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1 Introduction

Extended objects such as branes play an important role in superstring theories. The U-

duality [1], which makes non-trivial connections among consistent superstring theories,

relates various branes in each theory. It was shown that M-theory compactified on T d

has the U-duality symmetry group Ed(d)(R) in lower dimensions [2–4]. BPS branes in

superstring theories form lower-dimensional multiplets under the U-duality group. For

example, when we consider M-theory compactified on T 8, we have the E8(8)(R) BPS point

particle multiplet. The higher dimensional origin of parts of these point particles is the

ordinary branes wrapped/unwrapped on cycles in T 8. Here, the ordinary branes are waves,

F-strings, D-branes, NS5-branes, Kaluza-Klein (KK) branes. However, there are states

whose higher dimensional origin does not trace back to the ordinary branes. These states

are called exotic states and their higher dimensional origin is known as exotic branes [5, 6].

Among other things, an exotic brane in type II string theories known as the 522-brane,

has been studied intensively [7–17]. The most tractable duality in string theory is the

T-duality. Type II string theories compactified on T d has T-duality symmetry group

O(d, d,Z). The exotic 522-brane is obtained by performing the T-duality transformations

along the transverse directions to the NS5-brane world-volume. As its notation suggests,

the 522-brane has two isometries in the transverse directions to the brane world-volume [3].1

Its tension is proportional to g−2
s where gs is the string coupling constant. Therefore the

1In this paper, we use the notation 522 in the sense that they are obtained by the T-duality transformations

twice on the heterotic NS5-branes.
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522-brane is a solitonic object of co-dimension two. These co-dimension two objects in string

theory, sometimes called defect branes [18], exhibit specific properties [19, 20]. When one

goes around the center of the co-dimension two branes in the transverse two directions and

come back to the original point, the background geometry of the branes changes according

to the non-trivial monodromy. Therefore the metric and other background fields are gener-

ically governed by multi-valued functions. In this sense, they are called non-geometric [21].

However when the monodromy is given by the symmetry group of the theory, which is

generically the U-duality group in string theory, then the non-geometry becomes healthy

candidate of solutions to string theory. This kind of solution is called U-fold. An important

nature of the exotic branes is that they are non-geometric objects [22, 23]. Therefore they

are called non-geometric branes or Q-branes [24]. In particular, the 522-brane in type II

string theories is a T-fold, whose monodromy is given by the T-duality group O(2, 2).

The purpose of this paper is to study exotic branes in heterotic string theories. Com-

pared with type II string theories, exotic branes in type I and heterotic string theories have

been poorly understood. This is due to the non-Abelian gauge field living in the space-time

in these theories. Notably, the Yang-Mills gauge field enters into the space-time action as

the first order α′-corrections. Due to the α′-corrections, the Buscher rule [25, 26] of the

T-duality transformation for heterotic supergravity is modified [27–29]. The most famous

extended objects in heterotic supergravity theories are the heterotic NS5-brane solutions.

There are three distinct NS5-brane solutions in heterotic supergravity [30–33]. We will

perform the T-duality transformations to these heterotic NS5-branes by the α′-corrected

Buscher rule and obtain new five-brane solutions. We will then study the monodromy

structures of these solutions.

The organization of this paper is as follows. In the next section, we introduce the

heterotic NS5-brane solutions known as the symmetric, neutral and gauge types [30–32].

In section 3, we introduce the isometries along the transverse directions to the NS5-brane

world-volumes and perform the T-duality transformation by the α′-corrected Buscher rule.

We obtain the heterotic Kaluza-Klein five-brane (KK5-brane) solutions associated with

the three types of solutions. We then perform the second T-duality transformations on the

KK5-branes and write down the exotic 522-brane solutions. In section 4, we examine the

monodromy structure of the heterotic 522-brane solutions by the α′-corrected generalized

metric. We show that the monodromy is given by the O(2, 2) T-duality group for the

symmetric and the neutral solutions while the gauge solution remains geometric. Section

5 is devoted to conclusion and discussions. The explicit form of the smeared gauge KK5-

brane solution is found in appendix.

2 Heterotic NS5-brane solutions

In this section, we introduce the NS5-brane solutions in ten-dimensional heterotic super-

gravity which is the low-energy effective theory of heterotic superstring theory. Heterotic

supergravity consists of the ten-dimensional N = 1 gravity multiplet coupled with the

N = 1 vector multiplet. The relevant bosonic fields in heterotic supergravity are the viel-

bein eM
A, the dilaton φ, the NS-NS B-field BMN and the Yang-Mills gauge field AM .
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Here M,N,= 0, . . . , 9 are the curved space indices while A,B, . . . = 0, 1, . . . , 9 are the local

Lorentz indices. The Yang-Mills gauge field AM is in the adjoint representation of the

gauge group G which is SO(32) or E8×E8. We employ the convention such that the gauge

field is represented by anti-hermitian matrices and the trace is taken over the matrices of

the fundamental representation.

A remarkable property of heterotic supergravity is that the Yang-Mills gauge field

contributes to the action as the first order α′-correction. The famous anomaly cancellation

mechanism and the supersymmetry completion result in the Riemann curvature square

term which involves higher derivative corrections in the same order in α′ [34, 35].2 The

ten-dimensional heterotic supergravity action for the bosonic fields at the first order in α′

is given by

S =
1

2κ210

∫

d10x
√−ge−2φ

[

R(ω)− 1

3
Ĥ

(3)
MNP Ĥ

(3)MNP + 4∂Mφ∂Mφ

+ α′ (TrFMNFMN +RMNAB(ω+)R
MNAB(ω+)

)

]

. (2.1)

Here we employ the convention such that
κ2

10

2g2
10

= α′ where κ10 and g10 are the gravitational

and the gauge coupling constants in ten dimensions. The ten-dimensional metric gMN in

the string frame is defined through the vielbein as gMN = ηABeM
AeN

B where the metric in

the local Lorentz frame is ηAB = diag(−1, 1, . . . , 1). The Ricci scalar R(ω) is constructed

from the spin connection ωM
AB:

R(ω) = eMAe
N

BR
AB

MN (ω),

RAB
MN (ω) = ∂MωN

AB − ∂NωM
AB + ωM

ADηCDωN
CB − ωN

ADηCDωM
CB. (2.2)

The spin connection is expressed by the vielbein eM
A and its inverse:

ω AB
M =

1

2

[

eAN (∂Me B
N − ∂Ne B

M )− eBN (∂Me A
N − ∂Ne A

M )− eAP eBQ(∂P eQC − ∂QePC)e
C
M

]

.

