View metadata, citation and similar papers at core.ac.uk

-

brought to you by .. CORE

provided by Springer - Publisher Connector

Ying Journal of Inequalities and Applications 2012, 2012:142 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2012/1/142 a SpringerOpen Journal

RESEARCH Open Access

Higher-order symmetric duality for a class of
multiobjective fractional programming problems

Gao Ying

Correspondence: gaoyingimu@163.
com

Department of Mathematics,
Chongging Normal University,
Chongging 400047, China

@ Springer

Abstract

In this paper, a pair of nondifferentiable multiobjective fractional programming
problems is formulated. For a differentiable function, we introduce the definition of
higher-order (F, &, p, d)-convexity, which extends some kinds of generalized
convexity, such as second order F-convexity and higher-order F -convexity. Under the
higher-order (F, &, p, d)-convexity assumptions, we prove the higher-order weak,
higher-order strong and higher-order converse duality theorems.

Mathematics Subject Classification (2010) 90C29; 90C30; 90C46.

Keywords: Higher-order symmetric duality, multiobjective fractional programming,
higher-order (F, a, p, d)-convexity.

Introduction

Symmetric duality in nonlinear programming in which the dual of the dual is the pri-
mal was introduced by Dorn [1]. The notion of symmetric duality was developed sig-
nificantly by Dantzig et al. [2], and the Wolfe dual models presented in [2]. Mond [3]
presented a slightly different pair of symmetric dual nonlinear programs and obtained
more generalized duality results than that of Dantzig et al. [2]. Mond and Weir [4]
then gave another pair of symmetric dual nonlinear programs in which a weaker con-
vexity assumption was imposed on involved functions. Later, Mond and Weir [5],
Weir and Mond [6] as well as Gulati et al. [7] generalized single objective symmetric
duality to multiobjective case.

Chandra et al. [8] first formulated a pair of symmetric dual fractional programs with
certain convexity hypothesis. Pandey [9] introduced second-order 1n-invex function for
multiobjective fractional programming problem and established weak and strong dua-
lity theorems. Yang et al. [10] discussed a class of nondifferentiable multiobjective frac-
tional programming problems, and proved duality theorems under the assumptions of
invex (pseudoinvex, pseudoincave) functions. Higher-order duality in nonlinear pro-
grams have been studied by some researchers. Mangasarian [11] formulated a class of
higher-order dual problems for the nonlinear programming problem by introducing
twice differentiable functions. Mond and Zhang [12] obtained duality results for var-
ious higher-order dual programming problems under higher-order invexity assump-
tions. Under invexity-type conditions, such as higher-order type I, higher-order
pseudo-type I, and higher-order quasi-type I conditions, Mishra and Rueda [13] gave
various duality results. Recently, Chen [14] also discussed the duality theorems under
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higher-order F-convexity (F-pseudo-convexity, F-quasi-convexity) for a pair of multiob-
jective nondifferentiable program. But, up to now, there is not sufficient literatures
dealing with higher-order fractional symmetric duality.

In this paper, we first formulate a pair of nondifferentiable multiobjective fractional
pro-gramming problems. For a differentiable function /4: R” xR” — R, we introduce the
definition of higher-order (F, o, p, d)-convexity, which extends some kinds of general-
ized convexity, such as second order F-convexity in [15] and higher-order F -convexity
in [14]. Under the higher-order (F, &, p, d)- convexity assumptions, we prove the higher-
order weak, higher-order strong and higher-order converse duality theorems.

Preliminaries
Let R"” be the n-dimensional Euclidean space and let R” be its non-negative orthant.

The following conventions for vectors in R” will be used:
x <y ifandonlyif y—xe€intR";
x <y ifandonlyif y—=xe R!\{0};
x<y ifandonlyif y—xeR};
x £y isthenegation of x<y.

For a real-valued twice differentiable function /(x, y) defined on an open set in R” x R",
denote by V. h(x,y) the gradient vector of /1 with respect to x at (X, ), Vih(X,y) the hes-
sian matrix with respect to x at (X, 7). Similarly, Vyh(X,y), Vyh(X, ) and V), h(x,y) are
also defined.

