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1 Introduction

Extended objects such as branes play an important role in superstring theories. The U-
duality [1], which makes non-trivial connections among consistent superstring theories,
relates various branes in each theory. It was shown that M-theory compactified on 7¢
has the U-duality symmetry group Eg)(R) in lower dimensions [2-4]. BPS branes in
superstring theories form lower-dimensional multiplets under the U-duality group. For
example, when we consider M-theory compactified on 7%, we have the Eys) (R) BPS point
particle multiplet. The higher dimensional origin of parts of these point particles is the
ordinary branes wrapped/unwrapped on cycles in 7%. Here, the ordinary branes are waves,
F-strings, D-branes, NS5-branes, Kaluza-Klein (KK) branes. However, there are states
whose higher dimensional origin does not trace back to the ordinary branes. These states
are called exotic states and their higher dimensional origin is known as exotic branes [5, 6].

Among other things, an exotic brane in type II string theories known as the 53-brane,
has been studied intensively [7-17]. The most tractable duality in string theory is the
T-duality. Type II string theories compactified on T¢ has T-duality symmetry group
O(d,d,Z). The exotic 53-brane is obtained by performing the T-duality transformations
along the transverse directions to the NS5-brane world-volume. As its notation suggests,
the 53-brane has two isometries in the transverse directions to the brane world-volume [3].1
Its tension is proportional to g2 where g, is the string coupling constant. Therefore the

'n this paper, we use the notation 52 in the sense that they are obtained by the T-duality transformations
twice on the heterotic NS5-branes.



53-brane is a solitonic object of co-dimension two. These co-dimension two objects in string
theory, sometimes called defect branes [18], exhibit specific properties [19, 20]. When one
goes around the center of the co-dimension two branes in the transverse two directions and
come back to the original point, the background geometry of the branes changes according
to the non-trivial monodromy. Therefore the metric and other background fields are gener-
ically governed by multi-valued functions. In this sense, they are called non-geometric [21].
However when the monodromy is given by the symmetry group of the theory, which is
generically the U-duality group in string theory, then the non-geometry becomes healthy
candidate of solutions to string theory. This kind of solution is called U-fold. An important
nature of the exotic branes is that they are non-geometric objects [22, 23]. Therefore they
are called non-geometric branes or Q-branes [24]. In particular, the 53-brane in type II
string theories is a T-fold, whose monodromy is given by the T-duality group O(2,2).

The purpose of this paper is to study exotic branes in heterotic string theories. Com-
pared with type II string theories, exotic branes in type I and heterotic string theories have
been poorly understood. This is due to the non-Abelian gauge field living in the space-time
in these theories. Notably, the Yang-Mills gauge field enters into the space-time action as
the first order o/-corrections. Due to the o/-corrections, the Buscher rule [25, 26] of the
T-duality transformation for heterotic supergravity is modified [27-29]. The most famous
extended objects in heterotic supergravity theories are the heterotic NS5-brane solutions.
There are three distinct NS5-brane solutions in heterotic supergravity [30-33]. We will
perform the T-duality transformations to these heterotic NS5-branes by the o'-corrected
Buscher rule and obtain new five-brane solutions. We will then study the monodromy
structures of these solutions.

The organization of this paper is as follows. In the next section, we introduce the
heterotic NS5-brane solutions known as the symmetric, neutral and gauge types [30-32].
In section 3, we introduce the isometries along the transverse directions to the NS5-brane
world-volumes and perform the T-duality transformation by the o/-corrected Buscher rule.
We obtain the heterotic Kaluza-Klein five-brane (KK5-brane) solutions associated with
the three types of solutions. We then perform the second T-duality transformations on the
KKb5-branes and write down the exotic 5§—brane solutions. In section 4, we examine the
monodromy structure of the heterotic 53-brane solutions by the o/-corrected generalized
metric. We show that the monodromy is given by the O(2,2) T-duality group for the
symmetric and the neutral solutions while the gauge solution remains geometric. Section
5 is devoted to conclusion and discussions. The explicit form of the smeared gauge KKb5-
brane solution is found in appendix.

2 Heterotic NS5-brane solutions

In this section, we introduce the NS5-brane solutions in ten-dimensional heterotic super-
gravity which is the low-energy effective theory of heterotic superstring theory. Heterotic
supergravity consists of the ten-dimensional N/ = 1 gravity multiplet coupled with the
N =1 vector multiplet. The relevant bosonic fields in heterotic supergravity are the viel-
bein ej4, the dilaton ¢, the NS-NS B-field By/y and the Yang-Mills gauge field Ay;.



Here M, N,=0,...,9 are the curved space indices while A, B,...=0,1,...,9 are the local
Lorentz indices. The Yang-Mills gauge field Ay is in the adjoint representation of the
gauge group G which is SO(32) or Eg x Eg. We employ the convention such that the gauge
field is represented by anti-hermitian matrices and the trace is taken over the matrices of
the fundamental representation.

A remarkable property of heterotic supergravity is that the Yang-Mills gauge field
contributes to the action as the first order o/-correction. The famous anomaly cancellation
mechanism and the supersymmetry completion result in the Riemann curvature square
term which involves higher derivative corrections in the same order in o’ [34, 35].2 The
ten-dimensional heterotic supergravity action for the bosonic fields at the first order in o/

is given by
1 1A :
S =5y [dayge [%) — SH{DpHOMN 1 49,60M 6
10

—|—O¢/ (TI"FMNFMN+RMNAB(W+>RMNAB(QJ+)) . (21)

2
Here we employ the convention such that ;glf = o/ where k19 and g19 are the gravitational

10
and the gauge coupling constants in ten dimensions. The ten-dimensional metric gy in

A

the string frame is defined through the vielbein as gy v = napen en B where the metric in

the local Lorentz frame is nqp = diag(—1,1,...,1). The Ricci scalar R(w) is constructed
from the spin connection wy;45:
R(w) = eM 4eN g RAB v (w),

RAB A

MN(W) = 8MwN B _ 8NWMAB + WMADUCDWNCB — wNADT]CDwMCB. (2.2)

The spin connection is expressed by the vielbein ep# and its inverse:

1
wyfB = 3 N (e —aye) — BN (et — anest) — e ePR(dpege — 3ero)e]\?] .
(2.3)

4B \which enters into the action in the O(c/) terms is

The modified spin connection w4y
defined as

wiMAB _ wMAB + ﬁj(\f’l)AB7 (2.4)

where HWAB = NALPBEB) and the modified H-flux HY) ,, is defined by

(3 3

H{Jxp = Hyjnp + o (Q}\%fp - Q%/?—NP) : (2:5)
Here the field strength H\ 7y, of the B-field is defined by

1
Hignp = 5(OuBNp +OnBpy +0pBun). (2.6)

?The authors would like to thank Tetsuji Kimura for his introducing [34, 35].



