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ABSTRACT: The first two non-trivial moments of the distribution of the topological charge
(or gluonic winding number), i.e., the topological susceptibility and the fourth cumulant,
can be computed in lattice QCD simulations and exploited to constrain the pattern of chi-
ral symmetry breaking. We compute these two topological observables at next-to-leading
order in three-flavour Chiral Perturbation Theory, and we discuss the role played by the n
propagation in these expressions. For hierarchies of light-quark masses close to the physical
situation, we show that the fourth cumulant has a much better sensitivity than the topo-
logical susceptibility to the three-flavour quark condensate, and thus constitutes a relevant
tool to determine the pattern of chiral symmetry breaking in the limit of three massless
flavours. We provide the complete formulae for the two topological observables in the
isospin limit, and predict their values in the particular setting of the recent analysis of the
RBC/UKQCD collaboration. We show that a combination of the topological susceptibility
and the fourth cumulant is able to pin down the three flavour condensate in a particularly
clean way in the case of three degenerate quarks.
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1 Introduction

An accurate description of low-energy QCD remains a very challenging task for the theo-
rists. Ome of its prominent features, the spontaneous breakdown of chiral symmetry lead-
ing to Goldstone bosons identified with the pseudoscalar m, K, 7 mesons, can be described
through an effective theory, Chiral Perturbation Theory (xPT) [1, 2]. However, this tool
based on the symmetries of the underlying theory does not allow one to determine the pre-
cise pattern of chiral symmetry breaking. A very helpful complement to the effective field
theory approach comes from numerical simulations of Quantum Chromodynamics on the
lattice, as they provide a way to determine the low-energy constants (LECs) encoding the
pattern of chiral symmetry breaking through the momentum and quark-mass dependence
of various observables related to the dynamics of pseudoscalar mesons [3] (and conversely,
chiral expansions can be exploited by lattice collaborations to extrapolate their data down
to physical values of the light quark masses).



Another interesting way to determine non-perturbative features of the QCD vacuum
consists in exploiting the connection between the fluctuation of the winding number, or
topological charge, defined from the gluonic strength tensor G as

1
Q = /d4[IZ w(a:) 5 W = WﬁpypaTr[Guqua] ) (11)

and the breaking of the anomalous axial rotation Ugx(1), related to the dynamics of the
n and 1’ mesons [4-7]. Indeed, the fluctuations of the topological charge correspond to
long-distance dynamics encoded in yPT and can be monitored during the Monte Carlo
evaluation of the path integral in lattice simulations. The study of topological observables
is thus able to provide additional information on the pattern of chiral symmetry breaking
(see ref. [8] and references therein).

In a previous article [9], we have discussed the potentiality of the variance of the topo-
logical charge, also called topological susceptibility and measured in lattice simulations,
to determine the pattern of chiral symmetry breaking. We have used data available from
the RBC and UKQCD collaborations (in combination with information on the spectrum
of light pseudoscalar mesons) in order to constrain this pattern. We have shown that for
simulations close to the physical point, the topological susceptibility only probes the quark
condensate in the chiral limit of two massless flavours (m,,, mqg — 0, mg kept at its physical
value), but not the condensate in the three-flavour chiral limit (m,,, mg, ms — 0). Indeed,
in ref. [9], the pattern of three-flavour chiral symmetry breaking was mainly constrained
by the spectrum of light pseudoscalar mesons, while the topological susceptibility played
only a minor part in the analysis. The two-flavour condensate has been measured through
77 rescattering in various low-energy processes, such as Kpy [10-16] and K — 37 de-
cays [17-21]. But this condensate can be significantly higher than the three-flavour quark
condensate in the presence of large contributions from sea-quark ss pairs to the chiral
structure of QCD vacuum [22], a scenario supported by several phenomenological analyses
(mK scattering [23, 24], scalar form factors [25-28], lattice data [9, 29]).

In the present work, we will investigate a slightly more sophisticated topological ob-
servable, namely the fourth cumulant ¢4 of the gluonic winding number. This quantity
can be measured on the lattice [8, 30-34], and we will see that it does not suffer from the
same shortcomings as the topological susceptibility to determine the three-flavour chiral
condensate for simulations close to the physical point. In a similar way to the topological
susceptibility [9, 35, 36], the fourth cumulant ¢4 can be computed at NLO in xPT, and
this will be the focus of the present article. We will compute the fourth cumulant ¢4 in two
different ways. In section 2, we will determine it by considering the effective potential for
constant sources and obtaining its dependence on the vacuum angle 6, similarly to ref. [35].
In section 3, we will express ¢4 as the 4-point correlator of the winding number density
w at vanishing incoming momenta, and analyse the correlator at one loop in yPT using
Feynman diagrams, so that we can single out the role of the n propagation. In section 4,
we analyse briefly the potentiality of the fourth cumulant to extract the pattern of three-
flavour chiral symmetry breaking from lattice simulations close to the physical point, with
a much greater sensitivity than the topological susceptibility. We will also focus on the



expansion in two-flavour xYPT, before drawing a few conclusions. Two appendices describe
details of the computation using Feynman diagrams, as well as the reexpression of NLO
low-energy constants in terms of physical quantities.

2 Derivation through the effective potential

2.1 Distribution of the topological charge

Let us first define these two quantities related to topological aspects of QCD [6, 8, 37]. The
partition function of QCD in a #-vacuum with a given quark-mass matrix M is defined as

Z(M,0) =Y e 7Zo(M), (2.1)
Q

where Zg is the partition function for a fixed topological sector, with a fixed winding
number (or topological charge) ), which is an integer in presence of fermion fields in the
fundamental representation. If we work in a finite volume V' with an Euclidean metric, we
can define the vacuum energy density as

1
€vac(M,0) = v log Z(M,0), (2.2)
and its second and fourth cumulants
526UQC(M, 0) (5461),10(M7 0)
_ ! = __vacv o7/ . 2.
36° A 56 6=0 23

Both quantities can be interpreted as quantities describing the distribution of the topolog-

ical charge @

_ (@) _ (@Y = 3(Q%)s=
x=" a=- e 0. (2.4)

X, related to the variance of the distribution, is the topological susceptibility and has been

studied in detail in refs. [6, 9, 35, 36]. ¢4 measures the kurtosis of the distribution, i.e., its
more or less peaked nature (a Gaussian distribution has a vanishing kurtosis). Both quanti-
ties can be defined non-ambiguously in terms of Green functions of scalar and pseudoscalar
densities at vanishing momentum, so that they are renormalisation-group invariant [38].

For large volume and small quark masses, the partition function is dominated by the
lightest states of the theory, i.e., the pseudoscalar Goldstone bosons, and can thus be
analysed in terms of Chiral Perturbation Theory. As we deal only with constant source
terms (quark masses and vacuum angle), we can focus on modes with vanishing momentum,
i.e. the matrix U collecting Goldstone bosons become independent of x

Z(M,0) = / (U] exp[—V L(U, M, 0)] = exp[—-VW(M, 0)], (2.5)

where L is the xyPT Lagrangian (which can be considered for U constant) and W is the
(Euclidean) effective potential. As shown in ref. [39], the effective theory of QCD in a
finite volume with periodic boundary conditions amounts to the same Lagrangian as in the
infinite volume. The properties of this partition function have been extensively studied in
refs. [6, 40], and in particular the distribution of the winding number @ according to the
leading-order (LO) chiral Lagrangian.



2.2 Structure of the one-loop generating functional

We can follow the arguments of ref. [35] to derive the expression of ¢4 in an elegant way using
the effective potential of the theory eq. (2.5). The latter can be obtained from the founding
work of xPT, ref [2], where one can find the one-loop generating functional Z up to O(®*)
in the Minkowskian metric, with the following counting of the sources a, ~ p = O(®) and
v, ~ s — M = O(®?), but in the absence of a source term for the vacuum angle. This is
however sufficient for our purposes, as a constant source term # can be introduced in the
effective potential via an anomalous Uy (1) rotation which leaves invariant the generating
functional

Z(s+ip = so+ipo, 0 = 0) = Z((so + ipo)e®/N,0), (2.6)

as discussed in detail in ref. [2]. The generating functional has been extended later for an
arbitrary number of light flavours N in refs. [41, 42], and will be used here to determine
the contribution of order O(#*) in the effective potential. We set the sources

vy =a, =0,(s+ip) = MV | M = diag(mi,...mn). (2.7)

It is easy to determine the classical solution to the LO equation of motion under the form

U = (eml e eiO‘N) s Z O(j = 0, (28)
J

which should minimise the LO Lagrangian

ﬁl = FK;BNij COS(¢J‘) N (2.9)

J
with ¢; = /N — a; with the condition Zj ¢; = 0 to be fulfilled.! This Lagrangian in-
volves the pseudoscalar decay constant Fyy and the chiral condensate ¥(N) = —F% By in
the chiral limit of N massless flavours.?

