − 1

4

)

δn+m, 0 −
a

αk + β

(

:SS :
{−|+}
n+m

− 3

8
:JJ :n+m ∓b :JS : 0n+m −2 :SS0|0 :n+m

)

(4.1j)

with the central charge

c =
3(k + 2)(2k + 1)

k − 2
, (4.2)

and α, β ∈ R. We define the following linear combinations

Ln :=Ln + L̄n Mn := −ǫ
(

Ln − L̄n

)

(4.3a)

On := Jn + J̄n Pn := −ǫ
(

Jn − J̄n
)

(4.3b)

Qa
n :=Sa

n + S̄a
n Ra

n := −ǫ
(

Sa
n − S̄a

n

)

(4.3c)

Ua|b
n :=Ga|b

n + Ḡa|b
n V a|b

n := −ǫ
(

Ga|b
n − Ḡa|b

n

)

. (4.3d)

In the limit ǫ → 0 we obtain the following non-vanishing linear commutation relations

[Ln, Lm] = (n−m)Ln+m +
cL
12

n(n2 − 1) δn+m, 0 (4.4a)

[Ln, Mm] = (n−m)Mn+m +
cM
12

n(n2 − 1) δn+m, 0 (4.4b)

[Ln, Om] = −mOn+m (4.4c)

[Ln, Pm] = −mPn+m (4.4d)

[Ln, Q
a
m] = −mQa

n+m (4.4e)

[Ln, R
a
m] = −mRa

n+m (4.4f)

[Ln, U
a|b
m ] =

(

n

2
−m

)

U
a|b
n+m (4.4g)

[Ln, V
a|b
m ] =

(

n

2
−m

)

V
a|b
n+m (4.4h)

[Mn, Om] = −mPn+m (4.4i)

[Mn, Q
a
m] = −mRa

n+m (4.4j)

[Mn, U
a|b
m ] =

(

n

2
−m

)

V
a|b
n+m (4.4k)

[On, Om] =
2(54− cL)

3
n δn+m, 0 (4.4l)

[On, Pm] = − 2cM
3

n δn+m, 0 (4.4m)
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[On, U
a|b
m ] = 2bU

a|b
n+m (4.4n)

[On, V
a|b
m ] = 2bV

a|b
n+m (4.4o)

[Pn, U
a|b
m ] = 2bV

a|b
n+m (4.4p)

[Qa
n, Q

b
m] = (a− b)Qa+b

n+m +
42− cL

12
(1− 3a2)n δa+b, 0 δn+m, 0 (4.4q)

[Qa
n, R

b
m] = (a− b)Ra+b

n+m − cM
12

(1− 3a2)n δa+b, 0 δn+m, 0 (4.4r)

[Qa
n, U

b|d
m ] =

a− b

2
U

2a+b|d
n+m (4.4s)

[Qa
n, V

b|d
m ] =

a− b

2
V

2a+b|d
n+m (4.4t)

[Ra
n, U

b|d
m ] =

a− b

2
V

2a+b|d
n+m (4.4u)

and the following non-linear relations

[U±|±
n , U±|∓

m ] = (n−m)

(

1

α
Q±

n+m − 12β

α2cM
R±

n+m

)

∓ 6

αcM

(

:OR :±n+m + :PQ :±n+m

)

± 6(αcL + 12β − 54α)

α2c2M
:PR :±n+m (4.5a)

[Ua|±
n , U−a|∓

m ] = a

(

1

α
Ln+m − 12(2α+ β)

α2cM
Mn+m

)

∓ a

2
(n−m)

(

1

α
On+m +

12(α− β)

α2cM
Pn+m

)

+ (n−m)

(

1

α
Q0

n+m − 12β

α2cM
R0

n+m

)

+ a
αcL − 6(7α+ 2β)

6α2

(

n2 − 1

4

)

δn+m, 0

− 6

cM

(

{:QR :} {+|−}
n+m − 3

8
{:OP :}n+m ± a(:OR : 0n+m + :PQ : 0n+m)

− 2{:QR :} 0|0
n+m

)

+
6(acL + 12b− 54a)

ac2M

(

2 :RR :
{−|+}
n+m

− 3

8
:PP :n+m ±a :PR : 0n+m −2 :RR :

0|0
n+m

)

(4.5b)

[U±|±
n , V ±|∓

m ] = (n−m)
1

α
R±

n+m ∓ 6

αcM
:PR± :n+m

[Ua|±]
n , V −a|∓

m ] =
a

α
Mn+m ∓ a

2α
(n−m)Pn+m + (n−m)

1

α
R0

n+m + a
cM
6α

(

n2 − 1

4

)

δn+m, 0

− 6a

αcM

(

2 :RR :
{+|−}
n+m −3

8
:PP :n+m ±a :PR : 0n+m −2 :RR :

0|0
n+m

)

.

(4.5c)

As in the Galilean Polyakov-Bershadsky case we have to require cM = 0 and the “colored”

states have to be rescaled with cM .
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Besides the BMS algebra the contracted algebra contains an affine ŝu(2) (4.4q) sub-

algebra, so one has to be careful how to properly define hermitean conjugation of the

corresponding operators. If one simply assumed the following prescription for hermitean

conjugation of the operators Qa
n (and the standard one for the other operators)

wrong hermitean conjugation: (Qa
n)

† = Qa
−n , (4.6)

then by looking at the norm of the first level descendants one would conclude that there

is only one possible value of cL where unitary representations are possible. This is so,

because the central terms of the [Q0
n, Q

0
m] and [Q±

n , Q
∓
m] commutators have different signs.

