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1 Introduction

In this note we consider a relation between sigma models on bosonic groups with N' = (2,2)
world-sheet supersymmetry and models with supergroups as target spaces via topological
twisting. Our motivation to ask for such a relation and to understand it in detail comes
from two sides.

The first motivation to study the relation comes from boundary theories on super-
groups. For WZNW models on type I Lie supergroups there exists a nice prescription to
compute correlation functions in the bulk theory [1-4]. The WZNW model is equivalent
to a model consisting of the WZNW model of the bosonic subgroup, free fermions and an
interaction term that couples bosons and fermions. The first observation we make, is that
the action of the model without the interaction term resembles the topological twist of an
N = (2,2) superconformal field theory.



Now, we would like to have a similar free fermion prescription for the boundary type I
supergroup WZNW model. So far only in the case of GL(1|1) this is known [5].! There,
in addition to the bulk fermions, one had to introduce an additional fermionic boundary
degree of freedom. Moreover, the boundary screening charge looks like the square root of
the bulk interaction term. These two features are well-known in world-sheet supersymmet-
ric theories, i.e. in order to preserve N/ = 2 superconformal symmetry on the boundary
additional boundary fermions plus a factorization of the bulk superpotential into bound-
ary superpotentials is required [7]. We want to understand why we have such a similar
behaviour. Moreover, we would like to use techniques from world-sheet supersymmetry to
find boundary actions and hence a perturbative description involving free fermions to solve
boundary supergroup WZNW models.

The second hint of the relation came from non-trivial exact checks of the AdSz;/CFT,
correspondence [8, 9]. Here correlation functions of chiral primary operators in the weak
coupling limit of string theory on AdSsxS? x T* were calculated, and precise agreement was
found with calculations done in the dual two-dimensional conformal field theory. Such an
agreement is at first sight surprising since the computations in the bulk and on the boundary
correspond to different points in moduli space, and some protection of the correlators must
be present. In [10] the explanation for the boundary side was given. The argument utilizes
that the dual conformal theory has a whole N' = (4, 4) worth of supersymmetry. Using this
extended supersymmetry, the correlators, which correspond to an A/ = (2,2) chiral ring,
can be shown to be covariantly constant over the total moduli space.

The question is whether we can now explain this from the string theory side, which only
has N = (2,2) world-sheet supersymmetry, by finding some protected sectors. From [11]
we know that string theory on AdSz x S x T* in the hybrid formalism has a description
in terms of the PSU(1,1|2) supergroup sigma model where RR-deformations correspond
to deformations away from the WZNW point. This lead us to the search for topological
sectors in PSU(1,1|2). We, however, only found such sectors in U(1,1]2), and in general
in GL(N|N). Since a conformal topological sector correspond to the twist of a world-
sheet supersymmetric theory, this suggests a relation between the N = (2,2) world-sheet
supersymmetric GL(N) x GL(NV) sigma model and the GL(/N|N) supergroup model via
twisting. Note that it is important that the supergroup has superdimension zero since the
world-sheet supersymmetric theory has the same number of bosons and fermions.

Moreover, for an arbitrary supergroup computing all correlation functions is out of
reach at the moment. One could thus be less ambitious and restrict to correlators involving
fields in a subsector of the theory. A good subsector is then the cohomology of a BRST-like
operator () such that the Lagrangian splits into the Lagrangian of a simpler model plus
a @-exact term. The correlators of the cohomology can then be computed in the model
corresponding to the simpler Lagrangian [12]. In A/ = (2,2) superconformal models such
good subsectors are naturally the chiral rings. With the relation presented in this note we
then get supergroup analogs of chiral rings, and thus distinguished good sectors of GL(N|N)
supergroup models in which we might be able to compute interesting correlation functions.

! Also for the OSP(1[2) boundary WZNW model such a free fermion realization is known and used [6].



The Lie supergroup GL(N|N) has various applications in statistical and condensed
matter physics, especially in the context of disordered fermion systems [13] and the integer
Quantum Hall effect [14]. The supergroup GL(1|1) appeared as a topological twist in the
problem of percolation and polymers [15].

What we do in detail is to consider the A" = (1, 1) world-sheet supersymmetric version
of the GL(N) x GL(N) WZNW model. Using a particular Manin triple decomposition of
the algebra we explicitly construct an extension to N' = (2,2) supersymmetry [16]. This
extended supersymmetry is preserved under certain deformations of the theory which just
add background charges to certain fields. We then perform a B-twist of the theory to ob-
tain a conformal theory which is topological when restricting to the BRST cohomology. By
fixing the deformation parameters mentioned before we can obtain the following: Firstly,
the Lagrangian of the twisted theory is the free fermion resolution [4] of the GL(N|N)
WZNW model without the boson-fermion interaction term. Secondly, the BRST cur-
rent of the topological theory is one of the fermionic affine supercurrents of the model.
Likewise the preimages of the BRST current and stress-energy tensor in the cohomology
can be expressed in terms of the supercurrents. This in turn means that the full super-
group GL(N|N) WZNW model including the boson-fermion interaction term by twisting
is related to a supersymmetric deformation of the N' = (2,2) world-sheet supersymmetric
GL(N) x GL(N) WZNW model. We will see that the boson-fermion interaction terms cor-
respond to an F-term deformation with a chiral field. The principal chiral field deformation
is a D-term type of deformation, but it turns out that it is exact in the BRST-charge.

We also consider the important example of string theory on AdS3 x 3 x T*. We show
that our construction is a novel choice of N' = (2,2) world-sheet superalgebra, which only
slightly differs from the standard choice in the supercurrent G that becomes the BRST-
current after twisting. The other supercurrent G~ agrees with standard string theory. With
the new choice of superalgebra the string theory is related to the U(1,1]2) x U(1|1) x U(1|1)
supergroup WZNW model. We also show that all interaction terms in the WZNW model
are exact in the supercharge G~ that fitted with standard string theory. Finally, for the
case with boundary we conjecture a solution to the Warner problem.

The article is organized as follows: In section 2 we will introduce the models and
concepts that we need, this includes an introduction to both world-sheet supersymmetric
models and supergroup WZNW models. Section 3 shows in detail how to get the relation
between the world-sheet supersymmetric GL(N) x GL(N) WZNW model and the super-
group GL(N|N) WZNW model. Here we also consider the supersymmetric deformations
of the GL(N) x GL(N) WZNW model that corresponds to the boson-fermion interaction
terms and the principal chiral field deformations. String theory on AdSs x S x T# is
considered in section 4 along with the Warner problem for the case with boundary. We
conclude with an outlook in section 5.

2 Superconformal and supergroup WZNW models

In this section we introduce the two types of models that we study. Firstly, we review
the construction of N' = (2,2) superconformal symmetry in world-sheet supersymmetric



WZNW models and, secondly, review Lie supergroup WZNW models and their free fermion
resolution. We also briefly recall the construction of topological theories by twisting.