(2.3)

The modified spin connection ω±M
AB which enters into the action in the O(α′) terms is

defined as

ω±M
AB = ωM

AB ± Ĥ
(3)
M

AB, (2.4)

where Ĥ
(3)
M

AB = eNAePBĤ
(3)
MNP and the modified H-flux Ĥ

(3)
MNP is defined by

Ĥ
(3)
MNP = H

(3)
MNP + α′

(

ΩYM
MNP − ΩL+

MNP

)

. (2.5)

Here the field strength H
(3)
MNP of the B-field is defined by

H
(3)
MNP =

1

2
(∂MBNP + ∂NBPM + ∂PBMN ). (2.6)

2The authors would like to thank Tetsuji Kimura for his introducing [34, 35].
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The Yang-Mills and the Lorentz Chern-Simons terms which appear in (2.5) are defined as

follows:

ΩYM
MNP = 3!Tr

(

A[M∂NAP ] +
2

3
A[MANAP ]

)

,

ΩL+
MNP = 3!

(

ηBCηADω+[M
AB∂Nω+P ]

CD +
2

3
ηAGηBCηDFω

AB
+[Mω+N

CDω+P ]
FG

)

. (2.7)

Here the symbol [M1M2 · · ·Mn] stands for the anti-symmetrization of indices with weight
1
n! . Note that the modified H-flux is iteratively defined through the relations (2.4) and (2.5)

order by order in α′. The modified H-flux Ĥ(3) obeys the following Bianchi identity:

dĤ(3) = α′ (TrF ∧ F − TrR ∧R) +O(α′2), (2.8)

whereRAB = 1
2!R

AB
MNdxM∧dxN is the SO(1, 9)-valued curvature 2-form. The component

of the Yang-Mills gauge field strength 2-form F = 1
2!FMNdxM ∧ dxN is

FMN
I = ∂MAI

N − ∂NAI
M + f I

JKAJ
MAK

N . (2.9)

Here I, J,K = 1, . . . , dimG are the gauge indices and f I
JK is the structure constant for

the Lie algebra G associated with G. Note that the terms RABMN (ω+)R
ABMN (ω+) and

ΩL+
MNP in the action (2.1) are higher derivative corrections to the ordinary second order

derivative terms.

The heterotic NS5-brane solutions satisfy the equation of motion derived from the ac-

tion (2.1) at O(α′). There are three distinct NS5-brane solutions known as the symmetric,

the neutral and the gauge types in heterotic supergravity [30–32]. They are 1/2 BPS config-

urations and preserve a half of the sixteen supercharges. They satisfy the following ansatz:

ds2 = ηijdx
idxj +H(r)δmndx

mdxn,

Ĥ(3)
mnp = −1

2
εmnpq∂qH(r), φ =

1

2
logH(r), r2 = (x1)2 + (x2)2 + (x3)2 + (x4)2, (2.10)

where the indices i, j = 0, 5, 6, 7, 8, 9, m,n = 1, 2, 3, 4 represent the world-volume and the

transverse directions to the NS5-branes and εmnpq is the Levi-Civita symbol. The 1/2 BPS

condition leads to the self-duality condition for the Yang-Mills gauge field:

Fmn = F̃mn, (2.11)

and other components Ai vanish. Here the Hodge dual field strength in the transverse four-

dimensions is defined by F̃mn = 1
2εmnpqF

pq. The harmonic function H(r) is determined by

the Yang-Mills gauge field configurations of the solutions. These heterotic NS5-branes are

characterized by two charges. One is the topological charge k associated with the gauge

instantons:

k = − 1

32π2

∫

Tr[F ∧ F ], (2.12)

where the integral is defined in the transverse four-space. The other is the charge Q asso-

ciated with the modified H-flux:

Q = − 1

2π2α′

∫

S3

Ĥ(3). (2.13)

Here S3 is the asymptotic three-sphere surrounding the NS5-brane. In the following we

briefly introduce the three distinct NS5-brane solutions.

– 4 –
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Symmetric solution. The most tractable NS5-brane solution in heterotic theory may

be the so-called symmetric solution. The Yang-Mills gauge field which satisfies the self-

duality condition (2.11) is given by an instanton solution in four-dimensions. The gauge

field takes value in the SU(2) subgroup of the gauge group G and the explicit solution is

given by [31, 32],

Am = − σmnx
n

r2 + nα′e−2φ0

, n ∈ Z,

H(r) = e2φ0 +
nα′

r2
, (2.14)

where σmn is the self-dual part of the SO(4) Lorentz generator. This is written in the

following form,

σmn = ηImnT
I , ηImn = εImn4 + δImδn4 − δInδm4, (2.15)

where ηImn is the ’t Hooft symbol which satisfies the self-duality condition in terms of the

indices m,n:

ηImn =
1

2
εmnpqη

I
pq. (2.16)

The anti-hermitian matrices T I are defined as

T 1 =















0 0 0 −1

0 0 1 0

0 −1 0 0

1 0 0 0















, T 2 =















0 0 −1 0

0 0 0 −1

1 0 0 0

0 1 0 0















, T 3 =















0 1 0 0

−1 0 0 0

0 0 0 −1

0 0 1 0















. (2.17)

They satisfy the su(2) algebra

[T I , T J ] = −2εIJKTK , (I, J,K = 1, 2, 3). (2.18)

The solution (2.14) is nothing but the BPST one-instanton in the non-singular gauge [36].

The constant φ0 is the asymptotic value of the dilaton. Compared with the general BPST

instanton solution, the symmetric solution has a fixed finite instanton size ρ = e−φ0

√
nα′.

This solution has charges (k,Q) = (1, n). A remarkable fact about the symmetric solution

is that the dilaton configuration, hence the harmonic function H(r), is obtained through

the standard embedding ansatz:

(Am)ab = ω+m
ab. (2.19)

Here the SU(2) ⊂ G indices a, b of the gauge field are identified with the indices of the

SU(2) subgroup of the local Lorentz group SO(4) in the transverse directions. If the

relation (2.19) holds, the Chern-Simons terms in the modified H-flux (2.5) cancel out.

Therefore the H-flux only comes from the B-field and the Bianchi identity (2.8) becomes

dĤ(3) = 0. From the Bianchi identity and the relation between H(r) and Ĥ
(3)
mnp in (2.10),

the B-field is determined through the following condition:

∂mH =
1

2
εmnpq∂nBpq. (2.20)

– 5 –
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Although the symmetric NS5-brane solution (2.10) with (2.14) is a solution to the equation

of motion derived from the action (2.1) at O(α′), the string sigma-model analysis indicates

that the symmetric solution is an exact solution valid at all orders in α′ [31, 32]. Indeed,

the symmetric solution has the N = (4, 4) sigma model description and it is protected

against α′-corrections.