One can, however, solve this problem by a redefinition of the hermitean conjugate of the

following operators as (Û
±|a
n = cMU

±|a
n and V̂

±|a
n = cMV

±|a
n )

(

Q0
n

)†
= Q0

−n

(

Q±
n

)†
= γQ∓

−n (4.7)
(

R0
n

)†
= R0

−n

(

R±
n

)†
= γR∓

−n (4.8)
(

Û±|a
n

)†
= µ±νaÛ

∓|−a
−n

(

V̂ ±|a
n

)†
= µ±νaV̂

∓|−a
−n , (4.9)

where γ, µ± and ν± are some real numbers which will be determined by demanding con-

sistency with the contracted algebra at hand. In order to do that we first look at

(

[Q±
n , Q

∓
m]
)†

= −γ2[Q∓
−n, Q

±
−m] = ±2Q0

−(n+m) −
42− cL

6
n δn+m, 0 , (4.10)

which tells us that that γ2 = 1 in order to satisfy (4.4q). We choose γ = −1 so that the

norm of the states Q0
−n|0〉 and Q±

−n|0〉 have the same sign. We check now whether or not

a choice for µ± and ν± exists that is compatible with our algebra.

([

Q±
n , Û

∓|a
m

])†
= µ∓νa

[

Q∓
−n, Û

±|−a
−m

]

= ±
(

Û
±|a
n+m

)†
= ±µ±νaÛ

∓|−a

−(n+m) (4.11)

In order to be consistent with (4.4s) the parameters µ± must satisfy

µ+

µ−
= −1 . (4.12)

The last thing to be checked is the rescaled [Û
±|±
n , Û

±|∓
m ] commutator. Proceeding in the

same manner as before we find

ν+ν− = −1 . (4.13)

Thus we can consistently define hermitean conjugation in such a way that states gener-

ated by operators associated with the affine ŝu(2) subalgebra do not necessarily have to

be excluded.

Looking at the Gramian matrix of the first levels descendants of the vacuum gives us

more constraints on possible values of cL. The representation can be unitary in the interval

29−
√
661 ≤ cL ≤ 42 . (4.14)
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The lower bound may look funny, but has a simple explanation if we write the central

charge as sum of three terms:

cL = c
û(1) + c

ŝu(2) + cbare (4.15)

The first term on the right hand side comes from the û(1) current algebra and gives a

contribution c
û(1) = 1. Using the standard expression c = k dim g/(k + h∨), where in our

case dim g = 3, level k = (42−cL)/6 and dual Coxeter number h∨ = 2, yields for the second

term c
ŝu(2) = 3(42− cL)/(54− cL). Thus, we can express the ‘bare’ central charge as

cbare = cL − 1− 3(42− cL)

54− cL
. (4.16)

Requiring non-negativity of the bare central charge, cbare ≥ 0, translates into the condition

cL ≥ 29−
√
661 ≈ 3.290, which nicely explains the lower bound in (4.14).

Looking more closely at the norm of the first few descendants we find a gap between

the upper limit, cL = 42, and the next highest value of cL compatible with unitarity,

cL = 36. In terms of the ŝu(2) level this corresponds to the gap between k = 0 and k = 1.

There will be further conditions from unitarity2 that restrict the allowed values of cL in

the interval (4.14), but it is interesting that already at this stage we get both lower and

upper bounds on the central charge, similar to section 3.2.

4.2 Feigin-Semikhatov family of examples (W
(2)
N

)

We construct now the Galilean contraction of two copies of the Feigin-Semikhatov algebra,

which provides an infinite family of examples. Since we are interested in unitary represen-

tations of the resulting algebras we will only take a detailed look at the resulting central

charges. Starting with two copies of the following W(2)
N algebra

[Jn, Jn] =κnδn+m, 0 (4.17a)

[Jn, Lm] =nJn+m (4.17b)

[Jn, G
±
m] =±G±

n+m (4.17c)

[Ln, Lm] =(n−m)Ln+m +
c

12
n(n2 − 1)δn+m, 0 (4.17d)

[Ln, G
±
m] =

(

n

(

N

2
− 1

)

−m

)

G±
n+m (4.17e)

[G+
n , G

−
m] =

λN−1(N, k)

(N − 1)!
f(n) δn+m, 0 + g(n,m)λN−2(N, k)Jn+m . . . (4.17f)

[Ŵ s
n, anything] = . . . (4.17g)

2For instance, restrictions on unitarity from the ŝu(2)k algebra part imply that k has to be a positive

integer, which — together with the inequalities (4.14) — means that only the discrete set cL = 6n with

n = 1, 2, . . . , 7 is allowed.
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with

κ =
N − 1

N
k +N − 2 (4.18)

c = −((N + k)(N − 1)−N)((N + k)(N − 2)N −N2 + 1)

N + k
(4.19)

λn(N, k) =
n
∏

i=1

(i(k +N − 1)− 1) (4.20)

and f(n) and g(n,m) being some functions of their respective arguments whose explicit

form does not matter for the following discussion. In order to have a well defined contraction

in the limit ǫ → 0 we first have to rescale some of the generators in an appropriate way. The

main hurdle for having a well defined contraction is the k-behavior of some of the structure

constants. If we parametrize the central charges of the two copies in the following way

ci =
1

2ǫ
(αcM + βǫcL) (4.21)

with α = β = 1 for c1 ≡ c and α = −β = −1 for c2 ≡ c̄ then k1 ≡ k (k2 ≡ k̄) is for ǫ → 0

approximated by the following expression

ki ∼ − αcM
2N(2− 3N +N2)ǫ

− βcL + 2(N(N((N − 5)N + 5) + 1)− 1)

2N(N − 2)(N − 1)
+O(ǫ) (4.22)

which means that every power of k (k̄) is proportional to cM
ǫ
. This in turn tells us that

the central terms can at most be polynomials of degree one in terms of k (k̄) and all other

structure constants can at most be of degree zero in k (k̄). Thus this rescaling only applies

to the higher spin generators Ŵ s
n and the generators G±

n . After rescaling we can define the

following linear combinations

Ln := Ln + L̄n Mn := −ǫ
(

Ln − L̄n

)

(4.23a)

On := Jn + J̄n Kn := −ǫ
(

Jn − J̄n
)

(4.23b)

U± := G±
n + Ḡ±

n V ± := −ǫ
(

G±
n − Ḡ±

n

)

(4.23c)

W s
n := Ŵ s

n +
¯̂
W s

n Xs
n := −ǫ

(

Ŵ s
n − ¯̂

W s
n

)

(4.23d)

and calculate the resulting algebra in the limit ǫ → 0. This leads to the following algebra

[Ln, Lm] =(n−m)Ln+m +
cL
12

n(n2 − 1)δn+m,0 (4.24a)