Let C be a compact convex set in R”. The support function of C is defined by

s(x|C) = max{x'y : y € C}.

A support function, being convex and everywhere finite, has a subdifferential, that is,
there exists a z € R” such that

s(y|C) = s(x|C) + 2" (y — x), Vx € C.

The subdifferential of s(x|C) is given by
35(x|C) = {z € C : z'x = 5(x|C)}.

For a convex set D € R”, the normal cone to D at a point x € D is defined by
Np(x) ={y e R" : yI(z—x) £0, Vz e D}.

When C is a compact convex set, y € N¢(x) if and only if s(y|C) = x” y, or equiva-

lently, x € 9s(y|C).
Consider the following multiobjective programming problem (P):

Minimize f(x) subjecttog(x) <0, xeX,

where £ R” — R”, g¢: R” — R' and X € R". Denote by S the set of feasible solutions
of (P).

Definition 2.1. (a) A feasible solution x is said to be an efficient solution of (P) if
there is no other x € S such that flx) < flxy).
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(b) A feasible solution x; is said to be a properly efficient solution of (P) if it is an effi-
cient solution of (P), and there exists a real number M >0 such that for all i € {1, ..., m},
x € S, and fi(x) < fi(xo),

filxo) = fi(x) = M(fj(x) — fj(x0))

for some j € {1, ..., m} such that fi(x) > f; (xo).
Definition 2.2. A functional F: X x X x R” — R (where X © R”) is sublinear in its
third component if for all (x, u) € X x X,

F(x, ;a1 +az) < F(x, u;a1) + F(x, u;ay)forall a;,a, € RY;

F(x, u;@a) = @F(x, u;a)for alla € R, and foralla € R".

For convenience, we write F,, ,(a) = F (x, u, a).

We now introduce higher-order (F, ¢, p, d)-convex function. Where, F: X x X x R” —
R is a sublinear functional, o: X x X > R, \ {0}, pe Randd: X x X > R. Let ®: X -> R
and /: X x R” — R be differentiable real valued functions.

Definition 2.3. @ is said to be higher-order (F, o, p, d)-convex at u € X with respect
to i if, V(x, p) € X x R,

O(x) — ®(u) 2 Foula(Ve®(u) + Voh(u, p))) + h(u, p) — pTVph(u, p) + ,odz(x, u).

Remark 2.1. (1) When o = 1, and p = 0 or d = 0, the higher-order (F, o, p, d)-con-
vexity reduces to higher-order F-convexity in [14].

(2) When ot = 1, p = 0 or d = 0, and h(u,p) = }p"V,®(u)p, the higher-order (F, e,
p, d)-convexity reduces to second order F-convexity in [15].

we now give an example of higher-order (F, o, p, d)-convex function with respect to
h(u, p), which is not higher-order F -convex and second order F-convex.

Example 2.1. Let X € R X ={x:x 21}, f X >R FXxXxR—>R h: XxR—>R
and d: X x X — R given as follows

p

+

2
flx) =x+

— _ 2 =
~ e Fla) = lalr = w?, h(wp) =

% d(x, u) =x—u.

Andletu =1,p =-1, a = ;. Then for all (x, p) € X x R

2

£ 1) = 7 2 E (00 Boht ) )

+1

+h(w, p) — p"Vph(u, p) — d*(x, u) = —i(x —1)%

This implies fx) is a higher-order (F, ¢, p, d)-convex function with respect to / at u.
But when we let x = 2, p = 3 and x = 6, p = 3 respectively, we have

£(2) = £(1) = < Feal(Vif () + Vphw p)) + (o p) — P Vph(ap) = -,
1(6) = (1) = 27 < Fuu(Vf () + Vi () = 10"V (w)p = )

Hence, fis neither a higher-order F-convex function nor a second order F-convex
function. From now on, suppose that the sublinear functional F satisfies the following

condition:

Fyy(a) +a'y =0, VaeR (1)
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Higher-order symmetric duality
In the section, we consider the following multiobjective fractional symmetric dual pro-
blems: (MFP) Minimize L(x, y, p) = (L1(% ¥ p1), - Li(x% ¥, p)* subject to

k

Z)»i [(Vfi(x, y) — zi + Vi, Hi(x, 7, i)

i=1

—Li(x, y,p))(V&i(x, y) +1i + Vi, Gilx, y,pi))] £ 0,
k

Y'Y ki [(Mfilx ) — i+ Vi Hi(x, y, i)

i=1
—Li(x, 7, p1)(Vy&i(%, ¥) + 10 + Vi, Gilx, v, pi))] 2 0,
A >0, ATe=1, ZiED,', T,'EFi, i=1...,k.

(MFD) Maximize M(u, v, q) = (M1(thy v, q1)sr Mi(tsy v, qi))" subject to

k
D ki (Vi v) + wi + Vg, ®i(u, v, 1))
i=1
—M,'(u, v, qi)(Vx i(u, 1/) — i+ ti\I/i(u, v, ql))] z 0,
k

ul Z Ai [(Vx i(wv) + wi + Vg, ®i(u, v, gi))
i=1

_Ml(u/ v, q:)(vx i(ul U) =L+ Vql\yl(ul v, fh))] § 0/
A >0, ATe=1, wieC;, t€E, i=1...,Fk

where

filx,y) +5(xICi) — ¥z + Hi(x, y, pi) — p Vo, Hi(x, . pi)

8i(x,y) = s(xlE:) +yTri + Gi(x, v, pi) — i Vi Gilx, v, pi)

Mi(t, v, q) = fi(u,v) —s(v|D;) + ulw; + ®i(u,v,qi) — qTiTtiCDi(u, v, f]i),
gi(w,v) + s(IF;) — ult; + Wi(u, v, qi) — q; Vg, Yi(u, v, 4i)

Li(x, y,pi) =

fiR, xR, >R g:R'xR" >R H, G: R"x R" > Rand O, Y2 R, x R,, x R, >
R are twice differentiable functions for all i = 1 ..., k. C;, E; are compact convex sets in
R", and D;, F; are compact convex sets in R”, i =1, .., k.e = (1, .., 1)’ e R p,e R",
g€ R',i=1,.,kp=p1 . p) q= (g1 -, qu). It is assumed that in the feasible
regions the numerators are nonnegative and denominators are positive.

We let S = (Sy, ... ST, W= (W, .., W)T e RX. Then we can express the programs
(MFP) and (MFD) equivalently as:

(MFP)g Minimize S subject to

(fi(x, y) +s(xIC)) — y"zi + Hi(x, y, pi) — b V. Hilx, 7, i)

T T . (2)
=Si(8i(x, y) = s(xIEi) +y'1i + Gi(x, v, pi) — p; Vp,Gix, v, 0i)) =0, i=1, ..., k

k

> ki [(Vfilx v) = zi+ Yy Hi(x, 7,1)) 3)
i=1

—Si(Vygi(x, ¥) +1i + VyGilx, y,0i))] £ 0,
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k

Y'Y ki [(Bfilx, y) — i+ Vi Hi(x, y,p1)
=1 (4)
—Si(Vygi(x, ¥) +1i + VpGi(x, y,pi))] 2 0,

2>0 ATe=1, zeD; rieF, i=1..., kL

(MFD)y Maximize W subject to

(fi(u, v) —s(v|Dj) +ulwi+ Di(u, v, qi) — qiTtirb,-(u, v, qi))
~Wi(gi(u, v) +sWIF) —uTti + Wi(u, v, ;) — 4 Vg ¥i(u, v, 1)) =0, i=1,..., k

(5)

k

Z)\i [(Vx i(u, U) +w; + ticbi(u, v, q,)) ©)
i1

—Wi(Vx i(u, 1/) — i+ ti\lfi(u, v, ql))] Z 0,

k

u" > " hi [(Vifiu, v) + wi + Vg ®i(u, v, q5))
= @)
—Wi(Vagi(u, v) —ti + Vg Wi(u, v, ql))] <0,

A>0, Ale=1, weC, teE, i=1..., k

Now we can prove weak, strong and converse duality theorems for (MFP)s and
(MED)y, but equally apply to (MFP) and (MED).

