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1 Introduction

The topological vertex [2, 4] is the basic building block for the theory of open and closed

Gromov-Witten invariants of toric Calabi-Yau threefolds. It encodes open Gromov-Witten

invariants of C® with three special D-branes, and Gromov-Witten invariants of any toric

Calabi-Yau threefold, both open and closed, can be computed from it by certain explicit

gluing process. One way to understand the gluing is through taking inner products or

vacuum expectation values on the bosonic Fock space [8]. More precisely, the boundary

condition on each of the three D-branes is indexed by a partition u’, i = 1,2,3. It is

well-known that the space A of symmetric functions has some natural basis indexed by



partitions (e.g. the Newton functions). One then understands the topological vertex as an
element in the tensor product A®3, and the gluing is achieved by taking inner products
on the corresponding copies of A. In this picture the topological vertex has an extremely
complicated combinatorial expression in terms of skew Schur functions. Suggested by
the boson-fermion correspondence, a deep conjecture was made in [2] and [1] that the
topological vertex has a surprisingly simple expression in the fermionic picture: it is a
Bogoliubov transform of the fermionic vacuum, i.e. the fermionic vacuum acted upon by
an exponential of a quadratic expression of fermionic operators. We will refer to this as
the ADKMV Conjecture. See section 3.2 for a precise statement.

A straightforward application as pointed out in [1] is related to integrable hierarchies:
the one-legged case is related to the KP hierarchy, the two-legged case to the 2-dimensional
Toda hierarchy, and the three-legged case to the 3-component KP hierarchy. The one-legged
and the two-legged cases can also be seen directly from the bosonic picture [9], but the
three-legged case can only be seen through the fermionic picture.

The ADKMYV conjecture was only checked for the case of hook partitions in [1]. In
the present paper, we propose a generalization of the ADKMYV conjecture to the framed
topological vertex, and give a proof of it in the one-legged and two legged cases.

In the rest of this paper, after reviewing some preliminaries in section 2, we will first
propose in section 3 a generalization of the ADKMYV Conjecture to the framed topological
vertex. For the precise statement see section 3.3. We will refer to this conjecture as the
Framed ADKMYV Conjecture. Secondly, we will prove the one-legged and two-legged cases
of the Framed ADKMYV Conjecture in section 4 and section 5 respectively. In the final
section 6 we will derive a determinatal formula for the framed topological vertex in the
three-legged case based on the Framed ADKMYV Conjecture.
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2 Preliminaries

2.1 Partitions

A partition p of a positive integral number n is a decreasing finite sequence of integers
py > -+ > gy > 0, such that |p| := pg + -+ - + gy = n. The following number associated to
p will be useful in this paper:

l

K= Y pilps — 20+ 1), (2.1)
=1

It is very useful to graphically represent a partition by its Young diagram. This leads to
many natural definitions. First of all, by transposing the Young diagram one can define the
conjugate ' of pu. Secondly assume the Young diagram of p has k boxes in the diagonal.
Define m; = p; —i and n; = pt —i for i = 1,--- , k, then it is clear that my > -+ > my >0



and ny > --- > ny > 0. The partition p is completely determined by the numbers m;, n;.
We often denote the partition p by (mq,...,mg|ny,...,ng), this is called the Frobenius
notation. A partition of the form (m|n) in Frobenius notation is called a hook partition.

For a box e at the position (7,7) in the Young diagram of p, define its content by
c(e) = j —i. Then it is easy to see that

Ky =2 Z c(e). (2.2)

ecu
Indeed,
S 1
Sete)= 3356 = 30 (gt -1 i) = o
ec i=1 j=1 =1
A straightforward application of (2.2) is the following:

Lemma 2.1. Let = (my,ma,...,mgny,ne,...,ng) be a partition written in the Frobe-
nius notation. Then we have

k k
n“:Zmi(mi—i—l) —Zni(ni—i—l). (2.3)
i=1

i=1

In particular,
k

K(my,ma,...,mgn1,nz,...np) = Z R(mg|ni)- (2.4)
=1

Proof. 1t is clear that:

k m; n; 1 1
Z c(e)zz (ZC—ZC) :Z<2mi(mi+1)—2ni(ni+l)> .

e€(mi,eeym |, ny) i=1 \c=1 c=1 i=1
O

2.2 Schur functions and skew Schur functions
Let A be the space of symmetric functions in x = (21,22, ...). For a partition p, let s, :=
su(x) be the Schur function in A. If we write p = (mq,---,mg|ny,--- ,ng) in Frobenius

notation, then there is a determinantal formula that expresses s, in terms of ().