[Ln,Mm] =(n−m)Mn+m +
cM
12

n(n2 − 1)δn+m,0 (4.24b)

[Ln, Om] =−mOn+m (4.24c)

[Ln,Km] =−mKn+m (4.24d)

[Ln, U
±
m] =

(

n

2
−m

)

U±
n+m (4.24e)

[Ln, V
±
m ] =

(

n

2
−m

)

V ±
n+m (4.24f)
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[Mn, Om] =−mKn+m (4.24g)

[Mn, U
±
m] =

(

n

2
−m

)

V ±
n+m (4.24h)

[On, Om] =− 2(N − 1)2(N + 1)− cL
(N − 2)N2

nδn+m,0 (4.24i)

[On,Km] =− cM
(N − 2)N2

nδn+m,0 (4.24j)

[On, U
±
m] =± U±

n+m (4.24k)

[On, V
±
m ] =± V ±

n+m (4.24l)

[Kn, U
±
m] =± V ±

n+m (4.24m)

[U+
n , U−

m] = . . . (4.24n)

[U±
n , V ∓

m ] = . . . (4.24o)

[W s
n, anything] = . . . (4.24p)

[Xs
n, anything] = . . . (4.24q)

with the central charges (2.7).

Since we are mainly interested in unitary representations of these algebras we have

to look again at the cM → 0 limit. By construction all central terms in (4.24n)–(4.24q)

are either proportional to cL or cM . In addition the commutators in (4.24n)–(4.24q) have

non-linear terms proportional to powers of 1
cM

which again makes it necessary to rescale

the generators U±
n , V ±

n , W ℓ
n, X

ℓ
n by appropriate powers of cM . After doing this the limit

cM → 0 eliminates all the central terms in (4.24n)–(4.24q). The only issue we still have to

worry about is whether or not terms proportional to powers of Ln+m an On+m can appear

on the right hand side of (4.24n)–(4.24q). If that were the case then we could not simply

mod out the states since the inner product of theses states with other states would yield a

non-zero result and thus we could not dispose of them. There is however a simple argument

as to why such terms cannot appear. Half of the generators defined via the contraction

acquire an additional dimension of inverse length via the parameter ǫ = 1
ℓ
with ℓ being

the AdS radius. Thus terms proportional to powers purely consisting of Ln+m and On+m

cannot carry inverse powers of cM , which also is dimensionful. The only possibility for

the appearance of terms that are powers of Ln+m and On+m and carry inverse powers of

cM is via mixing with Mn+m, Pn+m, V ±
n+m and Xs

n+m. Such terms only appear as cross

terms during the contraction and as such are not the one with the highest inverse power

of cM on the right hand side of (4.24n)–(4.24q). Thus they are gone after a rescaling with

the highest power of cM appearing on the right hand side of the commutators in question.

This in turn means that all the higher-spin states and descendants G±
−n|0〉 are null states

for unitary representations of the Galilean Feigin-Semikhatov algebras.

Repeating the same analysis as in the Polyakov-Bershadsky case we see that demanding

the absence of negative norm states the range of possible values of cL that could allow for
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unitary representations is given by

1 ≤ cL ≤ 2(N − 1)2(N + 1) . (4.25)

This means that the maximal value of cL for which we obtain a unitary CFT grows as N3

for large N in contrast to linear growth in N in the uncontracted Feigin-Semikhatov case.

Note that all these CFTs are chiral in the sense that their symmetry algebra contains a

single copy of the Virasoro algebra.

4.3 General no-go result

The previous examples all point towards the conclusion that, under the assumptions we

have been working with, it is not possible to find unitary representations of flat space

higher spin algebras that contain non-trivial higher-spin states. In this section, we will

argue, on dimensional grounds, that this conclusion is generic for flat space higher spin

algebras that are inherently non-linear and can be obtained via İnönü-Wigner contractions

of AdS higher spin W-algebras.

Suppose therefore that we start from two copies of an inherently non-linear W-algebra.

Such an algebra contains higher spin generators that we will denote by Wn (W̄n for the

second copy), whose commutation relations can schematically be written as:

[Wn, Wm] = . . .+ f(c) :AB :n+m + . . .+ ω(c)

s−1
∏

j=−(s−1)

(n+ j) δn+m, 0 , (4.26a)

[W̄n, W̄m] = . . .+ f(c̄) :ĀB̄ :n+m + . . .+ ω(c̄)
s−1
∏

j=−(s−1)

(n+ j) δn+m, 0 . (4.26b)

These commutators contain non-linear terms that involve other generators of the algebra,

denoted by An, Bn (Ān, B̄n for the second copy). Note that for some cases, the An

generators can be the same as the Bn generators, but this does not necessarily have to be

the case. The two copies of the W-algebra are characterized by central charges c, c̄. These

appear in the non-linear terms and in the central charge terms in (4.26) via functions f(c)

and ω(c). We will keep these functions arbitrary for the sake of generality, apart from the

following restriction on f(c) [and similarly for f(c̄)]:

lim
c→∞

f(c) = 0 , (4.27)

i.e., requiring that the non-linear terms are not important in the semi-classical regime of

large central charges. Although this property holds for many of the examples constructed

explicitly in the literature so far (including all examples in the present work), examples

where it does not hold exist [58, 59]. Our no-go result applies to cases where (4.27) holds

and makes no statement about the other cases.

The ellipses in (4.26) denote additional linear and other non-linear terms which can

possibly appear on the right-hand side of the commutator.
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Starting from these two copies one can obtain a flat space higher spin algebra via a

Galilean contraction, involving a contraction parameter ǫ of dimension [length]−1. We thus

define the new generators as before:

Un :=Wn + W̄n , Vn := −ǫ
(

Wn − W̄n

)

, (4.28)

Cn :=An + Ān , Dn := −ǫ
(

An − Ān

)

, (4.29)

En :=Bn + B̄n , Fn := −ǫ
(

Bn − B̄n

)

. (4.30)

We also define again the central charges as

cL = c+ c̄ , cM = ǫ(c̄− c) . (4.31)

From these redefinitions, one can already infer that the generators Un, Cn, En, as well

as the central charge cL are dimensionless. Similarly, the generators Vn, Dn, Fn and the

central charge cM have dimensions [length]−1.

