-

View metadata, citation and similar papers at core.ac.uk brought to you byfz CORE

provided by Springer - Publisher Connector

PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: March 21, 2014
ACCEPTED: May 12, 201/
PUBLISHED: May 30, 2014

A theory of first order dissipative superfluid dynamics

Jyotirmoy Bhattacharya,” Sayantani Bhattacharyya,’ Shiraz Minwalla®
and Amos Yarom®?
@Dept. of Theoretical Physics, Tata Institute of Fundamental Research,

Homi Bhabha Rd, Mumbai 400005, India

b Harish-Chandra Research Institute,
Chhatnag Road, Jhunsi, Allahabad-211019, India

¢Joseph Henry Laboratories, Princeton University,
Princeton, NJ 08544, U.S.A.

4 Department of Physics, Technion,
Haifa 32000, Israel
E-mail: jyotirmoy@theory.tifr.res.in, sayanta@hri.res.in,
minwalla@theory.tifr.res.in, ayarom@princeton.edu

ABSTRACT: We determine the most general form of the equations of relativistic superfluid
hydrodynamics consistent with Lorentz invariance, time-reversal invariance, the Onsager
principle and the second law of thermodynamics at first order in the derivative expansion.
Once parity is violated, either because the U(1) symmetry is anomalous or as a consequence
of a different parity-breaking mechanism, our results deviate from the standard textbook
analysis of superfluids. Our general equations require the specification of twenty parameters
(such as the viscosity and conductivity). In the limit of small relative superfluid velocities
we find a seven parameter set of equations. In the same limit, we have used the AdS/CFT
correspondence to compute the parity odd contributions to the superfluid equations of
motion for a generic holographic model and have verified that our results are consistent.

KEYWORDS: Spontaneous Symmetry Breaking, AdS-CFT Correspondence, Holography
and condensed matter physics (AdS/CMT)

ARX1Iv EPRINT: 1105.3733

OPEN AcCESS, (© The Authors.

Articlo funded by SCOAP®. doi:10.1007/JHEP05(2014)147


https://core.ac.uk/display/81842421?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
mailto:jyotirmoy@theory.tifr.res.in
mailto:sayanta@hri.res.in
mailto:minwalla@theory.tifr.res.in
mailto:ayarom@princeton.edu
http://arxiv.org/abs/1105.3733
http://dx.doi.org/10.1007/JHEP05(2014)147

Contents
1 Introduction

2 The theory of charged fluid dynamics
2.1 Parity invariant charged fluid dynamics
2.1.1 Classification of one and two derivative data
2.1.2  The general entropy current and its divergence
2.1.3 Constraints from positivity of the divergence of the entropy current
2.1.4 Constraints on dissipative terms
2.2 Parity non invariant charged fluid dynamics

3 Parity invariant superfluid hydrodynamics
3.1 Onshell inequivalent first order independent data
3.2 Constructing the entropy current

4 Superfluid dynamics without parity invariance
4.1 Onshell inequivalent data
4.2 Constraints from vanishing of two derivative and curvature terms
4.3 Constraints from positivity of the quadratic form
4.3.1 Positivity in the tensor sector
4.3.2 Positivity in the vector sector
4.3.3 Positivity in the scalar sector

5 Summary of results and special limits
5.1 The problem addressed
5.2 Listing our main result
5.3  Weyl invariant superfluid dynamics
5.4 The ¢ — 0 limit

6 A holographic computation
6.1 A stationary solution
6.2 Adding in a small uniform superfluid velocity
6.3 Boosting
6.4 The gradient expansion

7 Discussion

A The linear independence of data for the parity even superfluid
A.1 The linear independence of first order terms
A.1.1 The vector sector
A.1.2 The scalar sector
A.2 The linear independence of the second order terms

Ne)

10
12
12
14

16
17
19

22
22
24
25
28
29
32

33
33
34
37
38

41
43
44
46
46

50

53
53
593
54
56



B Derivation of thermodynamic identities for normal fluids 58

C Pullback ambiguity 59
D Detalils relating to parity violating superfluids 60
D.1 All equations of motion for ideal superfluid 60
D.2 Showing the linear independence, of the first derivative scalar data 63
D.3 Showing the linear independence, of the first derivative vector data 63
D.4 Showing the linear independence of the two derivative parity odd scalar data 64
D.5 Relating the two different entropy current 66
D.6 Computation of the divergence of entropy current 66
D.7 Frame transformation formula 67

1 Introduction

In this paper we work out a theory of relativistic superfluid hydrodynamics including
dissipative terms at first order in a gradient expansion, allowing for parity violation and
the presence of triangle anomalies. In other words we work out the most general form of the
equations of 3 4+ 1 dimensional s-wave superfluid hydrodynamics consistent with Lorentz
invariance, time-reversal invariance and the second law of thermodynamics. While we work
in a relativistic context throughout this paper, our final results admit a straightforward
non relativistic limit, and are easily formulated in a non relativistic context.