Neutral solution. The neutral solution is the one with charges (k,Q) = (0, n) [31, 32].

For this solution, the Yang-Mills gauge field becomes trivial and the harmonic function is

given by

AM = 0,

H(r) = e2φ0 +
nα′

r2
. (2.21)

Since the gauge field does not appear in the neutral solution, this is a solution to type II

supergravities. Indeed, this is the type II NS5-brane solution. It is remarkable that the

neutral solution (2.10) with (2.21) for heterotic supergravity is valid at the first order in

α′. For this solution, we find the curvature RMNAB is order O(α′). Therefore the Lorentz

Chern-Simons term in the modifiedH-flux (2.5) becomes a higher order correction in α′ and

negligible. Then the Bianchi identity again becomes dĤ(3) = 0. With the solution (2.21)

at hand, the B-field is given by that of the type II NS5-brane and its components, which

are determined by (2.20), are the same as the ones of the symmetric solution in the linear

order in α′. We note that the neutral solution has the N = (4, 0) worldsheet sigma model

description and receives higher order α′-corrections in heterotic theories [31, 32].

Gauge solution. The last is the so called gauge solution which has been originally found

in [30]. The Yang-Mills gauge field is again given by the BPST instanton. As in the case

of the neutral solution, the curvature term in the modified H-flux is neglected as it is a

higher order in α′. However, the Yang-Mills gauge field still contributes to the H-flux in

the gauge solution and the Bianchi identity becomes dĤ(3) = α′TrF ∧F . From the Bianchi

identity, the harmonic function is determined to be

Am = − σmnx
n

r2 + ρ2
,

H(r) = e2φ0 + 8α′ r2 + 2ρ2

(r2 + ρ2)2
. (2.22)

Compared with the symmetric solution (2.14), the size modulus ρ is not fixed for the gauge

solution and it has charges (k,Q) = (1, 8). Similar to the neutral solution, the gauge

solution is obtained by a perturbative series of α′ and the functional forms (2.10), (2.22)

are valid at the first order in α′. Indeed, the gauge solution has the N = (4, 0) worldsheet

sigma model description and is expected to receive higher order α′-corrections [31, 32]. The

position of the instanton corresponds to that of the NS5-brane. Therefore the instanton

with finite size ρ 6= 0 resides in the core of the NS5-brane. It has been discussed in [37],

when the instanton shrink to zero size ρ → 0, a gauge multiplet on the brane world-volume

becomes massless and the SU(2) gauge symmetry is enhanced. The gauge NS5-brane in

– 6 –
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the SO(32) heterotic theory in the zero size limit ρ → 0 is related to the D5-brane in type

I theory by the S-duality.

We make a comment on the B-field for the gauge NS5-brane solution. A careful

analysis reveals that only the Yang-Mills Chern-Simons term contributes to the modified

H-flux and we find H
(3)
MNP = 0 at least at O(α′). Therefore the B-field is not excited in

the gauge NS5-brane solution. Then, the components of the B-field take a constant value:

Bmn = Θmn, (constant). (2.23)

3 T-duality chains of five-branes and α
′-corrected Buscher rule

In this section, we derive new five-brane solutions in heterotic supergravity in the family of

the T-duality chains. Since the gauge field enters into the action (2.1) as the first order α′-

correction, the T-duality transformation in the heterotic supergravity should be modified

from the standard Buscher rule [25, 26]. The first order α′-corrections to the Buscher rule

in heterotic supergravity have been written down in [28]. This is given by

g
M̂N̂

−→ g
M̂N̂

+
1

G′
yy

(

gyyG
′
yM̂

G′
yN̂

−G′
yygyM̂G′

yN̂
−G′

yyG
′
yM̂

g
yN̂

)

,

g
yM̂

−→ −
g
yM̂

G′
yy

+
gyyG

′
yM̂

G′2
yy

, gyy −→ gyy
G′2

yy

,

B
M̂N̂

−→ B
M̂N̂

+
1

G′
yy

(G′
yM̂

B
N̂y

−G′
yN̂

B
M̂y

), B
yM̂

−→ −
B

yM̂

G′
yy

−
G′

yM̂

G′
yy

,

φ −→ φ− 1

2
log |G′

yy|, AI

M̂
−→ AI

M̂
−

G′
yM̂

G′
yy

AI
y, AI

y −→ −
AI

y

G′
yy

, (3.1)

where we have decomposed the indices M = (M̂, y). The indices y and M̂, N̂ . . . specify an

isometry and non-isometry directions respectively. In (3.1), we have defined the following

quantity,

G′
MN = gMN −BMN + 2α′[Tr(ω+Mω+N )− Tr(AMAN )

]

, (3.2)

where we have defined Trω+Mω+N = ω+M
ABω+NBA. We call (3.1) with (3.2) the heterotic

Buscher rule. Under the transformation (3.1), the actions of SO(32) and E8×E8 heterotic

supergravities dimensionally reduced on S1 coincide. Note that when the Yang-Mills gauge

field AM
I and the higher derivative corrections coming from ω+M

AB are turned off, the

relation (3.1) reduces to the ordinary Buscher rule for the NS-NS backgrounds in type II

supergravities.

3.1 Heterotic KK5-branes

Before going to the exotic 522-branes, we first write down the heterotic KK5-brane solutions.

In order to perform the T-duality transformation for the heterotic NS5-brane solutions, we

introduce a U(1) isometry along the transverse direction to the brane world-volumes.3 To

3If we perform the T-duality transformations along the world-volume direction of the NS5-branes in the

SO(32) heterotic theory, we obtain the identical solutions in the E8 × E8 theory and vice versa.

– 7 –
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this end, we first compactify the x4-direction with the radius R4 and consider the periodic

array of the NS5-branes. Then by taking the small radius limit R4 → 0, we introduce

the U(1) isometry to the heterotic NS5-brane solutions. The self-duality condition (2.11)

reduces to the monopole equation 1
2εm′n′p′Fn′p′ = ∂m′A4 + [Am′ , A4] where m′ = 1, 2, 3.

Therefore the resulting solutions are called the heterotic monopoles or smeared NS5-branes.

The explicit forms of the smeared NS5-brane solutions which originate from the periodic

arrays of the symmetric, the neutral and the gauge solutions have been written down

in [38, 40]. By performing the T-duality transformation of the solutions along the isometry

direction, we obtain the KK5-brane solutions associated with the three types of the NS5-

branes. In the following, we calculate the T-duality transformations of the NS5-brane

solutions and derive the KK5-brane solutions.