In order to obtain unitarity under the assumptions we are working with, we have to

take the limit cM → 0 in the flat space higher spin algebra that results from the above

contraction, for the reasons explained in section 2.2. The crux of the no-go argument lies

in showing that this limit can not be taken in the commutators of the flat space higher

spin generators Un, Vn, in such a way that non-trivial central terms remain. The higher

spin generators Un, Vn can therefore only create null states, which can be modded out.

For the commutator [Un, Vm], this is immediate on dimensional grounds. This com-

mutator has dimensions of [length]−1 and in order to have the same dimension, the central

charge term necessarily has to be proportional to cM , implying that the [Un, Vm] com-

mutator will be center-less in the limit cM → 0. The commutator [Vn, Vm] is zero upon

contraction, so the only non-trivial commutator to examine is [Un, Um]. Let us first look

at the structure of the non-linear terms. Performing the contraction, one obtains

lim
ǫ→0

[Un, Um] = . . .+ lim
ǫ→0

1

4ǫ2
(

(f(c) + f(c̄))(ǫ2 :CE :n+m + :DF :n+m)

+
(f(c̄)− f(c))

ǫ
(:CF :n+m + :DE :n+m)

)

+ . . . (4.32)

For a generic function f(c), such that (4.27) holds, one finds that

f(c) + f(c̄) ∼ O(ǫ2) and f(c)− f(c̄) ∼ O(ǫ) . (4.33)

The contraction ǫ → 0 can thus consistently be performed and one sees that the non-

linear terms that generically survive the contraction are the ones of the form :DF :n+m,

: CF :n+m and :DE :n+m. These have dimensions [length]−2, [length]−1 and [length]−1,

respectively. Since the commutator [Un, Um] is dimensionless, these non-linear terms have

to appear with prefactors that depend on cM , in order to compensate for their dimensions.

The structure of the [Un, Um] commutator is thus schematically given by

[Un, Um] = . . .+O
(

1

c2M

)

:DF :n+m +O
(

1

cM

)

(:CF :n+m + :DE :n+m)

+ ω̃(cL)
s−1
∏

j=−(s−1)

(n+ j) δn+m, 0, (4.34)

where the central term has to be a function of cL on dimensional grounds.
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In order to take the limit cM → 0, we thus have to rescale Un → Ũn := cMUn in the

case bilinear terms are present (and no terms of higher order than bilinear terms). The

central terms in the [Ũn, Ũm] commutator however do not survive this rescaling, showing

that all higher spin generators of the flat space algebra lead to null states when acting on

the vacuum.

Although we have given the argument for the case in which the non-linear terms are

bilinear, it can easily be extended to the case where non-linear terms of higher order

appear, by rescaling the generators Un in accordance with the highest negative power

of cM appearing on the right hand side of (4.34). We have thus shown that unitary

representations that contain non-trivial higher spin states are not possible for inherently

non-linear flat space higher spin algebras, at least not under the assumptions we have been

working with.

4.4 Elimination of multi-graviton excitations (W
(2−2)
4 )

In this subsection we show that our no-go result also can eliminate multi-graviton excita-

tions, if we demand flat space and unitarity. We focus on a specific example.

Namely, we Galilei-contract two copies of the W(2−2)
4 -algebra, whose non-vanishing

commutators read

[Ln, Lm] = (n−m)Ln+m +
c

12
n(n2 − 1) δn+m, 0 (4.35a)

[Ln, T
a
m] = (n−m)T a

n+m (4.35b)

[Ln, S
a
m] = −mSa

n+m (4.35c)

[Sa
n, S

b
m] = (a− b)Sa+b

n+m + κ(1− 3a2)n δa+b, 0δn+m, 0 (4.35d)

[Sa
n, T

b
m] = f(a, b)T a+b

n+m (4.35e)

[T±
n , T±

m ] =
3κ+ 2

8κ(κ+ 2)
(n−m) : SS :

±|±
n+m (4.35f)

[T 0
n , T

0
m] =

1

4
(n−m)Ln+m − κ− 2

8κ(κ+ 2)
(n−m) : SS :

0|0
n+m

+
1

4(κ+ 2)
(n−m) : SS :

{+|−}
n+m −(2κ− 1)(3κ+ 2)

24(κ+ 2)
n(n2 − 1) δn+m, 0 (4.35g)

[T±
n , T 0

m] = q(n,m)S±
n+m ±

(

κ− 2

8κ(κ+ 2)
n− 1

4κ
m

)

: SS :
0|±
n+m ± 1

8κ
: ΩSS :

0|±
n+m

±
(

1

4κ
n− κ− 2

8κ(κ+ 2)
m

)

: SS :
±|0
n+m ∓ 1

8κ
: ΩSS :

±|0
n+m

+
1

4κ
{: LS :}±n+m +

1

6κ(κ+ 2)

(

: SSS :
{±|±|∓}
n+m − : SSS :

{0|0|±}
n+m

)

(4.35h)

[T−
n , T+

m ] =
1

2
(n−m)Ln+m + 2q(n,m)S0

n+m

− (2κ− 1)(3κ+ 2)

12(κ+ 2)
n(n2 − 1)δn+m,0 −

1

κ+ 2
(n−m) : SS :

0|0
n+m
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+

(

3κ+ 2

8κ(κ+ 2)
n− κ− 2

4κ(κ+ 2)
m

)

: SS :
+|−
n+m − 1

8κ
: ΩSS :

+|−
n+m

+

(

κ− 2

4κ(κ+ 2)
n− 3κ+ 2

8κ(κ+ 2)
m

)

: SS :
−|+
n+m +

1

8κ
: ΩSS :

−|+
n+m

+
1

2κ
{: LS :}0n+m +

1

6κ(κ+ 2)
: SSS :

{−|+|0}
n+m − 1

κ(κ+ 2)
: SSS :

0|0|0
n+m (4.35i)

with

q(n,m) =
3κ2 − 3κ− 8

12κ(κ+ 2)
− 12κ2 + 9κ+ 22

48κ(κ+ 2)
(n2 +m2)