The theory of superfluid hydrodynamics has a long history. The equations of ideal
superfluidity (i.e. superfluid dynamics in the absence of dissipative terms) were worked
out over 60 years ago by Landau and Tisza [1, 2| in a non relativistic setting. They were
generalized to a relativistic superfluid in the early 80’s by Israel and Khalatnikov and Lebe-
dev [3-5] and later reformulated by Carter and Khalatnikov [6, 7] and by Son [8]. In most
of this work we will use a formulation of superfluid dynamics close to that of [8]. In a
beautiful recent work, Sonner and Withers [9] (see also [10]) have used the equations of
Einstein gravity to rederive the Landau-Tisza equations for superfluids that admit a dual
gravitational description via the AdS/CFT correspondence of string theory. This develop-
ment yields independent evidence for the correctness and completeness of the Landau-Tisza
theory of ideal superfluidity.

The focus of the current paper is on the one derivative (dissipative) corrections to
the Landau-Tisza equations. Dissipative corrections to relativistic superfluids have been
extensively studied in the literature [10-16] and they generalize (and extend) the textbook
derivation of such corrections in the non-relativistic limit [17-19]. While it is straightfor-
ward to list the most general dissipative corrections to the stress tensor, charged current
and Josephson relations allowed by Lorentz invariance, it turns out that such a listing also
allows for many unphysical possibilities. It is a physical requirement that any hydrody-
namic flow be equipped with an entropy current J g . The second law of thermodynamics



requires that the increase in the entropy in any compact, spacelike, region be larger than
the incoming entropy flux through the surface of that region; this requires that at every
point in spacetime and for every conceivable fluid flow

8, JL >0, (1.1)

An interesting and important fact about fluid dynamics, whether superfluid or not, is that
the requirement that the divergence of the entropy current always be positive gives rise to
important constraints on dissipative corrections to the equations of motion.

As far as we are aware, all previous studies of dissipative corrections to the equations
of superfluid hydrodynamics assume, on intuitive grounds, that the entropy current of
superfluid hydrodynamics takes a particular canonical form, J&_ . These studies then
determine the dissipative corrections to the energy momentum tensor and charged current
(and Josephson condition) consistent with the positivity of the divergence of this canonical
entropy current and with covariance under time reversal. The latter restriction is usually
called the Onsager relations.

In [20], Son and Suréwka observed that, in the presence of triangle anomalies, the
entropy current of ordinary fluids (non superfluids) deviates from its canonical form. This
observation makes clear that the intuition that fixes the entropy current to its canonical
form is not infallible. For this reason, the starting point of our analysis in this paper is the
assumption that an entropy current with positive definite divergence exists. However, we
make no assumption about the form of this current beyond the requirements of symmetry.

More formally, we allow the (postulated positive divergence) entropy current to take
the form

Jg = J“canon + Z Ui‘/’i# (12)
1

where J§ s the canonical entropy current referred to above, V' is a basis of on-shell
inequivalent one derivative vectors and v; are (initially) unconstrained coefficient functions.
We then demand that the divergence of J. g be positive semi-definite for any solution of the
equations of superfluid hydrodynamics on an arbitrary background spacetime and that the
Onsager relations are satisfied.! These restrictions fix most of the v;’s in (1.2) and also
restrict the possible transport coefficients of the theory.