The Yang-Mills and the Lorentz Chern-Simons terms which appear in (2.5) are defined as
follows:

2
Qinp = 3!Tr (A[MaNAP] + SA[MANAPQ :

2
P4 3UAG”BCWDFWf@w+NCDw+p]FG> . (2.7)

Here the symbol [M; My --- M,,] stands for the anti-symmetrization of indices with weight
1. Note that the modified H-flux is iteratively defined through the relations (2.4) and (2.5)
order by order in o/. The modified H-flux H® obeys the following Bianchi identity:

di®) = o/ (TtF A F — TtR A R) + O(?), (2.8)

where RAP = %RAB vndz AdxN is the SO(1, 9)-valued curvature 2-form. The component
of the Yang-Mills gauge field strength 2-form F' = %FM NdzM A dxN s

FMNI = 8MA{V — 8NAﬂ/[ =+ fIJKAJMAKN. (2.9)

Qfvp = 3! (77BC77ADW+[MAB(9NLU+P]

Here I,J,K = 1,...,dimG are the gauge indices and f!;x is the structure constant for
the Lie algebra G associated with G. Note that the terms Rapan(ws )RABMN(w, ) and
QIMJFNP in the action (2.1) are higher derivative corrections to the ordinary second order
derivative terms.

The heterotic NS5-brane solutions satisfy the equation of motion derived from the ac-
tion (2.1) at O(a’). There are three distinct NS5-brane solutions known as the symmetric,
the neutral and the gauge types in heterotic supergravity [30-32]. They are 1/2 BPS config-
urations and preserve a half of the sixteen supercharges. They satisfy the following ansatz:

ds® = mjdﬁdxj + H(r)omndz™dz",
. 1 1
Hp = = 5emmpagH(r), ¢ =SlogH(r), r*=(2")?+ (2% + («*)* + (a)?, (210)
where the indices 7,7 = 0,5,6,7,8,9, m,n = 1,2, 3,4 represent the world-volume and the
transverse directions to the NS5-branes and &,,ppq is the Levi-Civita symbol. The 1/2 BPS
condition leads to the self-duality condition for the Yang-Mills gauge field:

Fon = Eppn, (2.11)

and other components A; vanish. Here the Hodge dual field strength in the transverse four-
dimensions is defined by an = %amnqu P4, The harmonic function H(r) is determined by
the Yang-Mills gauge field configurations of the solutions. These heterotic NS5-branes are
characterized by two charges. One is the topological charge k associated with the gauge
instantons:

k= /Tr[F yal (2.12)

where the integral is defined in the transverse four-space. The other is the charge () asso-

ciated with the modified H-flux:
1

— oG, 2.1
271'20/ S3 ( 3)

Q=

Here S3 is the asymptotic three-sphere surrounding the NS5-brane. In the following we
briefly introduce the three distinct NS5-brane solutions.



Symmetric solution. The most tractable NS5-brane solution in heterotic theory may
be the so-called symmetric solution. The Yang-Mills gauge field which satisfies the self-
duality condition (2.11) is given by an instanton solution in four-dimensions. The gauge
field takes value in the SU(2) subgroup of the gauge group G and the explicit solution is
given by [31, 32],

- Omn"
Am = 12 4 nale260’ nez,
/
1) = e+ 1% (2.14)

where oy, is the self-dual part of the SO(4) Lorentz generator. This is written in the
following form,
Omn = nTInnTI’ ngnn = 6Imn4 + 5Imén‘l - 51715?714’ (215)

where 1! is the 't Hooft symbol which satisfies the self-duality condition in terms of the
indices m, n:

1
- (2.16)
The anti-hermitian matrices T! are defined as
[0 0 0-1] (00 -1 0 | (010 0 ]
0010 00 0 —1 —100 O
T! = , T?= , T3 = (2.17)
0—-10 0 10 0 O 0 00-1
1 000 01 0 O 0010
They satisfy the su(2) algebra
[T, 77 = —27KTK (1,0, K =1,2,3). (2.18)

The solution (2.14) is nothing but the BPST one-instanton in the non-singular gauge [36].
The constant ¢ is the asymptotic value of the dilaton. Compared with the general BPST
instanton solution, the symmetric solution has a fixed finite instanton size p = e~%0v/na/.
This solution has charges (k, Q) = (1,n). A remarkable fact about the symmetric solution
is that the dilaton configuration, hence the harmonic function H(r), is obtained through
the standard embedding ansatz:

(Ap)® = wim®. (2.19)

Here the SU(2) C G indices a,b of the gauge field are identified with the indices of the
SU(2) subgroup of the local Lorentz group SO(4) in the transverse directions. If the
relation (2.19) holds, the Chern-Simons terms in the modified H-flux (2.5) cancel out.
Therefore the H-flux only comes from the B-field and the Bianchi identity (2.8) becomes
dH®) = 0. From the Bianchi identity and the relation between H(r) and fI,(,f%p in (2.10),
the B-field is determined through the following condition:

1
OmH = 2 EmnpgOnBpg (2.20)



Although the symmetric NS5-brane solution (2.10) with (2.14) is a solution to the equation
of motion derived from the action (2.1) at O(a’), the string sigma-model analysis indicates
that the symmetric solution is an exact solution valid at all orders in o/ [31, 32]. Indeed,
the symmetric solution has the N' = (4,4) sigma model description and it is protected
against o’-corrections.