Theorem 3.1 (Weak duality). Let (x, y, S, z1, ..., Zio 71, - 7o A, p) be feasible for
(MFD)g and let (&, v, W, wy, ..., wy, t; ..., ki, A, q) be feasible for (MFD)y, . Let Vi e {1,
o kY, fi(b V) + ()T w; be higher-order (F, &, p;, d;)-convex at u with respect to ®,(u, v,
q:), - (@, v) - ()7 &) be higher-order (F, o, p, d;)-convex at u with respect to -¥(u, v,
q), - (filx, .) - ()%z;) be higher-order (K, a, p;, Ei,) -convex at y with respect to -Hy(x, y,
pi), g%, ) + ()" r; be higher-order (K, &, pi, d;) -convex at y with respect to Gy(x, y, p.),
where sublinear functional F: R” x R” x R” — R and K: R” x R™ x R™ — R satisfy the
condition (1). If the following conditions hold:

gilx, v) + v —s(x|E;) > 0,i=1,...,k, (8)
k -
D wi((1+ Wi)pid? (x, u) + (1 + i) (v, ¥)) Z 0. ©)
i=1
Then S £ W.

Proof. Since (i, v, W, wy, ..., W, t1 ..., by A, q) is feasible for (MFD)yy, from (6), (7)
and F satisfies condition (1), it follows that

k
Feu (Z Ml(Vifi(u, v) +wi + Vo, @i(u, v, qi)) — Wi(Vagi(u, v) — 6 + Vo, Wiu, v, q,))]) > 0. (10)

i=1

Using the convexity assumptions of fi(., v) + ()T w; and (g, v) - ()T &) at u, we
have
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filx, v) + xlw; —fi(u, v) — ulw;

2 Fou(a(Vfi(u, v) +wi + Vg, @i(u, v, i) + ®i(u, v, qi) — q,vTVq[@i(u, v, qi) + ,oidiz(x, u),
—gi(x, v) +x"t; + gi(u, v) —u't;

2 Fou(a(=Vigi(u, v) +ti — Vg Wi(u, v, 4i))) — Wi(u, v, qi) + qiTVq,<1>,~(u, v, qi) + pidiz (x, u).

Since F is a sublinear functional and A >0, W 2 0, @ >0, from (10) and the above two

inequalities, we have

k
Z)»,'(f,'(x, v) + xTw; — fi(u, v) —uTw; — ®;(u, v, q;) + qiTtiCID,'(u, v, qi))
i=1
k
+ Zkiwi(gi(u, V) + v —ult; + Wi(u, v, qi) — qiTVq[\I/i(u, v, ¢i)) (11)
i=1
k k
Y MW — gilx, v) —vTr) 2 a1+ W) pid? (x, ).
i=1 i=1

Since v’ r; £ s(v|F;), from (5) and (11), we have
k k
> ul(filx v)+x"wi—s(ID)) + Wilx ti—v"ri—gi(x, v))] = Y A1+ Wi)pid? (x, w).  (12)
i1 i=1
On the other hand, from (3), (4) and sublinear functional K satisfies condition (1), we
obtain

k
Ky (‘ D hi ((Vfilx v) — 2+ VpHilx, 7,1)) a3)

i=1

—Si(Vy i(x, }/) + 1+ Vpl.Gi(x, Y, pl)))) z 0.

Using the convexity assumptions of -fi(x, .) + ()T z; and gilx, ) + )7 r; at y, we have

1\

Kuy(a(=Vyfi(x, y) +zi — Vy,Hi(x, v, pi)))
— Hi(x, y,p:) +p! Vo Hi(x, y, pi) + pidi (v, ),
il V) + v —gi(xy) =y 2 Kyy(@(Vygi(x y) +1i+ VpGilx, i)

+ Gi(x, v, i) = I VpGilx v, pi) + Bids (v, ).