Symmetric KK5-brane. For the symmetric solution where the standard embedding

condition is satisfied, the ansatz and the Bianchi identity leads to the condition �e2φ =

�H = 0. The periodic array of the symmetric NS5-brane solution is governed by the

following harmonic function H(r) on R
3 × S1 [40]:

H(r) = e2φ0 +
∑

s

nα′

r2 + (x4 − 2πR4s)2
, r2 = (x1)2 + (x2)2 + (x3)2. (3.3)

Taking the compactification radius small R4 → 0, the sum in (3.3) is approximated by the

integral over s. We call this procedure as smearing. The result is4

H(r) = e2φ0 +
C

2r
, (3.4)

The corresponding solution is the smeared symmetric NS5-brane of co-dimension three

discussed in [38]. We note that the smeared symmetric NS5-brane is an H-monopole whose

quantized charge Q is well-defined. On the other hand, the Yang-Mills monopole charge for

the smeared solution is not defined anymore [40]. We now perform the T-duality transfor-

mation on the smeared symmetric NS5-brane solution. For a solution where the standard

embedding (2.19) is satisfied, the heterotic Buscher rule (3.1) is quite simplified. This is

because the relation Tr( ω+Mω+N ) = Tr(AMAN ) holds and the last term in (3.2) vanishes.

We perform the T-duality transformation by utilizing the heterotic Buscher rule (3.1).

Then we obtain the symmetric KK5-brane solution:

ds2 = ηijdx
idxj +H

[

(dx1)2 + (dx2)2 + (dx3)2
]

+H−1
[

dx4 + βm′dxm
′

]2
,

φ = 0, BMN = 0, (m′ = 1, 2, 3), (3.5)

where the harmonic function H is given in (3.4) and βm′ is determined by the following

relation:

∂m′H = εm′n′p′∂n′βp′ . (3.6)

4The constant C = nα′R−1

4
would diverge in the limit R4 → 0 but this is an artifact of the smearing

procedure. We can find the harmonic function (3.4) which finite C by solving the Laplace equation �H = 0

in three dimensions.
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The dilaton and the NS-NS B-field vanish but the Yang-Mills gauge field remains non-

trivial. The symmetric KK5-brane solution is not a purely geometric solution but the

geometry is dressed up with the Yang-Mills gauge fields. The gauge field AM
I is obtained as

A1 =
1

2H2

[

−β1∂1HT 1 − (H∂3H + β1∂2H)T 2 + (H∂2H − β1∂3H)T 3
]

,

A2 =
1

2H2

[

(H∂3H − β2∂1H)T 1 − β2∂2HT 2 − (H∂1H + β2∂3H)T 3
]

,

A3 =
1

2H2

[

−(H∂2H + β3∂1H)T 1 + (H∂1H − β3∂2H)T 2 − β3∂3HT 3
]

,

A4 =
1

2H2

[

−∂1HT 1 − ∂2HT 2 − ∂3HT 3
]

, Ai = 0. (3.7)

We find that the Yang-Mills gauge field configuration (3.7) satisfies the anti-monopole

(Bogomol’nyi) equation

Bi = −Diφ. (3.8)

This equation is nothing but the anti-self-duality condition Fmn = −F̃mn in disguise.5

Since the field configuration (3.7) satisfies the equation Fmn = −F̃mn, this belongs to the

general class of spherically symmetric solutions discussed in [39].

Meanwhile, by using the relation (3.6), the modified spin connection ω+ associated

with the geometry (3.5) is calculated to be

ω+1 =
1

2H2

[

−β1∂1HT 1 − (H∂3H + β1∂2H)T 2 + (H∂2H − β1∂3H)T 3
]

,

ω+2 =
1

2H2

[

(H∂3H − β2∂1H)T 1 − β2∂2HT 2 − (H∂1H + β2∂3H)T 3
]

,

ω+3 =
1

2H2

[

−(H∂2H + β3∂1H)T 1 + (H∂1H − β3∂2H)T 2 − β3∂3HT 3
]

,

ω+4 =
1

2H2

[

−∂1HT 1 − ∂2HT 2 − ∂3HT 3
]

, ω+i = 0. (3.9)

From the results (3.7) and (3.9), we find that the standard embedding condition (2.19) still

holds for the symmetric KK5-brane solution.

Neutral KK5-brane. We next study the neutral KK5-brane solution. For the neutral

NS5-brane solution, we have the trivial Yang-Mills gauge field AM
I = 0. Again, the

smearing procedure is applicable to the neutral solution. The smeared neutral NS5-brane

solution is governed by the harmonic function (3.4). As we have claimed in the previous

section, the modified spin connection ω+ is in the O(α′) for the neutral solution. Therefore

it is negligible in G′
MN in the heterotic Buscher rule (3.2). Applying the heterotic Buscher

rule, we find that the metric, the B-field and the dilaton for the neutral KK5-brane solution

are given by (3.5) and the gauge field remains vanishing AM
I = 0. Therefore the neutral

KK5-brane is a purely geometric Taub-NUT solution at least at the leading order in α′.

Indeed, this is nothing but the KK5-brane solution in type II theories.

5The flip of the sign in the Hodge dualized field strength F̃mn comes from the choice of the freedom for

the overall sign in the heterotic Buscher rule (3.1). If we choose another sign in front of AI
y in the right hand

side of (3.1), the gauge field satisfies the self-duality condition instead of the anti-self-duality condition.
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Gauge KK5-brane. For the gauge NS5-brane solution, the periodic harmonic func-

tion (3.4) does not work as a solution since �e2φ = 0 is not satisfied for the gauge solution.

The ansatz (2.10) and the Bianchi identity indicates �H(r) = α′

2 Tr[ε
mnpqFmnFpq]. In order

to find a solution of co-dimension three associated with the gauge solution, we perform the

singular gauge transformation of the solution (2.22). Then the gauge field becomes

Am =
−2ρ2σ̄mnx

n

r2(r2 + ρ2)
, r2 = (x1)2 + (x2)2 + (x3)2 + (x4)2, (3.10)

where σ̄mn is the antisymmetric and anti-self-dual matrix and is written as

σ̄mn = ηImnT
I , η̄Imn = εImn4 − δImδn4 + δInδm4. (3.11)

This is the BPST instanton in the singular gauge. The solution is obtained by the famous

’t Hooft ansatz:

Am = σ̄mn∂n log f. (3.12)

The function f satisfies 1
f
�f = 0 and given by f(r) = 1+

∑k
i=1

ρ2

(x−xi)2
for the k-instanton

solution. Here xi are the positions of the instantons. Note that the solution (3.10) cor-

responds to k = 1. Using this fact, we can perform the smearing procedure for f along

the line of obtaining (3.4). This periodic array of the instantons is just the calorons of the