Neutral solution. The neutral solution is the one with charges (k, Q) = (0,n) [31, 32].
For this solution, the Yang-Mills gauge field becomes trivial and the harmonic function is
given by

Ap =0,
na’

H(r) = e*® + g (2.21)
Since the gauge field does not appear in the neutral solution, this is a solution to type II
supergravities. Indeed, this is the type II NS5-brane solution. It is remarkable that the
neutral solution (2.10) with (2.21) for heterotic supergravity is valid at the first order in
o/. For this solution, we find the curvature Ry;nap is order O(a/). Therefore the Lorentz
Chern-Simons term in the modified H-flux (2.5) becomes a higher order correction in o’ and
negligible. Then the Bianchi identity again becomes dH®) = 0. With the solution (2.21)
at hand, the B-field is given by that of the type II NS5-brane and its components, which
are determined by (2.20), are the same as the ones of the symmetric solution in the linear
order in /. We note that the neutral solution has the A" = (4,0) worldsheet sigma model
description and receives higher order o’-corrections in heterotic theories [31, 32].

Gauge solution. The last is the so called gauge solution which has been originally found
in [30]. The Yang-Mills gauge field is again given by the BPST instanton. As in the case
of the neutral solution, the curvature term in the modified H-flux is neglected as it is a
higher order in /. However, the Yang-Mills gauge field still contributes to the H-flux in
the gauge solution and the Bianchi identity becomes dH®) = o/ TrF AF. From the Bianchi
identity, the harmonic function is determined to be

Tmn "
260 / TQ + 2p2

Compared with the symmetric solution (2.14), the size modulus p is not fixed for the gauge
solution and it has charges (k,Q) = (1,8). Similar to the neutral solution, the gauge
solution is obtained by a perturbative series of o/ and the functional forms (2.10), (2.22)
are valid at the first order in /. Indeed, the gauge solution has the N' = (4, 0) worldsheet
sigma model description and is expected to receive higher order o/-corrections [31, 32]. The
position of the instanton corresponds to that of the NS5-brane. Therefore the instanton
with finite size p # 0 resides in the core of the NS5-brane. It has been discussed in [37],
when the instanton shrink to zero size p — 0, a gauge multiplet on the brane world-volume
becomes massless and the SU(2) gauge symmetry is enhanced. The gauge NS5-brane in



the SO(32) heterotic theory in the zero size limit p — 0 is related to the D5-brane in type
I theory by the S-duality.

We make a comment on the B-field for the gauge NS5-brane solution. A careful
analysis reveals that only the Yang-Mills Chern-Simons term contributes to the modified
H-flux and we find H](\j)N p = 0 at least at O(«). Therefore the B-field is not excited in
the gauge NS5-brane solution. Then, the components of the B-field take a constant value:

By = Omn, (constant). (2.23)

3 T-duality chains of five-branes and a’-corrected Buscher rule

In this section, we derive new five-brane solutions in heterotic supergravity in the family of
the T-duality chains. Since the gauge field enters into the action (2.1) as the first order o'~
correction, the T-duality transformation in the heterotic supergravity should be modified
from the standard Buscher rule [25, 26]. The first order o/-corrections to the Buscher rule
in heterotic supergravity have been written down in [28]. This is given by

1 / ! !/ / ! !
Iux — 9wt G <9nyyMGyN =Gy Gyx — nyGyngN) )
vy

/
9ynr | 99C i Iyy
it G, e, T ey

!
Lo / By GyM
Byix — Bux + Fw(GyMBNy N GyNBMy)’ Byyr — — G, - G,

!
1 Gy Al
6 —rd—loglGyl, Ay — Ay - Gyg,y Al A — _ngy’ (3.1)

where we have decomposed the indices M = (M ,y). The indices y and M, N ...specify an
isometry and non-isometry directions respectively. In (3.1), we have defined the following
quantity,

Gyn = gun — Bun + 20/ [Tr(wypywin) — Tr(Ayp An)], (3:2)

where we have defined Trw, prwyn = winr™Bw,nvpa. We call (3.1) with (3.2) the heterotic
Buscher rule. Under the transformation (3.1), the actions of SO(32) and Eg x Eg heterotic
supergravities dimensionally reduced on S! coincide. Note that when the Yang-Mills gauge

AB are turned off, the

field Ap;? and the higher derivative corrections coming from w, ys
relation (3.1) reduces to the ordinary Buscher rule for the NS-NS backgrounds in type II

supergravities.

3.1 Heterotic KK5-branes

Before going to the exotic 53-branes, we first write down the heterotic KK5-brane solutions.
In order to perform the T-duality transformation for the heterotic NS5-brane solutions, we
introduce a U(1) isometry along the transverse direction to the brane world-volumes.? To

3If we perform the T-duality transformations along the world-volume direction of the NS5-branes in the
SO(32) heterotic theory, we obtain the identical solutions in the Fs x Eg theory and vice versa.



this end, we first compactify the z*-direction with the radius R4 and consider the periodic
array of the NS5-branes. Then by taking the small radius limit R4 — 0, we introduce
the U(1) isometry to the heterotic NS5-brane solutions. The self-duality condition (2.11)
reduces to the monopole equation %sm/n/p/Fn/p/ = O As + [Apy, Ag] where m' = 1,2,3.
Therefore the resulting solutions are called the heterotic monopoles or smeared NS5-branes.
The explicit forms of the smeared NS5-brane solutions which originate from the periodic
arrays of the symmetric, the neutral and the gauge solutions have been written down
in [38, 40]. By performing the T-duality transformation of the solutions along the isometry
direction, we obtain the KK5-brane solutions associated with the three types of the NS5-
branes. In the following, we calculate the T-duality transformations of the NS5-brane
solutions and derive the KK5-brane solutions.