Using a Lagrange parameter, we can determine the minimum as an expansion in powers

of 6 [35]
> =\ 3 5 73 3
m m m\ m> |0
R ) =) 2 o8P 2.11
i m; + <mz> (mz> mBl| 6 +0(07), ( )
where we have introduced the notation for the various sums and harmonic means
1
mlk = T siFl = Zm?, m = ml, s= st (2.12)

i0/N

'For simplicity, we have chosen to apply the same phase e on each of the quark masses in eq. (2.7),

but we could have chosen any redefinition of the form

v, = a, =0, (s + ip) = diag(mie™?, .. .mye™N?) sz =1. (2.10)
i

The rest of the demonstration is unchanged, provided that one adapts the definition of ¢; = w;f — ;.
In particular, one notices that the effective potential is only defined in terms of ¢; (and not 6 and «;
separately), so that our results for the topological susceptibility and the fourth cumulant are independent
of the choice of weights w;, as expected.

2Fyx and By would be denoted Fy and By in the case of N = 3 xPT [2], and F and B in the case of
N =2 xPT respectively [1].



We can then plug this expression into the one-loop generating functional Z evaluated
at the point eq. (2.7). The partition function gets contributions from two different terms
Z; and Z,,, collecting tadpoles and unitarity contributions respectively [2, 42] (there is no
contribution from the anomalous part Z4)

o2 o2

2
N 2 MP MP X 2
Z/V —>ZP: mFN—m10g7 opp+16By Ly (1) Zj:mj cos ¢j| (2-13)

2

—1GB?VL§;N(M) Z mjsing; | + 8B12VL§;N(/A) Z m? cos2¢; ,
J J

1 T
Zy ]V — 1 Z/dw JPQ(JJ)U]’SQUZ‘?P, (2.14)
PQ
with

) ) o2
¥ = %HTP, T HubMue™ /N 4ot Mute®’N)) —§pg N pm %QTP, T)}4), (2.15)
w= (/2 /2y A= (mi(cosdi —1),...my(cosdy —1)). (2.16)

02
The diagonalisation of the mass term in the LO equation of motion defines M p, the leading-

order contribution to the masses of the N? — 1 pseudoscalar mesons,®> and Tp, the linear
combinations of the generators of the SU(V) flavour group (corresponding to Gell-Mann
matrices for N = 3). J" corresponds to the one-loop scalar integral with two mesons
P and Q, and Lg, L7, Lg denote Low-Energy Constants (LECs) renormalised at the scale
1, entering the NLO chiral Lagrangian Lo expressed in the basis of operators detailed in
ref. [2] for N = 3 xPT (the same basis holds for an arbitrary number of flavours, up to the
introduction of an additional LEC Ly that does not enter the present computation [41, 42]).
Using eq. (2.11), we have the expansion of the trigonometric functions

6?2 mt o

Ccos b = s — v 6

zj:m]cos@—s m +m[3]24+0(9), (2.18)

, _ m* 63 6

J

2 m°
> micos2¢; = s —2Nm?0% + N——-0* + 0(6°), (2.20)

—J 3" mll

J

as well as the expansion of oX

. _ By ; m\>60? (m\*| m® m\*| 6* 6
Fo="5 ;{TP,TQ}iim,- !— <m> - + (m> [4771[3] -3 <m> 5 HOE)|
(2.21)
3For N =3 xPT, one has
Mo=2mBy,  Mx=(m+m)Bo, M= §(2ms +m)Bo. (2.17)



and the scalar integral at vanishing transfer momentum

° 2 02 02
1 Mp log MQ log
/dw JITDQ(x) = —2kpg = ~16.2 . 2 2 , (2.22)
Mp — Mg

so that all the elements in Z; and Z, are simple functions of the quark masses and the
chiral LECs.

2.3 NLO expression of the topological susceptibility and the fourth cumulant

We are now in a position to determine the one-loop expression of the first two cumulants
of the winding number. At the order O(6?), needed for the topological susceptibility ¥,
one has the following contribution

o 2 02
62 _ M M p m?
Zt/V — 5 — 2 r P {TPa p}u (2'23)
_32B]2VLE;N(:U’)ST7L_32B]2VL1%;N(:U’)N2WL2 _32312VL§,N(M)Nm2 )
ZuJV =0, (2.24)

Using the summation formula

4(N% -1
Y ATe, ThYy = %5@ ; (2.25)
P

the expression of the topological susceptibility at one loop given in refs. [9, 35, 36] is
recovered in a straightforward way

02 02
M M p m?
X = ByFiin — By Z P log MP {Tp, Th}a
+3QBNL6;N(N)Sm +32BYN[NLE v (1) + Ly ()] (2.26)

Let us notice that ref. [35] obtained this result by determining the classical solution
eq. (2.11) corresponding to the minimum of the chiral Lagrangian up to next-to-leading
order L1+ Lo. This is actually an unnecessary complication, since the expression of the one-
loop effective potential given in ref. [2] is precisely designed to require the classical solution
from the leading-order Lagrangian only. Indeed we recover the expression NLO of the topo-
logical susceptibility without being forced to perform the elaborate minimisation of ref. [35].
In the isospin limit m = m,, = my for N = 3 flavours, one has [9, 35, 36]*
BoFgmms  32mmsBELE (1) (2m +ms)  96m>*m2B2[3L7 + L(1)]

s\H
_ 2.27
m -+ 2ms + m -+ 2ms + (m + 2my)? (2.27)

no pole

4The explanation of the superscript “no pole” is given in ref. [9] and will become clear in the following.



o2 o2

3B3m*m? M, mmsBi(m+mg)? Mg
T2 2 08— 5 2 3 log—3
8m2(m + 2my) ] 82 (m + 2my) i
o2
_mmng(2m + ms) M,

7272 (m + 2my) ©8 w2

+ Xno poledio pole

)

where d,’ Pole ig 4 remainder collecting higher-order (HO) contributions, which starts at
O(m2).
q
At the order O(#*), the one-loop generating functional reads
Z)V GB - B MPlMPTTT 4—3 LAY 2.2
t/ — N NZ g { P P}’Ll [3] 3 . ( . 8)
32B% L ST 3im2) $198B2 L () N2 128 B2 LE ()N -1
+32B L. v (1) er m” |+ ~L7N (1) er ~Lg N (1) el |
0* 3B% _ 1 1
ZuJV — _QTNWZ’CPQ (Z{Tp,Té}iim> (Z{TQ,T},}jjm) , (2.29)
PQ i v j 7

which yields the one-loop expression of the fourth cumulant

o 2 o 2
M Mp m? |, m\?
5

sm4
~32B3 L (1) (mm + 3m2> 12BNV LS (1) + Ly ()]

+—m4ZkPQ (Z{TP, CEM;@@) Z{TQ,T};}jjwllj

J

To our knowledge, eq. (2.30) is the first NLO computation of the fourth cumulant
in yPT. Let us add that this formula agrees with the leading-order result presented in
ref. [35]. Egs. (2.26) and (2.30) could be used in principle to derive the expression of y
and ¢4 for an arbitrary number of flavours IN. However, one should emphasise that the
notation and definitions of the LECs in these equations are derived from the basis used in
the three-flavour case that will be our main focus. In section 5, we will discuss how these
formulae must be rewritten to match the usual definition of the LECs in the case of N = 2
xPT built around the two-flavour chiral limit m, = mg = 0, involving only soft pions as
dynamical degrees of freedom [1].

In the case of three flavours, it is straightforward to check that our NLO expression
for ¢4 is indeed scale independent, even in the presence of strong isospin breaking. In the
isospin limit m = m, = myg, one can find easily the expression for ¢4

no pole  BoFgmmg(m®+2m?)  64Bgmm L (1) (m*+2mPmg+6m?m?2+8mm3+m?)