Harrington-Shepard type [41]. The harmonic function H for the smeared gauge NS5-brane

is determined by the Laplace equation whose source is given by the R4 → 0 limit of the

calorons, namely, the smeared instantons. After the smearing, we find f = 1 + ρ̃
r
where

r2 = (x1)2+(x2)2+(x3)2 and ρ̃ = ρ2

2R4
is a rescaled size modulus. Then the smeared gauge

NS5-brane solution is found to be

ds2 = ηijdx
idxj + e2φδmndx

mdxn,

Am = σ̄mn
−ρ̃xν

r2(r + ρ̃)
, e2φ = e2φ0 − 2α′ ρ̃2

r2(r + ρ̃)2
, Ĥ(3)

mnp = −1

2
εmnpq∂qe

2φ. (3.13)

As in the case of the gauge NS5-brane solution, we find that the B-fields in the smeared

gauge NS5-brane solution becomes trivial. This property is also found in the heterotic

monopole solution [40]. We also note that the smeared gauge NS5-brane does not ex-

hibit the H-monopole property. Indeed, we find the modified H-flux behaves like Ĥ
(3)
mn4 ∼

4α′ρ̃ǫmnq4
xq

r6
(r → ∞) and the charge Q vanishes. This is in contrast to the symmetric

and the neutral solutions. We also comment that the solution (3.13) based on the smeared

instanton does not have a finite monopole charge. This is again in contrast to the monopole

solution in [40].

Since the B-field is trivial in the gauge solution, we can set these components as

B14 = Θ1, B24 = Θ2, B34 = Θ3, (3.14)

where Θi are constants. The other components do not appear in the solution and they

can be set to zero. Now we perform the T-duality transformation of the smeared gauge
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NS5-brane solution along the x4-direction. After calculations, we find the following gauge

KK5-brane solution:

ds2 = ηijdx
idxj +Hδm′n′dxm

′

dxn
′

+ e−4φ0H(dx4 +Θm′dxm
′

)2,

φ =
1

2
log e−4φ0H, H = e2φ0 − 2α′ ρ̃2

r2(r + ρ̃)2
,

A1 =
ρ̃

2r2(r + ρ̃)

(

(x3T 2 − x2T 3) + e−2φ0Θ1(x
1T 1 + x2T 2 + x3T 3)

)

,

A2 =
ρ̃

2r2(r + ρ̃)

(

(x1T 3 − x3T 1) + e−2φ0Θ2(x
1T 1 + x2T 2 + x3T 3)

)

,

A3 =
ρ̃

2r2(r + ρ̃)

(

(x2T 1 − x1T 2) + e−2φ0Θ3(x
1T 1 + x2T 2 + x3T 3)

)

,

A4 = e−2φ0
ρ2

2r2(ρ2 + r)
(x1T 1 + x2T 2 + x3T 3), Ai = 0. (3.15)

The solution seems complicated but one finds that the Yang-Mills gauge field satisfies the

anti-monopole equation (3.8). Notably, the function H becomes negative at a finite value

of r. The solution is ill-defined near the center of the brane. This property is similar to

the symmetric and neutral NS5-brane solutions with n < 0 whose physical interpretation

is unclear [40].

3.2 Heterotic 52
2
-branes

Now we are in a position where the second T-duality transformation is performed on the

KK5-brane solutions. We introduce another isometry along the transverse direction x3 to

the KK5-brane world-volumes. By performing the second T-duality transformation along

the x3-direction, we obtain the exotic 522-brane solutions associated with the symmetric,

the neutral and the gauge solutions.

Symmetric 52
2
-brane. The harmonic function H(r) in R

2 × T 2 is obtained by the peri-

odic array of the KK5-brane. This is given by

H(r) = e2φ0 +
1

2

∑

s

nα′R−1
3

√

r2 + (x3 − 2πR3s)2
,

r2 = (x1)2 + (x2)2. (3.16)

Taking the compactification radius small R3 → 0, the sum in (3.16) is approximated by

the integral over s with the cutoff scale Λ. The result is [22, 23]

H(r) = h0 −
σ

2
log

r

µ
, (3.17)

where σ = R3R4

2πα′ and µ is a constant which specifies the region where the solution is

valid [42]. The constant h0 diverges in the large cutoff scale limit Λ → ∞. Since the

harmonic function only depends on x1, x2, the NS-NS B-field does so. The only non-zero

component of the B-field B34 = ω is determined by the following relations:

∂1H = ∂2ω, ∂2H = −∂1ω, (3.18)
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The explicit form of ω is found to be

ω = −σ tan−1

(

x2

x1

)

. (3.19)

If we employ the coordinate system x1 = r cos θ, x2 = r sin θ where θ is the angular coor-

dinate in the x1x2-plane, then ω is proportional to θ. This result leads to the fact that

the space-time metric, the dilaton and the NS-NS B-field in the solution are not single-

valued anymore. The logarithmic behaviour of the harmonic function is characteristic to

co-dimension two objects. We call the solution (3.5) on which the harmonic function is

replaced by (3.17) the smeared symmetric KK5-brane solution. Indeed, the heterotic vor-

tex and the domain wall are discussed in [43, 44] where the harmonic function behaves as

logarithmic and linear functions.

Since the heterotic KK5-brane solution satisfies the standard embedding condition,

this again simplify the heterotic Buscher rule (3.1). By performing the second T-duality

transformation along the x3-direction, we obtain the following symmetric 522-brane solution:

ds2 = ηijdx
idxj +H

[

(dx1)2 + (dx2)2
]

+
H

K

[

(dx3)2 + (dx4)2
]

,

φ =
1

2
log

H

K
, B34 = − ω

K
, K = H2 + ω2. (3.20)

The metric, the dilaton and the NS-NS B-field in (3.20) are the same with the ones in type

II theory. However, in heterotic theory, the Yang-Mills gauge field remains non-trivial.