Symmetric KK5-brane. For the symmetric solution where the standard embedding
condition is satisfied, the ansatz and the Bianchi identity leads to the condition [e?? =
OH = 0. The periodic array of the symmetric NS5-brane solution is governed by the
following harmonic function H(r) on R x S* [40]:

na’ 9

HO) =0 ) G —mhy " @SB

Taking the compactification radius small R4 — 0, the sum in (3.3) is approximated by the
integral over s. We call this procedure as smearing. The result is*

9 C

H(r) =e* + o (3.4)
The corresponding solution is the smeared symmetric NS5-brane of co-dimension three
discussed in [38]. We note that the smeared symmetric NS5-brane is an H-monopole whose
quantized charge @ is well-defined. On the other hand, the Yang-Mills monopole charge for
the smeared solution is not defined anymore [40]. We now perform the T-duality transfor-
mation on the smeared symmetric NS5-brane solution. For a solution where the standard
embedding (2.19) is satisfied, the heterotic Buscher rule (3.1) is quite simplified. This is
because the relation Tr( wipwin) = Tr(AyAn) holds and the last term in (3.2) vanishes.
We perform the T-duality transformation by utilizing the heterotic Buscher rule (3.1).

Then we obtain the symmetric KK5-brane solution:

o 72
ds* = nyyda'da’ + H [(dz')? + (d2®)? + (da®)?] + H ! [da:4 + By dz™ |,
¢ =0, Bun =0, (m'=1,2,3), (3.5)

where the harmonic function H is given in (3.4) and £, is determined by the following
relation:

8m/H = Em'n'p’ 8n/,6’p/. (3.6)

4The constant C' = na’R; " would diverge in the limit R4, — 0 but this is an artifact of the smearing
procedure. We can find the harmonic function (3.4) which finite C' by solving the Laplace equation OH = 0
in three dimensions.



The dilaton and the NS-NS B-field vanish but the Yang-Mills gauge field remains non-
trivial. The symmetric KK5-brane solution is not a purely geometric solution but the
geometry is dressed up with the Yang-Mills gauge fields. The gauge field A,;! is obtained as

‘ -

%[ BiOVHT" — (HOsH + 10 H)T? + (HooH — $105H)T?],

ﬁ[ HO3H — 201 H)T" — B2y HT? — (HOLH + 3203 H)T?],

#[ (HO,H + BsO\H)T" + (HO1H — B30, H)T* — B30sHT?],
-

NHT' — 0, HT? — 03HT?],  A; =0. (3.7)

[\
T

We find that the Yang-Mills gauge field configuration (3.7) satisfies the anti-monopole
(Bogomol’'nyi) equation
B; = —D;¢. (3.8)

This equation is nothing but the anti-self-duality condition F,, = —F™" in disguise.”

Since the field configuration (3.7) satisfies the equation F,, = —F,,, this belongs to the
general class of spherically symmetric solutions discussed in [39].

Meanwhile, by using the relation (3.6), the modified spin connection w, associated
with the geometry (3.5) is calculated to be

Wil = 2—;[2[ BiOVHT" — (HO3H + P10 H)T? + (HOoH — $105H)T?],

Wig = %[ HO3H — B2y H)T" — Bo0y HT? — (HO\H + B20sH )17,

wWig = %[ (HOoH + B3Ot H)T' + (HOVH — B30oH)T? — B30s HT?],

Wig = 1 el OHT' — 0,HT? — 0sHT?|,  wy; = 0. (3.9)

From the results (3.7) and (3.9), we find that the standard embedding condition (2.19) still
holds for the symmetric KK5-brane solution.

Neutral KK5-brane. We next study the neutral KK5-brane solution. For the neutral
NS5-brane solution, we have the trivial Yang-Mills gauge field Apf = 0. Again, the
smearing procedure is applicable to the neutral solution. The smeared neutral NS5-brane
solution is governed by the harmonic function (3.4). As we have claimed in the previous
section, the modified spin connection wy is in the O(a/) for the neutral solution. Therefore
it is negligible in G’ in the heterotic Buscher rule (3.2). Applying the heterotic Buscher
rule, we find that the metric, the B-field and the dilaton for the neutral KK5-brane solution
are given by (3.5) and the gauge field remains vanishing Ay;! = 0. Therefore the neutral
KKb5-brane is a purely geometric Taub-NUT solution at least at the leading order in o’.
Indeed, this is nothing but the KKb5-brane solution in type II theories.

5The flip of the sign in the Hodge dualized field strength Fy., comes from the choice of the freedom for
the overall sign in the heterotic Buscher rule (3.1). If we choose another sign in front of Aé in the right hand
side of (3.1), the gauge field satisfies the self-duality condition instead of the anti-self-duality condition.



Gauge KK5-brane. For the gauge NS5-brane solution, the periodic harmonic func-

tion (3.4) does not work as a solution since [Je?? = 0 is not satisfied for the gauge solution.

The ansatz (2.10) and the Bianchi identity indicates OH () = %/Tr[em”qumanq]. In order

to find a solution of co-dimension three associated with the gauge solution, we perform the

singular gauge transformation of the solution (2.22). Then the gauge field becomes
—20%G ™ 9

An=anay gy 1= @ HE @) ED (3.10)

where &, is the antisymmetric and anti-self-dual matrix and is written as

Omn = ﬁ’{rmTI7 777{1171 = Elmnll - 5Im5”4 + 5In5m4' (311)
This is the BPST instanton in the singular gauge. The solution is obtained by the famous
't Hooft ansatz:

A = Gmn0On log f. (3.12)

