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Abstract

We study the global existence and blow-up phenomenon of solutions to an
evolutionary p-Laplacian with convection and reaction under dynamic boundary
condition.
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1 Introduction
In this paper, we are concerned with the following evolutionary p-Laplacian under dy-

namic boundary condition:

ad =

8—? = diV(|Vu|"_2Vu) —gW)-Vu+f(u), x€Q,t>0, (1.1)
ou + |VulP2Vu-v=0, x€dQ,t>0, 1.2)
u(x,0) =up(x), x€9, (1.3)

wherep > 1, E :R— RN, f:R— R, Q2 C RN isabounded domain with smooth boundary
09, and v: 3Q — RV is the outer unit normal vector.

The quasilinear parabolic problems with dynamic boundary conditions of type (1.1)-
(1.3) arise in numerous areas such as heat conduction, chemical reactor theory, colloid
chemistry and population growth, see [1, 2] and the references therein. Many reaction-
diffusion equations under dynamic boundary conditions have been considered in the past
years. An early study of problem (1.1)-(1.3) with p = 2 and E = 0 was carried out by Below
and Mailly [3] who showed a complete result about the blow-up phenomena as well as the
lower and upper bounds for the blow-up time. Moreover, some of the techniques were also
applied to the porous medium equation with reaction. Later on, for the evolutionary p-
Laplacian with p > 2N/(N + 2), where N is the dimension of the domain, Gal and Warma

[4] considered the following equation without convection:

d
a—I: - div(qulp’ZVu) +f(u)=gx), x€Q,t>0,
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coupled with dynamic boundary conditions. The well-posedness and the existence of a
global attractor results were established. More recently, Mailly and Rault [2] studied the
nonlinear convection problem (1.1)-(1.3) with p = 2 and proved the global existence and
blow-up phenomena of local solutions. For other results about the solvability of quasilin-
ear parabolic equations with dynamic boundary conditions, we refer the readers to [5-7],
etc.

Throughout this paper, we suppose that the dissipativity condition holds
0>0, oeC'(3Q x[0,+00)), (1.4)
and the functions in problem (1.1)-(1.3) are smooth
feC®R), f(s=0 fors>0, g eCYRRY), (1.5)
the initial data is non-negative and satisfies
up >0, upel™®(Q)N WP (Q). (1.6)
In Section 2 we develop the comparison principle for a regularized problem and the
local existence of weak and strong solutions of problem (1.1)-(1.3). In Section 3 we de-
rive the global existence of the strong solutions, while in Section 4 we prove the blow-up

phenomenon of strong solutions by formulating a family of radially symmetric lower so-

lutions.

2 Comparison principle and local existence
In this section, we use the regularization method and compactness theorems to prove the
local existence of the solutions to problem (1.1)-(1.3).

Consider the following regularized problem:

p-2
Bl 1 z -
a—b; = div((— + |Vu|2) Vu) —g(uy) -Vu+fyl), x€Q,t>0, (2.1)
n
. P2
2

ou; + (—+|Vu|2) Vu-v=0, x€dQ,t>0, (2.2)

n
u(x,0) =ug,x), x€€, (2.3)

where fy;(s) = min{f, (s), M}, s, = max{s,0}, M > 0, n € Z*, uy,, € C*(R) satisfies

infuo < uo,n < sup U, ls0.nllwir < 2lluollwie, lim |0, — tho [l y1.r = 0.
Q Q n—00

Since f, E € C!, we can verify that fy, E(s+) are locally Lipschitz continuous.
Hereafter, we suppose that the regularized problem (2.1)-(2.3) has a classical solution

Uy € CPH(Q x [0, Ty, p1)) with the maximal existence time 0 < T, 3 < +00. Let Q = Q x
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(0, T) for T > 0 and define

-2

N|”=

Fouplu] = Fpp(u, Vi) = div((% + |Vu|2> w) — g (y) - Vu+fiu(w),

)

p-

1
B,[ul =ou; + (— + |Vu|2) Vu-v.
n

al

Notice that, in the dynamic boundary condition, B, [«] is nonlinear with respect to V.
First, we need the following comparison principles which are simple variations of the com-
parison principles in [8].