—fi(x, v) + vz + fi(x,y) — yTz,-

Since K is a sublinear functional, and A >0, S 2 0, @ > 0, from (13) and the above

two inequalities, it holds

k
D hi(—filx v) + 0"z + filx, y) — yTa + Hi(x, v, pi) — p! Vo Hi(x, 7,p1))
i=1
k
+ Y MSi(=gilx v) +x"t =y = Gi(x v, pi) + 9! Vo Gilx, v, ) (14)

i=1

k k
+ Zkisi(gi(x, U) + UTTi - thi) g Z)»i(l + Si)ﬁid?'(v, y)

i=1 i=1

Page 6 of 12



Ying Journal of Inequalities and Applications 2012, 2012:142 Page 7 of 12
http://www.journalofinequalitiesandapplications.com/content/2012/1/142

Since x” t; < s(x|E;), from (2) and (14) we have

! !
Z)»i[(—fi(x/ v) +v'z = s(x]Ci)) + Si(gi(x, v) +v'ri—x"t)] = Zli(l +81)pid? (v, ).

i=1 i=1

Adding the above inequality and (12), we get

k K
Z ri(v 'z — s(vID;) + x"w; — 5(x|Cy)) + Z 2i(Si — Wi)(gi(x, v) + v'r; —x"ty)

i=1 i=1

k
23 hilpid? (x, w)(1+ Wi) + pid? (v, y)(1 +S1)).
i=1

Since A; >0, v7 z; - s(v|Dy) + xT w; - s®|C)£0,i=1, ..k by (9) it yields

k
Z)\i(si — W,-)(g,-(x, V) + VTT,' — thi) z 0.
i=1
By assumptions (8), we have g;(x, W+l r -2 ¢, >0, i = 1, .., k. Since A >0, it follows
that S¢ W. O
Theorem 3.2 (Strong duality). Let (X,%,S,z1, ..., Zk 71, ..., T A, p) be a properly
efficient solution of (MFP)s, and fix ) = } in (MFD)y. Suppose that
ViHi(X,7, 0) = V,Gi(%, ¥, 0) =0, V,,®i(x,y, 0) = V4, ¥;(X, 7, 0) =0,
(@) Hi(x, 7, 0) = Gi(x,7,0) =0, ®;(%,7, 0) =¥(x,7, 0) =0, V,Hi(x,y, 0) = V,Gi(x, ¥, 0) =0,
Yy Hi(% 7, 0) = V,,Gi(%,7, 0)=0,i=1,...,k
(b) Forallie {1, .., k},

fi%7) +s(XICi) — 7'z + Hi(X. 7, pi) — pi Vo, Hi(%, 7, pi) > 0.

(¢) () VppHi(X ¥, pi) — SiVpp,Gi(%. 7, pi) #0 for pi=0, i = 1, .., k and
Vo Hi(X, 7, 5i) — SiVpp,Gi(X, 7, pi) is nonsingular for all i = 1, ..., &,

(ii) Sk Ri(Vpfi(®7) — SiVygi(% 7))  is  positive  definite  and
Pl (VyHi(% 7, Pi) — $iVyGi(X, 7. i) — (VpHi(%, 7. bi) — SiVp Gi(%,7,p1))) 2 0 for all i =
1, .., k or Zle Ai(Vyfi(x,7) — Sivyygi(g'c, y)) is negative definite and
pr((VyHi(E, 7, 9i) — SiVyGi(% 7, 5i)) — (Vo Hi(%, 7, Pi) — SiVpGi(%, 7,7i))) < 0 for all i =
1, ., k

(iil) AVYfi(%7) — Zi + Vo Hi(% 7, Pi) — Si(Vy&i(%,7) + 7o + Vp,Gi(% 7, pi)) ti=1, ..., k} s
linearly independent.