The function f satisfies %D f =0 and given by f(r) =1+ Zle ﬁ for the k-instanton
solution. Here z; are the positions of the instantons. Note that the solution (3.10) cor-
responds to kK = 1. Using this fact, we can perform the smearing procedure for f along
the line of obtaining (3.4). This periodic array of the instantons is just the calorons of the
Harrington-Shepard type [41]. The harmonic function H for the smeared gauge NS5-brane
is determined by the Laplace equation whose source is given by the R4y — 0 limit of the

calorons, namely, the smeared instantons. After the smearing, we find f = 1 + g where
r? = (21?4 (2%)? + (2*)* and p = % is a rescaled size modulus. Then the smeared gauge

NS5-brane solution is found to be

ds® = mjda:idxj + €228, ndx™ dx™,
~ U ~2

A, = 6mnﬁ, e2? = ¢2%0 _ QO/W, H,gf’%p = —%smnm@qew. (3.13)
As in the case of the gauge NS5-brane solution, we find that the B-fields in the smeared
gauge NSH-brane solution becomes trivial. This property is also found in the heterotic
monopole solution [40]. We also note that the smeared gauge NS5-brane does not ex-
hibit the H-monopole property. Indeed, we find the modified H-flux behaves like ];AIT(EZ’T)L4 ~
40/ ﬁemnq4f—§ (r — o00) and the charge ) vanishes. This is in contrast to the symmetric
and the neutral solutions. We also comment that the solution (3.13) based on the smeared
instanton does not have a finite monopole charge. This is again in contrast to the monopole
solution in [40].

Since the B-field is trivial in the gauge solution, we can set these components as

By =©1, DBy =03, B3y =03, (3.14)

where ©; are constants. The other components do not appear in the solution and they
can be set to zero. Now we perform the T-duality transformation of the smeared gauge
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NS5-brane solution along the z*-direction. After calculations, we find the following gauge
KKb5-brane solution:

ds® = mjd:nida:j + Hpyry dz™ da™ + e_4¢°H(d$4 + @m/dfnm/)Q,
~9

¢ = %log e M0y, Y =20 — 2a’742(74p7+f))2,
A = M((x:’,TQ — 2273 4 e 2009, (21T + 2272 + $3T3))7
Ay = M((xlTB ~ 3TN 4 2000, (21T + 22T + szs))
Az = M ((xQT1 — 21 T?) 4 e 2%0;3(2' T + 2272 + x3T3)>,
Ay = 62¢°Mi);_ﬂ(xlTl + 2%T? + 2°T3), A; =0. (3.15)

The solution seems complicated but one finds that the Yang-Mills gauge field satisfies the
anti-monopole equation (3.8). Notably, the function H becomes negative at a finite value
of r. The solution is ill-defined near the center of the brane. This property is similar to
the symmetric and neutral NS5-brane solutions with n < 0 whose physical interpretation
is unclear [40].

3.2 Heterotic 5§-branes

Now we are in a position where the second T-duality transformation is performed on the
KK5-brane solutions. We introduce another isometry along the transverse direction 2 to
the KK5-brane world-volumes. By performing the second T-duality transformation along
the z3-direction, we obtain the exotic 53-brane solutions associated with the symmetric,
the neutral and the gauge solutions.

Symmetric 52-brane. The harmonic function H(r) in R? x T2 is obtained by the peri-
odic array of the KK5-brane. This is given by

1 no/ Rt
H(r) = 2% + 3 ,
") 2 ZS: VT2 + (23 — 27 R3s)?

r? = (z')? + (2?)2. (3.16)

Taking the compactification radius small R3 — 0, the sum in (3.16) is approximated by
the integral over s with the cutoff scale A. The result is [22, 23]

H(r) = ho — %log 2 (3.17)

RsRy
2wl

valid [42]. The constant ho diverges in the large cutoff scale limit A — oo. Since the

where ¢ = and g is a constant which specifies the region where the solution is

harmonic function only depends on z!, 22, the NS-NS B-field does so. The only non-zero
component of the B-field Bsy = w is determined by the following relations:

81H = 82(,0, 82H = —alw, (3.18)

— 11 —



The explicit form of w is found to be

w=—otan! <$ ) . (3.19)

If we employ the coordinate system z?

= rcosf,z? = rsinf where 6 is the angular coor-
dinate in the z'z?-plane, then w is proportional to #. This result leads to the fact that
the space-time metric, the dilaton and the NS-NS B-field in the solution are not single-
valued anymore. The logarithmic behaviour of the harmonic function is characteristic to
co-dimension two objects. We call the solution (3.5) on which the harmonic function is
replaced by (3.17) the smeared symmetric KK5-brane solution. Indeed, the heterotic vor-
tex and the domain wall are discussed in [43, 44] where the harmonic function behaves as

logarithmic and linear functions.

Since the heterotic KK5-brane solution satisfies the standard embedding condition,
this again simplify the heterotic Buscher rule (3.1). By performing the second T-duality
transformation along the 3-direction, we obtain the following symmetric 53-brane solution:

o H
ds* = nyyda'da? + H [(dat)? + (da?)?] + 174 [(d2®)? + (d=*)?]
i
K’

1
6= log By, = —%, K = H? 42 (3.20)

The metric, the dilaton and the NS-NS B-field in (3.20) are the same with the ones in type
IT theory. However, in heterotic theory, the Yang-Mills gauge field remains non-trivial.
The gauge field Ay,! is calculated as

_ 1 3 __1 3
Ay = S (H)T?, Ay = — (0T,
Ay = <(H82H +wd H)T' — (Ho H — w82H)T2),
1
Ag=—5— ((H81H — WO H)T" + (HH + w@lH)T2),
A; = 0. (3.21)

We find that (3.21) satisfies the vortex-like equation in two dimensions:
Dip—iDyp =0,  [p,¢] = Bs, (3.22)

where ¢ = %(AS + iAy) is a complexified adjoint scalar field. The vortex-like equa-
tion (3.22) is obtained by dimensionally reducing the self-duality condition (2.11) to two
dimensions. We note that since the Yang-Mills gauge field contains the explicit angular
coordinate in w, A, is not a single-valued function also in the symmetric 53-brane solution.

— 12 —



The modified spin connection w, associated with the solution (3.20) is calculated as

!