=— - ‘ 2 (231
“ (m + 2m)* (m + 2m,)* 231

o2
384B3m*m?2(3Ly7 + L§(p)) (m® + 2m?) N 3m*m?2B3 (m? + 2m?) M,

(m + 2my)® 272(m + 2my)® 8 w2




o2
mmsB3 (m? + 9mm? + 2m3) (m + m)? loe MK
0g

812 (m + 2my)® w2

o2
Bmm, (m+2mPmo G +8mmy+m.) | M,  B3m*m?2 (13m*+22mm,+37m?)
og 1
3672 (m 4 2myg)* & w2 2472 (m + 2myg)*

+ 4o poledno pole

)

no pole i¢  remainder collecting HO contributions, starting at O(m2).

where d,

The above formula features chiral logarithms of different origins. Some of them come
from tadpole contributions (Z;), whereas others stem from the loop function Jp¢ taken at
vanishing momentum transfer as indicated in eq. (2.22) (Z,). At this order, one could in
principle redefine the argument of (some of) the logarithms in order to have physical masses
instead of leading order masses. This change would not affect the remainder of the NLO
expansion, apart from a redefinition of HO remainders. Following the discussion in refs. [24,
29, 43]), we will consider either the above prescription where all the logarithms have LO
masses as their arguments, or the one where we take physical masses for the unitary loga-

rithms but LO ones for the tadpole logarithms.® If we perform this separation, we obtain

no pole __ BoFgmmy(m® 4 2m3)  384Bfm>mZ[3Ly + Li(p)] (m® + 2m3)

— LA g 2.32
“ (m + 2my)* (m + 2my)° (2:32)
64B3 L (p)mms (m* + 2m3mg + 6m?m? 4+ 8mm?2 + m3)
(m + 2m)*

Bim?m? (13m? + 22mm, + 37Tm2) . M 3Bim*m?2 (4m® — 3mm?2 + 2m})
2472 (m + 2m)? © 2 8m2(m + 2my)°
o2
ol M ¢ Bimmg(m + mg)? (m? — 3m*mg + 3mm?2 + 2m3)
°8 ;ﬂ 8m2(m + 2my)°

) M Bimm, (2m* — 8mPmg + 13mm? + 2m3)
el 7272 (m + 2m,)
M2 9B2m?*m? M2 3B3m?m?2(m + ms)?
2 82 7 tlog—3 2 1
8m2(m + 2my) 1 8m2(m + 2my)
M2 B2m2m?2(2m + my)?
2472 (m + 2mg)*

+ log

+log 3 + c® Polod,, o pele

It is obvious that the HO remainder de, Pol® has absorbed the redefinition of the argument
of the logarithms. In the following section, we will show the computation for ¢4 using Feyn-
man diagrams and performing this distinction, keeping in mind that we can always revert

5This choice is made to meet two different criteria. First, we want to avoid redefinitions which are
not motivated by physical arguments, which invites us to keep LO masses as the argument of the tadpole
logarithms, as we have no intuition on how these logarithms will be affected by higher and higher-order con-
tributions in the chiral expansion. Second, as illustrated in refs. [29, 43], the unitarity logarithms eq. (2.22)
arise in the momentum dependence of form factors and scattering amplitudes of pseudoscalar mesons and

02
will induce unphysical divergences in the case of a vanishing quark condensate where M p— 0, supporting
a reexpression of the arguments of the unitary logarithms in eq. (2.22) in terms of physical masses.



to the prescription in eq. (2.31) by setting LO masses in the argument of all the logarithms.
For both prescriptions eqs. (2.31) and (2.32), we see that ¢4 vanishes in the limit where
m = 0 or mg = 0. This is expected since the effective potential becomes independent of
in the limit where at least one of the quark masses vanishes, as the vacuum angle can be
rotated away through an anomalous Uy (1) rotation (see refs. [9, 35] and references therein
for a more detailed discussion).

3 Analysis in terms of Feynman diagrams

3.1 Combinatorics

It is also possible to derive the value of ¢4 using the formalism of Feynman diagrams in
N =3 xPT. It is obviously completely equivalent to the previous approach in terms of the
one-loop generating functional, but it allows one to separate the contributions coming from
the propagation of mesons. Computing the fourth derivative of the generating functional
with respect to 6, we obtain

1oL S3L6L AN AN ZIACENEIAS
_ d iL |0 L g0 2oL o L (O oL oL
0=0 /[ Ule™ |59t — 565 50 3(592> 61<592)<5e> +<5e> L

=0
with L = [ L. At leading order, only the LO chiral Lagrangian £; is needed, and more

7
504

(3.1)

precisely, as all incoming momenta vanish, the mass term with Me/N | see eq. (2.9). The
five tree diagrams generated are indicated in figure 1, in the same order as the derivatives
in eq. (3.1) — the third term in eq. (3.1) cannot yield any contribution to c4 at tree level,
whereas the fifth term yields both diagrams 4 and 5. In figure 1, the number inside each
circle indicates the number of derivatives with respect to 6 applied to £; to obtain the cor-
responding #-induced vertex, whereas the four-leg central vertex in diagram 5 is obtained
directly from £; (taking the term proportional to By, which has no derivatives).

It is easy to compute these diagrams, with the respective contributions in the isospin
limit

1 8 (m—ms)® 4 (m—msg)?

(2m + ms) + — — (3.2)

no pole 12

81 81 m + 2my Y m + 2mg
n 8 (m—4my)(m—my)? 2 (m—mg)*(m-+8my) __BoFgmms(m3+2m‘;’) +O(m?)
81  (m+2myg)3 81 81(m+2mg)* | (m + 2myg)* v

adding up, as expected, to the LO result obtained in the previous section. In these dia-
grams, the meson lines are always coupled to at least one #-induced source coming from a
single derivative with respect to the vacuum angle (represented by a circle containing “1”)

6Ly FEBy

= =3 (M®) + O(d?), (3.3)

where U = exp(i®). In the isospin limit, one can see that the lines involving a single meson
emitted from such a #-induced vertex can correspond only to the propagation of an n meson



s o

1 2 3

Figure 1. Tree diagrams contributing to c¢4. The #-induced vertices are denoted by circles contain-
ing the number of derivatives with respect to 6 applied to the mass term from the LO Lagrangian
in order to obtain the corresponding vertex.

(there would be an additional 7¥ contribution out of the isospin limit). This explains the

presence of denominators with up to four powers of ]\04,7: 2(2ms +m)/3 in eq. (3.2).

Moving to next-to-leading order, we can dress the tree diagrams by a) inserting a ver-
tex from the NLO Lagrangian L9 inside one of the propagators, b) replacing a #-induced
vertex from £y by its counterpart from Lo, ¢) adding a loop to one of the #-induced ver-
tices from L1, d) adding a vertex from £; to build a loop either as a rescattering diagram
or a tadpole on one of the propagators. These operations are illustrated in the case of
diagram 5 in figure 2, and the equivalent one-loop diagrams for diagrams 1-4 can be ob-
tained straightforwardly. The number inside each circle (respectively square) indicates the
number of derivatives with respect to 6 applied to £y (respectively L2) to obtain the cor-
responding #-induced vertex. In addition to dressing the diagrams in figure 1, one can
also take more legs out of the #-induced vertices from £; and draw new diagrams, given in
figure 3. Simple parity arguments show that #-induced vertices containing an even (odd)
number must have an even (odd) number of propagators attached to them. We provide the
contributions of the different diagrams in appendix A, and one can check explicitly that
the sum of all these diagrams yields eq. (2.32) as expected.