As we discuss in detail throughout this work, the requirement that the entropy current
be of positive divergence in an arbitrary background spacetime provides powerful constraints
on the form of the entropy current and through it, on the form of the possible dissipative
corrections to the hydrodynamic constitutive relations even in flat space. For instance, the
divergence of the entropy current could contain a term proportional to

VﬂJg x v Ryufu” + ... (1.3)

where u# is the fluid velocity, R, is the Ricci tensor, and vy is one of the coefficient
functions in (1.2). The divergence of the entropy current may also contain many other

'Recall that the second law of thermodynamics must apply in any conceivable consistent situation. In
particular it must apply when the system is formulated on an arbitrary background spacetime provided the
system is free of diffeomorphism anomalies. This condition is true of all experimental superfluids as well as
all superfluids obtained via the AdS/CFT correspondence.



terms proportional to v; and independent of curvatures. However, for any given fluid flow
these other terms can be held fixed while R, u*u” is made arbitrarily negative by tuning
the curvature tensor.? It follows that the divergence of the entropy current is positive for
an arbitrary fluid flow on an arbitrary spacetime only if v; = 0. Thus, we find a constraint
on the entropy current for fluid motion in a flat space background, even though we needed
to move to a curved spacetime in order to obtain this constraint.

The result of our extended analysis is as follows. For superfluids which are parity and
time-reversal invariant we find that (see sections 3 and 4 for details) all the v;’s in (1.2)
should be set to zero — the entropy current agrees with the canonical entropy current.’
This result provides a check of the intuition reviewed in, say, [17], that the entropy current
should take its canonical form. It follows that the most general structure of dissipative
terms in parity and time-reversal preserving superfluids is given by the 14 parameter fam-
ily described in [10] which generalized the 13 parameter construction of Clark and Putter-
man [18, 19]). The generalization of this result to superfluids that preserve parity but not
time-reversal invariance has been worked out in the paper [21] and yields a 17 parameter
set of independent transport coefficients.

Let us now turn to the case of superfluids that do not respect parity symmetry. In
this case we find that the entropy current is not constrained to take the canonical form.
Not only are the v;’s non zero, two of them remain undetermined (meaning that they are
completely free functions of local thermodynamical variables). In additional there are two
physically unimportant ambiguities which we describe in detail in sections 3 and 4.

It turns out that, under the assumption of time-reversal invariance, the most general
equations of parity odd superfluid hydrodynamics, at first order, are parameterized by
14 4+4 +2 =20 parameters, which are consistent with the positivity of the divergence of
any given choice of entropy current. 14 of these parameters multiply parity invariant
structures; these are the parameters that parameterize superfluid hydrodynamics in parity
preserving systems. The remaining 6 parameters multiply parity odd structures, and are
completely new. 2 out of these 6 parity odd parameters are the undetermined v;s in
the entropy current.* In the case of superfluids that are allowed to violate time reversal
invariance it turns out that there is an additional three function parity even ambiguity
in the entropy current and transport coefficients [21], leading to a 23 parameter set of
constitutive relations.

At this point it would be useful to clarify some of the terminology we use. We have
stated that the equations of motion of superfluid dynamics require the specification of
twenty unknown functions of the thermodynamic variables. This may be contrasted with
the equations of motion of a normal, charged conformal fluid which requires the specifi-
cation of two parameters, the shear viscosity and conductivity. For the normal charged

2Note that curvature tensors do not contribute to the fluid equations at first order, so it is consistent to
hold fluid flows fixed while taking curvatures to be very large.

8As a warm up for this analysis we show in section 2 that a similar result is true of parity invariant
charged fluid dynamics in the absence of superfluidity

4Note that these two parameters in the entropy current gets related to some of the parity odd transport
coefficients in the constitutive relations, when we demand positivity of the divergence of entropy current.



conformal fluid, the shear viscosity and conductivity also control the amount of entropy
produced by the fluid and so, these parameters are also called dissipative parameters. In
the case of parity violating superfluids, six of the twenty parameters are not associated
with entropy production so, only fourteen of the twenty parameters are dissipative in the
sense described above. These fourteen parameters are precisely the ones that are present
in parity and time-reversal preserving superfluids. In normal charged conformal fluids the
conductivity controls not only the response of the current to an external electric field, but
also the response of the current to changes in temperature and changes in chemical poten-
tial. The situation in superfluids is similar: the twenty parameters, and in particular the
two undetermined parameters associated with the entropy current, control the response of
the system to various changes in the hydrodynamic variables.

When the superfluid velocity is too large superfluidity breaks down. For this reason,
when considering experimentally accessible superfluids such as liquid Helium it is often
particularly interesting to study dissipative corrections in the limit that the normal and
superfluid velocities are collinear. In this limit the 14 parameter family of dissipative
corrections of parity invariant superfluids reduce to the five parameter family described,
for instance, in the classic text book of Landau and Lifshitz [17].5 When parity is violated,
the twenty parameter family of solutions reduces to seven. The two additional parameters
determine (in an appropriate frame) the response of the charged current to a magnetic field
and to “chiral vorticity”, i.e., changes in w# = %e“mﬁ Uy O ug.