Lemma 2.1 Let u,v e C*(Qr) N C(Qy) satisfying

u; — Fyplul >ve = Fumlvl,  (x8) € Qr,
B,[u] >B,[v], (x,¢)ed x(0,T),

u(x,0) > v(x,0), x€Q.

Then
u(x, t) > v(x,t), (x,¢) € Qr.

Proof Suppose that there exists (xo, o) € Q7 such that u(xo, o) < v(xo, o). Let
t* = sup{r € (0, T); u(x, t) > v(x, t),VY(x, t) € Q,}.

Then t* € (0, ] € (0, T) and minat* {u—v} = 0. Thus, u — v attains its minimum 0 at some
point (x*, £*) with x* € Q. If x* € Q, then

u=v, u; < vy Vu=Vy, D*u>D?* at (x*, t*),

which contradicts u; — F,, p[1t] > v; — Fp[v]. If x* € 02, then

du _ dv ou  dv . ok
U < Vg, — =< = at(x,t),
v — dv ou; O
where -*- {m ,i=1,2,...,N -1, are the tangential derivatives in the local coordinates at (x*, £*).
We can verify that
p-2

a,ul v

r2 =
1 2\ 2 u
— + |Vu| Vu-v= —,
n av

which is increasing with respect to % since p > 1. Therefore, B,[u] < B,[v]. We arrive at
another contradiction. O

Using Lemma 2.1, we can prove the following comparison principle, which is similar to
Theorem 2.2 in [8], but without the global one-side Lipschitz condition.
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Lemma 2.2 Let u,v e C*}(Qr) N C(Qy) satisfying

uy — Fypu] > v = Fomlvl, (% t) € Qr,
B,[u] > B,[v], (x,¢t) €0 x(0,T),

u(x,0) > v(x,0), xeQ.
Then
ulx, t) > vix,£), (x£) € Qr.

Proof Foranygiven T > 0,¢ > 0, since u,v € C(Q x [0, T]), by the continuities and u(x, 0) >
v(x, 0), there exists § = §, > 0 such that

ulx, t) >vix,t)—¢e, xe€,te(0,8].

Notice that v e C*1(Q x [8, T —¢]), v, (x,t) € [0, maxg, v], and ¢ €Yo, maxg,. v]). There

exists a constant K > 0 such that

G(v-9).) - Vv-2w)- Vv < sup Vvl [g(v=5)) - gv)| < 5
Qx[8,T-¢] 2

K
[fuv —s) - fuv)| < 5% 520
Define ¢ = v — &9 Thys,

0 — Fuule] < ve — (K +1)ee®E) _F, y[v] + Kee® )
<Vt_Fn,M[V]§ut_FnM[u]r (x,t)GQX[(S,T—S],
B,[¢] = B,[v] - (K + 1)oee® VD « B V] <B,[ul, (x,t)ed2x(5,T-¢),

o(x,8) =v(x,8) —e < u(x,8), xeQ.
Lemma 2.1 implies u(x,f) > ¢(x,t) for (x,t) € Q@ x [§,, T — ¢]. Therefore, u(x,t) >
min{v(x, t) — &, v(x, t) — ee X VE)} for (x,£) € Q x (0, T — &]. By the arbitrariness of & > 0,
we deduce u(x, t) > v(x, t) for (x,£) € Q x (0, T). a
Lemma 2.3 There exists at most one classical solution of problem (2.1)-(2.3).
Proof Lemma 2.2 yields the uniqueness of classical solutions of problem (2.1)-(2.3). O

Lemma 2.4 The solution u, s of problem (2.1)-(2.3) satisfies

igfuo <upm(x,t) <supug+Mt, (x,t) € Q x (0, Tyn). (2.4)
Q

Thus, the maximal existence time T, p; = +00.
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Proof For any given T € (0, T\, »1) and € > 0, define u, = infq ug — & — &t, U, = supg up + € +
(M + ¢)t. Then

u u
aV;M - n,M[un,M] =0>-¢ > 8;; _FnM[ﬂg];
Bn[”n,M] =0>-0¢= Bn[ﬂg];

U p(%, 0) = to,» (%) > ug(x) — & > u,.
Lemma 2.1 implies u, 1 > u,. Since ¢ > 0 is arbitrary, we have u, 5 > infq #y. The proof
O

of u,m < supg uo + Mt follows similarly.
Lemma 2.5 For M; > M, > 0, there holds

Un, My > UpMy> X (S] Q,t > 0.