Then p = 0, and there exist w;€C; and t €E;, i = 1, .., k such that
(X,7,S,101, ..., W, t1, ..., &, A, 4 = 0) is a feasible solution of (MFD)y. Furthermore, if
the hypotheses in Theorem 3.1 are satisfied, then (%,7,S, iy, ..., W, 1, ..., i, A G = 0)
is a properly efficient solution of (MFD)y, and the two objective values are equal.

Proof. Since (%,%,S,21, ..., 271, ..., T A, p) is a properly efficient solution of
(MEP)s, by the Fritz John type necessary optimality conditions [16], there exist & € R,
Be RK, ye R",6e R ue R and w; € R" T € R", i = 1, ..., k such that
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k
D Bi((Vifi(E P) + Wi+ ViHi(, 7 5i) — Si(Vagi(E 7) — T + VaGi(% 7, 5i)))
i=1
k - -
+y = 89" ) (Vi (% 7) — SiVigi (% 7))
i=1
k
- = - T = —
> (Vo Hi% 7 pi) — SiVpaGi(% 7,50)) (v — 87)Ai — Bipi) = 0,
i=1

k
D (B = 1) (Vfi(%7) — 2+ VpHi(% 7 5) — Si(V&i(%7) + T+ Vp Gil® 7, pi)))
i=1
k - -
+ 2 BV Hi(% 7, Pi) — SiVyGil® 7, Pi)) — (Vo Hi(% 3 5i) — SiVp Gil% 7, 51)))

i=1
k

+ Zii((vyy ,-(J_C, }_’) - Sivyygi(’_c/ }_’))T(V - 8)_’))
i=1
k . r .

+ ) (Vo Hi(% 7, Pi) = SiVpy Gi(& 7, 5i)) (—Bifi + (v — 87)As) = 0,
i=1

ai — Bilgi(%7) — s(RIE) +7'Ti + Gi(&, 7, pi) — pi Vi Gi(%, 7, i)
—(r =)' (Li(V&i(&7) +Ti + Vy, Gi(%, 7,5:))) = 0, i=1,....k

(v = 80" (Mfi(& ¥) — Zi + Vo Hi(% 7, i) — Si(Vy&i(X, 7) +Ti + Vi, Gi(X, 7, i)

—ui=0, i=1,...k

(hiy = 87) — Bipi)" (Vo Hi(%, 7, Pi) — SiVpp,Gi(%,7,9:)) =0, i=1,...,k,

Biv+ (v — 89)hi € Np,(z:), i=1,...,k
BiSiy + AiSi(y — 87) € N(:), i=1,....,k

k
v R (VY& 7) — 2+ Yy Hi(% 7, 5i))

i=1
—Si(Vy8i(%,7) + Ti + Vp,Gi(%,7,71))) = O,
k -
57" 2 (Mfi% 7) — 2 + Vi Hil® 7, i)
i=1
—Si(Vy&i(%,7) + Ti + Vp,Gi(%,7,p1))) = 0,

MTX =0,

w; € Gt € E, ¥'1 = s(RE), X w; = s(X|C;), i=1,...,k

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(23)

(24)

(25)
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(@, By, 8, n)#0, (a0, v, 8, ) 2 0. (26)
Since } -~ 0, and # 2 0, (24) implies x = 0. Consequently, (18) yields

(v = 87" (Mfi(&7) = Zi + Vp Hi(%. 7, Pi)

- o o ) (27)
=Si(Vy8i(X,7) +Ti + Vyp,Gi(X,7,01))) =0, i=1,... k.
By assumption (i) and (19), we have
Ny —89) = Bipi, i=1,..,k (28)
Multiplying (16) (y — 8y) by left, from (27) and (28) we have
- k - -
(v = 0" D B((VyHi(E 7, Bi) — SiVyGi(% 7, 51)) — (VpHilE 7, Bi) — SiVpGi% 7, 5i)))
i=1
k - —
+(r =N Y M(Ipfil® 7) — SiVysi(E )y — 87) = 0.
i=1
Since ) = (, from (28) and the above equation, we have
kB2 _ _
> 5:- P (VyHi(% 7, 9i) = SiVyGi(%, 7, 7i)) — (VpHi(% 7, i) — SiVp Gi(X, 7, Pi)))
i=1 7!
k - -
+(r =89)" D Ai(VpfiE 7) — SiVpsi(% 7)) (v — 87) = 0.
i=1
Which by assumption (ii), we can obtain
y —48y=0. (29)