When the superfluid density is set to zero we are in the normal phase. In this limit the
two undetermined parameters of the superfluid theory reduce to an integration constant
and the contributions to the charge current proportional to the magnetic field and chiral
vorticity are completely determined by the triangle anomaly [20] (up to an integration
constant). In such a limit, we recover the results of [20, 22, 23] (see also [24]).

We emphasize that, as opposed to the configuration at zero superfluid density, the 6
new arbitrary parameters that appear in parity non invariant superfluid hydrodynamics
may be non vanishing even in the absence of an anomaly. This difference may be of
significance; practically speaking, anomalies are intrinsically relativistic phenomena and
always vanish in a nonrelativistic setting. Consequently, the results of this paper suggest
that a term in the particle number current proportional to the vorticity could possibly
show up in non relativistic table top experiments involving superfluids or superconductors
which violate parity (e.g. non centro symmetric superconductors).

We were led to the study of dissipative effects in superfluids in order to understand the
results of certain holographic computations using the AdS/CFT correspondence of string
theory. We emphasize, however, that our eventual derivation of the general equations of
superfluid hydrodynamics makes no use of the AdS/CFT correspondence and so, applies
to all superfluids, not just those that admit a dual gravitational description.

In the second part of our paper we test the collinear limit of our general formalism using
the AdS/CFT correspondence. In the case of parity preserving superfluids, the authors
of [10, 16] showed that it is possible to use the fluid gravity map [22, 23, 25-30] to derive

5These reduce further to only three parameters in the case of a conformally invariant theory.



dissipative corrections to the equations of superfluid dynamics by extending the analytically
tractable superfluid model of [31] which is valid close to the phase transition point. The
constitutive relations so obtained fit within the 14 parameter fluid dynamical framework
spelt out in [10] which generalize the text book predictions of [18, 19]). In particular, it
was explicitly verified that the entropy current obtained by holographic methods matches
the canonical entropy current in agreement with the intuition of [17].

In this paper we consider a generic asymptotically AdSs gravitational system which
involves a Chern Simons term for a single bulk U(1) field. Such a Chern Simons term
signifies the presence of a U(1)? triangle anomaly in the dual field theory and so, in partic-
ular, introduces parity violating terms into the effective superfluid dynamical description.
Particular truncations of type IIB supergravity for which our analysis is valid can be found
in [32, 33]. We find that, in the collinear limit, it is possible to obtain integral expres-
sions for all the parity odd transport coefficients in terms of the background solution. Our
results are in perfect agreement with the collinear limit of the modified theory of parity
violating superfluid dynamics which we present in section 4. We regard this agreement as
a nontrivial (though as yet limited) check of the general results of section 4. It should be
possible to use the AdS/CFT correspondence away from the collinear limit to find much
more extensive test our results; we leave this to future work.

Note Added in vl. After the work presented in this paper was completed, we received
a paper [34] that has substantial overlap with section 4 of this paper. While the approach
of [34] is similar to the one adopted in this paper, our final results differ in several qualitative
and quantitative respects. We present a brief comparison with [34] in section 5.

Note Added in v2. The revised version of the paper [34] agrees better with our results.
Our results have also been confirmed and generalized in [35], which also pointed out an
error in the sign of one of the Onsager relations in the first version of this paper. The
results of this paper have also been generalized to the study of superfluids that do not
respect time reversal invariance in [21].

2 The theory of charged fluid dynamics

In this pedagogical section we construct the most general equations of Lorentz invariant
charged fluid dynamics consistent with the second law of thermodynamics. Our goal is to
illustrate our method for determining the most general form of fluid-dynamical equations
of motion in a simple and familiar context before tackling the slightly more complicated
case of superfluids. The final results of this section are well known; the novelty of this
section lies in our method of computation.