2.1 Supersymmetric WZNW models

We consider a world-sheet supersymmetric WZNW model whose target space is a Lie
group, GG. To define the model let us use a superspace notation where the world-sheet is
a 2|2 dimensional supersurface ¥ parameterized by complex coordinates z,z and two odd
coordinates #, 8. The basic field, I, is then a map from this super world-sheet into the Lie
group. It turns out that at the WZNW point, this field has a nice parametrization [17].
Let g be the Lie algebra of G and {t*} a basis. Then we define the fermionic Lie algebra
valued fields

X(z,2) = Xa(z, 2)t* and X(z,2) = Xa(z, 2)t*. (2.1)
Exponentiating these fields with an odd parameter gives Lie group valued fields. Further-

more, let g be a bosonic Lie group valued field then we can parameterize the superfield I' as
I = exp(ifx) g exp(—ify). (2.2)

To define the action of the WZNW model we need to fix some non-degenerate invariant
bilinear form (-,-) on the Lie algebra g of G. The level k of the model is here absorbed
into the definition of the bilinear form (-,-). The action of the world-sheet supersymmetric

model is given by the standard WZNW action with g replaced by I', and integration is over
the super world-sheet Y. In our parametrization it can be shown to have the form

— ren 1 3 — —
SNzwwll] = S gl + o / d*z (x,0x) + (X, 0X) - (2.3)

Here the bosonic part of the WZNW action has been renormalized by the Killing form
(- )xin.
1
(5 Jren = () + 9 (s kil (2.4)
We see that the fermions have been decoupled from the bosonic WZNW model.
The WZNW model (2.3) has an N = (1, 1) superconformal symmetry by construction.
Below we will see that in some cases this can be enhanced to an N = (2, 2) superconformal
algebra.

2.2 A Sugawara-like construction of the superconformal algebra

This construction has been introduced in [16]. In this section, we construct the N' = 2
superconformal algebra of the world-sheet super symmetric WZNW models. We restrict
to the holomorphic sector, the anti-holomorphic currents are analogous.

The N = 2 superconformal currents consist of the chiral Virasoro field T', two fermionic
fields G* with conformal weight hg = 3/2 and a bosonic U(1) current U with weight one.
The N = 2 superconformal algebra is encoded in the operator product expansions

! w
GG )~ e T TR,
+G*(w) c/3 (2:3)
U6~ e ~ P



Given an N = 1 superconformal WZNW model, as described in last subsection, there
is a precise criterium whether it possesses an N = 2 superconformal symmetry. That is,
let g be the Lie algebra of the Lie group G. Suppose there exist two Lie subalgebras a
such that

g= ay @ a_. (2.6)

Further, assume that a4 are isotropic, i.e. the bi-linear form vanishes on them, then the
world-sheet supersymmetric WZNW model possesses an N = 2 superconformal symmetry.

To explicitly construct the A = 2 currents we introduce some notation. Choose a basis
x; of the Lie subalgebra a;. With the help of our bi-linear form (.,.) we can then fix a
dual basis 2% of a_ such that (x;,27) = 5Zj . Our choice of basis implies that the Lie bracket
takes the following form

i 2] = ey,
[, a?] = fYa", (2.7)
[2i,27] = cpla® + [y

Here cijk and f¥, are the structure constants of a, and a_, respectively. The last equation
follows from the first two using the invariance of the bilinear form. For later convenience
we define the element p € g

p = —[a' @] = [Pk + o'’ = pFap + prat (2.8)

We denote the chiral affine currents corresponding to the generators x; and x' by J;(2)
and J%(z). Using (2.7) and (2.4) their operator products are

1 k
iy T4 )Kil. i
T )~ 2T e )

(z —w)? (z—w) ’
JZ(Z)J](U)) - 0 + Q(xl?x])Kll. 17 ,Jk(w) + ¢ J (w) ’ (2.9)
(z —w)? (z = w)
Ji(z)Jj(w) N é(xz ’xj)Kil. fiijk(w)
(z —w)? (z—w) ’
The operator product expansions of the fields x* and y; take the form
Xi(2) xj(w) ~ 0,
, 57

All these fermions have conformal weight h(y;) = h(x") = 1/2.
We can now write the currents explicitly. The Virasoro tensor T is in the standard

Sugawara form

1 . . 4 .
T(z) = 2(:JZJi: + i J O X — X OXG) (2.11)



whereas the dimension 3/2 fermionic currents are

-1
GT(z) = Jix' -

QCijk iXinin,

A 1 (2.12)
G(2) =J%i = [k xin™
Finally, the dimension one bosonic current U is
U(z) = XX +0" T+ ped® 4 con F™5 Xt - (2.13)

Using the OPEs (2.9) and (2.10) one can verify that these currents satisfy the relations
of the N/ = 2 superconformal algebra (2.5). The anti-chiral partners 7,G* and U are
constructed in complete analogy.

2.3 Deformations

The above construction can be slightly generalized [16]. Actually there exist a family of
supersymmetric deformations defined by elements in a,, the orthogonal complement of the
direct sum of the derived subalgebras of a; and a_, i.e.

a={z € gl(z,y) = 0Vy € [ay, 0] & [a_,a_]}. (2.14)

Consider an element o = p'x; + ¢z € a,. It follows from the definition of a, that the
components p' and ¢; must satisfy

Cijqu = fijkpk =0. (2.15)

Given the element «, the deformed currents of the A/ = 2 superconformal algebra are as
follows

Ua(2) =U(2) +p' Li(2) — ¢; I'(2)

1 . , (2.16)
To(z) =T(2) + 5 (p' 0Li(2) + q; OI'(2)) .
Here we used the following set of level k Lie superalgebra currents
. 1 .
Ii = Ji — i X X _2f]ki IXGXK
4 4 » 1.
I'=J" — fY, :ijk: —2cjk2 A
The expressions for the deformed supercurrents G* are a bit simpler
GH=G" +q; 0,
« q’i X (2.17)
Ga =G +p axi .
The deformation changes the central charge as
Ca =cC—6g;p". (2.18)

This deformed N = 2 structure extends a deformation of the original N' = 1 supercon-
formal algebra, and will be important in our discussion. Note that the deformation simply
changes the energy-momentum tensor by derivatives of the generalized currents I;, I*. In
simple cases this is just adding background charges to the action. Indeed, as shown in [18]
these deformations are closely related to spectral flow.



2.4 Topological conformal field theory

It will be important for us that an A/ = 2 superconformal theory determine topological
conformal theories by the twisting procedure. Here we follow [19].

In this paper we only need to consider the positive B-twist. Given an N = 2 supercon-
formal theory as above, we define the energy-momentum tensor of the B-twisted theory by
T iea(2) =T(2) + 0U(z),

(2.19)

i;isted(g) = T(E) + 50(2) :

N RN =

The twisted theory will by definition have central charge ¢ = 0. We see, as in the defor-
mations above, that if we write U = 0¢ this will just add background charge to ¢ in the
action, and again it can be seen as a spectral flow [20]. This means that the dimensions
of the fields change and we now have the weights hg+ = 1, hg- = 2 whereas U still have
weight one. The twisted theory is not in itself topological, but if we restrict ourselves to
the states in the BRST-cohomology of GT, we get a conformal topological theory.? Indeed,
from the N/ = 2 algebra (2.5) we see that the zero modes of G + G satisfy

(Gy +G§)* =0,
[Gar + GJr’ G_(E)] = jltvisted('?) )

which precisely is the algebra of a conformal topological theory with BRST charge Q4 Q =
G§ + G{. The physical states are defined by the cohomology

_ kernel(Q + Q)

Hphys = image(Q + Q) (2.21)

Note that G~ is the preimage of the twisted stress-energy tensor, and U will be the preim-
age of the BRST charge @ itself. Using these relations one can show that the physical
correlation functions

<¢1 (Zla 21) ce ¢n(zn, Zn)>2 (222)

will depend only on the fields ¢; and the topology of the world-sheet 3, but not on the
world-sheet positions (z;, z;). In the topological CFT the operator product expansion of
physical fields takes the particularly simple form

Gij ~ cij" oy . (2.23)

2.5 Supersymmetric deformations

It is important to understand the moduli space of deformations preserving the supercon-
formal algebra.

*Had we considered the negative B-twist with T,,,.q(2) = T(2) — 0U(z) the BRST operator would
be G™.