3.2 Isolating the n propagator

According to the previous analysis, the powers of (m+2my) in the denominator of eq. (2.32)
are related to the propagation of 17 mesons with vanishing momentum, which are the only
states coupling to the #-induced vertices in the isospin limit. Since we used NLO yPT, it

02
is normal that the mass involved in the n-propagator is the LO value M, = 2(2m; +m)/3.
For instance, the LO expression for ¢4 eq. (3.2) should be understood as:

1 1632F2(m—m )2 16B2(m—m )2(m+2m )

_ 1o 040 s)_ 0 5 & A4
4 510 0(2m +ms) + 24302 243M,} (34
+64361F02(m — 4myg)(m — m5)3 B 32B5’Fg(m — ms)4(m + 8my) + O(mg) )

2187MJ 65610

However, if we go to higher and higher orders in Chiral Perturbation Theory, there would be
tadpole and counterterm contributions to the propagator which would shift the propagator
masses from LO to physical value. This is already the case with some of the contributions

,10,



Figure 2. Scattering diagrams contributing to ¢4 at one loop and obtained by dressing the tree
diagram 5, either by adding a tadpole loop (first two lines) or by replacing a LO vertex by its
NLO counterpart (denoted by a square). The #-induced vertices are denoted by circles (squares
respectively) containing the number of derivatives with respect to 6 applied to the mass term from
the LO (NLO respectively) Lagrangian in order to obtain the corresponding vertex.

in diagrams 1-5, which arise when one inserts a tadpole or a NLO LEC in one propagator.
These “double-propagator” contributions should actually be reabsorbed inside the mass of

the n propagator to shift its pole from ]\043] to Mg

This problem is all the more acute if we do not assume that three-flavour chiral sym-
metry breaking is triggered by large values of the chiral condensate and the pseudoscalar
decay constant, but exhibits a more complicated (and interesting) pattern. In this case,
the LO contribution to the 1 mass might be significantly different from its physical value,
due to large contributions from NLO terms in its chiral expansion. In view of the large

2

o

powers of Af, or Mg involved (up to the fourth order for diagram 5), this distinction
might be quite important, and suggests that one should identify the contributions due to 7
propagation in the previous computation and replace the LO 1 mass by its physical value.
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Figure 3. Additional diagrams contributing to ¢4 at one loop and not derived by dressing tree
diagrams.

This point of view is in agreement with the philosophy of Resummed Chiral Perturbation
Theory [9, 22, 24, 27-29, 43-45], which is built to accommodate such patterns of chiral
symmetry breaking and where physically-motivated redefinitions of the chiral expansions
are performed in order to limit the size of higher-order remainders.

In the present case, it is quite straightforward for each diagram to identify the NLO
contributions that should be absorbed in the shift since the structure of the n mass up to
NLO is well known [2]. This yields the following expressions for the different diagrams,
which should be summed together to obtain the NLO expression of ¢4 with a physical n
propagator.
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Let us denote C'(m, ms) the sum of all these diagrams. One could naively think that C'
is the NLO expression for ¢4 once the propagators are reexpressed in terms of the physical

1 mass, so that we just have to introduce a HO remainder d2”' of the form

O = C 4 farete. (3.15)

However, like in the case of the topological susceptibility x [9], one notices that C does
not vanish in the limit m — 0 and/or ms — 0, contrary to the expectation that cffOle — 0
then, since the effective potential becomes independent of # in these limits. This definition

of dgf 1 hust thus exhibit a divergent contribution in these chiral limits, so that cidedgf le

can compensate the non-vanishing value of C to fulfill cZOIe — 0.
Such a behaviour of d&, ° is not very satisfying, as we would like HO remainders to
become smaller and smaller in the limits of vanishing quark masses. This can be resolved

by defining the remainder as
& (m, mg) = C(m,my) — C(m,0) — C(0,my) + P . (3.16)

This corresponds formally to a redefinition of the HO remainder, but has the important
consequence that d2°'® has no divergences and should remain small when approaching in
the two massless limits. This remainder can thus be approximated by a polynomial, and
in the physical setting where m; is much larger than m, we expect d2°'° = O(m?).

The difference between the two expressions egs. (2.32) and (3.16) corresponds to a
reshuffling between the sum of LO and NLO contributions and HO remainders. Since we
hope to achieve a formulation with small HO remainders, the numerical differences between
these expressions may become important to extract information on the pattern of N = 3
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chiral symmetry breaking from precise lattice values of ¢4.% For the moment, since no such
precise determinations of ¢4 are available, we will not pursue the comparison further, and
we will restrict our discussion to eq. (2.31), bearing in mind that similar comments should
certainly hold for the other formulations egs. (2.32) and (3.16).

4 The cumulants of the topological charge and the pattern of chiral
symmetry breaking
4.1 Expected sensitivity to the three-flavour chiral condensate

We are now in a position to discuss the sensitivity of the cumulants of the topological charge
to the pattern of chiral symmetry breaking in the limit of three massless quarks. We see
that the topological susceptibility eq. (2.26) involves the three-flavour quark condensate

¥(3)=—  lim (0lau|0) = FZBy, (4.1)

Mo, Mg,ms—0

together with the Zweig-rule violating NLO LEC Lg in the combination [9]
X ¢ F¢By + 32B2L;s, (4.2)

where s = m,, + mg + ms. As discussed in refs. [22], for physical quark masses, this
combination is actually very close to the quark condensate defined in the two-flavour chiral
limit m,,, mqg — 0, but ms kept at its physical value

msBo
32

mng msByo mng .
J— 0 —_— PR
1672 8 2 7on2
(4.3)

where the ellipses denote HO contributions starting at O(m?). For simulations close to the

4
%(2)=- lim_(0faul0) = F2Bo+32ms B2 L (11) log

Moy, Mg —>

physical case where m is much smaller than mg, the topological susceptibility essentially
probes the two-flavour quark condensate (as the two quantities differ only by a contribution
suppressed by a factor m/my), and consequently, x is not a very sensitive probe of the
three-flavour quark condensate (defined in the corresponding chiral limit m,,, mg4, ms — 0),
contrary to what is often asserted. Indeed, these two condensates can be significantly dif-
ferent in the case of large contributions from sea-quark ss pairs (encoded in the Zweig-rule
violating LEC Lg), as first discussed in ref. [22], and supported by several analyses (7K
scattering [23, 24], scalar form factors [25-28], lattice data [9, 29]). Therefore, a determina-
tion of “the” quark condensate from the topological susceptibility for lattice quark masses
close to the physical ones can only be interpreted as a confirmation of our current knowl-
edge on the pattern of N = 2 chiral symmetry breaking probed experimentally through
7 (re)scattering and through lattice simulations of the spectrum of pseudoscalar mesons.
But this does not shed much light on the pattern of N = 3 chiral symmetry breaking, and
in particular on the size of the three-flavour condensate.

SLet us mention that in the simpler case of the topological susceptibility, the two formulations yield very
comparable results in practice, as shown in ref. [9].
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This feature can be seen most easily once the topological susceptibility is expressed in
the framework of Resummed Chiral Perturbation Theory (RexPT) [9, 22, 24, 2729, 43—
45]. Such a framework has been designed to cope with the fact that three flavor chiral
series are not necessarily saturated by their leading-order term. Indeed if there are large
contributions from sea-quark ss pairs and a suppression of the three-flavour condensate, a
numerical competition between leading and next-to-leading orders will occur. In this case
an arbitrary function of pseudoscalar observables will not necessarily have a well-convergent
series and one should not truncate chiral series by neglecting higher-order contributions.

In that framework the topological susceptibility for physical quark masses is given by

no p.ole _ F7%M7% r _ (7T+2)6(T)
physical 2 2r+1 2r(2r+1)

r 3F; My —AFf M+ F2M?
(r—1)2(r+2) F2M2

9
2

(4.4)
where €(r) is a simple function of r = mg/m defined in eq. (B.5), and the ellipsis denotes
higher-order remainders starting at next-to-next-to-leading order (see ref. [9] for a more
extensive discussion of the topological susceptibility).” It is clear from this expression that
X is essentially sensitive to r, but exhibits no sensitivity to ¥(3). This is related to the
fact, shown in ref. [22], that the three-flavour chiral expansion of F2M?2 yields a strong
correlation between the two-flavour condensate and r.

If determining the three-flavour condensate from the topological susceptibility around
the physical point seems very diffcult, the situation becomes more promising when turning
to the fourth cumulant ¢4, which involves Lg in two different combinations

= (3
cy < F§By +32B3 Lis —QGBSLEW;L[; : (4.5)
For simulations close to the physical quark mass hierarchy, the first term corresponds to
the two-flavour condensate (like for the topological susceptibility), but the second term
opens the possibility to disentangle Ly and X(3) by considering the dependence of ¢4 on
the light-quark mass m. Therefore, contrary to the topological susceptibility y, the fourth
cumulant ¢4 may provide a direct probe of the pattern of three-flavour chiral symmetry
breaking even for simulations close to the physical case.