+
3κ2 − 3κ− 14

12κ(κ+ 2)
nm− 7κ+ 18

16κ(κ+ 2)
(n+m) (4.36)

κ =
1

24

(

7− c−
√

c2 − 110c+ 145
)

(4.37)

and

f(a, b) = (a− b)(1 + a(1− a+ 2ab)) (4.38)

ABa|b
n =

∑

p∈Z

Aa
n−pB

b
p (4.39)

ΩABa|b
n =

∑

p∈Z

pAa
n−pB

b
p (4.40)

ABCa|b|c
n =

∑

p,q∈Z

Aa
n−p−qB

b
pC

c
q (4.41)

AB{a|b}
n = ABa|b

n +ABb|a
n (4.42)

ABC{a|b|c}
n = ABCa|b|c

n +ABCc|a|b
n +ABCb|c|a

n +ABCa|c|b
n +ABCc|b|a

n +ABCb|a|c
n

(4.43)

{: LS :}an = : LS :an + : SL :an (4.44)

We now take two copies of (4.35) with generators Ln, T
a
n , S

a
n and L̄n, T̄

a
n , S̄

a
n respectively

and define the usual linear combinations.

Ln := Ln + L̄n Mn := −ǫ
(

Ln − L̄n

)

(4.45a)

Oa
n := Sa

n + S̄a
n P a

n := −ǫ
(

Sa
n − S̄a

n

)

(4.45b)

Ua := T a
n + T̄ a

n V a := −ǫ
(

T a
n − T̄ a

n

)

(4.45c)

The Galilean contraction ǫ → 0 yields the following algebra.

[Ln, Lm] = (n−m)Ln+m +
cL
12

n(n2 − 1) δn+m, 0 (4.46a)

[Ln, Mm] = (n−m)Mn+m +
cM
12

n(n2 − 1) δn+m, 0 (4.46b)

[Ln, O
a
m] = −mOa

n+m (4.46c)
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[Ln, P
a
m] = −mP a

n+m (4.46d)

[Ln, U
a
m] = (n−m)Ua

n+m (4.46e)

[Ln, V
a
m] = (n−m)V a

n+m (4.46f)

[Mn, O
a
m] = −mP a

n+m (4.46g)

[Mn, U
a
m] = (n−m)V a

n+m (4.46h)

[Oa
n, O

b
m] = (a− b)Oa+b

n+m +
62− cL

12
(1− 3a2)n δa+b, 0δn+m, 0 (4.46i)

[Oa
n, P

b
m] = (a− b)P a+b

n+m − cM
12

(1− 3a2) δa+b, 0δn+m, 0 (4.46j)

[Oa
n, U

b
m] = f(a, b)Ua+b

n+m (4.46k)

[Oa
n, V

b
m] = f(a, b)V a+b

n+m (4.46l)

[P a
n , U

b
m] = f(a, b)V a+b

n+m (4.46m)

[U±
n , U±

m] =
9(cL − 94)

2c2M
(n−m) : PP :

±|±
n+m +

9

2cM
(n−m){: OP :}±|±

n+m (4.46n)

[U0
n, U

0
m] =

1

4
(n−m)Ln+m +

474− 3cL
2c2M

(n−m) : PP :
0|0
n+m +

3

2cM
{: OP :}0|0n+m

+
3(cL − 110)

c2M
(n−m) : PP :

{+|−}
n+m − 3

cM
{: OP :}{+|−}

n+m

+
cL − 18

48
n(n2 − 1) δn+m, 0 (4.46o)

[U±
n , U0

m] = − 1

4
g(n,m)O±

n+m + p(n,m)P±
n+m

± n

(

3(cL − 158)

2c2M
: PP :

0|±
n+m − 3

2cM
{: OP :}0|±n+m

)

∓m

(

3(cL − 62)

c2M
: PP :

0|±
n+m − 3

cM
{: OP :}0|±n+m

)

±
(

3(cL − 62)

2c2M
: ΩPP :

[0|±]
n+m − 3

2cM
{: ΩOP :}[0|±]

n+m

)

± n

(

3(cL − 62)

c2M
: PP :

±|0
n+m − 3

cM
{: OP :}±|0

n+m

)

∓m

(

3(cL − 158)

2c2M
: PP :

±|0
n+m − 3

2cM
{: OP :}±|0

n+m

)

+
3(cL − 62)

2c2M
{: MP :}±n+m − 3

2cM

(

{: MO :}±n+m + {: LP :}±n+m

)

+
24

c2M

(

{: PPO :}{±|±|∓}
n+m − {: PPO :}{0|0|±}

n+m

)

− 48(cL − 86)

c3M

(

: PPP :{±|±|∓} − : PPP :
{0|0|±}
n+m

)

(4.46p)
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[U−
n , U+

m] =
1

2
(n−m)Ln+m− 1

2
g(n,m)O0

n+m+ 2p(n,m)P 0
n+m+

cL − 18

24
n(n2 − 1)δn+m,0

+ (n−m)

(

−12(cL − 110)

c2M
: PP :

0|0
n+m +

12

cM
{: OP :}0|0n+m

)

+ n

(

9(cL − 94)

2c2M
: PP :

+|−
n+m − 9

2cM
{: OP :}+|−

n+m

)

+m

(

(474− 3cL)

c2M
: PP :

+|−
n+m +

3

cM
{: OP :}+|−

n+m

)

−
(

3(cL − 62)

2c2M
: ΩPP :

[+|−]
n+m − 3

2cM
{: ΩOP :}[+|−]

n+m

)

− n

(

(474− 3cL)

c2M
: PP :

−|+
n+m +

3

cM
{: OP :}−|+

n+m

)

−m

(

9(cL − 94)

2c2M
: PP :

−|+
n+m − 9

2cM
{: OP :}−|+

n+m

)

+
3(cL − 62)

c2M
{: MP :}0n+m − 3

cM

(

{: MO :}0n+m + {: LP :}0n+m

)

+
24

c2M

(

{: PPO :}{−|+|0}
n+m − 6{: PPO :}0|0|0n+m

)