Let us first relate our notation to the notation in [21] where the supercharges are
denoted (in the Minkowski notation) Q4 and Qi where the index + denotes chirality
and hence is related to our bar notation. On the other hand, the bar notation in [21] is
related to hermitian conjugation of the supercharges. In our case this corresponds to the
+ superscript. We have

{Girl/? G:1/2} =2L_4, {Gil/y C_7Y:1/2} - 2E—1 (224)

whereas in [21] the non-zero anti-commutators are (in Minkowski space and with zero
central charges for the supersymmetry algebra)

{Q+,Q+} = H+ P = —2i0/0z* . (2.25)

Taking z = 22 + iz! and Wick rotating as 22 = iz® we get L_; = —0, = i0/0zT and
L 1 =—0;=1i0/0x~. So we choose the identification

Qr =iGZ )y, Qs = iGJ_rl/Q ; (2.26)

Q_ = i@:l/z, Q_ = i@:l/Q. (2.27)

In the superfield formalism we introduce covariant superderivatives D4 and Dy. A
chiral field, ®, ., is a superfield with D+ ®,, = 0. Correspondingly an anti-chiral field
has Do®__ = 0, a twisted chiral field has D, ®, = D_®, = 0, and finally a twisted
anti-chiral field has D, ® | = D_®_, = 0. The component fields of a chiral superfield
form a representation of the supersymmetry algebra. Specifically we find that a field ¢
is the lowest component of a (twisted) (anti-)chiral superfield @, if and only if

[Ggl/% ¢ab] = [6111/27 ¢ab] =0. (2.28)

i.e. if it belongs to the (ab)-chiral ring (i.e. (++) is (cc) etc. in standard notation). The
middle components are then given by

¢ab - _[G:CIL/27 ¢ab] ) &ab - —[G:l{/2, ¢ab] ) (229)
and the highest order F-term component is
Fab = _{G:Cll/g, [G:l{/g, Qbab]} . (230)

A functional of a chiral field is again a chiral field which is reflected by the ring nature of
the chiral ring. We can also take world-sheet derivatives and preserve chirality.

Using these fields we can build actions that, at least classically, are invariant under the
supersymmetry transformations. We have two type of terms: F-terms which only depend
on one type of fields and which always will have the form (2.30). For F-terms the lowest
component field ¢, needs to have dimension (1/2,1/2). The second type of terms are
D-terms which consist of different types of fields and can change the metric or B-field.
These terms needs to have dimension zero.

By (2.24) we see that under a positive B-twist, the F-term perturbations generated
by anti-chiral, twisted chiral or twisted anti-chiral superfields are all exact up to total
derivatives. That is, they can be written as [GJ_F1 /2 + GJ_rl /20 @] + total derivatives, for some
field ¢.



2.6 Lie supergroup WZNW models

Using the twist procedure from last subsection we want to relate world-sheet supersymmet-
ric theories to WZNW models of type I Lie supergroups. In this section we recall results
on these from [4].

We consider a type I Lie superalgebra g. Examples of fundamental matrix representa-

tions are as follows:

Example 2.1. gl(n|m) is given by

glln|m) = { (g f;) } , (2.31)

where the bosonic matrices A and D are square matrices of size n X n and m X m, and
the odd matrices B and C' respectively are of size n x m and m X n. The supertrace is a
supersymmetric non-degenerate invariant bilinear form and it is defined via

A B
Str(CD) =trA—trD . (2.32)
Example 2.2. si(n|m)
siin|m) = {X € gl(n|m) | str X =0}, (2.33)

forn#m. If n = m sl(n|n) is not simple, in this case one obtains the projective unitary
superalgebra psl(n|n) as the quotient of sl(n|n) by its one dimensional ideal T generated by
the identity matriz 1oy, i.e. psl(n|n) = sl(n|n)/Z.

Following [4] we denote the upper fermionic generators, the positive fermionic roots,
by S¢, the lower fermionic by Sa, and the bosonic by K?. As a non-degenerate invariant

bilinear form, we use the supertrace
(A,B) = kstr(AB). (2.34)
The bosonic part of this metric is denoted %, and the fermionic part is
(ST, Sap) = kdy - (2.35)
We parameterize a supergroup valued field as
g = egpe’, (2.36)
where we have introduced fermionic fields ¢ and ¢

. (2.37)

=

c=c"Soy, CT=2¢,S

The fermions transform in some representation of the bosonic algebra. We introduce
the representation matrices R’ by

K7, 87] = —(R)%,S1, (2.38)



which implies

(K, Soq] = Sop(R')°

(ST, Sop) = —k (R ki K7 . (2.39)

a?

By R(gp) we denote the representation of the group element gp.
A first order formalism for the fermions (called the free fermion resolution [4]) is
obtained by introducing auxiliary dimension 1 b-ghosts to match the fermionic fields c:

b=0,5y, b=0b"S,. (2.40)
The WZNW action then becomes
SWZNW[Q] = SO + Spert

1 = T
So = S[9B]rentdil + o /Zdea str(bOc) — str(boc) (2.41)

1 -
Spert = = Ak /szdJ str(Ad(gp)(b)b),

where S[gp|rentail 18 @ renormalized version of the bosonic WZNW action plus dilatonic
terms. Written out in components we get

1
SWINW (o] — SWZINW ;] S /sz\/hR(Q) Indet R(gp)

1 2 .0 1 90 a 1b
+ 27T/dz (baac badc® — baR(gp)",b ) (2.42)

The extra terms are due to the change in the quantum measure. This gives rise to the
Fradkin-Tseytlin term where h is the determinant of the world-sheet metric and R is
the world-sheet curvature. Further, there is a renormalization of the metric in the bosonic
part given by

<K%a K£>7"en = kY — 'Yij7 'Yij = trR'RY. (2.43)

Here we have denoted the bosonic currents corresponding to this renormalized metric by
ng. Even for simple superalgebras g, v may not be proportional to .

The affine currents now take the following form (factors of k are absorbed in the metric)

! ey ey b ] e (2.44)

1 1
J = —dgg~* :—3C+KB+[C,KB]+kb+k 2 e, b] :+2k

We have to be careful with signs when writing the currents in components [18]. In our
case of type I superalgebras we have

(e = { (J(2),t%) if 17 in gp B gy (2.45)

| —(J(2),t%) if t%ing_

,10,



This gives us (with Kp(z) = K5(2)kij K7)
T8 (2) = T8 (2) 4 bal2) (R (2),
T (2) = kO (2) + k(R g (2) T5% (2) ’; (R gy (RO hocc?(z),  (2.46)
J%(2) = =ba(2),

where right-nested normal ordering is understood. These currents satisfy the OPEs

kst tatb ach
kst p,

J(2) % (w) ) (2.47)

(z —w) z—w’

where fo

remembering the renormalization (2.43), and the OPEs for the fermions

. are the structure constants. This can be checked using the OPEs for K&

ba(2)c (W) ~  © (2.48)

zZ—w
Finally, the energy-momentum tensor can be written as
1 i j ; j
= (JKBQZ-]»JKJB +tr(QRZ)/£Z-j8JK]B> — budc?, (2.49)
where the full-renormalized metric §2 has the bosonic and fermionic parts:
(@1 = K=o g
Q1) = 0 + (R'kyy RY)%,. (2.50)
Note, that the bosonic part of the energy-momentum tensor is a deformation of the Sug-
awara Virasoro field. This resembles very much the form of the N' = 2 deformations

considered in the last section (2.16) and the twisting (2.19). In the following we will
explain the relation.