The long-wavelength degrees of freedom of a locally equilibrated system with a single
global U(1) charge can be taken to be the velocity field u,(x) (normalized so that u/u, =
—1), the temperature field T'(x) and a chemical potential field u(x). Both the energy
momentum tensor and the charged current can be written in terms of these five fields and
their gradients. The equations of motion of charged fluid dynamics are the conservation of



the stress tensor and charge current
v, " = F"™"]J,

¢ (2.1)
V,UJ'M = —ge'u ’ Fupra

which provides the five equations for the five hydrodynamic fields. In these equations we
have allowed for the possibility that the current in question has a U(1)® anomaly. We call
the coefficient ¢ the anomaly coefficient. We have also allowed the current to be coupled
to an external source with field strength F),,. To completely determine the equations of
motion it remains to determine the dependence of T* and J* on the fields u#(z), T(z),
p(x) and their derivatives.

By considering a stationary fluid for which v* = (1, 0, 0, 0) and using boost invariance
one can argue that the stress tensor and charge current take the form

T = (p+ Pyufu” + Pt + Tgg, (2.2)
JH = qut + Jb, '

diss

where T).” and JY are the contributions to the stress tensor and charge current that

diss
involve derivatives of p, T and w”. The equations that express T} and Jh;

of fluid dynamical fields and their derivatives are termed constitutive relations. In the

in terms

long wavelength fluid dynamical limit it is sensible to expand the constitutive relations in
powers of derivatives of the fluid dynamical fields u*, T and p. We will refer to such an
expansion as a derivative expansion and refer to the terms which are linear in gradients as
first order terms. In this paper we work only to first order in the derivative expansion. The
electromagnetic source term F'*¥ is taken to be of first order in derivatives in this counting.

Field Redefinitions and frame choices: note that the fluid temperature 7', chemical
potential p and velocity u* are thermodynamical concepts that are well defined in equi-
librium but have no microscopic definitions in dynamical situations. In other words, we
are always free to redefine the thermodynamic variables into primed ones according to the
equations

ut = u'H 4 Sut

T=T +6T (2.3)

po=p'+op
where du* is an arbitrary one derivative vector that obeys dutu, = (5u“uL =0 and 67 and
dp are arbitrary one derivative scalars. The primed and unprimed fields are each equally
good definitions of the velocity, temperature and chemical potential fields. Physically

meaningful assertions, such as the constitutive relations for T%” and J*

diss diss’ must Only

involve field redefinition invariant quantities.
Thus, let us determine the field redefinition invariant combinations of T%” and J%;

diss diss*
Under the field redefinition (2.3),
0T = (u'ou” + u”out) (P + p) + v*u"d(P + p) + """ dP (2.4)
6Jk . = qou” + dqu” '



where
STh = Tol — T

diss diss diss

SJH = g gk

diss diss diss
and df (u, T) represents the change in the function f under the first order variable change
(2.3). It useful to decompose T}

The SO(3) that we are referring to is the group of rotations orthogonal to u#. To this end

and J%_, into SO(3) invariant tensors, vectors and scalars

we introduce the projection matrix
PHY =gt + ubu” . (2.5)
We find that there is one tensor, two vectors and three scalars. The unique tensor

v prv
P PV TSS

B
diss 3 PaﬁTof (26)

is automatically field redefinition invariant. The two vectors P, aTgfsug and P, J% trans-
form under field redefinitions as

) <P"aT°‘5 ug) = —(P + p)ou”

diss

(2.7)
) (P“O[JO‘) = qout
so that the unique invariant combination of vectors is given by
P + PLH (PrTgus) (2.8)
The three scalars transform under field redefinitions as
6 (PasT5,) = 3P
o (uaTéXifsulg) =dp (2.9)
§ (upJ*) = —dg
so that the unique invariant scalar is given by
% (PasTsl) - 21; (waT52us) + ‘?qu (taJ®) (2.10)

where %—1; is taken at constant ¢ and %—IqD is taken at constant p.

Instead of working in a manifest field redefinition invariant manner, it is sometimes
convenient to ‘fix’ the field redefinition ambiguity by imposing five additional conditions
on the thermodynamic fields so that they are well defined. Different choices of fixing
the ambiguity are referred to as frames. One often used frame is the so called Landau
frame, in which the velocity and temperature fields are defined to obey the conditions
Té‘i'sjsul, =0and J é‘issu,, = 0. This gives one vector and two scalar conditions, matching the
field redefinition degrees of freedom. Another choice of frame is the Eckart frame which
is defined by the conditions J%. . = 0 together with w,T} u, = 0. The expressions for
the invariant vector (2.8) and the invariant scalar (2.10) greatly simplify in either of these
frames. In this paper we adopt no such ‘gauge’ choice but work in a fully field redefinition

invariant manner.