− 48(cL − 86)

c3M

(

: PPP :{−|+|0} −6 : PPP :
0|0|0
n+m

)

(4.46q)

[U±
n , V ±

m ] =
9

2cM
(n−m) : PP :

±|±
n+m (4.46r)

[U0
n, V

0
m] =

1

4
(n−m)Mn+m +

3

2cM
(n−m) : PP :

0|0
n+m − 3

cM
(n−m) : PP :

{+|−}
n+m

+
cM
48

n(n2 − 1)δn+m, 0 (4.46s)

[U±
n , V 0

m] = − 1

4
g(n,m)P±

n+m ∓ 3

2cM
n : PP :

0|±
n+m ± 3

cM
m : PP :

0|±
n+m

∓ 3

2cM
: ΩPP :

[0|±]
n+m ∓ 3

cM
n : PP :

±|0
n+m ± 3

2cM
m : PP :

±|0
n+m

− 3

2cM
{: MP :}±n+m +

24

c2M

(

: PPP :{±|±|∓} − : PPP :
{0|0|±}
n+m

)

(4.46t)

[U−
n , V +

m ] =
1

2
(n−m)Mn+m − 1

2
g(n,m)P 0

n+m +
cM
24

n(n2 − 1)δn+m,0

(n−m)
12

cM
: PP :

0|0
n+m − 9

2cM
n : PP :

+|−
n+m +

3

cM
m : PP :

+|−
n+m

− 3

2cM
: ΩPP :

[+|−]
n+m − 3

cM
n : PP :

−|+
n+m +

9

2cM
n : PP :

−|+
n+m

− 3

cM
{: MP :}0n+m +

24

c2M

(

: PPP :{−|+|0} −6 : PPP :
0|0|0
n+m

)

(4.46u)

with

p(n,m) =
18

cM
(1 + nm)− 15

c2M
(n2 +m2)− 21

cM
(n+m) (4.47a)
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{: AB :}a|bn = : AB :a|bn + : BA :a|bn (4.47b)

{: ΩAB :}a|bn = : ΩAB :a|bn + : ΩBA :a|bn (4.47c)

{: ABC :}a|b|cn = : ABC :a|b|cn + : ACB :a|b|cn + : BAC :a|b|cn

+ : BCA :a|b|cn + : CAB :a|b|cn + : CBA :a|b|cn (4.47d)

: ΩAB :[a|b]n = : ΩAB :a|bn − : ΩAB :b|an . (4.47e)

As in the cases treated before we need cM = 0 in order to have a chance at finding

unitary representations. Thus we make the following rescaling

Ua
n → Ûa

n = (cM )
3

2 Ua
n , (4.48a)

V a
n → V̂ a

n =
√
cMV a

n , (4.48b)

and take the limit cM → 0. This yields the following non-vanishing commutation relations.

[Ln, Lm] = (n−m)Ln+m +
cL
12

n(n2 − 1) δn+m, 0 (4.49a)

[Ln, Mm] = (n−m)Mn+m (4.49b)

[Ln, O
a
m] = −mOa

n+m (4.49c)

[Ln, P
a
m] = −mP a

n+m (4.49d)

[Ln, Û
a
m] = (n−m)Ûa

n+m (4.49e)

[Ln, V̂
a
m] = (n−m)V̂ a

n+m (4.49f)

[Mn, O
a
m] = −mP a

n+m (4.49g)

[Oa
n, O

b
m] = (a− b)Oa+b

n+m +
62− cL

12
(1− 3a2)n δa+b, 0δn+m, 0 (4.49h)

[Oa
n, P

b
m] = (a− b)P a+b

n+m (4.49i)

[Oa
n, Û

b
m] = f(a, b)Ûa+b

n+m (4.49j)

[Oa
n, V̂

b
m] = f(a, b)V̂ a+b

n+m (4.49k)

[Û±
n , Û0

m] = − 48(cL − 86)
(

: PPP :{±|±|∓} − : PPP :
{0|0|±}
n+m

)

(4.49l)

[Û−
n , Û+

m] = − 48(cL − 86)
(

: PPP :{−|+|0} −6 : PPP :
0|0|0
n+m

)

(4.49m)

[Û±
n , V̂ 0

m] = 24
(

: PPP :{±|±|∓} − : PPP :
{0|0|±}
n+m

)

(4.49n)

[Û−
n , V̂ +

m ] = 24
(

: PPP :{−|+|0} −6 : PPP :
0|0|0
n+m

)

(4.49o)
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Using the standard definitions of the vacuum and hermitian conjugation and looking

at the commutator (4.49h) by analogy to section 4.1 we obtain again similar bounds on

the central charge cL consistent with unitarity given by

1

2

(

77−
√
5185

)

≈ 2.497 ≤ cL ≤ 62 . (4.50)

As before, only a discrete set of values for cL is allowed from the quantization of the

ŝu(2)k level k, namely cL = 6n + 2 with n = 1, 2, . . . , 10. Moreover, again the lower

bound in (4.50) emerges from non-negativity of the bare central charge, cbare = cL−3(62−
cL)/(74 − cL) ≥ 0. In addition, we see from the contracted algebra (4.49) that the only

non-trivial vacuum descendants are L−n|0〉 with n > 1, Oa
−n|0〉 with n > 0 or combinations

thereof. All other vacuum descendants are null states, in particular the ones generated by

the other spin-2 generators U±,0
n and V ±,0

n .

Thus, at least for the present example unitarity in flat space eliminates multi-graviton

states. The generalization of this statement to arbitrary W-algebras that lead to multiple

spin-2 states should work along the lines of our no-go result in section 4.3.

5 Yes-go: unitarity in flat space hs(1)

The previous examples, as well as the general no-go argument of section 4.3, make it clear

that unitarity (under the assumptions we work with in this paper) is not compatible with

having non-trivial higher spin states for flat space higher spin algebras that are inherently

non-linear. The non-linear character of the algebras is however crucial for the argument.

In this section, we will show that focusing on linear higher spin algebras can easily evade

the no-go result of 4.3.