3 From world-sheet supersymmetry to supergroups

In this section we will understand a relation between world-sheet supersymmetric WZNW
models and Lie supergroup WZNW models. We start with a N/ = (2,2) superconformal
GL(N) x GL(N) WZNW model. We find a truly marginal operator ®, i.e. a perturbation
that preserves the superconformal algebra. This operator couples bosonic fields with the
world-sheet fermions. Then we perform a topological B-twist. This twist is identified with

the GL(N|N) WZNW model in the form sketched as

N=(22) 1 twis
Sarmyxerm) b o /deU o B Sap N

G+(z) B-twist JF(z)

— (3.1)
G (z) Bt N JF(2)05(2) + 0T (2)
U(z) Btwist  gB(3),

— 11 —



I.e. the twisted action is the supergroup WZNW model action, and the twisted super
currents can be identified with affine Lie super algebra currents. Here J¥ and JP de-
note fermionic and bosonic currents in GL(N|N). The goal now is to make the above
sketch (3.1) precise.

We start by introducing the GL(N|N) WZNW model, then we consider the V' = (2,2)
GL(N) x GL(N) WZNW model, perform the B-twist and relate this to the GL(N|N)
WZNW model. We introduce the boson-fermion interaction term ® and explain its exactly
marginality. Finally, we consider perturbations by the principal chiral field and show that
it is a D-term.

3.1 Some properties of the GL(N|N) WZNW model

In this section, we extend section 2.6 in the special cases of the Lie supergroups GL(NJ|N).
A convenient basis for the Lie superalgebra gl(N|N) is {E?ﬁ, FP |1<a,B<N,e=+},
where the generators E are bosonic and F' are fermionic. Compared to section 2.6 the
bosonic indices 1, j,... are now each replaced by a triplet (O‘f ) and the fermionic indices
a,b,... are each replaced by a doublet (o). The advantage of this notation is that the
invariant bilinear form and the super commutation relations are easy to express. The
metric (2.34) takes the form

k:str(EgﬁEs,‘/ﬁ/) = k(T = kebe 67 550" (3.2)
kstr(FAOFS D) = keoud®? 59 (3.3)
where €. is the antisymmetric symbol with e, = 1.

The non-vanishing Lie super algebra relations are

[E?ﬁ,EZ/5] _ 65,5’ (5ﬁ"{E?5 _ 5a5E2,3> ,
[B2?, F)) = 6,00 F® — 6 06°°F)7, (3.4)
(FoB F0Y = 6_cu (55@?5 + 505Eg,5) .

Following (2.37) we define the fermionic fields

¢ =R c=c"0F, (3.5)
b= bosF’, b=bga . (3.6)
These satisfy the OPEs
a 504 0 5
A (rsw) ~ ” X (3.7)

and correspondingly for the bared fields.
The boson-fermion super commutation relation in eq. (3.4) determines the representa-
tion matrices R by (2.38)

( R(“f))”‘s

" 040776263, + 8e_5067,8% . (3.8)
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This gives the correction to the bosonic metric from decoupling the fermions (2.43)

O = 6, o NG*6PY — 6, 46°B57 (3.9)

and the bosonic Killing metric " fi"  is
aB) (Vo
nﬁfm)rf;) = 200 <N5a55ﬁ7 —~ 5aﬁ5w) : (3.10)
The GL(N|N) currents (2.46) are then given by

a3 a3
JE = JE 6 1™ 4 e _byac™?

TP = b (3.11)

o 8
Faﬁ E+W EZ )
JE = koc? — c”ﬁJB -y — bqﬂ;cwca .

Jp denote the bosonic currents with the renormalized metric (2.43).
Similarly the anti-holomorphic currents are

—_af _papf —

JE = JE 4 6 1bany@ = 6 _bypd™

—af _E’Yﬁ _E*Y _

T = k9P 0T + Ty — b, (3.12)
—af _
T =bag .

We also need the energy-momentum tensor. The bosonic and fermionic fully-
renormalized metrics (2.50) are given by

@ HE) = ke 170557 — ed5°B577

(@5 =a50] . (3.13)

The holomorphic component of the stress tensor is then
1 _gos EY N e Eoo
T = JE Qs TB° = g O (0757 + 075 ) = bagde™. (3.14)
[e%
3.2 The N =(2,2) GL(N) x GL(N) WZNW model

We now consider the world-sheet supersymmetric GL(N) x GL(N) WZNW model that is
related to the GL(N|N) WZNW model.
We denote the generators of g = gl(N) @ gl(N) by ESP. o = &, with relations

(B8 Y] = 6, 0 (55'@35 - 5“5E25> . (3.15)
Furthermore we start with a metric given by

aB) (o
Kstart (B2, EX) = ,@(; )() _ k€be 09057 — ee' 54957 (3.16)

start

This is the same as the fully-renormalized metric in equation (3.13). Note that this metric
only differs from the standard trace metric in the U(1) parts. Thus it really only implies
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a simple field redefinition in the U(1) fields. The metric is chosen so that after decoupling
the fermions, we get the metric of the free fermion resolution (2.43).
Define the Manin triple (g, a,,a_) corresponding to our starting metric as

g=a dba_
ay =span{ Zag | Tag = Eiﬁ 1+ g8 }
EFoc _ paa 1 Eaﬁ
_ af ac T+ - 1d Ba _ T+ (3.17)
a_ span{x | x ok +2k2 , X p

EPe
and 2% = — ]g fora>ﬁ}.

where Id = Idy + Id_ denotes the central element given by the sum of the two u(1)
generators Ide = ), E®*. Note that a; forms the Lie algebra gl(N) and a_ is a solvable
Lie subalgebra of g and both are isotropic. Hence we have a Manin triple. As a basis for
ay and a_ we use the z,3 and 2% introduced in (3.17). Recall that constructions of the
N = 2 superconformal algebra are parameterized by the orthogonal complement of the
direct sum of the derived subalgebras of a. This is

0y = span{xaa, Z ﬂ:‘m} . (3.18)
(e}

For us the choice of N/ = 2 superconformal algebra given by v in a,
1
— (0767
v=—k ga v — ga ok (2N —2a+ 1) zaa (3.19)

is important. It implies (2.18) that the central charge is ¢, = 0. In order to display
the superconformal structure following sections 2.2 and 2.3 we need two more ingredients.
First, the structure constants of ay = gl(N) are denoted c,,°. Those of a_ we call f?, and
they can be extracted from (3.15). Second the element p (see (2.8)) is

1
p= Za:(N — 20+ 1)Taq- (3.20)

Further, introduce the bosonic currents J,g of ay, J a8 of a_, the and fermionic fields
Xag: and their partners x*? with OPEs

v 56
a3

) (3.21)

Xap(2)X"* (w) ~ (
The N = 2 superconformal algebra can now be written down using sections 2.2 and 2.3,
we will display them in a moment after a performing the B-twist. The B-twist changes
the Virasoro field by a linear dilaton term (2.19). This implies that in the twisted theory
the fermions Y’ have conformal dimension zero while the Xap have weight one. Thus we
can identify the fermions y with the be ghosts of the free fermion resolution. We choose to
identify as

P = B, bas = —XBa- (3.22)
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Moreover, we identify the bosonic currents with the bosonic currents from the free fermion
resolution of GL(N|N) which have the same OPEs due to our choice of metric (3.16). The
two stress-energy tensors then match due to our choice of the deformation parameter -y
in (3.19). This means that the action of the twisted topological theory is the same as the
free fermion resolution action without the boson-fermion interaction term, i.e. the action
Sp in (2.41).