The gauge field AM
I is calculated as

A1 =
1

2H
(∂2H)T 3, A2 = − 1

2H
(∂1H)T 3,

A3 =
1

2HK

(

(H∂2H + ω∂1H)T 1 − (H∂1H − ω∂2H)T 2
)

,

A4 = − 1

2HK

(

(H∂1H − ω∂2H)T 1 + (H∂2H + ω∂1H)T 2
)

,

Ai = 0. (3.21)

We find that (3.21) satisfies the vortex-like equation in two dimensions:

D1ϕ− iD2ϕ = 0, [ϕ, ϕ̄] = B3, (3.22)

where ϕ = 1√
2
(A3 + iA4) is a complexified adjoint scalar field. The vortex-like equa-

tion (3.22) is obtained by dimensionally reducing the self-duality condition (2.11) to two

dimensions. We note that since the Yang-Mills gauge field contains the explicit angular

coordinate in ω, Am is not a single-valued function also in the symmetric 522-brane solution.
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The modified spin connection ω+ associated with the solution (3.20) is calculated as

ω+1 =
1

2H
(∂2H)T 3 +K−1 (H∂2H + ω∂1H)N34,

ω+2 = − 1

2H
(∂1H)T 3 −K−1 (H∂1H − ω∂2H)N34,

ω+3 = − 1

2H
K− 3

2

(

ω2∂2H −H2∂2H − 2ωH∂1H
)

T 1

+
1

2H
K− 3

2

(

ω2∂1H −H2∂1H + 2ωH∂2H
)

T 2,

ω+4 =
1

2H
K− 3

2

(

ω2∂1H −H2∂1H + 2ωH∂2H
)

T 1

+
1

2H
K− 3

2

(

ω2∂2H −H2∂2H − 2ωH∂1H
)

T 2. (3.23)

Here (Nab)AB = δaAδbB − δbAδaB is the generator of the SO(4) Lorentz group. More

explicitly, they are given by

(N12) =















0 1 0 0

−1 0 0 0

0 0 0 0

0 0 0 0















, (N13) =















0 0 1 0

0 0 0 0

−1 0 0 0

0 0 0 0















, (N14) =















0 0 0 1

0 0 0 0

0 0 0 0

−1 0 0 0















,

(N23) =















0 0 0 0

0 0 1 0

0 0 0 0

−1 0 0 0















, (N24) =















0 0 0 0

0 0 0 1

0 0 0 0

0 −1 0 0















, (N34) =















0 0 0 0

0 0 0 0

0 0 0 1

0 0 −1 0















. (3.24)

At first sight, the standard embedding condition (2.19) does not hold for the symmetric

522-brane solution. However we find that the condition (2.19) is satisfied up to the gauge

transformation. To see this, we calculate the gauge (and the SO(4)) invariant quantity

TrFMNFMN and RMNAB(ω+)R
MNBA(ω+) and find

TrFMNFMN = RMNAB(ω+)R
MNBA(ω+). (3.25)

This result indicates that Am and ω+ are identified up to a gauge transformation.

When the standard embedding condition is satisfied, all the α′-corrections are expected

to be canceled in the T-duality transformations [45]. We therefore conclude that the het-

erotic Buscher rule (3.1) is exact for solutions of the symmetric type. The family of solutions

related by the T-duality transformations seem not to suffer from the α′-corrections. We

note that the multi-valuedness which appears in the gauge invariant quantity TrFMNFMN

in the action is canceled by the standard embedding condition. This is similar to the situ-

ation discussed in the multi-monopole solutions [38] where divergences in TrFMNFMN are

canceled in the term RMNABR
MNBA.

– 13 –



J
H
E
P
1
1
(
2
0
1
6
)
0
6
4

Neutral 52
2
-brane. For the neutral KK5-brane, we again find that the heterotic Buscher

rule is simplified due to the same reason discussed in the previous subsection. After some

calculations, the metric, the dilaton and the NS-NS B-field are given by (3.20). This is a

conceivable result since the neutral solution does not involve gauge field anymore and it is

a solution in type II theory. We stress that although the symmetric solution (3.20) is an

exact solution, the neutral solution is a perturbative solution in the α′ expansion.

Gauge 52
2
-brane. We introduce another isometry along the same way of obtaining the

Harrington-Shepard calorons for the smeared gauge NS5-brane. The calculation is the

same with the harmonic function (3.17) in R
2 × T 2. One obtains the function f = h̃0 −

σ̃
2 log

(

r
µ

)

+ O(r/Λ) in the ’t Hooft ansatz (3.12). Here r2 = (x1)2 + (x2)2 and h̃0 =

1 + ρ̃
πR3

log[4πR3Λ/µ], σ̃ = 2ρ̃
πR3

are constants. For the smeared gauge KK5-brane of co-

dimension two, only the one component of the B-field is non-trivial. As discussed before,

this is just a constant and we choose this B34 = Θ. The explicit form of the smeared

gauge KK5-brane solution is found in appendix. Now we perform the second T-duality

transformation of the gauge solution. For the gauge KK5-brane, again the ω2
+ term in

G′
MN in the heterotic Buscher rule is negligible as it is a higher order in α′. However,

the Yang-Mills gauge field remains non-trivial and contributes to the Buscher rule. After

calculations, we find the following gauge 522-brane solution:

ds2 = ηijdx
idxj + I[(dx1)2 + (dx2)2] +

I
e4φ0 +Θ2

[(dx3)2 + (dx4)2],

B34 = − Θ

e4φ0 +Θ2
, φ=

1

2
log

( I
e4φ0 +Θ2

)

, I = e2φ0 − α′σ̃2

2r2
(

h̃0 − σ̃
2 log(r/µ)

)2 ,

A1 =
−σ̃x2

4r2
(

h̃0 − σ̃
2 log(r/µ)

)T 3, A2 =
σ̃x1

4r2
(

h̃0 − σ̃
2 log(r/µ)

)T 3,

A3 =
σ̃

4r2
(

h̃0 − σ̃
2 log(r/µ)

)

(e4φ0 +Θ2)

(

e2φ0(x1T 2 − x2T 1) + Θ(x1T 1 + x2T 2)
)

,

A4 =
σ̃

4r2
(

h̃0 − σ̃
2 log(r/µ)

)

(e4φ0 +Θ2)

(

e2φ0(x1T 1 + x2T 2) + Θ(x1T 2 − x2T 1)
)

,

Ai = 0. (3.26)

The gauge field satisfies the vortex-like equation (3.22) which is a reminiscent of the self-

duality equation (2.11). In the symmetric and the neutral 522-brane solutions, there was the

function ω which contains explicit angular coordinate on the x1x2-plane. In the gauge 522-

brane solution, the B-field is governed by a parameter Θ instead of ω. However, since Θ is a

constant parameter, the gauge 522-brane solution is completely determined by single-valued

functions and it is a geometric solution. The function I becomes negative at a finite value

of r. This is the same situation in the case of the gauge KK5-brane and, unfortunately,

its physical meaning is still obscure. We will make a comment on this property in section

5. A summary of the smearing and the T-duality relations for the heterotic five-branes is

found in figure 1.
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codimensions

4

3

2

NS5-branes

Smeared
NS5-branes KK5-branes

Smeared
KK5-branes -branes52

2

smear along 4

smear along T-dual

T-dual

Heterotic five-branes

Figure 1. The smearing and the T-duality relations for the heterotic five-branes of various co-

dimensions.