Before turning to the numerical analysis of lattice settings close to the physical quark
mass hierarchy, let us emphasise that simulations with degenerate quarks could be much
more interesting to extract the three-flavour condensate from topological quantities. In-
deed, in the limit where the N quarks in eqs. (2.26) and (2.30) are degenerate with mass
m (leading to pseudoscalar mesons with a common physical mass M), the following com-

bination

N2 no pole 3m2F]%/'BN ]V2 —1 3m2B]2V N2 —1 37?123]2\, QmBN
N B .
L4 TN N2 3272 NZ 3272 B2

+0(m?),
(4.6)

Xno pole+

"We take this opportunity to point out that eq. (26) in ref. [9] should be written with a factor 16 (rather
than 4) in front of the term with /ig and ﬁg, so that the last two terms in this equation cancel and yield
eq. (4.4).
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does not involve NLO LECs, and is particularly suited to determine the quark conden-
sate X(N) = F ]%,B n in the chiral limit of N massless flavours from simulations with N
degenerate light quarks.

4.2 Numerical analysis

Several lattice computations of the (normalised) fourth cumulant have been performed in
pure gauge theory for different number of colours [30-32]. Even though their values for 3
colours are rather close to those that we will obtain in the following, they cannot be used to
investigate the role of strange sea-quark pairs in chiral symmetry breaking (see ref. [8] for
more details and references on these simulations). There exist also computations with 2 and
(2+1) dynamical fermions from the TWQCD collaboration [33, 34], whose central values are
in the same ball park as our results, but with so large uncertainties that any practical com-
parison with our figures is meaningless at the current stage. These computations are there-
fore at an earlier stage than the well-studied case of the topological susceptibility [8, 46-56].

Our analysis will thus be limited to a proof of principle that the fourth cumulant ¢4 is
indeed an interesting probe of the pattern of three-flavour chiral symmetry breaking. We
consider eq. (2.32) in the case of lattice simulations with (2+1) dynamical quarks of masses
m and mg measured as

M m

pP=— q=—=": (4.7)

ms ms

We introduce the parameters involved in the LO chiral Lagrangian

_2mX(3)

F%(3) ms
X =Tz - -

= — 4.
Fz ) r m7 ( 8)

Z(3)

One can also introduce the ratio of order parameters

_ X(3)  2mBy
®=26) " 2

(4.9)

X (3), Y(3) and Z(3) indicate the saturation of the three-flavour chiral expansions of F2 M2,
M? and F2 by their leading-order contribution respectively. As indicated before, there
are several indications that X (3) and Z(3) are not particularly close to 1, and that the
three-flavour chiral expansions of pseudoscalar masses and decay constants experience a
numerical competition between leading and next-to-leading orders.

Denoting X an observable measured on the lattice, and X the same observable at the
physical point, we obtain for the fourth cumulant on the lattice

1o pole _  FEMZpq(¢® +2)rX(3) N MEp*q?((13¢2 + 22¢ + 37)r°Y (3)°

_ 4.10
4 2(q +2)* 9672(q + 2)* (4.10)
1615 (1) M2p%q (¢4 +2¢° +64%+8¢+1) 7Y (3)°  96(3L7+ L3 (n)) M2p?*® (¢ +2) 2V (3)?
(g +2)* (q+2)°

IMAp2q2r2Y (3)? | M2 N 3MEp*q® (4¢° — 3¢ +2) r?Y (3)° : M2
32r2(q+2)% 2 3212(q + 2)5 e
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Figure 4. ¢, (in units of 10* GeV?) as a function of X (3) and Y(3) for p = 1,r = 1/q = 25, and
all HO remainders set to zero.
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In Resummed xPT [24, 29, 45], 57778(;1) are replaced by their expressions derived from
the chiral expansion of observables expected to have good convergence properties (FJQD and
FAM?% with P = m, K,n). The corresponding formulae were given in refs [9, 29] and are
recalled in App B. Jc4 is the HO remainder which is set to zero in the present analysis (it is
expected to be of order O(1?2) and thus with the scaling d., ~ p?d,, for simulations where

q = m/ms is small).

The lattice counterpart of eq. (2.31) can be obtained by replacing all masses in the

logarithms by their LO values denoted as M1237 yielding

_F2M2pq (¢* +2)rX(3) N M2p2q2((13¢2 + 22q + 37)r2Y (3)?

~no pole 4.11

“ 2(q +2)* 9672(q + 2)* (4.11)

1615 (1) Mip*a (g +2¢° +6¢°+8¢+1)r?Y (3)°  96(3L7+ Ly (1) M7p*e*(¢°+2)r°Y (3)*
(¢+2)* (q+2)°
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Figure 5. ¢4 as a function of ¢ = m/m, for p =1 (left panel) and as a function of p = ms/m; for
g = 0.15 (right panel). Light (green), dark (blue) and black curves correspond to X (3) = 0.2,0.5,0.8
respectively, whereas solid and dashed curves correspond to Y (3) = 0.9 and 0.2 respectively. We
take 7 = 25 and all HO remainders are set to zero.
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Figure 6. x (left panel) and by = ¢4/(12x) (right panel) as a function of ¢ = m/m forp = 1,r = 25.

Light (green), dark (blue) and black curves correspond to X (3) = 0.2,0.5,0.8 respectively, whereas

solid and dashed curves correspond to Y (3) = 0.9 and 0.2 respectively. All HO remainders are set
to zero.
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We will use eq. (4.11) to determine the potentiality of the fourth cumulant ¢4 to extract
the three-flavour quark condensate from simulations performed with a mass hierarchy simi-
lar to the physical situation (for this first numerical investigation, we use M, = 139.6 MeV,
Mg = 495.7TMeV, M, = 547.8MeV, Fr = 92.2MeV, Fg/F; = 1.18). All higher-order
(HO) remainders are set to zero.

We first consider the physical case where p = 1,¢ = 1/r, and in figure 4, we show the
dependence of ¢4 on X(3) and Y (3) assuming r» = 25. We see a noticeable sensitivity to
X (3) and a weak sensitivity to Y(3), as expected from the discussion in section 4. Let us
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Figure 7. Order-by-order contributions to x (left panel) and ¢4 (right panel) as a function of X (3)
in the case p = 1, = 0.15,7 = 25. Light (green), dark (blue) and black curves correspond to
LO contributions, NLO ones and their sum respectively. Solid and dashed curves correspond to
Y (3) = 0.9 and 0.2 respectively (they are identical for the LO contribution which depends on X (3)
and quark masses only). All HO remainders are set to zero.

move from the physical case to consider simulations with a near physical strange quark mass
and light quark masses larger than the physical one (i.e., p close to 1 and ¢ > 1/r). The
variation of ¢4 with respect to p and ¢, X (3) and Y (3) is shown in figure 5. The slope of the
curve is very dependent on X (3), and more weakly on Y (3), and the dependence of ¢4 on the
light-quark mass m provides an efficient probe of the three-flavour quark condensate X (3).
As indicated in the qualitative discussion of the previous section, the topological sus-
ceptibility y has a much weaker sensitivity to X (3), which arises only for values of ¢ closer to
1, i.e., light quark masses away from the physical situation. Therefore, a meaningful extrac-
tion of the three-flavour quark condensate is possible only for unphysical quark mass hierar-
chies. This can be seen from the left-hand side of figure 6 (we plot here eq. (2.27), obtained
without singling out the n-pole and denoted x™° P° in ref. [9]). The relative sensitivities of
x and ¢4 on the three-flavour quark condensate have however to be balanced with the accu-
racy that can be expected from lattice simulations. As discussed for instance in ref. [49], the
fourth cumulant is much more challenging to determine through lattice simulations than the
topological susceptibility, due to the higher order of the correlator making the extraction of
the signal quite difficult. In the coming years, it appears thus likely that the measurement of
both quantities will provide only limited information on the three-flavour quark condensate.
We also display the normalised fourth cumulant by = ¢4/(12x) on the right hand-side
of figure 6, which exhibits the same appealing sensitivity to the three-flavour quark con-
densate as ¢y. We notice that its dependence on the simulated light quark mass is modified
compared to the LO result [35]
2+ ¢ 1 q

=——+ - +0(¢%, (4.12)

R
HOT T 202+ 48 32

both for the value at the origin and the slope when the quark condensate does not satu-
rate the thee-flavour expansions of quark masses. Different patterns of three-flavour chiral
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symmetry breaking, and in particular, different values of the three-flavour quark conden-
sate, can modify the dependence of this cumulant on the simulated light quark mass in a
striking way.