We can now show that the twisted world-sheet supersymmetric currents are expressed
by affine superalgebra currents. First consider the deformed supersymmetry current G#
(which after twisting has conformal dimension one) given by (2.17)

1 o
G»Jyr = aﬁxaﬁ - 20046,5/) AXO{BX&)XU)\ —k Z axaa- (323)
@

Comparing with (3.11) we observe that GI/L is a fermionic gl(N|N) superalgebra current?
GI=> Jm" (3.24)
«
The U(1) current is by (2.16) given by
1 1
_ _ B _ B
Uy = 2% %( 2a +1)Joa + k; J* + X Xap + i Z(a B)X Xag - (3.25)

aH[;

Again comparison with (3.11) gives the following identification with a bosonic gl(N|N)
superalgebra current

1 [e7e3 1 [e7e%
Uy= g D (kt N+1-20) 05 4 % (—k+ N +1-2a)75" (3.26)

Finally, the G~ current of conformal weight two which is given by (2.17) can be written as

- 1 Faa Foa Eoa 1 Eﬁﬁ Eﬁﬁ 1 FOéB EBOé
G7_2k§aJ<J+_J+k§B<J++J) _k%ﬁjJ
. o “ (3.27)
FeP 7B oo
+k§ J J+—2k§:(2N—2a+1)8J .

a<f( «

Note that this expression is normal ordered which is important for the coefficients of the
derivative terms.

So far we only considered the holomorphic currents. Let us now state the analogous
results for the right-moving part. We choose to use the same Manin decomposition. The
deformation parameter 7 is slightly different,

¥y = Z(_Qlk (—20[ + 1) Taa + kﬁﬂaa) . (328)

3To get the comparison of the stress-energy tensor of the GL(N) x GL(N) and GL(N|N) models we had
to fix all the parameters in v (3.19) except one. Getting this relation fixes the last parameter.
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We now perform again the +-twist on the right-moving currents and identify the super-
conformal currents with affine superalgebra currents. First, the energy-momentum tensors
match. The identification of the ghost system in this case is

P =X, bap = Xap: (3.29)

to get a matching between the supersymmetric currents and the super affine currents.
Identification of the currents are now

GI=>_Jm", (3.30)
_ 1 spao 1 TR
UV:ng(—k—i—N—i-l—Qa)JJr +2k§(k+N+l—2a)J—, (3.31)
~N— 1 FROoo FEoo —Ega 1 —Eﬁﬁ —E/B/B 1 —FOé/B —E/BOé
G,Y—%ZJ+<J+—J +kZ(J++J—) - TR
«a 8 a>p0
4! SRR ! 3 (~2a + 1)aJ " (3.32)
k s 2k - ’ '

Let us summarize this section. We started with a special choice of N = (2, 2) supercon-
formal algebra for the GL(N) x GL(N) super WZNW model parameterized by deformation
parameters (,7) in (3.19) and (3.28). We then have shown that the B-twisted topologi-
cal field theory of this model is embedded in the free fermion resolution of the GL(N|N)
WZNW model. Moreover the BRST-current as well as the ghost-number U(1)-current be-
come affine Lie superalgebra currents. Also the ghost partner of the BRST-current has a
nice expression in terms of Lie superalgebra currents. The full supergroup WZNW model is
realized by coupling the bosons and fermions (2.41). Thus, the next step is to understand
this boson-fermion interaction term. Since the world-sheet supercurrents are expressed in
terms of the Lie superalgebra currents, it is a supersymmetric deformation and indeed it
will turn out to be an F-term.

3.3 The boson-fermion interaction term

The boson-fermion interaction term (2.42) is, as mentioned above, a supersymmetric de-
formation of our N' =2 GL(N) x GL(N) WZNW model. Since it is a potential term, we
expect it to be an F-term and since we do not expect it to be exact, it should be a chiral
F-term. On the GL(N|N) side the term takes the form

1 . 1 _
it = — A = EPATYETB) (3.
Spert Ak /Zdea str(Ad(gp)(b)b) 47Tk/2d7'da bgabes tr( ) (3.33)

where we have used the form of the b-matrices (3.5)

b= bogF" b= bgo F*’

and written
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The E? denotes the basis (3.15) of gl(N).
This boson-fermion interaction term is the F-term of a chiral field corresponding to
chiral operator

¢ =tr(A1B). (3.35)
Indeed this field satisfies (2.28),
+ -1 At -1
Gy (2)tr(A7 B)(w) ~ 0, GF(2)tr(A7 B)(w) ~0 (3.36)
using that in the bosonic subgroup ¢(z, z) transforms as

_tag T
Ju(@aw) ~ T @)~ T (3.37)
and the form of the generators in ay (3.17). Further, it can be shown to be a Virasoro
primary of dimension (1/2,1/2).
Using (2.29) and the basis of a_ (3.17) we get the fermionic part of the chiral superfield

1 1
== Xootr (AETB), G = Raptr(E°A7'B). (3.38)
The F-term (2.30) takes the form
1
F = Xapxss tr (B AT'E7B). (3.39)

Using the identification of the ghosts (3.22) and (3.29) we see that the F-term is propor-
tional to the boson-fermion interaction term (3.33) and using the chiral superfield ® based
on ¢ in (3.35) we have

k
Spert = / drdo ® . (3.40)
A Jx

7

Finally we would like to remark, that the construction gives us a wide range of chiral
operators. One just needs to find a chiral field ¢ of conformal dimension (1/2,1/2) satisfying

G (2)d(w, ) ~ G (2)d(w,m) ~ 0. (3.41)

3.4 The principal chiral field as a D-term

Deformations that change the coefficient of the principal chiral field play an important
role in the PSU(1,1|2) supergroup sigma model where they describe Ramond-Ramond
perturbations of the string theory [22, 23]. In our GL(N|N) case the principal chiral field
is given by

k B =
Skin:_4ﬂ_/d2z <g 18959 1ag> E/dQZq)principal- (342)

Since this is a kinetic term, we expect it to be a D-term. Indeed, using the supergroup
version of (3.37), (2.47) and J = —kdgg~!, J = kg~ '0g one can compute that

1 (om) (o) -
0= 47rk<<1d0>g (Id 0>J9J>’ (3.43)
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is the preimage of the principal chiral field:
q)principal = —{Girl/2, [éirl/Qa ¢]} . (344)

¢ is not G~ closed and this is not an F-term, but rather a D-term. It is, however, GT +G™*
exact.

4 Examples and applications

In this section, we give some selected examples and applications.

4.1 GL(2|2) and screening charges as chiral perturbations

We start by considering the example of the GL(2|2) WZNW model from GL(2) x GL(2).
In supergroup WZNW models one goes, in practice, beyond the free fermion realization
and also introduces a Wakimoto free field realization for the bosonic subgroup. This is then
supplemented with bosonic screening charges. In this section we will find that in addition
to the boson-fermion interaction term also the bosonic screening charge is an F-term. As
a consequence, the cohomology of G~ can be computed in free field theory. We start with
some explicit formulae.
We denote the generators of gl(2) @ gl(2) by E$” as before. Then the two sl(2)s are
generated by
Ki=E!-FE? | K{=F? and K;=E? (4.1)

and the two central elements are
K =E' + E32. (4.2)

The standard Manin decomposition. We are going to display the Manin decompo-
sition and then the resulting supercurrents in the topological twisted theory as Lie super-
algebra currents.