Proof For any given T > 0, we see that u, 1, Unar, € C*1(Qr) N C(Q7) and fir, (8) > far, (5)

for s € R. Thus,
Oty 01 ou Ot
o Fn,M2 [un,Ml] Z an;wl —L'ni [un,Ml] =0= ;t 2

ot
g

Using Lemma 2.2, we complete this proof.

- F}'IMZ [Mn,Mz]'

Lemma 2.6 There exist constants 8y, Mo > 0 independent of n, M such that

SUp 24,01 (x, £) < supug + M8y, x € Q,t € (0,80].
nM Q

Proof Let u,, = infq ug and %y = supg, uo. Set Mo = 2 MaXse(y,,u,)f(s) + 1 and define
h(t)=  max  |f(s)].
ug<s<ug+Mot

Since f € C'([u,, o + My]), we see that / is Lipschitz continuous on [0,1] and /(0) =
MaXse(y,,m)f () < Mo. Thus, there exists a constant 0 < 8 < 1 such that A(t) < M, for all

t € [0,8¢]. By Lemma 2.4, u,, p, € [1,, %o + Mot]. Therefore,
(2.5)

F(thaty (x,0)) < () < My, x€ Q.2 €[0,8],

and
St (n o (%, 8)) = min{f (g (%, 8)), Mo} = f (thnaty (%:8)),  (%,8) € Q x (0,8].

If M' < My, Lemma 2.5 implies

Unar < Uy < SUPUg + MoSo,  (x,8) € Q x (0,8].
Q
If M’ > My, since u,pp € C(ng) and w1 (%, 0) = ug (%) € (1, Up], we have

f(u,,,M/(x,O)) <h(0)<M,, =xe€,
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and there exists a constant 8, > 0 such that
f(u,,,M/(x, t)) <My, (%8 € x(0,8]. (2.6)
Thus,

fMo (un,M’ (x’ t)) zf(un,M’ (x! t)) sz’ (un,M’ (x, t))! (xr t) S 5 X (Or aM’]

We see that u,, 41, s are two classical solutions of problem (2.1)-(2.3) with M = M, on

Q x (0,85r]. According to the uniqueness, Lemma 2.3, we have
Uty (%5 1) = U pr (%, ),  (x,8) € Q x (0,8r].

By the continuity of u,, 5 (x, t) and inequality (2.5), we can take 8y = §¢ in inequality (2.6).

Then we have

Ut (%, 8) = Uy pry (X, £) < supug + Modo, (x,2) € Q x (0,8].
Q

We arrive at a locally uniform bound of u,, ;. O

Remark Lemma 2.4 shows that u, < supg uo + Mt. However, the family {supg o +
Mt}prs0 is not uniformly bounded on any interval (0,5], § > 0. Lemma 2.6 provides the

locally uniform bound of u,, 5.
Next, we derive some estimates on the solution u,, ;.

Lemma 2.7 Suppose that o does not depend on time. For any given T > 0, M > 0, there
exists a constant C = C(M, T) independent of n such that

/ uiM(x, t)dx, / ouiM(x, 1) dsS, / |Vu, P dxdt <C, t€(0,T).
Q Q Qr

Moreover, if T = 8 (the constant in Lemma 2.6), then the constant C = C(8) is independent
of n, M.

Proof We write u = u,; in this proof for the sake of convenience. Since u € C>*(Qr) N
C(Q7), multiplying equation (2.1) by u and integrating by parts over Q, T € (0, T], we
have

p-2

1 p
/ uutdxdt+/ <—+|Vu|2> |Vu|? dxdt
T T n

p-2
T 1 T
—//u<—+|Vu|2) Vu-vdSdt
0 JaQ n

= _/ (E(”ﬁ) : VM)dedt + fM(M)dedt
T QT
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Using the dynamic boundary condition (2.2), we conclude

—2

1 2 ¥
/uutdxdt+/ (—+|Vu|2> |Vu|2dxdt+/ / ouuydS dt
. AN o Joq

=—/ (E(u+)~w)udxdt+/fM(u)udxdt.