In figure 7, we indicate the LO and NLO contributions to x and ¢4 for a simulation
with p = 1,¢ = 0.15 and r = 1/q. A significant cancellation of the two contributions in
the case of ¢4, emphasising the need to perform the analysis of this quantity in xPT up
to one loop, whatever the pattern of chiral symmetry breaking. Moreover, this partial
cancellation does not prevent the sum of LO and NLO contributions for ¢4 to exhibit a
strong dependence on X (3), contrary to the topological susceptibility x which again shows
a very limited sensitivity to X (3) (as expected since ¢ = m/ms is small).

Finally, we illustrate typical values for the fourth cumulant ¢4 and by for current lattice
simulations. We consider the update of fit B5 from ref. [9], corresponding to the analysis of
the spectrum of light pseudoscalar mesons and the topological susceptibility from the RBC
and UKQCD collaborations [57] within the framework of Resummed xPT [24, 29, 45]. We
update this analysis by including the new Iwasaki DSDR data set presented in ref. [58].8
This analysis leads to the values gathered in table 1, with a very good minimum y? at 22.2
for 19 parameters and 39 points, corresponding to 1.1 ¢ if all uncertainties are interpreted
as Gaussian. The values of the quark condensate and the pseudoscalar decay constant in
the three-flavour chiral limit are similar to those in ref. [9], as well as the constants describ-
ing discretisation artefacts, but the lattice spacings are found closer to the estimates from
ref. [57] (our values are actually 4% lower for all three data sets). This induces noticeable
changes for the quantities with dimensions compared to ref. [9], but the overall pattern of
chiral symmetry breaking remains is very similar.

Using the outcome of this fit (including the correlations among the LO order parame-
ters and the HO remainders), we obtain the predictions for y, ¢4 and bs collected in table 2
for the different sets considered in ref. [9] as well as in the physical case. The negative
value of bs indicates that the distribution of the topological charge is flatter than a pure
Gaussian. The values for p = mg/ms are different from those quoted in ref. [57], since we
reassessed the determination of the lattice spacing and quark mass based on the mass of
the © baryon in ref. [9]. Finite-volume effects are not included, whereas the effect of HO
remainders is taken into account through the fit and an additional uncertainty coming from
Jc4 ~ (.15 has been added to the results for ¢4 and 132. As in the case of the topological
susceptibility illustrated in ref. [9], the impact of JC4 can be easily modeled and determined
from a fit once a sufficiently large set of values at different simulated quark masses is avail-
able. Obviously, it would be very interesting to compare these predictions for ¢4 and bs
with data from lattice simulations.

8This update has confirmed the analysis of ref. [9] concerning the difficulties of a precise determination
of lattice spacings, which plays an essential role in setting the absolute scale for the measured observables
on the lattice (decay constants, masses), but not on the discretisation effects, which were found to be
negligible in ref. [57] (we take this opportunity to correct the false statement of ref. [9], attributing
discretisation effects in ref. [57]).
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r 23.74+0.5
X(3) 0.38 4+ 0.05

Y (3) 0.71 4+ 0.10

Z(3) 0.54 4+ 0.06
Fi|Fy 1.17 £ 0.01
ms(2 GeV)[MeV] | 923 £3.7

m(2 GeV)[MeV] | 3.9+0.2

w32 MeV)[GeV]| 20149

By(2 GeV)[GeV] | 1.77 £ 0.27

Fy[MeV] 67.6+ 3.4

c1 5.534+0.75

ca 1.53 £ 0.42

cr, [GeV?] 0.02 4 0.10
cr [GeV?] 0.20 £ 0.16
Ly(M,) - 103 1.06 £+ 0.29
L5(M,) - 10° 1.48 +0.22
Le(M,)-10% | 1.19+£0.41
L7(M,)-10® | -1.06 & 0.37
Lg(M,) - 10° 1.64 £ 0.60
/%0 2.36 +0.29

B/ By 1.42 +0.17
F/F, 1.29 +0.07

Table 1. Updated results using the same approach as in ref. [9], through a fit to the RBC/UKQCD
data on pseudoscalar masses, decay constants and topological susceptibility [57, 58] within the
framework of Resummed Chiral Perturbation Theory.

5 The two-flavour case

As indicated after eq. (2.30), it is possible to compute the topological susceptibility or the
fourth cumulant using the N = 2 xPT Lagragian described in ref. [1] and built around the
two-flavour chiral limit m,, = mg = 0 (but mg kept physical). The only degrees of freedom
of the theory are soft pions and the resulting expansions are series in powers of m, and
mgq only. The LECs ¢; and h; involved are by construction different from those in N = 3
XPT (denoted L; and H;), as they are defined in two distinct chiral limits. For instance,
at leading order, two-flavour xPT will involve the pseudoscalar decay constant F' and the
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Case D q x - 10% [GeV*] ¢4 - 10* [GeV?] by

L,=24 1.22  0.192 3.3 +£0.13 —-0.68+£0.12 —0.016 & 0.003
1.22  0.311 5.64 +0.31 —1.07£0.25 —0.016 £0.003

Ly =32 1.18 0.154 2.62 £0.08 —0.52£0.09 —0.017£0.003
1.18  0.220 3.73+0.14 —0.73£0.15 —0.016 £0.003

1.18 0.286 4.82+£0.23 —0.94+£0.21 —0.016 £0.003

Ls=32DSDR | 1.06 0.061 0.84 £0.03 —0.18 £0.03 —0.018 & 0.003
1.06 0.131 1.794+0.05 —0.38£0.07 —0.017 £ 0.003

Physical 1 1/r 0.51 £0.01 —0.11+0.03 —0.018 £ 0.003

Table 2. Predictions for the topological susceptibility and the fourth cumulant (without identifying
the 7 pole) for different lattice data sets produced by the RBC and UKQCD collaborations [57, 58]
and in the physical case, following the analysis performed in ref. [9] leading to the results
summarised in table 1.

quark condensate —F2B defined in the limit m, = mg = 0, but m, physical, and one has

lim F? = F3, lim —F?B = —~F}By, (5.1)
ms—0 ms—0

showing that the two sets of quantities are in principle different: one expects that two-

flavour chiral order parameters are larger than the three-flavour ones [22], and our fits to

lattice data indeed confirm this trend with a significant suppression of chiral order param-

eters when the strange quark mass is sent to zero [9, 29].

A further complication stems from the fact that the structure of NLO chiral Lagrangian
used in refs. [2] and [1] is different, so that the correspondence between the LECs in the
two theories is not immediate beyond leading order. It is straightforward to repeat the
same arguments as in section 2.2 with the generating functional of N = 2 yPT given in
ref. [1], in order to obtain the two-flavour expressions in the isospin limit

BF2 3B2 2 2mB
nopole — 22 | 9m? B0 (1) + B (1) — b7 — ha] — "o log === 4+ O(m?) (5.2)
327 I
no pole mBF2 9m232 2 R27yr T
oot = I SR P B2 () + B () — b — (5.3)
3m?B? 2mB M2 3
+ 1282 log 2 —|—310gF +0(m?),

where we have performed the same separation between unitarity and tadpole contributions
for ¢4 as in the N = 3 case. These formulae should be used to extract the two-flavour chiral
condensate from simulations performed at ms = mg and various values of the light quark
mass m. One notices in particular that the sum of egs. (5.2)—(5.4), i.e. ¢4+ X, yields a result
in agreement with eq. (4.6): the cancellation of all NLO LECs shows that this sum would
be a particularly clean probe of the two-flavour condensate —BF? in the isospin limit.
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One can go one step further and actually match N = 2 and N = 3 chiral theories
in order to exhibit the mg-dependence of the N = 2 LECs [1, 59-61], yielding the NLO
matching formulae for the quark condensates and pseudoscalar decay constants

2 2 msBO msBO
F* = F5 + 16msBoL}y (1) — 162 log 2 (5.4)
2 2

2 2 9 ms B msBy  msBj 4ms By

F*“B = FyBy + 32msBiLg(p) — 1622 log 2 ~on? log 52 (5.5)
as well as for the relevant NLO LECs
2Rp2 B

2m2B2[5 (1) + (1) — b7 — hs] = 24m2B3[LE + 3L% + L] — 7;2 0 log 7220 (5.6)

™ [

_szg o 4ms By - 5m2B(2) B FgBom2
0672 %32 144n? dm,

where Lf ;¢ = Lg 75 y—g denote the LECs from the N = 3 chiral Lagrangian. It is easy
to check that egs. (5.2)-(5.4) correspond indeed to the second-order expansion in m of
the three-flavour results egs. (2.27) and (2.32), providing a further cross-check of these
equations.