An easy way to obtain linear flat space higher spin algebras is by performing an İnönü-

Wigner contraction of two copies of a linear AdS higher spin algebra ofW-type. W-algebras

are typically non-linear, but a few examples in which the algebra is isomorphic to a linear

one are known. In this section we shall focus on a particular example, namely the Pope-

Romans-Shen W∞ algebra [11, 12]. In particular, we shall show that an İnönü-Wigner

contraction of two copies of this algebra exists that leads to a linear flat space higher spin

algebra, for which the no-go theorem of section 4.3 is evaded.

5.1 The W∞ algebra

The W∞ algebra is a linear, centrally extended, infinite-dimensional algebra, whose gen-

erators will be denoted by V i
m, according to the conventions of [12]. In this notation, the

index m ranges over all integers, while the index i takes on values over all natural numbers

(i = 0, 1, 2, · · · ). The commutation relations of the W∞ algebra are explicitly given by

[

V i
m, V j

n

]

=

⌊ i+j

2 ⌋
∑

r=0

gij2r(m,n)V i+j−2r
m+n + ci(m) δij δm+n,0 . (5.1)

The sum extends up to the integer part of (i + j)/2, meaning that it ends with a term

proportional to V 1
m+n or V 0

m+n, depending on whether i + j is odd or even. The central
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terms in the above algebra are determined by a single central charge c in the following way:

ci(m) = (m− i− 1)(m− i) · · · (m+ i)(m+ i+ 1) ci , ci =
22i−3i!(i+ 2)!

(2i+ 1)!!(2i+ 3)!!
c . (5.2)

The structure constants are given by

gij2r(m,n) =
1

2(2r + 1)!
φij
2r N

ij
2r(m,n) , (5.3)

where φij
2r is given in terms of a hypergeometric series

φij
2r = 4F3

[

−1
2

3
2 − r − 1

2 − r

−i− 1
2 − j − 1

2 i+ j − 2r + 5
2

; 1

]

, (5.4)

and N ij
2r(m,n) is given by

N ij
2r(m,n) =

2r+1
∑

k=0

(−1)k
(

2r + 1

k

)

(2i+ 2− 2r)k [2j + 2− k]2r+1−k [i+ 1 +m]2r+1−k

[j + 1 + n]k , (5.5)

where we used the ascending and descending Pochhammer symbols (a)n, [a]n, defined

in (A.1a). There exists another way of writing N ij
2r(m,n) that is often useful:

N ij
2r(m,n) =

2r+1
∑

k=0

(−1)k
(

2r + 1

k

)

[i+ 1 +m]2r+1−k [i+ 1−m]k [j + 1 + n]k

[j + 1− n]2r+1−k (5.6)

From the above expressions, it is easy to see that the generators V 0
m form a subalgebra,

whose commutation relation is given by

[

V 0
m, V 0

n

]

= (m− n)V 0
m+n +

c

12
(m3 −m)δm+n,0 . (5.7)

The generators V 0
m ≡ Lm thus form a Virasoro subalgebra of W∞.

Another interesting subalgebra is the wedge algebra W∧
∞, given by all generators V i

m

that have m-indices for which the central terms vanish:

W∧
∞ =

{

V i
m| − i− 1 ≤ m ≤ i+ 1

}

. (5.8)

This wedge algebra coincides with the higher spin algebra hs(1) that corresponds to a

special case of the hs(λ) higher spin algebras. The latter are infinite-dimensional algebras

that can be considered as suitable generalizations of sl(N) to non-integer values of N [60–

62]. Similar to the hs(1) case (5.8) above, hs(λ) has generators V i
m, with |m| ≤ i+ 1, and

i = 0, 1, 2, · · · . With respect to the sl(2) subalgebra, formed by V 0
0 and V 0

±1, the generators

V i
m transform in a representation of spin i+ 1.

The W∞ algebra can be seen as a Virasoro-like extension of the hs(1) algebra. In

principle, one could start in three dimensions from a Chern-Simons theory based on the
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hs(1) ⊕ hs(1) algebra, generalizing the sl(N) ⊕ sl(N) case studied in [9, 10]. This theory

describes an infinite number of higher spin fields in AdS3, of all integer spins higher than

or equal to two. Imposing suitable boundary conditions, this Chern-Simons theory has an

asymptotic symmetry algebra that corresponds to a Virasoro-like extension of the hs(1)⊕
hs(1) algebra. An algebra consisting of two copies of the W∞ algebra is thus a natural

candidate for this asymptotic symmetry algebra. This is indeed the case, as was argued

in [63].

5.2 Linear flat space higher spin algebra and unitarity

Starting from two copies of the W∞ algebra, with generators V i
m, V̄ i

m and central charges

c, c̄, a flat space version of this algebra can be obtained via İnönü-Wigner contraction. We

perform an ‘ultra-relativistic’ contraction, obtained by defining new generators V i
m, W i

m

using a dimensionful contraction parameter ǫ as follows:

V i
m = V i

m − V̄ i
−m , W i

m = ǫ
(

V i
m + V̄ i

−m

)

. (5.9)

Similarly, we define new central charges cV , cW :

cV = c− c̄ , cW = ǫ (c+ c̄) . (5.10)

The contraction is then performed by calculating commutators of the generators V i
m, W i

m

and taking the limit ǫ → 0. The resulting algebra is given by

[

V i
m,Vj

n

]

=

⌊ i+j

2 ⌋
∑

r=0

gij2r(m,n)V i+j−2r
m+n + ciV(m) δij δm+n,0

[

V i
m,Wj

n

]

=

⌊ i+j

2 ⌋
∑

r=0

gij2r(m,n)W i+j−2r
m+n + ciW(m) δij δm+n,0

[

W i
m,Wj

n

]

= 0 , (5.11)

where the central charge terms ciV(m), ciW(m) are defined in a way analogous to (5.2). In

order to obtain this result, we used the following properties of the W∞ structure constants

and central charge terms:

gij2r(−m,−n) = −gij2r(m,n) , ci(−m) = −ci(m) . (5.12)

These properties can be easily inferred from the explicit expressions (5.2), (5.3) and (5.6).

The resulting algebra is linear and the generators V0
m, W0

m form a BMS3 subalgebra,

with central charges cV and cW , showing that this is indeed a flat space higher spin algebra.