Proposition 2.2. [5, p. 47, Example 9] Let u = (mq,--- ,mg|n1,--- ,ng) be a partition
in Frobenius notation, then

Sp = det(S(m,n;) )1<ij<k-

The inner product on the space A is defined by setting the set of Schur functions as an

orthonormal basis. Given two partitions p and v, the skew Schur functions s, is defined

w/v
by the condition

(su/ua 5)\) = (S,uv SI/SA)



for all partitions X. This is equivalent to define
Spfv = Z CyrSAs
A

where the constants ¢/, are the structure constants (called the Littlewood-Richardson
coefficients) defined by

SySy = Zcz)\sv. (2.5)

gl
If we write p = (my,--- ,mglni, -+ ,ng) and v = (s1,--+,8p|t1,- -+, ;) in Frobenius no-
tations, then s,,, = 0 unless r < k and s; < m;,t; < n; for ¢ = 1,---,r. There is a

determinantal formula for s, /, in terms of s(,,),,) as follows:

w/v

Proposition 2.3. [5, p. 88, Example 22(a)] Let p = (mq, -+ ,mgny, -+ ,ng) and v =

(1, Sp|t1, -+ ,ty) be two partitions in Frobenius notations, then
Sujy = (71)7‘ det (S(mi|nj)>k><k <S(mi—sj~—1|0))k><7“ ' (26)
(S(O\nj—ti—l))rxk’ O xr

In particular,

S(min)/(slt) = hm—s€n—t. (2.7)
2.3 Specialization of symmetric functions
Let ¢ := (¢~ /2,¢73/2,...). Tt is easy to see that

1 1
pn(q ) qn/z o qin/z [n} ’ ( 8)

where [n] = ¢"/? — ¢~™/2. A very interesting fact is that with this specialization the Schur
functions also have very simple expressions.

Proposition 2.4. [10] For any partition p, one has

b
Hee,u[h(e)] '

su(q’) = QNHM

where h(e) is the hook number of e.

2.4 Fermionic Fock space

We say a set of half-integers A = {aj,a9,...} CZ+ %, a; > ag > ---, is admissible if it
satisfies the following two conditions:

1. Z_ + 1\ A is finite and
2. A\Z_ + 1 is finite,

where Z_ is the set of negative integers.



Consider the linear space W spanned by a basis {a|a € Z+ %}, indexed by half-integers.
For an admissible set A = {a; > ay > ...}, we associate an element A € AW as follows:

Then the free fermionic Fock space F is defined as
1
F = span {A c ACZ+ 3 is admissible} .

One can define an inner product on F by taking {A: A C Z + % is admissible} as an
orthonormal basis.
For A=aj ANag A\--- € F, define its charge as:

1 1
A\Z_+ —| —Z_+ =\A|.
A2+ 5] - 12+ \4

Denote by F( C F the subspace spanned by A of charge n, then there is a decomposition
@
neL

An operator on F is called charge 0 if it preserves the above decomposition.
The charge 0 subspace F(¥) has a basis indexed by partitions:

1 3 2A-1  2+1
) i= i — 5 A g — 5 Ao Ay — - A

2.
2 2 2 " 2 (2:9)

where p = (1, ), Le, |p) = Ay where Ay = (ui — i+ 3)izi2... If p =

(my,--+ ,mg|ny, -+ ,nk) in Frobenius notation, then
|14) +1/\ A +1/\ 1/\ 3/\ /\/\1/\ /\/\1/\ (2.10)
HI=TT M9 T ) )

In particular, when p is the empty partition, we get:

1 3
0):=——=A—SA---€F.
It will be called the fermionic vacuum vector.
We now recall the creators and annihilators on F. For r € Z + %, define operators v,

and ¢y by

by (A) = (_1)kﬂ/\“'/\%/\f/\ak+1/\'--, if ap, > r > a1 for some k,
o 0, otherwise;
VE(A) = (D ag A Aa A if a, = r for some k,

T 0, otherwise.

The anti-commutation relations for these operators are

[, 03] = Yrby + Y5tpr = brsid (2.11)



and other anti-commutation relations are zero. It is clear that for r» > 0,

b0y =0, ) =0, (2.12)
so the operators {¢_,, ¥’ },~0 are called the fermionic annihilators. For a partition u =
(my,ma,...,mglni,na, ..., ng), it is clear that
k
) = (=)t r[1¢mi+§¢*m§0>~ (2.13)
=

So the operators {t¢,,¢*, },~0 are called the fermionic creators. The normally ordered

. * L %W, r >0,
I {—w:wm .

In other words, an annihilator is always put on the right of a creator.

product is defined as

2.5 The boson-fermion correspondence

For any integer n, define an operator «,, on the fermionic Fock space F as follows:

Qp = Z : wTw:+n :

TEZJr%

Let B = Alz,27!] be the bosonic Fock space, where z is a formal variable. Then the
boson-fermion correspondence is a linear isomorphism ® : 7 — B given by

w s 20, [eXn=t Wony) gy € FM) (2.14)

where |0,,) = —% +mA —% +mA---. It is clear that ® induces an isomorphism between

FO) and A. Explicitly, this isomorphism is given by
) — s (2.15)

The boson-fermionic correspondence plays an important role in Kyoto school’s theory
of integrable hierarchies. For example,

Proposition 2.5. If 7 € A corresponds to |v) € FO) under the boson-fermion correspon-
dence, then T is a tau-function of the KP hierarchy in the Miwa variable t, = 2= if and
only if |v) satisfies the bilinear relation

Y Wrlv) @ yrlv) = 0. (2.16)

TEZJr%

A state [v) € FO) satisfies the bilinear relation (2.16) if and only if it lies in the orbit
GL|0). There is also a multi-component generalization of the boson-fermion correspon-
dence which can be used to study multi-component KP hierarchies [3].