T Qr

S

That is,

1 1
—/ uz(x,t)dx+/ (—+|Vu|2>
2 Q . \ "

1 1 -
= —/ u(z)n(x)dx+—/ Uu%n(x)dS—/ (g(u+)~Vu)udxdt+ faur(w)udxdt.
2 ) 7 2 Jya ’ Qr

T

)

p

T 1
|Vu|2dxdt+—/ ou?(x,7)dS
2 Jre

Notice that g, < supg, U0,

I/,(E(m) : Vu)udxdt' < %f

L

|Vul? dxdt + C/ (’E(Lﬁ)‘u)!"l dx dt,

T T

and

[

p-

1
[Vulf < (— + |Vu|2> Vu>, p=>2,
n

l\1|

p-2

V4
_ 1 2 1 2
|Vu|p§227p(—+|Vu|2) \Vul? + (—>
n n

p-2

1 2\’ 2
<2| —+|Vuy| [Vul+1, 1<p<2.
n
Lemma 2.4 implies |u| < supg, uo + MT for (x,t) € Qr. Therefore,
/ u?(x, t) dx, / ou*(x,t)ds, / |VulP dxdt < C(M, T).
Q aQ Qr

If T = 8y, Lemma 2.6 shows |u| < supg, 1o + Moy for (x,t) € Qs,, which is a uniform bound
independent of 1, M. d

Lemma 2.8 Suppose that o does not depend on time and p > 2. Forany given T >0, M > 0,
there exists a constant C = C(M, T) independent of n such that

At | T
/|VunM|pdx, / " 'M’ dxdt, / /a
Q orl 0t o Ja

Moreover, if T = 8 (the constant in Lemma 2.6), then the constant C = C(8y) is independent
of n, M.

814,,'/\4 2
——| dSdt <C.
ot

Proof We write u = u,,,; in this proof for the sake of convenience. Since fy, g(s,) are Lip-
schitz continuous, the classical regularity results in [9] imply that z, € C*°(Q x (0, T)).
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Multiplying equation (2.1) by u, and integrating over Q., we have

p-2
1 K '
/ufdxdt+/ — +|Vul* Vu-Vutdxdt+/ / ou’dSdt
. Q \7 0 Joo

= _/ (E(u+) . Vu)ut dxdt + fM(u)ut dxdt.
T Qr

Next, we show that

p-2

1 =
/ <— + |Vu|2> Vu-Vu,dxdt
Q \"

p-2

19 [IVewnP? 1\ =
:/ ——/ <s+—) dsdxdt
Q: 2 0t 0 n
19 (/1 5o1\?
=/ ——((— + |Vu(x,t)|2) - (—) )dxdt
Q. POt\\n n
1 (/1 5101 5
= _/ (— + |Vu(x,t)|2> dx — —/ (— + |Vu0,,,(x)|2> dx
P Jo\n pJa\n
1 1 1
> —/ ’Vu(x,t)’pdx— —2177/ |Vug P dx — —2§|Q|.
pPJa V4 Q V4
Young’s inequality yields

=

‘—/ (E(m) . Vu)utdxdt

T

1 N

—/ u?dxdt+ |g(u+)|2|Vu|2dxdt
4 Jq Q

1
< _
4

/ u?dxdt + CM, T) |Vul? dxdt, p=>2,
Qc Q:

Sar(w)u, dxde

1
< 1/ wdxdt+ | f(u)dxdt.

’ Qr Qr

We conclude the estimate. O
Now, we define the following two types of weak solutions of problem (1.1)-(1.3).

Definition 2.1 A function u € L#((0, T); W (Q)) is called a local weak solution of prob-
lem (1.1)-(1.3) if the integral equality

T
—/ uogodx—/ uwtdxdt+/ |Vu|1’_2Vu-V¢dxdt—/ / u(op); dS dt
Q Qr Qr 0 Jaq

-— / (g(w) - Vu)pdxdt + / Fu)p dxdt 2.7)
Qr Qr

holds for any ¢ € C*(Qy) that satisfies ¢(x, T) = 0 for x € Q, ¢(x,0) = 0 for x € IQ.