4 Monodromy and T-fold

In this section, we study the monodromy of the heterotic 522-brane solutions. The T-

duality symmetry in heterotic string theories compactified on T d with Wilson lines have

been studied in detail [46, 47]. The Wilson line fields break the SO(32) or E8 × E8 gauge

group down to a Cartan subgroup of the gauge group. The off-diagonal parts of the Yang-

Mills gauge field are Higgsed and becomes massive. In the lower-dimensions, there are

U(1) gauge fields which originate from the Kaluza-Klein reduction of the metric, the NS-

NS B-field and the Yang-Mills gauge field that correspond to the Cartan subgroup. In this

case, the T-duality group has been determined to be O(d, d+dimG,R) where dimG is the

number of the U(1) sector associated with the Cartan subgroup [48].

On the other hand, when the Wilson line fields are absent, the non-Abelian gauge group

is not broken and the T-duality group O(d, d+ dimG,R) reduces to O(d, d,R) [49]. Their

study relies on the S-matrix analysis of strings and the result is true in all orders in α′. In

order to clarify the O(d, d) covariance of field configurations, it is convenient to consider the

generalized metric H. The generalized metric H in type II supergravity is a 2d×2d matrix

and defined through the metric and the B-field. Although, the T-duality group O(d, d) itself

does not change for all orders in α′, the generalized metric receives α′-corrections. This is

analogous to the α′-corrected Buscher rule of the T-duality transformation. Remarkably,

in addition to the metric and the B-field, the Yang-Mills gauge field plays an important

role in heterotic theories. The generalized metric in heterotic theories is determined by

utilizing the heterotic supergravity action (2.1) compactified on T d [49]. This is given by

H =

[

G−1 −G−1B

BG−1 G−BG−1B

]

, (4.1)

where G is defined by

Gµν = gµν + 2α′[Tr(ω+µω+ν)− Tr(AµAν)
]

, (4.2)

Here µ, ν are the isometry directions. The generalized metric (4.1) takes the same form in

type II supergravities but the second term in (4.2) is characteristic to heterotic theories.
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The spin connection term in (4.2) has been introduced as it enters into the action (2.1)

in the same way as the Yang-Mills gauge field [49]. In the following, we investigate the

monodromy structures of the heterotic 522-branes by using the generalized metric (4.2).

Symmetric 52
2
-brane. For the symmetric 522-brane, since the standard embedding con-

dition is satisfied, we can choose a gauge where the second term in (4.2) is canceled. We

find that the generalized metric is the same with the one in type II theory. For the solu-

tion (3.20), this is given by

H(θ) =















H−1K 0 0 H−1ω

0 H−1K −H−1ω 0

0 −H−1ω HK−1 + (HK)−1ω2 0

H−1ω 0 0 HK−1 + (HK)−1ω2















. (4.3)

When we go around the center of the 522-brane and come back to the original point, namely

if the angular position changes as θ = 0 → 2π, then the generalized metric is evaluated as

H(2π) = OtH(0)O, (4.4)

where

O =

[

−iτ2 0

2πσ12 −iτ2

]

∈ O(2, 2). (4.5)

This implies that the monodromy is given by the O(2, 2) T-duality transformation. There-

fore, although the symmetric 522-brane solution is non-geometric, it is a T-fold and a con-

sistent solution to heterotic string theories.

Neutral 52
2
-brane. For the neutral 522-brane, the bulk gauge field is trivial and we can

always choose the gauge where AM = 0. Again, the modified spin connection is O(α′) and

it does not contribute to (4.2) and to the generalized metric. Then the generalized metric is

given by (4.3) and its monodromy structure is the same with the symmetric case. Therefore

we find that the neutral 522-brane is a T-fold at least at O(α′) in heterotic theories.

Gauge 52
2
-brane. For the gauge 522-brane, the situation is different. The gauge field

contributes to the generalized metric through (4.2) at O(α′). However, since all the fields

in the gauge solution do not depend on the angle θ in the two-dimensional base space,

they do not inherit multi-valuedness of the geometry. Therefore the monodromy becomes

trivial. This can be seen by evaluating the generalized metric for example in Θ = 0 gauge.

In this gauge, we have

H =

[

G−1 0

0 G

]

, G = e−2φ012. (4.6)

This implies H(2π) = H(0). Therefore we concludes that the gauge 522-brane does not

exhibit non-geometric nature.
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5 Conclusion and discussions

In this paper we studied the T-duality chains of five-branes in heterotic supergravity. A

specific feature of heterotic supergravity is the Yang-Mills gauge sector which appears in

the linear order in the α′-corrections. There are also higher derivative corrections of the

curvature square term in the same order in α′. The three different half BPS five-brane

solutions in this α′ order are known. They are the symmetric, the neutral and the gauge

NS5-brane solutions. These are distinguished by the topological charge of instantons of

Yang-Mills gauge field and the charge associated with the modified H-flux.

We introduced the U(1) isometry along a transverse direction to the NS5-brane world-

volume and explicitly performed the T-duality transformation of these solutions. Due to

the α′-corrections in heterotic supergravity, the Buscher rule is modified by the corrections.

For the symmetric solution, where the standard embedding condition is satisfied, the α′-

corrections in the modified Buscher rule cancel out. The resulting metric, the B-field and

the dilaton are nothing but the ones for the KK5-brane solution in type II theory. We

demonstrated that the Yang-Mills gauge field satisfies the standard embedding condition

again and it is given by the solution to the monopole equation in three dimensions. For the

neutral solution, we find that the T-dualized solution is given by the KK5-brane in type II

theory at least at O(α′). The solution is given by the purely geometric Taub-NUT metric.

For the gauge solution, the geometry is ill-defined near the brane core after the smearing

procedure. This property is carried over to the T-dualized solution. For the gauge KK5-

brane solution, the B-field is not excited which is the same with the KK5-brane in type II

theory. However, the geometry is well-defined only at the asymptotic region.

We then introduce another U(1) isometry to the KK5-brane solutions and perform

the second T-duality transformation. The resulting solutions are the exotic 522-branes in

heterotic theory. For the symmetric solution, the metric, B-field and the dilation are given

by that of the 522-brane in type II theory. The gauge field satisfies the vortex-like equation

in two dimensions. We found that the standard embedding condition is satisfied up to

a gauge transformation. For the neutral solution, we found that the neutral 522-brane is

the same with the one in type II theory. They exhibit a non-geometric nature due to the

multi-valuedness of the B-field. For the gauge 522-brane solution, we found that the fields

do not show the multi-valuedness and they remain geometric.