3 The ADKMYV Conjecture and its framed generalization

3.1 The topological vertex

The topological vertex introduced in [2] is defined by

W 2yt 1(q)W2 St(Q)
koo/24r 3/2 " (12)tp 12 (p?)
Wul,#27u Z C 3)t q u2/ ud/ Wuz@(q) R (3.1)

where

1 3 t
b Z

c e,
pl 3)t np' n(p

It can also be rewritten as follows (see e.g. [10]):

K 2
Wulauz,ui”(q) = (‘UW‘ 3/2 ZS 1/ (MQ)ter)S(u:”)t/n(qM +p)- (3.2)

The framed topological vertex in framing (ai, az,as) is given by:

WL (q) = g it (2Hoame PR 2y (g). (3.3)
Let
Zlereze) (gt = 30 Wi (@)sn (D)se(F)sa (). (3.4)

phop?

Even though the topological vertex is presented here in its combinatorial expression, its
significance lies in its geometric origin as open Gromov-Witten invariants. In the math-
ematical theory of the topological vertex [4], the open Gromov-Witten invariants are de-
fined by localizations on relative moduli spaces. This leads to some special Hodge inte-
grals on the Deligne-Mumford moduli spaces, whose generating series can be shown to be
Z (“1’a27a3)(q; x!;x?:x3). Closed and open Gromov-Witten invariants of local toric Calabi-
Yau 3-folds can be obtained from the topological vertex by suitable gluing process.

3.2 The ADMKYV Conjecture

It is conjectured in [2] and [1] that the topological vertex has a simple expression in the
fermionic picture as follows. On the three-component femionic Fock space F @ F & F,
define for i = 1,2,3 operators 1. and ¢, r € Z + % They act on the i-th factor of
the tensor product as the operators 1, and v respectively, and we use the Koszul sign
convention for the anti-commutation relations of these operators, i.e., we set

[r, 9] = [, 92" = [, 1] = 0
fori# j and r,s GZ—F%. Let

m+2



Let |pb, p?, 13) = [p!) @ |p?) @ |p?) € FO @ FO @ FO. Then the ADKMV Conjecture
states that

Wt 2,0 (q) = (u' p?, pblexp | >0 AD (@), | 0) @10) @0), (3.6)
i,j=1,2,3
m,n>0

where for i = 1,2, 3,

m(m+1)/4—n(n+1)/4

AY =(-1)" )
mn (@) = (1) it T il (3.7)
min(m,n) 41y (m4n—1)/2
i(i+1) () — (_1)r,m(m+1)/4—n(n+1)/4+1/6 4q
Al V(a) = (-1)"q ZX(; o T (3.8)
» min(mn) - —(1+1) (m+n—1)/2
A%(;ﬂ—l) (q) _ (_1)n+1q—m(m+1)/4+n(n+1)/4—1/6 E : q (39)

— [m—11n—1]!"

Here it is understood that A3 = A3l and A = A!3 = This is very surprising because

in the bosonic picture the expression for the topological vertex is very complicated.

3.3 The Framed ADMKYV Conjecture

We make the following generalization of the above ADKMYV Conjecture to the framed
topological vertex:

W o @) =t i flep |3 AL (@), | 10)®[0) @ o) (3.10)
i,J=1,2,3
lrjn,nZO

for A% (¢; a) similar to A%n(q) above:

1
[m + n + 1][m]![n]!’

Aﬁfm(q; a) _ (_1)nq(2a¢+1)(m(m+1)fn(n+1))/4 (3.11)

(20, Dmm 1)~ Qa1 +Dnnt1) min(m,n) q% (I41) (mA4n—1)
4

D ey

(2a;4+)m(m+1)—(2a;_y+D)n(n+1) min(m,n) q L(1+1) (mAn—1)

Al (ga) = —(—1)"q ! : [m —!n -1

AT (g;a) = (—1)"g

(3.13)
=0

Here a = aq, ag, ag. We refer to this conjecture as the Framed ADKMV Conjecture.

We derive A% ,.(¢;a) by the same method as for the derivation of A, (q) in [1,
section 5.11]. For details, see section 5.2. It is surprising that there is only little difference
between them.

A straightforward application of the ADKMV Conjecture and the Framed ADKMV
Conjecture is that they establish a connection between the topological vertex and integrable
hierarchies as pointed out in [1].



4 Proof of the one-legged case

In this section, as a warm up exercise we will derive a fermionic representation of the
framed one-legged topological vertex, hence establishing the one-legged case of the Framed
ADKMYV Conjecture.