Using (29) in (28), we have B;ip; =0, i = 1, .., k. This implies that p; = 0 when f3; =
0, for all i € {1, .., k}. Hence, by assumption (1), we get

k
> Bi((VHi(E 7, 5) — SiVyGi(E 7, 51)) — (Vo Hi(% 7 i) — SiV Gi(%, 7, 1)) = 0.
i=1
Combining this with (16), (28) and (29), it follows that
k _ ~
Z (Bi = M) (Vfi(x, 7) — Zi + Vi, HilX, 7, pi) — Si(Vy8i(X, 7) + Ti + Vi, Gi(X, 7, Pi))) = O,
i=1
which by assumption (iii), it yields
Bi—8xi=0, i=1,...,k (30)
We claim that 6 = 0, otherwise, from (29) and (30) we get 8 = 0, ¥ = 0. Using (29) in
(17), we get a = 0. This contradicts with (26). Hence J = 0. Since } = (, from (30) we
get B >0. Hence Bip; =0, i =1, ..., k implies p; =0, i = 1, ..., k. Using (28), (29) and
the fact p; =0, i = 1, .., k in (15), by assumption (a), we get

k _
; Bi((Vafi(%,7) +wi) — Si(Vagi(X,7) — ) = 0,
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combining this with (30) and 6 >0, ) > (, it holds

k _
> ri((Vafi(® 7) +wi) — Si(Vagi(X,7) — 1)) = 0, (31)
i1
which yields
Y (Vi 7) + 1) — $i(Vagi(6 1) — 7)) = 0. (32)
i=1

On the other hand, by assumption () and (2) we get
(% 7) +s(RIC) = 7'%) — Si(gi(%.7) —s@IE) +7'T) =0, i=1,... L (33)
Since 8 > 0, by (20) and (29) we get ¥ € Np,(zi), i = 1, ..., k. This implies
Vzi=s(yDy), i=1,...,k (34)

Assumption (b) implies § = 0. By (21), we similarly have y € Ny (i), i = 1, ..., k.
This implies

Vi =s@yIF), i=1,...,k (35)
Combining (25), (33), (34) and (35), we get
(fi(x ) + X" — s(IDy) — Si (&i(%.7) — X6 +s(pIF) =0, i=1,..., k

combining this with (31) and (32), by assumption (a),
(%7, S,101, ..., W, T1, ..., T, A, q = 0) is a feasible solution of (MFD)y-

Under the assumptions of Theorem 3.1, if (X, ¥, S, w1, ..., Wy, Ty, ..., &, A, g = 0) is not
an efficient solution of (MFD)y, then there exists other feasible solution
(w,v, W,wy, ..., W ty,..., ik, q), of (MFD)y such that §<w. Since
(X,7,S,21, ..., % 1, ..., T A, p) is a feasible solution of (MFP)s, by Theorem 3.1, we
have § # W, hence the contradiction implies (%,7,S, @, ..., Wk, t1, . .., f, A, G = 0) is an
efficient solution of (MFD) -

If (x,7, S, Wi, e Wiy 1y Ty X = 0) is not a properly efficient solution of (MFD)y,
then there exists other feasible solution (u,v, W,wy, ..., wy, t1,..., t, A, q) of (MFD)y,
such that for an index i € {1, .., k} and any real number M > 0, W; — §; > M(S; — W)
for j satisfying Sj > W; whenever W, > S; This implies W; > §; can be made arbitra-
rily large and this contradicts with Theorem 3.1. And it is easy to find that the two
objective values are equal. O

Theorem 3.3 (Strict converse duality). Let (i1, v, W, iy, ..., t1, ..., 1, A qG) bea
properly efficient solution of (MFD)yy, and fix ) = 3 in (MFP)s. Suppose that