- 2H
1

Wyg = —ﬁ(ﬁlH)T?’ — KY(HO\H — wi, H) N3,

Wil (0o H)T? + K=Y (HOoH + wd H) N34,

1
Wiy = —EK*% (W20 H — H?0oH — 20H H) T*

1
+ 5K (WPOH — H0H + 20HO H) T,

1
wii = 5 K73 (PO H — HOH + 2wHO,H) T'
1
+ 57 K72 (WPOpH — H?0H — 2wHO H) T°. (3.23)

Here (N@)AB = §oAgbB _ 504598 ig the generator of the SO(4) Lorentz group. More
explicitly, they are given by

[0 100] [0 010] [0 001]
1000 0000 0000
(N12): ’ (N13): ; (N14): ’
0000 1000 0000
0000 0000 1000
[0 000] (00 00] (00 0 0]
, 0010 0001 00 0 0
(N%) = , (N = . (N = L (3.24)
0000 0000 00 0 1
1000 0-100 00-10

At first sight, the standard embedding condition (2.19) does not hold for the symmetric
532-brane solution. However we find that the condition (2.19) is satisfied up to the gauge

transformation. To see this, we calculate the gauge (and the SO(4)) invariant quantity
TrEynFMY and Ryyap(we) RMVPA(w, ) and find

TeFyn FMY = Rynvap(wy ) RMVBA(W,). (3.25)

This result indicates that A,, and w4 are identified up to a gauge transformation.

When the standard embedding condition is satisfied, all the o/-corrections are expected
to be canceled in the T-duality transformations [45]. We therefore conclude that the het-
erotic Buscher rule (3.1) is exact for solutions of the symmetric type. The family of solutions
related by the T-duality transformations seem not to suffer from the o'-corrections. We
note that the multi-valuedness which appears in the gauge invariant quantity TrEFy;y FMV
in the action is canceled by the standard embedding condition. This is similar to the situ-
ation discussed in the multi-monopole solutions [38] where divergences in TrFyy FMY are

canceled in the term Rp;yapRMNBA,
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Neutral 5§—brane. For the neutral KK5-brane, we again find that the heterotic Buscher
rule is simplified due to the same reason discussed in the previous subsection. After some
calculations, the metric, the dilaton and the NS-NS B-field are given by (3.20). This is a
conceivable result since the neutral solution does not involve gauge field anymore and it is
a solution in type II theory. We stress that although the symmetric solution (3.20) is an
exact solution, the neutral solution is a perturbative solution in the o’ expansion.

Gauge 5§-brane. We introduce another isometry along the same way of obtaining the
Harrington-Shepard calorons for the smeared gauge NS5-brane. The calculation is the
same with the harmonic function (3.17) in R? x 72. One obtains the function f = hg —
% log (ﬁ) + O(r/A) in the 't Hooft ansatz (3.12). Here r2 = (z')? + (22)2 and hg =
1+ %1223 log[dnRsA /), 6 = :—1’% are constants. For the smeared gauge KK5-brane of co-
dimension two, only the one component of the B-field is non-trivial. As discussed before,
this is just a constant and we choose this B3y = O. The explicit form of the smeared
gauge KKb5-brane solution is found in appendix. Now we perform the second T-duality
transformation of the gauge solution. For the gauge KK5-brane, again the wi term in
G,y in the heterotic Buscher rule is negligible as it is a higher order in /. However,
the Yang-Mills gauge field remains non-trivial and contributes to the Buscher rule. After
calculations, we find the following gauge 53-brane solution:

ds? = mjdz'de? + I[(dx')? + (do?)?] + #[(daf’)z + (dzt)?,

e4¢0 + @2
@ 1 T a/a.Q
B3y = ——7——, ¢——log () ) T=e*— = 5 ’
eddo + O2 2 eldo 1+ @2 92 (hO — %log(r/u))2
_5.:1:2 3 6'2}‘1 3
Al — 577 o , 9 = 577 5 ;
4r2 (ho — §log(r/p)) 472 (ho — 5 log(r/ 1))
o
Az = = - 20 (21 T? — 22TY) + (2T + 2°77)),
" e s e )
o
Ay = = - 200 (21T 4+ 22T%) + 0 (2! T? — 2%1TY)),
e s el )
A; = 0. (3.26)

The gauge field satisfies the vortex-like equation (3.22) which is a reminiscent of the self-
duality equation (2.11). In the symmetric and the neutral 53-brane solutions, there was the
function w which contains explicit angular coordinate on the z'x?-plane. In the gauge 53-
brane solution, the B-field is governed by a parameter © instead of w. However, since © is a
constant parameter, the gauge 53-brane solution is completely determined by single-valued
functions and it is a geometric solution. The function Z becomes negative at a finite value
of r. This is the same situation in the case of the gauge KK5-brane and, unfortunately,
its physical meaning is still obscure. We will make a comment on this property in section
5. A summary of the smearing and the T-duality relations for the heterotic five-branes is
found in figure 1.
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codimensions Heterotic five-branes

4 NS5-branes
..........................................................

3 Smeared KK5-branes

................... NSSbra"es

2 Smeared
KK5-branes

5%-branes

Figure 1. The smearing and the T-duality relations for the heterotic five-branes of various co-
dimensions.

4 Monodromy and T-fold

In this section, we study the monodromy of the heterotic 53-brane solutions. The T-
duality symmetry in heterotic string theories compactified on 7% with Wilson lines have
been studied in detail [46, 47]. The Wilson line fields break the SO(32) or Eg x Eg gauge
group down to a Cartan subgroup of the gauge group. The off-diagonal parts of the Yang-
Mills gauge field are Higgsed and becomes massive. In the lower-dimensions, there are
U(1) gauge fields which originate from the Kaluza-Klein reduction of the metric, the NS-
NS B-field and the Yang-Mills gauge field that correspond to the Cartan subgroup. In this
case, the T-duality group has been determined to be O(d, d + dimG, R) where dimG is the
number of the U(1) sector associated with the Cartan subgroup [48].