4.1 The framed one-legged topological vertex in terms of Schur functions

The generating functional of the Gromov-Witten invariants of C* with one brane is encoded

n Wﬁa(’g)’o()o). It is also the generating function of certain Hodge integrals on the moduli

spaces of pointed stable curves. Let

a a,0,0
Z )(Q§X) = Wé’(o)’()o)(q)su(x). (4.1)
m
By (3.2) one then has:
Z(a)(ﬁﬁ x) = Z qan“ﬂsu(qp)su(x)- (4.2)
o

By (2.15), this corresponds to an element V(®(g) in the charge 0 ferminonic Fock sub-
space F(©0);

V@ (q) =D g™ 2s,(¢") ). (4.3)
0

4.2 Proof of the one-legged case of the Framed ADKMYV Conjecture

By the Framed ADKMYV Conjecture we should have
oo
Vg =exp | >, Amn(gia)ty, 19", 1 | 10) (4.4)
m,n=0

for some A,,,(q;a).

Lemma 4.1. The following identity holds:

o0
exp | D Amalg; )y 197, 1 | 10)
a0 (4.5)

- S (Mt der(4,)]u),

p=(m1,....,mg|ni,...,ng)

where (Ay) = (Amn; (¢ 0))1<ij<k if p = (ma,ma, ..., mgni,na, ... ng).



2
each other and their squares are all the O-operator. Therefore, one has:

Proof. By the commutation relations (2.11), operators {wm L1yt 1 } commute with
2 ThT m,n>0

exp | Y Amn (@) 1071 | [0)

m,n=0

— H (1 + Apn(q; a)mer%Tﬂin_%) 0)
m,n>0

k

- > > sign(o) [ Amin,y (@0) - T ] («ﬁmﬁéw*_nk_%) 10)

p=(mi,...,mg|n1,...,n;) oESk i=1 =1

- ST (e det(A,)]).

p=(m1,....,mg|n1,...,nx)

Set p = (mn). If we assume (4.4), we must have
(=1)" Amn(g; @) = ((m|n)|V (g; @) = g*" 0"/ %5 (41 (¢°). (4.6)
By Lemma 2.1 and Proposition 2.4,

Amn(Q; a) = (_1)nqaﬁ(m‘n)/28(m|n) (qp)
" (m—n)(mtn+1)(Zat1) 1 (4.7)
IR [+ 1+ 1] o]

Theorem 4.2. In the case of one-legged topological vertex, the Framed ADKMYV Conjecture
holds for the above Apmmn(q;a).

Proof. For p = (mqy,ma,...,mglny, ne,...,ng), by Proposition 2.2, Lemma 2.1 and (4.7),
we get
! . Nk (s
qamu/qu(qP) — quzl am;(m;+1)/2 Zj:l an;(n;+1)/2 det(S(mimj)(qp))i,jzl,...,k
K (s —an (s
— qu:laml(sz"l)/z - det(q anj(n;+1)/2 s(mi|nj)(qp))i,j=1,...7k
_ det(qami(mﬁl)/quanj(nj+1)/2s(mi|nj)(qp))i’jzl’m’k

= (71)n1+...+nk det(Ammj)i,j:L---,k'

The proof is completed by Lemma 4.1 and (4.4). 0

For later reference, note we have proved the following identity:

a AR (m.|n.)/2
V( )(Q) = Z det (q (m] J)/ S(mi\nj)(qp))lgi,jgk‘ﬂ>' (48)

p=(m1,....,mg|n1,...,nx)

,10,



5 Proof of the two-legged case

5.1 The framed two-legged topological vertex in terms of skew Schur functions

The framed two-legged topological vertex encodes the open Gromov-Witten invariants of
C3 with two branes:

209 (g xiy) = > WS (@), ()50 (y): (5:1)

ptpu?
Recall the following identity proved in [10]:
W,ul,;LQ,(O)(q) =q F /2 W (,LLQ)t( ) (52)

The following identity proved in [7] will play a key role below:

Wi (g) = (kg5 D Sumla)sum(a™)- (5-3)
n

Based on this formula, the following formula is proved in [10]:
Wy ey (a7 h) = (=D 2 (g). (5.4)
Therefore, (5.1) can be rewritten as follows:

a1+1)rky+agry
Zm) (gxy) =Y ( B Zs (@) ( )> 8,(%)5,,(y)- (5.5)

M7V

By the boson-fermion correspondence (2.15), this corresponds to the following element in
the femionic picture:

o a (a1+1)kp+agky
w“M:Z< B W mwﬂwww (56)

2214

Using this we will prove the two-legged case of the Framed ADKMV Conjecture.
Theorem 5.1. There is an operator
T(Q; at, a2) = exp Z Z Amn q; a1, a2)¢fn+%wj_*n_%
i,j=1,2 m,n=0

where the coefficients A%n(q; ai,az), form,n >0 andi, j =1,2, are given by (5.10), (5.14)
and (5.15) below, such that

W20 () = (4, v|T(g; ar, a2)[0) @ [0). (5.7)

— 11 —



5.2 The determination of Aifm(q; ai,az)
Note that the charge 0 subspace (F @ F)© of F ® F has a decomposition

(For) O =PFmertm,
neL

The Framed ADKMYV Conjecture predicts the existence of an operator T" of the form

T(q;a1,a2) =exp [ Y Z A (g a1, a2)0), | (5.8)

4,j=1,2 m,n=0

such that V(@1:92)(¢) is the projection of the element T(q; a1, az2)(|0) @ |0)) € (F @ F)©
onto F(O @ F(O) In this subsection we modify the method in [1, section 5.11] to the framed
case to derive explicit expressions for Amn(q, a,as).