Vi ®i(u, v, 0) = VyW;(i, v, 0) =0, Vg ®i(it, v, 0) = Vg, Wi(1, v, 0) =0,

(a) Hi(@, v, 0) =Gi(it,,0) =0, ®;(#1, v, 0) = (&, v, 0) =0, V,®i(&, v, 0) = V,¥;(i1, 7, 0) =0,
YV, Hi(ii, 7, 0) = V, Gi(it, 7, 0) =0, i=1,...,k

(b) Foralli e {1, ..., &},

fi(@t, v) — s(@IDy) + u'w; + Di(it, ¥, §i) — i Ve, Pi(id, ¥, Gi) > 0.
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(¢) (1) Vgq®i(it, v, Gi) — WiVyqVi(t, 7, G;) #0, for =0, i = 1, ..., k and

Vi @i, v, 4;) — Wdiiqi\IJ,»(ﬂ, v,q;) is nonsingular for all i = 1, .., k, and

k

(ii) Zii(vm (i, 1) — W Vigi(it, 7)) is positive definite and
i=1

i (Ve @i, v, §i) — WiVeWi(it, 7, Gi)) — (Vo @i, ¥, Gi) — WiV Wi(it, 7, G;))) 2 0 for all i =

k
1, .., k or Zii(vxxﬁ(ﬂ, ) — W;Vgi(i, 7)) is negative definite and
i=1
g (V@i 0, §i) — WiVeWi(it, 9, §i)) — (Vg i@ U, i) — WiV Wi(i, 7, Gi))) £ 0 for all i =
1, ..k

(ili)  {Vufi(iL, D) + s + Vg (i, 0, 3;) — Wi(Vagi(il, 1) — T + Vo i1, 3,3)) 1i=1, ..., k} is
linearly independent.

Then ¢=0, and there exist z;eD; and 7;€F;, i = 1, .., k such that
(i, 9, W,Z1, .., 2 T1, . . ., Tis A, p = 0) is a feasible solution of (MFP)s. Furthermore, if
the hypotheses in Theorem 3.1 are satisfied, then (&, v, W,z1, ..., Zx, T1, ..., Tk A, p = 0)
is a properly efficient solution of (MFP)s, and the two objective values are equal. U

Remark 3.1.(1) If k = 1, Hy(x, 7, p1) = 391 Vipf1 (% 7)1

®1(u, v, q1) = 341 Vauf1 (u, V)1, ®1(u, v, q1) = 341 Vauf1 (w0, V)1, and
g1(w,v) +s(WIF1) —ulty + Ui (w,v,q1) — 1V Wi (u,v,q1) = 1, then (MFP)s and (MFD)
w becomes the problems considered by Hou and Yang [17].

(2) If k = 1, gi(xy)—s(xIE) +y'm +Gi(x,y.p1) — p1V,,Gi(x,y,p1) =1, and
81w, v) +s(IF) —ulty + Ui (w, v, q1) — 41V Wi (4, v, g1) = 1, then (MFP)s and (MFD)
w becomes the problems considered by Mishra [18].

(3) If gi(x, y) = s(XIEi) +yTri + Gi(x, v, pi) — I Vp,Gilx, y.pi) = 1, and
gi(u, v) +s(E) —u't; + Wi(u, v, ) —qiTti\I/,-(u, v, ¢;) =1 for all i {1, ..., k}, then
(MFP)s and (MFED)y, becomes the problems considered by Chen [14].

(4) If 8i(% y) — S(xIE5) +y"ri + Gi(x, v, pi) — ! Vp,Gi(x, v, pi) = 1,
Hi(x, v, pi) = 30 Vifi(x V)pi, @i, v, i) = 34} Vi, v)is
Hi(x, y,pi) = ;piTVyy i(x, Vi, @i(u, v, qi) = ;qiTVxxfi(u, v)q;, for all i € {1, ..., k}, and
there is not the condition A7 e = 1 in (MFP)s and (MED)yy, then the two problems
reduce to the problems considered by Yang et al. [19].
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