We next studied the monodromies of the three different 522-branes. We calculated the

generalized metric for these solutions. We found that the symmetric and the neutral 522-

branes have a monodromy given by the O(2, 2) T-duality transformation. Therefore they

are T-folds. On the other hand, the gauge solution does not show the nature of a T-fold.

Following the general discussion in [45], the symmetric solution seems to be exact in

terms of α′. On the other hand, for the neutral and the gauge 522-brane solutions, they

generically receive α′-corrections. The result is summarized in table 1.

A few comments are in order about the solutions. We introduced the U(1) isometry

to the gauge NS5-brane by the smearing procedure of the instantons. The resulting gauge

field is just the Harrington-Shepard calorons in the small radius limit. The dilaton and

the metric at O(α′) are determined through the Bianchi identity dĤ(3) = α′TrF ∧F where

the right-hand side is given by the topological charge density for the smeared caloron. The
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Type Geometry Valid order in α′ Notes

Symmetric T-fold α′-exact standard embedding

Neutral T-fold O(α′) Type II solution

Gauge geometric O(α′) ill-defined near the center

Table 1. Properties of the heterotic 52
2
-branes.

resulting geometry is ill-defined near the center of the brane. We stress that there is another

co-dimension three solution based on the BPS monopole of ’t Hooft-Polyakov type instead

of the smeared caloron [38, 40]. In the gauge NS5-brane solution of co-dimension three

based on the BPS monopole type, the metric and the B-field behave well-defined near the

core of the five-brane. The gauge KK5-and 522-branes of BPS monopole type would show

better physical interpretation of T-dualized solutions. A related property of the solutions

is the logarithmic behaviour of the 522-branes of all types. This is characteristic to the co-

dimension two objects and found also in the solution in type II theory [22, 23]. Similar to

the gauge solutions of the smeared caloron type, the 522-branes discussed in section 3.2 seem

to be ill-defined at asymptotic region. However this does not indicate any inconsistency

of the solutions but the general property of co-dimension two objects. Analogous to the

D7-brane in type IIB string theory, the exotic 522-brane is not well-defined as the stand-

alone object. We need other co-existing branes in order to write down asymptotically flat

globally well-defined solutions.6 Indeed, the scale µ in (3.17) specifies the “cutoff” point

where the effect of the next duality branes is not negligible [42]. We believe that globally

well-defined 522-brane solutions exist even in heterotic theories.

We note that the most tractable way to study the non-geometric nature of string theory

solutions is the double field theory construction of supergravity [51, 52]. There are several

studies about double field theory formulation of heterotic supergravity [53] and the inclusion

of α′-corrections [54–57]. Although the spin connection term in the generalized metric (4.2)

is a conjectural one, the supersymmetry transformation law of the heterotic supergravity

and the double field theory analysis strongly suggest that this is true [49]. Comprehensive

studies are presented in the generalized geometry with α′-corrections [63]. The heterotic

522-brane is expected to be a source of the non-geometric flux or mixed-symmetric tensor

and they are in the T-duality multiplets in lower-dimensions [64]. It is also interesting to

study the world-volume effective action for the non-geometric branes [65–67] in heterotic

theory. We will come back to these issues in future studies.
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A Smeared solutions for gauge type

In this appendix, we introduce the explicit solutions of the smeared gauge KK5-brane. It

is convenient first to introduce the defect gauge NS5-brane solution before we write down

the smeared KK5-brane solution. The defect gauge NS5-brane solution is obtained by the

smearing procedure along the x4-direction to the x3-smeared gauge NS5-brane. The result-

ing solution is a brane of co-dimension two. By performing the T-duality transformation

along the x3-direction, we obtain the x4-smeared gauge KK5-brane.

A.1 Defect gauge NS5-brane solution

The defect gauge NS5-brane is the co-dimension two gauge NS5-brane and it is obtained

by smearing the two directions of the gauge NS5-brane solution (2.22) along the same way

to obtain the smeared gauge NS5-brane solution (3.13). The result is

ds2 = ηijdx
idxj + Iδmndx

mdxn, I = e2φ0 − α′σ̃2

2r2
(

h̃0 − σ̃
2 log(r/µ)

)2 ,

Am = −σ̄mn
σ̃xn

4r2
(

h̃0 − σ̃
2 log(r/µ)

) , φ =
1

2
log I, Ĥ(3)

mnp = −1

2
εmnpq∂qI, (A.1)

where r2 = (x1)2 + (x2)2. In the gauge solution, since the non-zero components of the

modified H-flux Ĥmnp come from the Yang-Mills Chern-Simons term, the B-field is taken

to be a constant. For the defect NS5-brane solution, the relevant non-zero component of

the B-field is B34 = Θ. When we perform the heterotic T-duality transformation along the

x4-direction for the defect NS5-brane solution, we can obtain the smeared gauge KK5-brane

solution shown below.

A.2 Smeared gauge KK5-brane solution

The smeared gauge KK5-brane solution is obtained by smearing x3-direction in the gauge

KK5-brane solution (3.26). The explicit form is as follows:

ds2 = ηijdx
idxj + Iδm′n′dxm

′

dxn
′

+ Ie−4φ0 [dx4 +Θdx3]2,

BMN = 0, φ =
1

2
log(e−2φ0I), I = e2φ0 − α′σ̃2

2r2
(

h̃0 − σ̃
2 log(r/µ)

)2 ,

A1 =
−σ̃x2

4r2
(

h̃0 − σ̃
2 log(r/µ)

)2T
3, A2 =

σ̃x1

4r2
(

h̃0 − σ̃
2 log(r/µ)

)2T
3,

A3 =
σ̃

4r2
(

h̃0 − σ̃
2 log(r/µ)

)2

(

(x2T 1 − x1T 2) + e−2φ0Θ(x1T 1 + x2T 2)
)

,

A4 = e−2φ0
σ̃

4r2
(

h̃0 − σ̃
2 log(r/µ)

)2 (x
1T 1 + x2T 2). (A.2)

As we mentioned above, the solution is obtained by taking the heterotic T-duality trans-

formation along the x4-direction on the defect gauge NS5-brane solution (A.1). When we

take the heterotic T-duality transformation with the x3-direction instead of the x4-direction
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on (A.1), we find the other type of smeared gauge KK5-brane solution. The solution is dif-

ferent with the sign in front of Θ in (A.2), but the physical meanings are the same for both of

the solutions. On the other hands, if we take the heterotic T-duality along the x3-direction

for the smeared gauge KK5-brane, we obtain the gauge 522-brane solution as we see in (3.26).
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