Because the operators {zbmn} commute with each other and square to zero, we have

T(ga1,a2) = [[ [(1+ Al (g a1, a2)ib0,) (1 + A2, (g, a1, a2)22,)
m,n>0 (59)

(L4 AR (g a1, a2, (14 AL (g, a1, a2) 00, ]

Take p = (m|n) and v = () or take v = (m|n) and p = (), as in the one-legged case we
get for i =1, 2:

Al (qyay,a) = (—1)"g%" onim /2500 (gP)

(= 1)ng2e+Dm(mt1)-n(n+1)/4 1 (5.10)

[m +n + 1][m]![n]"

Take p = (m|n) and v = (m/|n’), then it is clear that the coefficient of |(m|n)) ®
|(m/[n")) in T(g; a1, a2)(|0) ©10)) is

(=)™ (A (g5 a1, a2) Ag (g3 a1, a2) — Ay (g, a1, a2) Anyy (g, a1, a9)).
Assuming the Framed ADKMV Conjecture, one should have:

gl IR RO 2 Y s (0 )5 oy 10 ()
n (5.11)

= (=)™ (AL (q,a1,a2) A%, (q,a1,a9) — AL2 (g, a1, a2) A2 (g, a1, az)).

The left-hand side can be rewritten as follows:

(@145 (m|n) F925 (m/|nf)

q 2 > (alm) /(@) oy (0°)

n

(@1 H D () T925 (/)

=q 2 Stim) (€°)8 () (€°) D S(nfm) /(€°)8 ()1 (€°)
n#0

— 12 —



Therefore, by (5.10) we have

Awqun'(qs a,az) - A%/n(q; a,az)

s g (DA ) Fa25 (1l nf) 5.12
= (_1)n+n —Hq 2 Z s(n\m)/n(qp)s(m’\n’)/n(qp)' ( )
n#0
By Proposition 2.3, we have
S(nlm)/(s10)(@”) = S(m—s)(@")81n-1)(¢")
_ q(mfs)(mfsfl)/4f(nft)(n7t71)/4[ ]1'[ ; (5.13)
m — s|lin — t|!
We will take Aj2(g;ar,az2) = g/, A (q;a1,a2) = —q Y6 as in [1]. If we set m' =n =0
and m =n' = 0 in (5.12) respectively, we get:
min(m,n) L(s41)(m4n—s)
(2a1+1)m(m+1)—(2ap+1)n(n+1) 1 q?2
A12 . = (=1 n 1 t5 T 5.14
mn(Q7a17a2) ( ) q SZ:;] [m—s]![n—s]!’ ( )
min(m,n) —1(s+1)(m+n—s)
(2ag+1)m(m+1)—(2a1+1)n(n+1) 1 q 2
A2l (q; =—(=1)" a 6 5.15
mn<q7a17a2) ( ) q vt [m—s]![n—s]! ( )
5.3 Some technical lemmas
For simplicity of notation, we will write A4 = Agm(q; ay,az). For a partition p =
(m1,ma, -+ ,mg|ni,n2, -+ ,ng) in Frobenius notation and i, j = 1,2, we define A}/ to be
the matrix (A ,n, )ksxk-
For a set N = {ny,...,n;} of numbers, let || N|| be the sum of the numbers in N, i.e.,

k
N[ = ni. (5.16)
=1

For simplicity of notation we will write f(g”) as f for f € A, e.g., S(min)/n(q”) Will be

written as 5(min)/n-

Lemma 5.2. Suppose that (M|N) = (mq,...,mg|n1,...,nx) is a partition in Frobenius
notation. Then we have forl =1,2,

det Al ) = (=1)Wllgarans /2. det (s ), (5.17)
where (5(a1n)) = (5(mifn;))1<i i<k
Proof. One can use Lemma 2.1 to get:
R(min) = K(m]0) T K(0[n)- (5.18)
By (5.10),
det Al(lM|N) — det((_l)njqam(milo)/Z . qam<0|nj)/2 } g(milnj))gmgk

k k k
(1) Zs=1 g D Fmato) 22— 402 et (5,10 3124, <k

_ (_1)||1\7||qal”(M\N)/2 - det(5(arn))-
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Lemma 5.3. Given r > 1, suppose A = {a1 > -+ > a,}, A = {a} > -+ > a},
B={by>--->b}, B={by> >0} onehas

det(Aa\Bf)) det(A%fle)) = (—)IBIHIB I glortDrcam/2Haznar an /2 (5.19)
-+ Y det(fa,,) - det(hy, ) - det(hy ) - det(ey ).
81> >Sp
t1> >ty