The bases for the Manin decomposition are

1 1
a, = {2(K$+K1+K9 +K2), (KY = Ki+ K — K2),
Ki+ K4 K+ Ko

1 1
a0 = {4k(K$+Ki—K9—Ki)+2k2 (K9 + K°), (4.3)
K% - K? - K% + K~ 1 1 1
+ + - - 0 0 - +
K9+ K K- - K }
4k +2k2(++ ’)’k L
The deformation parameter is
1
T=—0 (KZ + K* + (k+4)K) + (4—k)K°). (4.4)
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The supercurrents in the twisted theory in terms of superalgebra currents are
G =g 4 Jre, (4.5)

G = 41k Jr (JKi TR LS L z(JKi n JK°)>

1 z z 2
+ (JK+ BEAFASEIVAE RO JK°)>

1 FEI Ki’ 1 F12 KT 3 Fil 1 FEQ
B R L (4.6)
1 KO 1 KO 1 K*Z 1 K*
- _ RS - 4,
Uy = 75— TR R (4.7)

Another Manin decomposition. Depending on the real form one wants to consider
there are particularly good choices of NV = 2 superconformal structure. We will now display
a Manin triple that is well suited for AdS3 x S® x T*. Again the relation to the supergroup
WZNW model works nicely. The Manin decomposition is given by

ap ={K{+K° K} —K*, -K{ +K_, -K_ + K*}

24k o 24k _, 1 1 1
_ = KO — K K% +K?), - Kt — KT 4.8
{4k2 +T g Ko g (BEHEKD), - KD - +} (48)
The deformation parameter - is in this case
1
7=y (-KZ +K? + (k+4) K9 + (~k+4)K°) . (4.9)

This changes the central charge from 12 to zero.
Further, the fermions in the twisted theory are identified with the bc-ghosts of the free
fermion realization of the supergroup as follows,

1 1
bi1 = x4, bl = 2(Xl + Xx2), boy = 2(—Xl + X2), baa = —x3, (4.10)
ST F2 2yl g2 Y 22\ (4.11)

Here x; (x!) is the fermion corresponding to the i-th generator of a; (a_), see (2.10). The
supercurrents are identified as

G = —J 4 g, (4.12)
G; _ _41kJF31 <JKfL + JKS)r + JKf o JKE + z(JKS)r + JK0)>

1 4 z 2

+ (—JK+ A A A JK°)> (4.13)
1 FEQ Kj 1 Fil K+ 3 F12 1 FEI
B A N YA
1 1 R B

U, = _JKt— K2 gRL 4 R (4.14)

2 2 2k 2k
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The anti-holomorphic side is analogous if we choose the Manin triple for the anti-
holomorphic side to be different, but only by an automorphism. It is

ay ={-K)-K° -K: +K*, K; - K, K - K"}

2+k -2+k 1, . N D B
a:{— 52 K9 + 52 KE,—4k(K++K_), LB K+} (4.15)

The deformation parameter coincides with the one of the chiral half, ¥ = ~.

Screening charges as chiral perturbations. We will now show that the screening
charges — both the boson-fermion interaction terms and the bosonic screening charges can
be seen as chiral perturbations.

For the standard Manin decomposition we have already seen that the boson-fermion
interaction terms can be seen as a chiral perturbation (3.40). This also happens in the case
of the alternative Manin decomposition, but the chiral field generating the multiplet has
to be changed from (3.35) by conjugation with a constant matrix

6= 4"; x( G _01> A <_01 é) B). (4.16)

Then the corresponding F-term ® = —{G~, /o> G~ /o> ¢]} gives the boson-fermion interac-
tion terms.

We can however go one step further. Looking at the free fermion resolution (2.42) we
also have interaction terms in the WZNW action for the bosonic subgroup. We can now
go to the first order formalism for the bosonic subgroup and write the bosonic Lagrangian
as first order kinetic terms plus bosonic screening charges. Our claim is that the screening
charges are also chiral perturbations. We will now show this in the case of the new Manin
decomposition.

The action for the bosonic subgroup (2.42) renormalized with the metric (3.9) takes
the form:

1 . 1
ST\‘Z;%NW[QB] = —4 / d22<g_1ag’g_1ag>ren — / <g—1dg’ [g_ldg,g_ldg]>ren
1 /) a = —
= or /Edzz[ — (k= 2)0¢5.0¢% + (k +2)0¢2.0¢). — 206506 — 206" 96}

— (k—2)0¢4 01 — (k — 2)07,0yye >0+

+ (k +2)0¢_0¢_ + (k + 2)07_0y_e 2], (4.17)
where we have chosen a parametrization of the Lie group valued field g via a Gauss
decomposition

gp = e EIH- KL (@L K +90 K246 Ki+¢-KZ 5 KL +7-KZ (4.18)

We now introduce the auxiliary field 84, f+. Remembering corrections from the quantum
measure — which essentially cancels the shift in levels for the two SU(2) factors we get for
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the upper SL(2)-part of the action

1
o

_ _ _ 1 1
Sy / a2z (—k8¢+8¢+ + B+ 07 + PO+ BB+ + 4\/hR(2)¢+> . (4.19)
g _

and similarly for the lower SL(2) part. The bosonic currents in this first order formalism are

KZ
JpT = =2k0¢; +2: 9404 1,

K+
JB+ = ﬁ-f—a
"
Jp" =2k0¢1y — (K —2)0v4 — : B4+ o (4.20)

they can be inserted in the free fermion resolution (3.11) to give an expression for G~
in (4.12). For completeness the anti-holomorphic currents are:

,Ki

Jpt =2k0¢y —2: 790y,
Kt =, _ A 5 - =
gt = =200+ + (k —2)094 + : B9+ 1,

Using this, we compute that the screening charge ®p = Be??+ is the F-term of the
supermultiplet obtained from the chiral field

k2

o 201151162¢+, (4.22)

¢p =
and similarly for the screening charge of the lower SL(2) part.

In conclusion, we have shown that the whole action for the supergroup can be written
as simple first order kinetic terms (and background charges) plus interaction terms in form
of screening charges that can be written as chiral F-terms. These are by construction exact
in G~ (and G7). A practical consequence is that the cohomology of G~ (and G~) can be
computed in free field theory.

4.2 Comparison to string theory on AdSs; x S x T*

In this section we show how our story is related to type IIB string theory on AdSz x S3 x T4,

String theory on AdSs x S x T* consists of bosons parameterizing the space related
to the group SL(2) x SU(2) x U(1)*, their corresponding fermionic partners and the string
ghosts. The total central charge is zero.

Let us compare this to our approach for the case of the group U(1,1]2)_; x U(1]1) x
U(1]1). The bosonic group that forms our starting point is then U(1,1) x U(2) x U(1)4,
and further we have the corresponding decoupled fermionic partners. After the deformation
with 7, but before twisting the theory, this system also has central charge zero. Remember
that U(1,1) is equivalent to U(1) x SL(2). Thus the bosonic group that we start with
has two U(1)s plus their fermionic partners more than on the string side. Bosonizing
the fermions we thus have three extra scalars with various background charges due to
the deformation. On the string theory side we, however, have the superconformal ghosts
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which consist of a G7- and a bc-ghost system. Bosonizing also gives three scalars with
background charges. So the field content is basically the same in string theory and in our
case of U(1,1|2)_; x U(1]1) x U(1]|1). We will now show how to precisely embed string
theory into our story.