On the other hand, when the Wilson line fields are absent, the non-Abelian gauge group
is not broken and the T-duality group O(d,d + dimG,R) reduces to O(d,d,R) [49]. Their
study relies on the S-matrix analysis of strings and the result is true in all orders in /. In
order to clarify the O(d, d) covariance of field configurations, it is convenient to consider the
generalized metric H. The generalized metric H in type 11 supergravity is a 2d x 2d matrix
and defined through the metric and the B-field. Although, the T-duality group O(d, d) itself
does not change for all orders in o/, the generalized metric receives a/-corrections. This is
analogous to the a/-corrected Buscher rule of the T-duality transformation. Remarkably,
in addition to the metric and the B-field, the Yang-Mills gauge field plays an important
role in heterotic theories. The generalized metric in heterotic theories is determined by
utilizing the heterotic supergravity action (2.1) compactified on 7 [49]. This is given by

G1! -G 'B
= , (4.1)
BG™! G- BG™'B
where G is defined by
Guw = guw + 20/ [Tr(w+uw+l,) - Tr(A”Al,)], (4.2)

Here pu, v are the isometry directions. The generalized metric (4.1) takes the same form in
type II supergravities but the second term in (4.2) is characteristic to heterotic theories.
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The spin connection term in (4.2) has been introduced as it enters into the action (2.1)
in the same way as the Yang-Mills gauge field [49]. In the following, we investigate the
monodromy structures of the heterotic 53-branes by using the generalized metric (4.2).

Symmetric 5§—brane. For the symmetric 53-brane, since the standard embedding con-
dition is satisfied, we can choose a gauge where the second term in (4.2) is canceled. We
find that the generalized metric is the same with the one in type II theory. For the solu-
tion (3.20), this is given by

‘H 'K 0 0 H'w ]
neoy = | ° HOK “H 0 L (43)
0 —-H'wHK '+ (HK) 'w? 0
H'w 0 0 HK '+ (HK) w?

When we go around the center of the 53-brane and come back to the original point, namely
if the angular position changes as § = 0 — 2w, then the generalized metric is evaluated as

H(27) = O'"H(0)O, (4.4)
where
—q ()
o=| " € 0(2,2). (4.5)
27‘(‘0‘12 —’iTQ

This implies that the monodromy is given by the O(2,2) T-duality transformation. There-
fore, although the symmetric 53-brane solution is non-geometric, it is a T-fold and a con-
sistent solution to heterotic string theories.

Neutral 5§—brane. For the neutral 53-brane, the bulk gauge field is trivial and we can
always choose the gauge where Aj; = 0. Again, the modified spin connection is O(a’) and
it does not contribute to (4.2) and to the generalized metric. Then the generalized metric is
given by (4.3) and its monodromy structure is the same with the symmetric case. Therefore
we find that the neutral 53-brane is a T-fold at least at O(’) in heterotic theories.

Gauge 5§—brane. For the gauge 53-brane, the situation is different. The gauge field
contributes to the generalized metric through (4.2) at O(«/). However, since all the fields
in the gauge solution do not depend on the angle 6 in the two-dimensional base space,
they do not inherit multi-valuedness of the geometry. Therefore the monodromy becomes
trivial. This can be seen by evaluating the generalized metric for example in © = 0 gauge.
In this gauge, we have

Gt o

. G =e 01, (4.6)
0 G

This implies H(27) = H(0). Therefore we concludes that the gauge 53-brane does not
exhibit non-geometric nature.
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5 Conclusion and discussions

In this paper we studied the T-duality chains of five-branes in heterotic supergravity. A
specific feature of heterotic supergravity is the Yang-Mills gauge sector which appears in
the linear order in the o/-corrections. There are also higher derivative corrections of the
curvature square term in the same order in o/. The three different half BPS five-brane
solutions in this o’ order are known. They are the symmetric, the neutral and the gauge
NS5-brane solutions. These are distinguished by the topological charge of instantons of
Yang-Mills gauge field and the charge associated with the modified H-flux.

We introduced the U(1) isometry along a transverse direction to the NS5-brane world-
volume and explicitly performed the T-duality transformation of these solutions. Due to
the o’-corrections in heterotic supergravity, the Buscher rule is modified by the corrections.
For the symmetric solution, where the standard embedding condition is satisfied, the o/-
corrections in the modified Buscher rule cancel out. The resulting metric, the B-field and
the dilaton are nothing but the ones for the KKb5-brane solution in type II theory. We
demonstrated that the Yang-Mills gauge field satisfies the standard embedding condition
again and it is given by the solution to the monopole equation in three dimensions. For the
neutral solution, we find that the T-dualized solution is given by the KK5-brane in type 11
theory at least at O(a’). The solution is given by the purely geometric Taub-NUT metric.
For the gauge solution, the geometry is ill-defined near the brane core after the smearing
procedure. This property is carried over to the T-dualized solution. For the gauge KK5-
brane solution, the B-field is not excited which is the same with the KK5-brane in type II
theory. However, the geometry is well-defined only at the asymptotic region.

We then introduce another U(1) isometry to the KK5-brane solutions and perform
the second T-duality transformation. The resulting solutions are the exotic 53-branes in
heterotic theory. For the symmetric solution, the metric, B-field and the dilation are given
by that of the 53-brane in type II theory. The gauge field satisfies the vortex-like equation
in two dimensions. We found that the standard embedding condition is satisfied up to
a gauge transformation. For the neutral solution, we found that the neutral 53-brane is
the same with the one in type II theory. They exhibit a non-geometric nature due to the
multi-valuedness of the B-field. For the gauge 53-brane solution, we found that the fields
do not show the multi-valuedness and they remain geometric.

We next studied the monodromies of the three different 53-branes. We calculated the
generalized metric for these solutions. We found that the symmetric and the neutral 53-
branes have a monodromy given by the O(2,2) T-duality transformation. Therefore they
are T-folds. On the other hand, the gauge solution does not show the nature of a T-fold.