Proof. Expanding the determinants one has

12 21 _ 12 21
det(A(% ) det(AThp) = Y e(07)Agy  Adip,
o, TES,
r B L R A

)
. / (4)
= E e(or) I | ((—1)b7“>+bo(i)+1q 3

o,TES, i=1
> 8<bT(i>|ai>/mS(a;|bg<i)>/m>v
n: 70

where €(o7) is the sign of the permutation o7, and in the second equality we have used (5.12).

By Proposition 2.3,

det(A%i‘B/)) det(A%}qu))

r (“1+1)“(aile(i>)+a2"(a;|b;

Y @)’
(R

o,TeSr i=1
(silti)

r (a1+1)n(ai‘0)+(u1+1)n(0‘b7(i))

$i,ti>00=1,...,r o,TES) =1

“2%(@}10) T2 0lb] ) i}
g 2 hb,.(i)—sieai—ti ha;—si eb;(i)—ti

(“1+1)”(%‘\b¢>+a2N<a;|bé)

=(-1)" Z H <(—1)bi+b§q 2 eai—tiha;—si)

S ti>0=1,....,r1=1

~det(hy, s, )1<ij<r + det(Ey —p, )1<ij<r

.
B B’ a1+1)k 24-ask 2 = 7
= (=)IBIHIB 147 g(artD)mcaim) 2+ a2k ar 1)/ Z H(eai_tiha;_si)
§i,t>0,i=1,...ri=1

- det (i, —s,)1<ij<r - det(@y, -, )1<ij<r-

Now note det(hs, —s,)1<ij<r = 0if 5; = s; for some 1 < i < j <7, and det(ey _y, )1<ij<r =0
<i,j< 4 <i,j<

— 14 —



if t; = t; for some 1 <4 < j < r. Therefore,

T
S TCatiha—s,) - det(ho, -5, )1<ij<r - det(€p ¢, )1<ij<r

Siyt; >0,0=1,...,r1=1

.
= > [ (Eai—tihar—s,) - det(ho, s )1<ij<r - det(ey ¢, )1<ij<r

$1,,8r are distinct 1=1
t1,,tr are distinct

'
SR SEEED DR'0) | (Y VR
i=1

$1,,8y are distinct o,7€S5)
t1,,tr are distinct

r
= Z Z (mym/y’) H éax@)—ti hby(i)*si ha;/(’i)_si éb;,(i> —t;
81>->8r xy,x’ Yy €Sy i=1
t1>- >t
= > det(éq,y,) - det(hy,_s,) - det(hy ) - det(ey ).

51>+ >y
t1> >ty

The proof is complete. O

5.4 From fermionic representation to determinantal representation

For a partition p = (mq, meo,- - ,mg|ny, ne, - ,ng) in Frobenius notation and i,5 = 1,2,
we define an operator

U = H lpmana (520)

By (2.11), we can expand T as follows:

m,n

|1+ Y den(all, mem, T D den(aR, memz

m1>-->my m1>-->my
ny>->ng ny>->ng
12 21
L+ > det(A) mem A+ Y det(Al, meml
mip>-->myg my<---<mg
ny>->ng ny<---<ng

11,11 22 122 12,12 21,21
- Z det Aul Uy Z det A;ﬂ Ch Z det Au3 CRR Z det Au4 h,a
wt u? w3 wt

= ) det Alldet A% det A1 det A2} - 113 302k
RN TN TN
where the summation is over all partitions u', p2, u, u*, including the empty partition,
and we set detA;] = 1, and ;] = 1 is p is the empty partition. Now let p = (M|N) =

(m1,ma,- - ,mg|ni,ne, -+ ,ng) and v = (M'|N") = (m},mb,--- ,mj|nf,nb, -+, n}) be two
partitions. Denote by C(alm)(q) the inner product of |u) ® |v) with T'(¢; a1,a2)(|0) ® |0)).
We need some notation. For a partition g = (mq, ma, -, mglni, nae, -+ ,ng), define

r(p) = k to be the length of the diagonal of its Young diagram.

,15,



Let M be a set of nonnegative integers {m; > mg > --- > my} written in decreasing
order. For a subset A = {m;, > --- > m,_} of M, also written in decreasing order, denote
by (M /A) the sign of the permutation

(mip"' 7mir7mj17”' )mjk_r) — (mlv"' amk))

where (mj,,---mj, ,) is the set M\ A written in decreasing order. Let p = (M|N) and
~v = (A|B) be two partitions, we define v < pif A C M and B C N. If 4y < p holds, then
p\y := (M\A|N\B) is naturally defined as a partition. By (2.11), the following Lemma is
easy to prove.