At first sight, one might be surprised that two high-energy counterterms hq and hg
arise in these expansions. Indeed, these high-energy counterterms encode physics of higher
energy scales that are not included dynamically in the theory and their value is dependent
on its ultraviolet regularisation. This seems to contradict the fact that x and c4 are topo-
logical quantities related to chiral symmetry breaking arising in QCD at low energies. This
paradox can be solved thanks to the matching with three-flavour xPT. The two-flavour chi-
ral expansions of y and ¢4 involve only the difference of high energy counterterms h; — hs,
which can be matched with three-flavour xPT as in eq. (5.6). The NLO expansion of h; —hg
in powers of mg involves only N = 3 low-energy constants, but none of the high-energy
counterterms H;. It means that h; —hs is a combination of N = 2 high-energy counterterms
which is characterised by the dynamics of K and 7 mesons but is independent of the ultra-
violet regularisation of the theory in relation with more massive (non-Goldstone) degrees of
freedom. Indeed we have seen that our three-flavour results for x and ¢4 rely crucially on the
propagation of the n-meson, which is not a dynamical degree of freedom of two-flavour yPT.
Therefore, all the diagrams in N = 3 xPT involving the propagation of K and 1 mesons
(such as figure 1) must be absorbed into high-energy counterterms once the computation
is performed in N = 2 yPT. The presence of hy — h3 in eq. (5.4) is thus normal and can
be easily explained by the peculiar role of the n meson in the NLO expansions of x and c¢y.

Finally, let us stress the ambiguity of the alternative expression used in the litera-
ture [35, 57] and derived from egs. (2.26) and (2.30) by setting N = 2. The resulting
expressions have the same structure as egs. (5.2) and (5.4), but they involve LECs labeled
Lg, L7, Lg that are very easy to misunderstand. Their names allude the three-flavour case,
but they are actually defined in the two-flavour chiral limit. In our notation, we would
denote them as Lg 7 8. ;=2 which have definitions and values that differ from those in three-
flavour xPT (which we would denote Lg7g.n=3). The connection between these LECs
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Lg7.8.n=2 and the usual ¢; and h; can be obtained from refs. [1, 41, 42]

3 = —8Lj Ny_y — 4L5 N—g + 16Lg,n—o + 8Lg;n—2, (5.7)
07 = —16L7,n—2 — SLan—2, (5.8)
Wy = 8Ly y—y +ALL n_p — 4LgN—s + 2Ho.N—s , (5.9)
Wy = ALYy + 2Ho s . (5.10)

In order to avoid any confusion and make a direct link with phenomenological analyses
performed in N = 2 xPT [1], one should always use the expressions egs. (5.2) and (5.4) to
deal with the two-flavour chiral expansions of the topological susceptibility and the fourth
cumulant.

6 Conclusion

Due to their connection with the Uy (1) anomaly, topological observables describing the
distribution of the topological charge (or gluonic winding number) are able to probe the
structure of low-energy QCD, and in particular the pattern of chiral symmetry breaking.
Moreover, they can be accessed through lattice QCD simulations and are thus comple-
mentary to the analysis of the quark mass dependence of observables related to light
pseudoscalar mesons. The two most prominent topological observables are the topolog-
ical susceptibility y and the fourth cumulant ¢4, corresponding to the first two non-trivial
moments of the distribution of the topological charge. The present paper is a follow-up
of the investigation started in ref. [9], in order to determine if these observables can be
used to constrain the pattern of three-flavour chiral symmetry breaking (defined in the
my, = mg = mg chiral limit). We have performed the computation of the two quantities up
to next-to-leading order in three-flavour Chiral Perturbation Theory using two methods:
the elegant approach of the effective potential and the more pedestrian computation of
Feynman diagrams. In the first case, we derived expressions valid for an arbitrary number
of light flavours, whereas in the second case, we were able to pin down the role played by
the propagation of flavour-singlet mesons. This allowed us to emphasise the importance
of reexpressing the denominators arising at next-to-leading order expression and involving
the leading-order contribution of the n-mass in terms of its physical value.

We then investigated the sensitivity of the next-to-leading order expressions of the
topological susceptibility and the fourth cumulant to the pattern of three-flavour chiral sym-
metry breaking in the context of lattice QCD simulations. We confirmed the result of ref. [9]
that for light-quark mass hierarchy close to the physical case, the topological susceptibility
has mainly a sensitivity to the quark condensate in the two-flavour chiral limit (m,, = mg =
0 but mg physical), but not to the three-flavour one. Since there are phenomenological in-
dications that the two condensates are significantly different, one has to devise alternative
ways of obtaining the three-flavour quark condensate from topological observables.

A possibility would consist in considering the topological susceptibility far from the
physical situation, with values of m,,, mg, ms much closer to each other. A novel alterna-
tive is provided by the fourth cumulant, which has indeed a much better sensitivity to the
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three-flavour condensate than the topological susceptibility for physical quark mass hier-
archies, and thus offers the possibility to determine whether the three-flavour condensate
is suppressed compared to the two-flavour one. As an illustration, we provided numerical
predictions for the two topological observables in the case of the results of the RBC and
UKQCD collaborations already analysed in ref. [9].

In addition, we discussed the case of three degenerate quarks, and we showed that a
combination of the topological susceptibility and the fourth cumulant is able to pin down
the thee-flavour quark condensate in a particularly clean way, as all next-to-leading order
contributions cancel in this combination. We also considered the formulae for the two topo-
logical observables in two-flavour Chiral Perturbation Theory, and discussed the convention
and physical content of the low-energy constants arising in the resulting chiral expansions.

Obviously, it remains to be seen if the fourth cumulant of the distribution of the
topological charge can be computed accurately using lattice techniques. But we hope that
our results will prompt lattice collaborations to study this topological observable in more
detail, providing a new handle on the chiral structure of QCD vacuum.
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A Diagram contributions to c4

As indicated in section 3.1, there are several classes of diagrams contributing to the chiral
expansion of ¢4 up to one loop. In addition to the five LO diagrams in figure 1 dressed by
adding a counterterm or a loop at the level of the vertices or the propagators, there are five
additional diagrams collected in figure 3. In the following, we will give the contribution
of the various diagrams with the same distinction for the argument of logarithms coming
from tadpole or from unitarity contributions as in eq. (2.32).

e Diagrams 1.

o

1 B2m? . M2 B2(m+m)? M2 B2m+2mg? M}
——ByF; (2 y —r4+=0 ¥ In —£ 420 “In— (A1
gr o fo@mams) g G e T g M2 T gsaee 2 (A
128 128 128
—8713(2) (ms +2m) *Lg(p) — ﬁBg (ms +2m) %Ly — STB‘% (2m? +m3) Lg(n)
e Diagrams 2.
8 o (m—ms)?  Bim? (m —ms) (5ms +m) M2
° ByF; - n 2 (A.2)
81 (2ms +m) 5472 (m + 2my) 2 w2
B3 (m — myg) (m +my) (3m? — 8mm, — Tm?) 2 | M3
— n
324m2 (m + 2my) 2 w2
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B2 (m —mg) (m? — 1lmm, — 8m?2) M}