Definition 2.2 A function u € L7((0, T); W?(2)) is called a local strong solution of prob-
lem (1.1)-(1.3) if u; € L*(Q7), u is the a.e. limit function of a subsequence {4y, 1, ) Of clas-
sical solutions to the regularized problem (2.1)-(2.3), and the integral equality (2.7) holds
for any ¢ € C*(Qy) that satisfies ¢(x, T) = 0 for x € Q, ¢(x,0) = 0 for x € IQ.
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Theorem 2.1 Suppose that o does not depend on time. Problem (1.1)-(1.3) admits at least
one local weak solution.

Proof Forany T > 0, ¢ € C*(Qy) that satisfies ¢ (x, T) = 0 for x € 2, ¢(x,0) = 0 for x € 3L,
multiplying (2.1) by ¢, integrating over Qr, we have

P
u 1 2
/ a”t'Mgodxdu/ <—+|wn,M|2) Vit - Vo dxdt
Qr

n

p-2

T p-2
1

- / / (—+|Vun,M|2> Vit - vo dSdt
o Jaa\”

- / (& ((nn)s) - Vitma)p ddt + | fua(ttmpr) dicdt.
Qr Qr

By the dynamic boundary condition (2.2), we obtain

p2
2

r 1
—/ / (— + |Vu,,,M|2) Vuup - veodSdt
o Jaa\”

T 814,,]1\/[ T
= o pdSdt=— upp(o@), dSdt.
0o Jag ot 0 Joo

Thus,

p-2

1 b
—/ uo,nwdx—/ u,,,thdxdt+/ (— + |Vu,,,M|2> Viuup - Vodxdt
Q Qr Qr \"

T
= / / up (o), dSdt - / (E(u,,,M) . Vun,M)w dxdt + / St pn)p dx dt.
0 Jaq Qr Qr

By the uniform estimates in Lemma 2.6 and Lemma 2.7, there exist a subsequence {u,, 1, }
(ny — 00, My — 00, as k — 00) and a function u € L”((0, 8o); W*(2)) such that Uy My,
converges weakly to u in L*(Qs,), Vi, am, converges weakly to Vi in LP(Qs, ), and w4, a1,
converges weakly to u in L?(3Q2 x (0,8p)) in the sense of trace. Hence the above inte-
gral equality converges to (2.7) for T' = §p and u is a local weak solution to problem (1.1)-
(1.3). O

Theorem 2.2 Suppose that o does not depend on time and p > 2. Problem (1.1)-(1.3) ad-
mits at least one local strong solution.

Proof By the uniform estimates in Lemma 2.6, Lemma 2.7, and Lemma 2.8, the norms
et 01 ”Hl(QsO)’ IVt plliros,) are uniformly bounded. There exist a subsequence {u,, ar, }
(g — 00, My — 00, as k — o0) and a function u € LF((0,80); W"P(Q)), u; € L*(Qs,) such
that {u,, u, } converges weakly to u in H 1(Qs,), Vit a1, converges weakly to Vi in L (Qj,).
Hence u,, 5, — u almost everywhere and the integral equality (2.7) holds. O

Remark For any given M > 0, by the estimates in Lemma 2.7 and Lemma 2.8, using the
diagonal procedure, we can choose a subsequence {u,,,y} ({#} might depend on M) and
a function u,r such that u,, 5 converges to uy; on Qr forany T > 0 in the manner stated in
the proof of Theorem 2.2. Furthermore, we can verify that u,, is the global strong solution
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to the following equation:

G] -
a—b; =div(|VulP>Vu) — g () - Vi + fyr ()

coupled with the initial-boundary value conditions (1.2)-(1.3). Using the diagonal proce-
dure again, we can choose a subsequence {n;} independent of M and then choose uy
such that u,, s converges to uy for any M € Z* in the same manner. Lemma 2.5 implies
Upp My = Uy, fOr My > M. Thus, {#pr)amez+ is monotone with respect to M. Define

T*=sup[T>0; sup sup uM(x,t)<oo],
MEZ* (x,1)eQx(0,T)

and

ulx,t) = sup up(wt), (xt)eQx (0, T*).
MeZ*

Lemma 2.6 shows T* > §,. Similar to the proof of Theorem 2.1 and Theorem 2.2, we can

prove that u is a strong solution to problem (1.1)-(1.3) with maximal existence time 7.