The strategy for the rest of this section: in order to complete our specification of the

equations of charged fluid dynamics, we need to specify T} and Jf.

field redefinition invariant parts (2.6), (2.8) and (2.10) of these expressions) as a function

(or more precisely the

of first derivatives of fluid dynamical fields. Of course, in any particular dynamical system,

the explicit form of the constitutive relations for T/} and Jf.

a detailed dynamical computation. In this paper we will be interested not in computing

can be determined only by

the precise form of these quantities in any particular system, but in parameterizing the
most general form that the constitutive relationship can take in any system. As we will see
below, it will prove possible to completely determine the form of the first order constitutive
relations up to three undetermined dissipative parameters, each of which is an arbitrary
function of T and u.

We proceed as follows. As in any effective field theory, we start by writing down all
possible expressions which may contribute to T, and J4; .. We then eliminate those that
do not satisfy the symmetries of the theory, Lorentz invariance in this case. In addition,
since we are dealing with a hydrodynamic theory, we must ensure that the second law of
thermodynamics is satisfied. As explained in the introduction, we demand the existence of
an entropy current of positive semi-definite divergence even when the theory is formulated
on a curved background. As alluded to in section 1, the entropy current is defined to be a
four vector J¥ satisfying two requirements. The first is that in a configuration where the

fluid is in uniform motion,’

J§ = sut  (for a spacetime independent configuration) (2.11)
with s the entropy density which is related to p, P, ¢, u and T through
p+P=sT+puq. (2.12)

Our second requirement of the entropy current is that its divergence is positive semi-definite
in an arbitrary curved background,
VuJE >0 (2.13)

implying that the entropy increase in any region is always greater than the entropy inflow
into that region.

For a perfect fluid level (i.e. a fluid in which all gradient terms have been neglected—
Th, = Jhi., = 0) the entropy current is given by (2.11). At this order it is not difficult to
verify that V,(sut) = 0 using (2.12) and dP = sdT + qdp.

Once the gradients of u*, T and p/T are non vanishing the divergence of the entropy
current no longer vanishes. Indeed, the divergence of the entropy current at the one deriva-
tive level will be the focus of much of the rest of this paper. We will demand, on physical
grounds, that it is possible to modify (2.11) by first order corrections so that (2.13) will be
satisfied. This requirement will turn out to constrain the possible forms of T} and J¥. ..

We start our analysis in section 2.1 by considering parity conserving charged fluids. In
section 2.2 we move on to describe parity-violating fluid dynamics.

5Such a configuration is a stationary, dissipation free solution to the equations of fluid dynamics. Indeed
it may be obtained by boosting a uniform fluid at rest (by which we mean a uniform fluid with velocity
field v* = (1, 0, 0, 0)).



2.1 Parity invariant charged fluid dynamics

Consider a hydrodynamic theory in the presence of external electromagnetic fields satis-
fying (2.1) with ¢ = 0. Following the general prescription described at the beginning of
this section, we would like to write the most general parity-invariant and Lorentz invariant
contributions to Ji. ., Thi.

fields w*, T' and p. This is carried out in section 2.1.1. We then work out the the re-

and J g which involves a single derivative of the hydrodynamic

strictions on these terms by requiring that the entropy current has positive semi-definite
divergence. This is described in section 2.1.2.

2.1.1 Classification of one and two derivative data

We begin our analysis on a technical point. The tangent space about any point in our
spacetime manifold has an SO(3,1) rotational invariance. However, the fluid velocity vec-
tor, ut(z), takes a definite value at that point and breaks this rotational group down to
SO(3). It is useful to decompose all derivatives of fluid dynamical fields, at any given
spacetime point, into representations of this residual SO(3) rotational group.

In the first column of table 1 we have classified all expressions formed from a single
derivative of any of u(z), T'(z) and p(z) according to their SO(3) and parity transfor-
mation properties. We refer to these expressions as one derivative fluid dynamical data.
We have also classified one derivative expressions constructed out of the background elec-
tromagnetic fields according to their SO(3) and parity transformation properties. We will
refer to these as background data. As fluid and background field data enter our analysis on
an even footing, we have listed these expressions together in the first column of table 1.7

Not all the expressions in the first column of table 1 are independent under the equa-
tions of motion. The equations of motion can be used to solve for some pieces of data in
terms of other data. The classification of the equations of motion according to their SO(3)
and parity transformation properties can be found in the middle column of table 1. Note
that there are no tensor equations of motion.