AdS3xS3. Let us first consider the string theory on AdSsxS3xT* in detail following [24].
The string theory is described by the N'=1 WZNW model on SL(2)_; x SU(2); x U(1)*
plus superconformal ghosts. The negative level in SL(2) gives the correct sign on the
Cartan kinetic term and makes sure the total central charge is zero. After decoupling the
fermions the N’ = 1 supercurrent schematically takes the form (suppressing factors of —k)

_ 1
Gl = Jax“ — o/ XanX” (4.23)

where the indices a, b, ¢ run over the entire algebra, J, are the currents, x® are the fermion

partners from (2.1), and £, are the structure constants of the entire algebra. Indices

C
are raised and lowered using the metric. Note that this form is only unique up to field
redefinitions of the fermions that preserve the OPEs. Indeed, given such an isometry of
the fermions the action is left invariant, but GN=' changes its form.
The string theory stress energy tensor splits in three parts corresponding to the AdSs x
S3, T* and the ghosts
Turing = TS 4 TiEL 4+ oINS (4.24)

string
and similarly for the rest of the superalgebra.
3
In appendix B of [24] the U(1) current, Uﬁﬁﬁgxs + Usgling,
+ _ using that they have opposite

leading to the chiral ring
of string theory is written. Given Uging we can find G

string
U(1) charge and Gé\t/;"i:nlg = G;;ring + Gytring- Here and in the following we write the basis of
SU(2) in the form of SL(2), i.e. we use generators
t£ =17 4 itV (4.25)

We will use our notation for the basis of SL(2) x SU(2) as in (4.1) i.e. Kjfz spans SL(2)
and K= span SU(2).
The AdS3 x S? part of the U(1) from [24] then reads

Adsgxs® _ b grs 1JK3+ Lo ke ke k2 KE VKT

k -2 KT K~
! _ - (42
string k k 2/€X k2 X + X X ( 6)

k2
+

string, AdS3 x
that the U(1) current corresponds to the Manin decomposition

We can now ask what the expressions for G g3 are. To find these we simply note

a, = {K? - K*, K_, K}

1 1 1
=9 - (Ki+K?), K% 'Kt 4.2
o= { - KT+ KD, K KT (4.27)
The currents G- 5 then follow directly from (2.12). Note that this Manin decom-

string, AdS3 xS
position is very symmetric, and the G- and G~ -chiral ring are dual (conjugately related).
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Further, a_ is exactly the same as we have in the U(1,1]2)_; case with the overall U(1)s
removed for the alternative Manin decomposition in (4.8). So, if we identify our fermions
with the corresponding string fermions

tri ) )
XZS' e — Xy Xétring = XZ, (428)

we get the same G~ current, and actually also the same U current

G;tring, AdSzxS3 G~ |SL(2) xSU(2)s (4.29)

Ustring, Adss xs* = UlsL)xsu()- (4.30)
The currents have here been identified by going back to the original basis Kit #
= JET, (4.31)

In this original basis the identification of the fermions are not trivial since the Manin bases

ay are different® i.e. 2, = 2', but 27" # ;. The non-trivial identifications of the
fermions are
KZ K- _ Kt Ky KT _ KT
Xstring — X~ — X *, Xstring — X X

It is clear from (4.28) that this identification preserves the standard OPEs and hence is an
isometry leaving the action invariant. This means that Gé\tfri:nlg
GN=1 = G 4+ G, but they are identical up to the isometry of the fermions. This also

means that the G

string

does not get mapped into
does not get mapped into G and the difference is

+ Lot K+_1JKjXK1_1

z z + +
Gstring,Ads3Xs3 - G+|SL(2)><SU(2) + kJ X - I 2 (XK+ — XK—) Ky K

X tXxX
(4.32)

In other words, we have constructed another N/ = 2 supersymmetry of the string theory
that only differ in the G* current. This difference is important to achieve that G after
deformation and twist is a current of the U(1,1]2)_; model.

Further, we have to do the v deformation (4.9). For the AdSs part this is just like
the type of spectral flows suggested in [25]. This is then extended to also include the S3
sector and to deform the fermions to preserve the N' = 2 supersymmetry. This part of the
deformation does not change the central charge. Let us again stress that the deformation
only changes the weights in the chiral ring.

Ghosts and T?. We want to compare the ghosts and T* of string theory with the U(1)s
in the U(1,1]2)_x x U(1]1) x U(1]1). To study this we need to add the generators of the
bosonic bases of U(1|1) to the Manin decomposition (4.8). This means that the N = 2

4Since a, is simpler in string theory than in our case, the supersymmetry algebra have a two-dimensional
space of deformations instead of the one-dimensional in our case.
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supersymmetric theory of the U(1)s is described by J;, J* and the superpartners x;, X'
where i = 1,5,6. The supersymmetric algebra after the deformation given by (4.9) is then

Gl luays = Jix' +02x" — x° — x%),

_ . 1 1
G luys = J'Xi +5<X1 o X5~ 2X6>,

A 1 1 (4.33)
Uyluays = X'xi + 1 — 2J" = o5t J° — o5+ JS,

1 ) ) 1 1 1 1 1
T — 7. 70 Do, A0 . 1 _ _ 5 _ 6 .
s = Jid + L (0xx = X'Oxi) +8<2J1 e A T Y
Here we have performed a rescaling of the fermions and currents to absorb the levels, but
keeping the kinetic terms. The levels can in principle be different for the U(1|1)s.
We now turn to the T part of string theory. To anticipate the embedding into our
theory we denote the currents by ji, J? and the fermions by Xi, X' where i = 5,6. The

N = 2 algebra is given standardly by.?

+ I
Gstring, ™™ ™ JiX’s
_ _ Fin
C;string, T I Xi,

i (4.34)
Ustring, T = XZ Xi>

C 1
Tstring, T = JiJ" + 2 (aXZXi - XZaXi)-

Finally, we consider the ghost system which consists of a Jy-system of central charge
11 and a be-system of central charge —26. The AV = 1 supercurrent of the ghost system is
given in e.g. [26].5 Without bosonization the only possible extension to an N = 2 algebra
(without bosonization and up to swapping of G¥) takes the following form

+ _
string, ghost

- . 3
Gstring,ghost = _Z(aﬁ)c - 12666,

Ustring,ghost =-2:bc: =3:98:,

—2iby,

(4.35)

1 3
2.ﬁ’y.—2.ﬁ8'y..

We now bosonize the ghosts into three scalars, the be-system in the ordinary way b = e™#1,

Tstring,ghost =—:0bc: —2:b0c: —

¢ = e and the By-system we bosonize oppositely as normal v = ie P2 TP30p3, 3 = ief2~F3.

The bosonized currents are
+ _ —p1—p2+p3
Gstring,ghost =2e 8[)3’

3
— _ + —
Gstring,ghost = el p36<2,01 +p2 — /)3)

Uvstring7 ghost = 3(2p1 + 3p2),

(4.36)
1 3 1 1 1
Tatving, ghost = o 0p10p1 + ,0%p1 =, 0pa0pa + , 0p3dps + pa + , 0% ps.

®Note that [24] has an extra overall i in the U current.
SWe correct the formula with an 4.
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To be able to compare we re-fermionize this system. We define y; = gep1+p2_p3,f<1 =

se PLmrztps J1 = 3(p1 + p2) and J! = 3(=p2 + p3). We then arrive at
G = Jix' + 303",

string, ghost
— 71 ~
C;string7 ghost J X1+ aXl’

1~ 3 S 4.37
Ustring,ghost = X1X1 +0J1 — 38J1, ( )

A 1 1 _ - A
Tstring,ghost = JlJ1 + 2((9)21)21 - 32185(1) + 28J1 + gajl

Note that this could also easily be put into a form that is symmetric in G* again showing
that the G*-chiral rings of string theory are in one-to-one correspondence.

We can now get a direct match of our superalgebra (4.33) for the U(1)s and the string
superalgebra for the ghosts and T# in equations (4.34) and (4.37) using the dictionary

X6) = AXa), XD = (AT,
7 7(2 —I\T 7(2
Ty = A, JO = (A HT g0,

where X%;) is the vector (x1, x5, X6) etc. and A is the matrix

1 1
1_2_2
A= %1 0
2O 1

To sum up, we have shown in this section that the superalgebra we have after defor-
mation, i.e. right before twisting, in the case of U(1,1]2)_; x U(1]1) x U(1]1) only differs
from the standard string theory algebra in the G part, and that our algebra is simply
another choice of ' = 2 algebra.