3 Global existence

In this section, we study the global existence of local strong solutions to problem (1.1)-
(1.3) defined in Section 2. We need to find an appropriate upper-solution to the regular-
ized problem (2.1)-(2.3) which is independent of n, M and exists globally. If p = 2, the
p-Laplacian is reduced to Laplacian, so we only consider p > 2 in this section.

Lemma3.1 Leto = [‘%,p >2,K >0, n € CH[0, +00)). For a fixed integer 1 <j < N, define
%; = Ming x;, X; = maxg xj, and

1 . _
Ux,t) = —(Ke”(t) + X —97,-) , x€Q,t>0.
o
Then U is an upper solution of the regularized problem (2.1)-(2.3) provided
Ke"® 4 x —% >1 l(l(e”(o) +x —9_0)“ > supu
Zj j— L o &) J = Qp 0,
n'(t) > a2?, ol t)n'(t) =27, x€0dQ,t>0,
and
T 2fE), 5>~ (KO 15— F)"
gi(8)s7 1 = f(s), s> —(Ke x - %) .

Proof By a simple computation, we have

av((2 4 90) )

- (l + |W|2) Au+ (117—2)(l * lle)
n n

[

p-

l\}|

[~

p-

~|

2
Tl du 0%u

Bxlr 8x,~ Bxi ax]"
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Notice that ¢ > 1 and (@ — 1)(p — 1) = &. We show that

ou _
IVU| = 5= = (Ke" + ;- %) > 1,
8x,»

U, = (Ke'® + ;%) Ke" O/ (£) > (Ke'® + x; - %) (8),
p-2

1 N\ 2
—+|VU]| vUu-v
n

p-2

-2
<27 |VUupP <27(Ke' + % - %),

. 1 2\ 2 p2 2 22 LU
div( | = +IVUI" ) VU ) =22 |VUPZAU+ (p-2)max{22 7, IVUP™ =
n Xj

]

< o2? (Ken(t) + % — Ej)a_l.

Thus,

p-2

2

1
B,[U]=0U, - (— + |VL[|2> VU -v>0,
n

p-2

Uy - FuulU] = U, —diV(G + IVUIZ)Zvu) +g(U)- VU -f(U)
2g/‘(u)(O‘U)”%l -f(U)=0, x€Qt>0,
and

1 3 _
U(x,0) = " (Ke”(o) +%; —xj)a > Slslzp ug > upu(x), x€Q.

Lemma 2.2 implies that U(x, £) is an upper solution of problem (2.1)-(2.3). O

Now we give some conditions on the functions f, g, and o, which ensure the global

existence of local solutions.

Theorem 3.1 Suppose p > 2, (inf,eyq o (x, )™ € Lt

toc ([0, +00)), there exist an integer 1 <
j <N and a constant M > 1 such that

GOsPT 2 f(s), 5= M.
Then the strong solution of problem (1.1)-(1.3) is a global solution.

Proof Take K = max{1, (« supg uo)é, (on)é } + %) — %) and define

4 -1
n(t) = 21’/ ( inf o (x, ‘L’)) dt + a2t
0 WweiQ

where «, ¥, x; are the constants defined in Lemma 3.1. Thus, U(x, ) =  (Ke"® + x; — xj)"

T a

is an upper solution to the regularized problem (2.1)-(2.3) for any n € Z* and M > 0. That
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is, t,01(x, £) < U(x, t) for x € Q and t > 0. According to the definition of strong solution,

we have u(x, t) < U(x,t). Hence u does not blow up in finite time. a

4 Blow-up
In this section, we investigate the blow-up phenomenon of problem (1.1)-(1.3). We need to
construct a family of lower solutions of the regularized problem (2.1)-(2.3) whose supre-

mum blows up in finite time.

Lemma 4.1 Suppose that p > 2, Q2 is a convex domain, and there exist constants Cy, Cy > 0
such that

fO=as? g <G s>o0.
Choose xy € Q with B,(xy) C Q, 7> 0. For A,B> 0 and ¢y € C}([0, +00)), define
var(x, £) = (A - Blx —xo|2)g0M(t), xeQt>0.

Then the function vy is a lower solution of the regularized problem (2.1)-(2.3) pro-
vided

Az2Bd’,  2Bden(0)=1,  Agy(0) <infu,, (Apm ()" < M,
Pu=0,  oAgy <@BrPTsgl,  Agl <Keh,

X—X0
[x—x0]

where d = supq, |x — xo|, § = infyq v > 0 (by the convexity of ), and

1 /1 \** 1\
1<:5c1<§,4) -2P<2B)P-1dP-Z(N+p)—<5c1> 4™ 2Bay .