Lemma 5.4. Let p = (M|N) and v = (A|B) be two partitions such that v < p, then

Vyhy = e(M/A)e(N/B)y, . (5.21)
Now it is straightforward to get the following

Lemma 5.5. Let C’,(f,lfm)(q) = (u,v|T(g; a1,a2)|0) ®|0). Then one has

Cl2)(q) = (—1)IWIHINIE N = (—1)"O)e(M/A)e(N/B)e(M' /A')e(N'/B)
Y=(A|B)<p
v'=(A'|B")<v
r(y)=r(y")
det(A(M\AlN\B)) det(A(M,\A/|N/\B,)) det(A%i‘B/)) det(A?}mB))

Proposition 5.6. We have

cl o
min(k,l)
Y. > e(M/A)e(N/B)=(M'/A)e(N'/B)
=0 (5.22)
- glersanmyFasar N TRAIED/2 L det (500 an\ ) - det(3(am v 5n)
> det(Ea;-r,) - det(hy,—s,) det(hy, ) - det(@y, ,),
81> >Sp
> >t
where the condition (xr) in the summation is given by
= (A[B) <p, ' = (A|B) <v, r(v) =r(y) = (5.23)
Proof. For r > 0, let
Clat ™ (q) = ”N”H'N/”Z "e(M/A)e(N/B)e(M'/A")e(N'/B')
(5.24)
. det(A(M\A“V\B)) det(A(M/\A/W/\B,)) det(A%i‘B/)) det(A%}”B)),
where the condition (*r) in the summation is given by (5.23). Then we have
min(k,l)
Clare2)(q Z Clara2): (5.25)
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For r = 0, by (5.24), Proposition 2.2 and (5.10), we have

Chi () = (~1)IMHIN T det (AT ) det(A )

A1LR(MIN)T28(p/ | N7 _ p - P
=g 2 det(S(mi|nj)<q ))det(s(mﬂ"})(q )
G1R(M|N)Ta2F (A NT)

=q 2 8uny(@7)8 vy (7).

For r > 0, we use Lemma 5.2 , Lemma 5.3 and Lemma 5.5 to get:

Clo " (a)

g
= e(M/A)e(N/B)e(M'/A")e(N'/B')
A(=D)IMVBdet(Af} g my) - (DN det (AT 1 4 v 7))
. (—1)”BH+HB I+ det(A%i‘B/)) det(A%}”B))
UK (M\A|N\B) _ 925 (M/\A'|N'\B') _
=q 2 det(5(an a1\ B))g 2 det(5(arn a1 n1\B1))
. q(01+1)H<A|B)/2+G2H<A/\B/)/2
Z det(éajfti) ’ det(ﬁbj_si) : det(ﬁa;fsi) : det(éb;fti)

81> >8p
t1> >ty

= e(M/A)e(N/B)e(M'/A")e(N'/B')
qlaranFaERarn TEAD det (5, 4 ) - det (S 51)
: Z det(éaj—ti> : det(}_lbjfsi) ’ det(ﬁa;,si) : det(éb;.fti)‘

81> >8p
t1> >ty

where the condition (*r) in the summation is given by (5.23). O

5.5 Proof of the Framed ADKMYV Conjecture in the two-legged case

In this subsection we finish the proof of Theorem 5.1.
We now simplify the summation in (5.22). Let n = (s1, ..., S¢|t1,...,t,). We first take

2 y=(AIB), ()=

Z g~ 1)/ 2e(M/A)e(N/B) det (53 ajn\ B))

)
. det(éaiftj)TXT ’ det(ﬁbj—si)rxr

= Z e(M/A)e(N/B)det(5(an a/n\B))
v=(A|B)<p
r()=r

_ /27
: det(qﬂ(ai‘o)/2eai—tj)r><r ’ det(qmo‘b])/ hbjfsi)rxr

= (—1)"det (g(mz‘lng‘))ka (q,{<m”0)/2éMi—tj)k><r
(qﬁ(olnj)/QEnj_Si)TXk 0
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By Proposition 2.4 and the fact that x,: = —x,, we have [10]:
su(@”) = 45,0 (). (5.26)

It follows that
K(mglnj)/2

s(mllnj)(qp) = q S(njlml)(qp)

Using this we get:

Z qH(A\B)/QE(M/A)E(N/B) det(g(M\A\N\B))

v=(A|B)<p
r(y)=r

: det(éai—t]-)rxr : det<ﬁbjfsi)r><r

K(msln.)/2 = P B
= (=1)" det <(q . J);Qf(njlmi))kxk (192, 4 )k
(¢"©m 2

= q’iu/zgut/n(qp)'

n]‘—Si)’I"Xk 0r><r

Similarly, we have

> e(M'JA)e(N'/B) det(8(am arnn\ 1)
~'=(A’|B")<v
r(y)=r

. det(h/a;_s].)rxrr . det(éb’_t)rxrr
m/|n B I—s r
(1) det ((|))l><l( J)lx
(en’ —ti)rxl Or Xr
= Sy/n(qp)'
Therefore, we get:
a1.a (a1+1)ﬁu+a2"€u
C;(wh 2)(6.[) =(q 2 Zs/ﬁ/n(qp)sz//n(qp)' (527)
n
This matches with (5.6), so the proof of Theorem 5.1 is completed.
Remark 5.1. Note the charge 0 subspace (F @ F)© has a direct sum decomposition
(FoFR)O=PFr™ e rm). (5.28)
nez

The two-legged topological vertex corresponds to only the component of 7'(|0) ® |0)) in
FO) @ FO) 1t is interesting to find the geometric meaning of other components.