4.3 Boundary actions and the Warner problem

In this section, we want to understand boundary actions in supergroup WZNW models
using methods of world-sheet supersymmetric theories. Warner explained how to find B-
type boundary actions in superconformal field theories [7], we use [27, 28] as references.
Boundary conformal field theory on supergroups has been investigated in [5, 18, 23, 29-32].

Lie supergroup bulk WZNW models can be well treated in the free fermion formalism.
A similar method is desired for the boundary theories. The problem is to find the
appropriate boundary action. So far only in GL(1|1) [5] and in OSP(1|2) [6] this problem
could be solved. On the other hand, knowing the boundary action was essential in solving
these models.

Boundary conformal field theory in WZNW models is characterized by boundary con-
ditions that preserve the current algebra in addition to conformal symmetry. This is the
case if and only if the holomorphic and anti-holomorphic currents are glued together at the
boundary with a metric preserving automorphism w of the underlying horizontal subalgebra

J(z) =w(J(2)) for z=2. (4.38)
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A consequence of these conditions is that the group valued field that describes the sigma

model maps the boundary of the world-sheet to a twisted (super) conjugacy class C¥,
CY ={g=haw(h ') |h € G}. (4.39)

The constant element a is parameterizing the position of the brane.

Now, we saw that the bulk GL(N|N) WZNW model can be obtained by twisting an
N = (2,2) superconformal model. Moreover, the boson-fermion interaction term is an F-
term. In this section, we want to consider the boundary theories with gluing automorphism
w being minus one times the transpose in our matrix representation. This implies that our
matrix valued fields A and B in GL(N) have the form

A=CA)C" and B=DByD' (4.40)

for some GL(N) valued fields C' and D and constants matrices Ay and By.

We want to find a boundary action that preserves the superconformal symmetry.
This problem is often referred to as the Warner problem. Its solution requires additional
fermionic boundary degrees of freedom as well as a factorization of the super potential into
boundary super potentials. Let us review this situation for B-branes in Landau-Ginzburg
models. The world-sheet of a Landau-Ginzburg model has two complex fermionic coordi-
nates. The action of the model is given by a D-term and an F-term, £ = Lp + L, which
are both by construction invariant under supersymmetry transformations. If one integrates
the fermionic coordinates, the F-term looks as follows

1 1 1 - . - _
Lp= 4|W'|2 + 2W”1,b+¢, — 2W/’¢+¢_. (4.41)

A simple choice of D-term is, after integrating the fermionic coordinates, the Lagrangian
of free bosons and fermions

Lp = 0¢0¢ + 0¢dp + 0+ 0 + Y1 Iy + Y0y . (4.42)

There exist two families of boundary conditions that preserve half of the supersymmetry,
which are called A- and B-boundary conditions. We are interested in the second case.
First, if one sets the super potential W to zero, B-type supersymmetry is preserved by
introducing the following boundary term

%w=i/ﬁ%—w, (4.43)
where n = ¢_ 4+ 4 and 8 = ¢_ — 4. In this free theory this amounts to the boundary

conditions ¢~ = v, and ¢)_ = 1), for the fermions. For non-zero super potential W, the
supersymmetry variation of the action gives a boundary term of the form

Ssusy (S + Sopdy) = ; / drenW + enW . (4.44)
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Finding a boundary term whose variation cancels this contribution is the Warner problem.
Its solution is given by introducing a fermionic boundary super field. After integrating the
odd world-sheet coordinates the boundary term is

R D o 1
Shay = / dr ixd,w— JJ ~ JEE+ ;m}’ + ;ﬁﬁj’ — JNE = miE. (445)

Here J(¢) and E(¢) are boundary potentials, prime denotes derivative with respect to ¢,
and 7 is the new boundary fermion. Its variation under supersymmetry is

Osusy ™ = —ieJ —€E dsusy™ = 1€J — ¢E . (4.46)
The total action is now invariant under supersymmetry variation if and only if
W = EJ + constant . (4.47)

In the case of the U(1) x SU(2) WZNW model a superfield formulation of the theory
is known [33]. This motivates us to use an analogous method to solve the Warner problem
in our case. We already saw in the last section that the bulk superpotential is

W(A,B)=tr(A™'B), W =0. (4.48)
Here A and B are the two GL(N) (matrix) valued fields describing the GL(N)xGL(N)
WZNW model. Recall that we choose gluing conditions for the currents that force the
matrix valued fields to have the form A = CAqC* and B = DByD! at the boundary, where
C and D are some matrix valued fields.
Further, since W = 0, we should have J = E = 0. The field 7 is in our case n = b = b’
and is a gl(N) matrix valued fermionic field. Since we identify b with b’, we also want to
identify 7 with 7 in some way. Since 7 should be a scalar field we take

it = tr(Bom' Ayt ) (4.49)

for two constant GL(N) matrices Ap and Bp. Then the supersymmetry variation (4.46)
forces to also identify
J=tr(BoE' Ayt - ). (4.50)

We define E = C~'D for two GL(N) valued boundary fields C' and D, such that the
invariant vector fields act as
d,sE =C7YE®D. (4.51)

Moreover, we have JE = W from (4.40) as required. Then the boundary action (4.45)
takes the form

Shay = / dr tr(Bort Ayto,m)— ; tr(Bo D' (C71) Ay tr) + ; tr(Bor' Ag'C7bD) . (4.52)

We believe that this is the correct action of the boundary model, and it is indeed in the
example of GL(1|1) [5]. In order to prove this statement rigourously one has to show that
the boundary potential is a screening charge for the currents. We have not proven this in
general, but it is straightforward to address this issue in the example one wants to study.
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5 Summary and outlook

We have shown that the B-twist of the world-sheet supersymmetric GL(N) x GL(N)
WZNW model perturbed by a truly marginal operator, an F-term, is embedded in the
GL(N|N) WZNW model. Moreover, the supercurrents, as well as the U(1)-current, are
expressions in terms of Lie superalgebra currents. Further, we have seen that the principal
chiral field is a D-term.

We then applied these results. In the example of the GL(2|2) WZNW model we
have shown that the action consists of a free kinetic term plus two F-terms. One term
couples bosons to fermions while the other gives screening charges for the bosonic subgroup
GL(2) x GL(2). The important consequence is that one can compute the cohomology of
the current G~ in free field theory.

Another application is the relation to type IIB string theory on AdSs x S x T*. Here we
have shown that string theory is related by our procedure to the U(1,1|2)_, xU(1]1)xU(1|1)
WZNW model, and that the current G~ is indeed the standard choice of supersymmetry
charge. The current G is a novel choice which is important for our relation.

We suspected a relation between the GL(N|N) WZNW models and N = (2,2) world-
sheet supersymmetric theories because the GL(1|1) boundary WZNW model action is very
similar to what one finds in boundary superconformal field theories. Knowing the boundary
action is an essential aide in solving the model, and hence it was important that we could
apply the techniques of superconformal field theory to find boundary actions for our models.

Two tasks remain to be done. Firstly, to use the protected sectors we have found
and compute the corresponding cohomology and their correlation functions. It would be
particularly interesting to do this for world-sheets of higher genus. Secondly, to verify the
boundary actions in an example and use them to compute correlation functions in the
boundary theory.

There are also possible generalizations. A topological twist of an N = (2,2) world-
sheet supersymmetric theory has central charge zero, and thus can only correspond to a
supergroup WZNW model whose superdimension is zero. We already checked that the
B-twist of the superconformal SL(2) x U(1) WZNW model is related to the supergroup
SL(2|1) WZNW model, but have not yet discovered other examples. Also note that there
exist world-sheet superconformal supergroup WZNW models [34]. One might expect that
their B-twists in some cases can be related to WZNW models of orthosymplectic super-
groups, and this should be investigated.
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