Proof Let p(x) = |x —xg|. A direct calculation shows

av
Vvar = =2Bopr(x — xo), a—f = (A -Bp*)g), (),

-2

-2
1 2 32_ 1 2 2 2 7
. [Vl Vvy = - i (2B)"p ¢ar | 2Bem(x — xo),

]

r=2 p2
2

1 T 1
div((— + |VVM|2) VVM) = —<— + (2B)2p2<p}4) 2NBgu
n n
1 -l
-~ 2)(; + (2B)2p2¢§4> (2B)*p* 93 2Bou
2

1 2
= —<— . (2B)2p2<p,%4> 2By
n

: <<% + (23)2p2<p§4)N +(p- 2)(23)2/02%2\4)'
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Thus, we have

r2 r=2

. 1 2\ %
div| | — + |Vvul Vv
n

2

1
< (; +(2B)?p%py )] (N +p-1)2Bgy

p-2
2

< (1+2Bd)*p}) = (N +p-1)2Bpy

< 22BN + p)g;', xeQt <0,

and

)

p=2 p=
2 1 2 X—x
Vvy-v= —(— + (23)2,02(,0}4) 2Boyp 0

n

1 2
—+ | Vvyl
n

e — ol

[

p-

1
< —(; + (2B)2p2<p§4> 2By p8

l\)|

<-(2BrPl5¢h, xed,t>0.
Young’s inequality shows

. ~ 1 1\
|2 ar) - V| < G2 1 Vvm] < 561%1 + (5cl> o [ Vvml .

We obtain

Sur(var) = min{M,f(var)} = v,
and

—

-(p-2)
_ 1 _
Ju(vm) — g - Vvy = ClVﬁ,Il - <—C1> (64 VPt

2
1 p-1 1 —-(p-2) -
G (—A¢M> - <§cl> CY (2Bdoy ).

Furthermore,

0 _
% - Fuulvm] <Ay - K¢f' <0, (6,0 €92 xR,

p-2
v, 1 T 9v
By[v] :Ua—:/l + <Z + |VVM|2> a—j}w
<oA@, — (2B P8¢0 <0, (x,t) €92 x R,

vm(x,0) < Apu(0) < infup <uou(x), x€ Q.

Lemma 2.2 implies that v, is a lower solution of problem (2.1)-(2.3).

Page 13 of 15

O

Theorem 4.1 Suppose thatp > 2, Q is a convex domain, o € L*(0Q2 x R*), and there exist

constants C1, Cy > 0 such that

fO=as g6 <G s>o0.
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Then the strong solution of problem (1.1)-(1.3) blows up in finite time provided that infq u,
is sufficiently large.

Proof Let xg, 1, d, §, K be as defined in Lemma 4.1. Since K = K(A,B) converges to
K(A,0) = %Cl(%A)I"1 > 0 as B tends to 0%, we can choose A, B > 0 such that

CLAP =1, 2Bd* < A, K =K(A,B) > 0.

Then set

1

om(0) = — >0, o= sup o, y =min{

K (2Br)P-1s
- 2Bd 3 Q X R+ :

A FA

By Lemma 4.1, the function vy = (A — Blx — x9|?)@a(t) is a lower solution provided

A 1 -1
] > < p-1 < 4 < .
1gfu0 2Bd’ op(t) < Mpr1, 0 <gy,® )/wf\g,f ®

Define
o (t) = min{ (¢27(0) - (p - 2y e) 72, MPT), £ 0.

Although ¢(2) is not C! continuous, we can change the partial derivative 3% to the left-
ward partial derivative % in the proof of Lemma 2.1, Lemma 2.2, and Lemma 4.1, then
we conclude that v, is a lower solution of problem (2.1)-(2.3). Hence u, 0 (x, £) > vps(2, £)

for (x,t) € Q x R*. By the definition of strong solution, we have

u(x,t) > sup vy(x,t), x€Q,te(0,Tp),

MeZ*

-2
where T = %. Since v, blows up at finite time Ty, the strong solution # must blow
up at time T* < Tj. O
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