In the last column of table 1 we have listed a choice of independent data. By this we
mean a choice of independent one derivative fluid dynamical expressions and one derivative
field expressions in terms of which all others can be solved for.

While some of the expressions used in table 1 such as

1
O = 5 PP (Vats + Vstta = Pag (V) (2.14)

and
PY =yt 4+ ntv (2.15)

are standard, some of our notation isn’t. The new notation has been introduced in order to
prepare the reader for later sections. In particular V3 is the electric field in the rest frame
of a fluid element. In the conventions of Son and Suréwka [20] we have

Va=E,. (2.16)

"Since all curvature invariants built out of the background metric have at least two derivatives, there is
no one derivative data associated with the metric.



SO(3) and P All data Equations of motion | Independent data
classification
ut9,T
u, V, T =0
Scalars utV 5 V" = 0 S1 = Oput
Oput
P, T Y
Wi Vi= —Pa, b+ S
Vectors Py i P",8,T" =0 Vo = u’Vyut
T Vz = Fi%u,
FHy,
Tensors O - Ty =ow
LepvaB,, 9 b — LepvaBy o
5€ Uy U w 5€ UyOaqUp
Pseudo vectors | % jwaby - B lawaby,
56 Uy af - 56 Uy afs

Table 1. One-derivative expressions classified according to their transformation laws under the
SO(3) residual symmetry and parity. The first column lists all one derivative data. The second
column lists the equations of motion. The last column lists a choice of independent data. See (2.14)
and (2.15) for the definition of ¢, and P,, respectively.

We will soon construct an entropy current that includes terms which are first order in
derivatives. The divergence of such an entropy current is of second order in derivatives and
includes terms quadratic in first order fluid (and background field) data plus expressions
built out of two derivatives acting on fluid fields or single derivatives of electromagnetic field
strengths. We refer to the second class of expressions as two derivative scalar data. When
studying the divergence of the entropy current it is useful to have a listing of independent
scalar two derivative data.

In the first column of table 2 we list the most general fluid and background field
(but not curvature related) two derivative data that transforms as an SO(3) scalar. More
explicitly, we list all scalar expressions formed by acting with two derivatives on u#(x),
T(z) and p(x) together with all scalars formed from the action of a single derivative on
electromagnetic field strengths.® In the second column of the same table we list all scalar
two derivative equations of motion. In the last column of the same table we list our choice
of independent two derivative scalar data (in terms of which we have solved for all the
other two derivative scalars).

2.1.2 The general entropy current and its divergence

Armed with the listings in tables 1 and 2 we now proceed with our analysis. Traditional
studies of first order charged fluid dynamics (see, for example, [17]) assume that the entropy

8Tt is also easy to list two derivative fluid data in the 3, 5 and 7 dimensional representations of SO(3),
but that will not be required in what follows, so we do not present such a listing.
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All data ‘ Equations of motion | Independent data

uu”0,0,T

P,0,T ViV T =0 | PPN
utu” 0,0, (%) PPN TRTHY — () uhV ,0,u
P, (£) o o

w90, WV, VIR =0 |V (Fu,)

Ou(FHu,,)

Table 2. Parity even two derivative scalar data for charged fluids. The first column lists all six
second order scalars constructed from two derivatives of the hydrodynamic variables and background
field strengths. The second column lists the three scalar two derivative equations of motion. The
last column lists one choice of a 6 — 3 = 3 dimensional basis for the independent two derivative
scalar data.

current takes a canonical form,”

1 v M
J = sut — 7u“T(l;iSS - TJ(QI}SS :

canon T

As we explained in the introduction, in this work we will not make any prior assumption

(2.17)

about the form of the entropy current. According to the analysis of section 2.1.1 the most
general parity even first order entropy current is given by
3
JE = Jﬂcanon + 51 S1ut + Z’UZ'VZ}L (2.18)
i=1

where S and V; are defined in the last column of table 1, and s; and the v;’s are arbitrary
functions of % and T

We now explore the constraints obtained by enforcing the positivity of the divergence
of the entropy current (2.18). It is easily demonstrated (see, for instance, [10, 17]) that the
divergence of the canonical part of the entropy current is given by