2 n —2L
145872 (2mg + m) w2
1024 B2 (ms+2m) (m—ms) 2 . 256 B (8m?+29mm+8m3) (m—ms) 2
L6(lu)+ B L7
81 (m+2ms) 81 (m + 2my)
256 B2 (4m? + 15mmg + 8m?) (m — my) ZLT( )
81 (m + 2my) 2 B
e Diagrams 3.
4 o (m—my)? Bam? (m — myg) (5ms +m) . M2
——DB; In —- (A.3)
277 27(m + 2my) 3672 (m + 2my) 2 u?
_Bg (m — ms) (m + my) (Tm? — 10mmg — 9Im?) 2 n M2
21672 (m + 2my) 2 w2
B (m — my) (m2 — 11lmmg — 8m§) n %
97272 (2ms + m) w?
25683 (4m? + mmg + 4m?) (m — m) 2[/‘( ) 51282 (ms + 2m) (m — ms) 2L
27 (2ms +m)? 6L 27 (2ms +m) !
256BZ (2m? + 3mms + 4m?2) (m — my) 2LT( )
97 (2, + m) 2 s
e Diagrams 4.
8 pypg = Ams)m—my)? _ Bym® (m”+ 10mm, —38m;) (m—ms)® | M\
81 (m + 2my)3 5472 (m + 2mg) 4 w2
B2 (m +mg) (m —my)? (18m? — 121m?my + 113mm?2 + 98m?) 1 Mk
64872 (m + 2my) 4 " w2
B3 (m?® — 42m*mg + 90mm? + 32m3) (m — my) 2 Mg

1
145872 (m + 2my) e

25653 (8m” — mms — 16m3) (m —m.)* w
81 (2ms +m)3 6L

512BZ (4m® + 21m?*my — 63mm?2 — 16m3) (m — m,)
* 81 (m + 2my) 4 L
+256B8 (4m® + 17m>m, — 52mm?2 + 32m3) (m — m) 3LT( )
81 (m + 2my) 4 s

e Diagrams 5.

(m—mg) (m+8ms) Bim? (m—my)3 (m?*+13mms+94m?) — M?

2
2 In =2 (A5
8LV (m+ 2my)! 2162 (m + 2m) ® e 3
B3 (m = m)? (m 4 my) (41m? + 133m*m, — 410mm? — 304m3) | M3,
324072 (m + 2my) ® G
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B3 (m —mg)? (m® — 3m*m, — 258mm?2 — 64m3) M,?
583272 (m + 2mys) 4 w?
B2m?(m —mg)* M2  B2m?(m-—ms)?* Mz
In —- + n

7212 (m+2mg) % p? o 216m2 (m+2mg)* T p?

+Bg (m —myg)* (m + 8my))? n %
194472 (m + 2mg) 4 w2

6485 (8m? + 41mm, + 32m?) (m —my)* |
a 81 (2ms+m)4 L)

25683 (2m® + 3m*mg 4+ 60mm?2 + 16m3) (m — my)*
B 81 (m + 2my)®

25682 (m?® 4+ 5m*mg + 32mm? 4+ 16m?) (m — m,) *
; 81 (m + 2my) 5

B3 (m —mg)* (37m? 4+ 16mm, + 64m?2)

194472 (m + 2my)

Ly

Lg(p)

e Diagrams 6.

B2 , M? B2 M3 B? M?

In—F + —0_ 2ln —£& 0 2mg)%Iln—L (A6
Tan2 I gy (M me) TIn o g (e 2m) TIn - (A6)
B
194472

_l’_

(37m? + 22mmy + 13m?2)

e Diagrams 7.

2,2 o 2 32 2 2 M2 2 M2
Bym=(m—ms) . M omS(ms m) kB (m—4my)(m—mg)ln —2Z (A.7)

TA8T2(m+2my) 2 5AmE(mt2my) 2 48672 12
B2 (m —ms) % (17Tms + 28m)
48672 (m + 2ms)
e Diagrams 8.
B2m?(m—ms)? ) M? N B2m?(m—ms)? Mz Bg(m—4ms)2(m—ms)21n My (A.8)
n—r- — (A.
1872 (m+2ms) 2 p?  54w? (m+2mg) 2 p? 48672 (m + 2my) 2 w2
+B§ (m — my) 2 (28m? — 8mm, + 25m2)
48672 (m + 2my) 2
e Diagrams 9.
B2m? (m —mg)%. M2 B2m(m—m)? (m+m,), Mz
n—r- — In (A.9)
3672 (m +2mg) 2 p? 10872 (m + 2my) 2 w?

B2 (m + 8my) (m — my) 2 n% B B2 (m — ms)? (m + my)? In Mz
97272 (m + 2my) w? 7272 (m + 2my) 2 w?
B§ (m —my) 2 (19m? + mmg + 16m2)

97272 (m + 2my) 2
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e Diagrams 10.

T18m2 (m o+ 2my)3 g2 54n2(m o 2mg)3 2

B3 (m—my)® | M2 Bjmmy (m—my)® M} (A.10)

48672 (2ms +m)3 " w2 3672 (m + 2myg) 3 . w2
_Bg (m — my) 3 (28m? + 13mm — 32m?)
48672 (m + 2my) ®

_Bg (mf4m5)(m+8ms)(mfms)31 M? _Bg(ermS)mS (mfms)ia1 M3

Let us notice that vertices from £ with derivatives applied to the internal propagators
generate contact terms which yield tadpole contributions even in the case of the scattering
diagrams 9 and 10 where such contributions would not be expected naively. One can easily

obtain the equivalent contributions with the prescription of eq. (2.31) by setting the LO
)
masses M p in the argument of all logarithms.

B Low-energy constants in Resummed Chiral Perturbation Theory

In Resummed yPT [9, 24, 29, 45], the chiral expansions of F’3 and FAM3 are expected to
have small higher-order remainders when expressed in terms of the couplings arising in the
chiral Lagrangian. These exact mass and decay constant identities can be inverted to reex-
press NLO LECs in terms of LO parameters of the chiral Lagrangian, physical quantities,
and HO remainders

Y(3)ALy = mﬁ’;[l —n(r) —Z(3) — ¢, (B.1)
1 F?2 ,
Y(3)ALs = gﬁ[n(r) +el, (B.2)
2 1 K
Y2(3)ALg = mw[l —e(r) — X(3) — d], (B.3)
2 1 ng !
Y(3)ALs = Jeomle(r) +d). (B.4)
with
2 ro — 7T 2
n(r) = 7«31 (?5—1> ,  e(r) =27§_1, o =2 (ﬁ%ﬁ) —1~36, (B.5)

so that €(r2) = 0, and €(r1) = 1 with ry = 2(FxMg)/(FxM;) —1~8. d, d', e and ¢ are
combinations of HO remainders associated with the chiral expansions of 7, K masses and
decay constants respectively. AL; = L!(u) — Li(p) are independent of the renormalisa-
tion scale p and combine the (renormalized and quark-mass independent) constants Ly 5 6 g
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together with chiral logarithms:

02 02 o2
A 1 1 M
3212 La(p) = = log My _ (4r+1)log ]\/[—1;(+(2r—i—1)log—277 , (B.6)
8 w?  8(r—1)(r+2) o o
M7T MK
o2 02 02 o 2
- 1 M 1 M
327T2L5(,u):§ 1ogM—2K+2log—2” +ﬁ 3log—2’7+5logM—§ , (B.7)
r— ° °
H Iz My M,
r 02 o2 o2 0?2
- 1 Mg 2 M 1 r Mg M
3272 L = — |log=—*+=-log—'| ——————— [3log — +log —- B.8
mLe(u) = 1 |los 2 9l e | T oo |28 e e | (B.8)
L Mﬂ' MK
r o2 o2 o2 o2
. 1 M 2 M 1 M M
3212 Lg(p) = 16 logTQK + glogu—z77 + 60r—1) 3log OI; + log 02" . (B.9)
L Mﬂ' MK

Similarly, one can invert the relation for the n mass, yielding

1 F? 3FIM2—AFi Mz +FXM?

Y3)?Ly=——— -7
Y Ly 32(r—1)2 M2 FZ\2

—dao— (7“— 1)2[6(7“) —i—d/] , (B.lO)

where F}, is not measured, but can be computed using

8
F} = F2Z(3) +8(r +2)Y (3)MZALy + 3(2r+ DY (3)M2ALs (B.11)
9 02 o2
Y (3)M? M M
BT (2r +1)log — 277 — log - 12( + Fie77 ,
MK Mﬂ'

and we have introduced the difference of HO remainders

2 2
SIME | AFRMR
F2MZ F2MZ

dco = dr + dy . (B.12)
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