In order to discuss unitarity, we can look at the highest-weight representation, defined by

the vacuum annihilation conditions

V i
m|0 >= 0 and W i

m|0 >= 0 , m ≥ −i− 1 , (5.13)
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and the following definition of the adjoint:

(

V i
m

)†
= V i

−m ,
(

W i
m

)†
= W i

−m (5.14)

Since cW plays the role of the cM central charge in the BMS3 subalgebra of (5.11), unitarity

can only be achieved when cW → 0. This limit is now however regular and one finds that

states created by W i
m generators are null and can be modded out. For cV 6= 0, the

only non-trivial states left are the ones created by V i
m. One is therefore left with states

that are descendants of a single copy of a W∞ algebra, that can however form a unitary

representation of the flat space higher spin algebra (5.11).

5.3 Comments and generalizations

The results of section 5.2 show that it is possible to have an asymptotic symmetry algebra

in flat space higher spin gravity that allows unitary representations. An interesting aspect

of our result is that this flat space higher spin theory has to be chiral, in the sense that

there is a single copy of the higher spin generalization of the Virasoro algebra. Thus, a

theory realizing this asymptotic symmetry algebra would be a higher spin analogue of flat

space chiral gravity [28].

The example above is very special, but not unique. There is (at least) one other

example that leads to the same conclusions. All one has to do is to replace the W∞ algebra

by the W1+∞ algebra, which has an additional û(1) current algebra as compared to the

W∞ algebra [64]. The algebra is again linear and thereby circumvents our no-go result of

section 4.3. Explicit results for the structure constants and central charge can be found

e.g. in eqs. (23)-(24) of [65] (whose conventions are compatible with ours).

We elaborate now further on the possibility of linearizing generic W -algebras by recon-

sidering the specific example of W3. This algebra can be linearized by introducing infinitely

many new generators (of higher spin), starting with Λn =
∑

p :Ln−pLp : and similarly for

other non-linear terms that will show up in the commutators. However, the original İnönü-

Wigner contraction (2.17) is then implemented non-linearly in terms of these new genera-

tors and leads to the same problem with poles in 1/cM as in our general no-go result. One

could investigate alternative contractions. We have found that the straightforward linear

combination of generators analogously to (5.9) does not lead to a consistent contraction

here. We leave it as an open question whether or not alternative contractions exist. We

expect that similar considerations hold for generic W -algebras, so that circumventions of

the no-go result are exceptional cases, like the ones discussed in the present section.

Finally, we note that it is possible to linearize an extension of the W3 algebra that

includes a spin-1 current in a way that is analogous to the W∞ case [66], i.e., by performing

a non-linear change of basis. However, the results of Sorkin and Krivonos show that in this

case the spin-3 field becomes a null field. Therefore, this example cannot be used neither

to circumvent our no-go result.
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6 Conclusions

We showed by examples and by a general no-go result that for standard definitions of the

vacuum and adjoint operators flat space higher spin gravity is incompatible with unitarity.

Phrased differently, imposing unitarity leads to a further contraction of the asymptotic

symmetry algebra that decouples all higher-spin states from the physical spectrum. Since

every no-go result is only as good as its premises, we mention here again that a crucial input

in the no-go result was the assumption of non-linearity in the asymptotic symmetry algebra.

Indeed, for higher-spin theories that allow a redefinition of generators in such a way

that the asymptotic symmetry algebra linearizes we found that the no-go result can be

circumvented. Two explicit examples of asymptotic symmetry algebras with unitary rep-

resentations that could arise in flat space higher spin gravity were discussed in section 5.

We conclude with some outstanding questions and comments that point to possible

future directions of research. While we have shown in section 5 that flat space chiral

higher spin gravity is unitary, if it exists, we have provided no evidence for its existence

other than constructing its asymptotic symmetry algebra. However, as opposed to the spin-

2 case where an explicit candidate for flat space chiral gravity is known on the gravity side

— namely conformal Chern-Simons gravity [28] — we have no proposal for a higher spin

version of that theory. Thus, an important open question is whether or not flat space chiral

higher spin gravity exists. Technically, the problem is that the most natural constructions

of flat space higher spin gravity always lead to asymptotic symmetry algebras where the

wrong central charge is non-zero (namely the one which spoils unitarity). It is not clear

to us what could be a reasonable candidate for flat space chiral higher spin gravity, but

presumably it is a suitable generalization of conformal Chern-Simons gravity to a Vasiliev

type theory.

An interesting reinterpretation of our results could provide a path towards unitarity

even for truncated theories of higher spin gravity, i.e., theories that are not of Vasiliev

type but have a finite tower of higher spin states. Namely, naively also the hs(1)⊕ hs(1)

theory leads to a non-linear asymptotic symmetry algebra, but there exists a non-linear

redefinition of the generators that leads to a linear algebra. The vacuum is then defined

by highest weight conditions with respect to these new generators and not with respect

to the ‘original’ ones. This could be taken as an indication that also in the case of non-

linear higher spin algebras (or even in the spin-2 case) a more suitable definition of the flat

space vacuum might exist that is compatible with unitarity. However, currently we have

no suggestion how this vacuum should be defined.
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A Pochhammer symbols

Unless otherwise stated, n denotes a general non-negative integer. The ascending and

descending Pochhammer symbols are denoted by (a)n, [a]n, respectively, and are defined by

(a)n ≡ a(a+ 1) · · · (a+ n− 1) , (A.1a)

[a]n ≡ a(a− 1) · · · (a− n+ 1) , (A.1b)

with (a)0 ≡ [a]0 ≡ 1. Note that (a)n and [a]n are both polynomials in a of degree n. It is

straightforward to see that

[a]n = (a− n+ 1)n = (−1)n (−a)n . (A.2)

Even though in this text n is a non-negative integer, it is possible to define Pochhammer

symbols for arbitrary n, i.e., to analytically continue in n, by first expressing the definition

of the Pochhammer symbols in terms of factorials and by expressing the ensuing expressions

in terms of Γ-functions. Finally, note that

[a]n = 0 for n > a (n, a non-negative integers) . (A.3)
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