From the above proof one can also see that

V ai,az) Z Z Z q(a1+1)fm+a2m,

p=(M|N) v=(M'IN") n=(S|T)

n<p,n<v
r(n)=r>0
S Cm. —t, S(m/ |n'. Bm’.—s- r
- det (S(mz‘"ﬂ)’”k (Emity e | o [ Stmim) it (s Joer ) - o)
( i—8; )'r><k 07"><r ( n;—ti)rxl 07’><7’
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6 Towards a proof of the three-legged case

In this section we present an intermediate result which should be useful for a proof of the
three-legged case of the Framed ADKMV Conjecture.

6.1 From fermionic representation to determinantal representation

If one assumes the Framed ADKMV Conjecture, one can determine A4 (1,7 =1,2,3) by
modifying the method of [1] as in section 5.2. They are indeed given by (3.11), (3.12), (3.13).
By (2.11), we can expand T as follows:
IT I a+a.ei.)
4,7=1,2,3m,n>0
= I a+ > det(ay,,) Hlbmana)
1,7=1,2,3 mi>-->my >0
ni>>nE >0
=TT ST der(a ),
1,j=1,2,3 pii
=> II deta?y- I i,
i 6,j=1,2,3 i,j=1,2,3
where the summation is over all partitions p!t, 2, ..., u?3.
Now let pu' = (MYN?) = (mi,mb,--- m}C Ini,ny, -+ ,nt,) (when k; = 0, p' is the
empty partition). Denote by C'(l)MQ 3 the right-hand side of (3.10). Tt is clear that
ijfuw - 3 + [ deta?,. (6.1)

i i 1,7=1,2,3
Hi,j:1,2,3 wuij_ini:1,2,3 w:i J=5%

We can keep track of the sign + using the Koszul sign convention. More precisely we have
the following

Lemma 6.1. Let C'¥ , 5 be the right-hand side of (3.10). Then one has
TN

(@  _
plop?
_1 IN/\H_i_HN;LH_i_HNuH _1 T32T12+T‘31T32+T211“21+7”32T13
“ > 62)
11 (6<M”’7 MO A D)V N, N0 ) [ aec(a (Aprivin)-
i=1 1,j=1

Here ¢ € S3 is the 3-cycle translation that transforms 1 to 2, 2 to 3 and 3 to 1, the
summation is over all partitions ¥ = (MY|NY) satisfying the following conditions:

METT Mie@ 11 pric* @) = i i=1,2,3
#MZ] #N”—T”>0 i, =1,2,3,

and e(M?, Mie(®), Mic2(i)) 1s the sign of the transformation that rearranges the ordered set
of numbers (M?, M), MiCQ(i)) in a decreasing order.
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Similar to the proof of Proposition 5.6, one can prove the following Proposition, which

gives the determinantal form of C (?) S
plop?p

Proposition 6.2. We have

O(a)
ptp? s

o Z(_1)7‘211"23+T‘317‘32+T217‘21+T32T'13+7'13+7‘21+T32

é(7‘12+r23+r31*7"21432*“3)(12?:1 SovEy (@) (mf (mi+1) —ni (ni+1)) /2

q
(g_(mﬂnj))kl xk1 (ﬁm%—sg.)k‘l xri3 (ém}—tj)kl xrl2
. det (hnjl.fsi)r21><k1 0r21><r13 Or21><r12
(én;ft;)rﬂxkl 01‘31><r13 07“31><r12 (64)

(g(m%\n]z))kZXkQ (Em2 8j)k'2><7‘21 (ém%—t;/)k2><7“23

2_
. det (hnf s )32 5k 0,32 21 0,32 ;23
(én?fti)rmxkg O1ﬂ12><1"21 0r12><r23

(%(mf\n?) )ks xk3 (hmll—
-det (hn?—s

s;/ )k3 X732 (émf—t; )kg xr3l

)r13><k:3 0,13 32 0,13 31

/)23 kg 0,23 32 0,23 31

Here the summation is taken over all ¥ > 0,1 # j,i,j = 1,2,3 satisfying the conditions
pic(i) + ,,,icQ(i) — peli)i + 7,02(1')1‘ <k, i=1,2,3

and all decreasing sequences {s;},{s;},{s!},{t:},{t;}, {t]} of nonnegative integers.

Remark 6.1. Equation (6.4) generalizes (4.8) and (5.29).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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