Following the general discussion in [45], the symmetric solution seems to be exact in
terms of /. On the other hand, for the neutral and the gauge 53-brane solutions, they
generically receive o/-corrections. The result is summarized in table 1.

A few comments are in order about the solutions. We introduced the U(1) isometry
to the gauge NS5-brane by the smearing procedure of the instantons. The resulting gauge
field is just the Harrington-Shepard calorons in the small radius limit. The dilaton and
the metric at O(/) are determined through the Bianchi identity dH®) = o/ TrF A F where
the right-hand side is given by the topological charge density for the smeared caloron. The

,17,



Type Geometry | Valid order in o/ | Notes

Symmetric | T-fold o/-exact standard embedding
Neutral T-fold O(d) Type II solution

Gauge geometric | O(d) ill-defined near the center

Table 1. Properties of the heterotic 53-branes.

resulting geometry is ill-defined near the center of the brane. We stress that there is another
co-dimension three solution based on the BPS monopole of 't Hooft-Polyakov type instead
of the smeared caloron [38, 40]. In the gauge NS5-brane solution of co-dimension three
based on the BPS monopole type, the metric and the B-field behave well-defined near the
core of the five-brane. The gauge KK5-and 53-branes of BPS monopole type would show
better physical interpretation of T-dualized solutions. A related property of the solutions
is the logarithmic behaviour of the 53-branes of all types. This is characteristic to the co-
dimension two objects and found also in the solution in type II theory [22, 23]. Similar to
the gauge solutions of the smeared caloron type, the 53-branes discussed in section 3.2 seem
to be ill-defined at asymptotic region. However this does not indicate any inconsistency
of the solutions but the general property of co-dimension two objects. Analogous to the
D7-brane in type IIB string theory, the exotic 53-brane is not well-defined as the stand-
alone object. We need other co-existing branes in order to write down asymptotically flat
globally well-defined solutions.® Indeed, the scale y in (3.17) specifies the “cutoff” point
where the effect of the next duality branes is not negligible [42]. We believe that globally
well-defined 53-brane solutions exist even in heterotic theories.

We note that the most tractable way to study the non-geometric nature of string theory
solutions is the double field theory construction of supergravity [51, 52]. There are several
studies about double field theory formulation of heterotic supergravity [53] and the inclusion
of o/-corrections [54-57]. Although the spin connection term in the generalized metric (4.2)
is a conjectural one, the supersymmetry transformation law of the heterotic supergravity
and the double field theory analysis strongly suggest that this is true [49]. Comprehensive
studies are presented in the generalized geometry with o'-corrections [63]. The heterotic
53-brane is expected to be a source of the non-geometric flux or mixed-symmetric tensor
and they are in the T-duality multiplets in lower-dimensions [64]. It is also interesting to
study the world-volume effective action for the non-geometric branes [65-67] in heterotic
theory. We will come back to these issues in future studies.
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An example is the SL(2, Z) multiplet of 7-branes in type IIB string theory [50].
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A Smeared solutions for gauge type

In this appendix, we introduce the explicit solutions of the smeared gauge KK5-brane. It
is convenient first to introduce the defect gauge NS5-brane solution before we write down
the smeared KK5-brane solution. The defect gauge NS5-brane solution is obtained by the
smearing procedure along the z*-direction to the z3-smeared gauge NS5-brane. The result-
ing solution is a brane of co-dimension two. By performing the T-duality transformation
along the z3-direction, we obtain the z%-smeared gauge KK5-brane.

A.1 Defect gauge NS5-brane solution

The defect gauge NS5-brane is the co-dimension two gauge NS5H-brane and it is obtained
by smearing the two directions of the gauge NS5-brane solution (2.22) along the same way
to obtain the smeared gauge NS5-brane solution (3.13). The result is

) ) /=2
ds®> = nijdz'dz? + Léppdx™dx", T =¢e*0 — - 0{0 5
202 (o — § log(r /1))
ox” 1 . 1
Ap = —Gmp———— , = —logZ, H® —=_Z¢ . .0.T, Al
4r2(h0 ~ %log(r/u)) o B g P 9 pqYq ( )

where 72 = (21)? + (2%)%. In the gauge solution, since the non-zero components of the
modified H-flux ﬁmnp come from the Yang-Mills Chern-Simons term, the B-field is taken
to be a constant. For the defect NS5-brane solution, the relevant non-zero component of
the B-field is B34 = ©. When we perform the heterotic T-duality transformation along the
z*-direction for the defect NS5-brane solution, we can obtain the smeared gauge KK5-brane
solution shown below.

A.2 Smeared gauge KK5-brane solution

The smeared gauge KK5-brane solution is obtained by smearing z3-direction in the gauge
KK5-brane solution (3.26). The explicit form is as follows:

ds® = nijda’da? + 6y da™ da” + Te ' [da* + Oda”)?,

Bun=0, ¢= 11og(e*2<f>oz) T =% — - O‘f‘}Q
’ 2 ’ 2r2(ho — § log(r/p))”*’
I — NN —]
4r? (ho — %log(r/,u)) 4r? (ho — %log(r/,u))
P 42 (ho - ;log(r/ﬂ))Q (@7 =T+ 2 00GIT! +2°7%)),
Ay = e 200 ~& 5 (2' T + 2°T?). (A.2)

As we mentioned above, the solution is obtained by taking the heterotic T-duality trans-
formation along the z*-direction on the defect gauge NS5-brane solution (A.1). When we
take the heterotic T-duality transformation with the z3-direction instead of the z*-direction
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on (A.1), we find the other type of smeared gauge KK5-brane solution. The solution is dif-

ferent with the sign in front of © in (A.2), but the physical meanings are the same for both of

the solutions. On the other hands, if we take the heterotic T-duality along the z3-direction

for the smeared gauge KK5-brane, we obtain the gauge 53-brane solution as we see in (3.26).
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