Uy, ” 7 F,u”
v/l‘chanon = _v.u’ (T) TdMiSS - <aﬂ (T) - MT ) Jclfiss' (219)

The right hand side of (2.19) is a quadratic form in one derivative fluid and background

electromagnetic field data. The divergence of the non canonical part of the entropy current
in (2.18) is also a two derivative expression but is composed of two kinds of terms. The
first set of terms are linear in independent two derivative and curvature data. Such terms
are always inconsistent with the positivity of the entropy current, and so we must choose
s1 and v; so that these terms vanish. The second set of terms contains products of one
derivative terms. Such terms would modify the quadratic form on the right hand side
of (2.19) and do not necessarily vanish. Schematically, we have

b independent two ) (quadratic form in)
a“JS (derivative and curvature data first order data / ° (2’20)

As explained in [10] the expression in (2.17) is frame invariant, i.e. invariant under a first order field
redefinition of T, u* and p. Note that the second term on the right hand side vanishes in the Landau frame
while the third term vanishes in the Eckart frame.

- 11 -



The first term on the right hand side of (2.20) must vanish while the second term must be
tuned to be positive.

2.1.3 Constraints from positivity of the divergence of the entropy current

We will first explore the constraints that follows from the requirement that no two derivative
data appears in the divergence of the entropy current. As explained previously, this implies
that the first set of terms on the right hand side of (2.20) must vanish. We will implement
this condition separately for two derivative and curvature terms.

Constraints from the vanishing of 2 derivative terms: the two derivative part of
the divergence of the entropy is given by

—le‘“’VM(?V% + (51 + v2)ut'V,0,u” + (113 + %) Vo (FHu,) .

This expression is a linear combination of the three independent two derivative pieces of
data (see table 2). It follows that the vanishing of two derivative terms requires us to set
the coefficients of each of these terms to zero, i.e. to set v; = v3 = 0 and vo = —sy. Thus
the vanishing of two derivative terms in the divergence of the entropy current restricts the
entropy current (2.18) to take the form

Jh=Jk + 51 (St = V') . (2.21)

canon

where s is still an arbitrary function of T and pu.

Constraints from vanishing of curvature terms: according to (2.21) the entropy
current has a one parameter ambiguity, s;. Were we to restrict our attention to a flat
space background we would not have been able resolve this ambiguity. Consider a charged
fluid propagating on an arbitrary curved background. The cancellation of two derivative
terms proportional to s; is now incomplete; it is not difficult to check that there is an
additional, curvature dependent term in the divergence of the entropy current proportional
to isaguauﬁ with R,s the Ricci tensor. This term is inconsistent with positivity of the
divergence of J g . Thus, we are forced to set s; = 0.

We conclude that the requirement that the divergence of the entropy current is positive
i an arbitrary curved background forces the entropy current to take its canonical form,
justifying the assumptions of standard treatments of fluid dynamics e.g. [17].

2.1.4 Constraints on dissipative terms

We have demonstrated that the entropy current takes its canonical form and consequently
that its divergence is given by (2.19). It is now not difficult to work out the constraints on
dissipative terms that ensure the positivity of the quadratic form on the right hand side
of (2.19). We outline the calculation here.

Consider the expansion of V, (“T”) and —Vi = O, % — % which appear on the right
hand side of (2.19) into SO(3) invariant tensors vectors and scalars. We find a single tensor,

Oy, two vectors,

V', and (P/“’a”TT

w0y
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(see table 1 for a definition of the vector V') and three scalars,
(u-0)T (
T Y

While the two vectors are completely distinct off-shell, it turns out that the equations of

u-0)v, and (V-u).

motion imply that they are proportional to each other on-shell. Similarly, the equations
of motion imply that the three scalars are also proportional to each other on-shell. As we
demonstrate in appendix B the explicit relations are

(w.0)T  [OP
T [ap] v
1 [oP
(w.d)v = —7 [8(]} ) (V.u) (2.22)
P’“’aVTT + (w.0)ut = /ﬂjvl“.

Plugging these relations into (2.19), we can rewrite the divergence of the entropy current

in the form

(V) [ (TP 0P or
VHJM = — 'l% 1ss?)a - ?(uuuyT!ﬁ;) + ai(uﬂ‘]f;iss>
P q 2.23
Vi [Tt (i) | - T

where V/, B* and E*" were defined in table 1 and (2.16). We collect their definitions here

for convenience:

E, = F,u”
1

B,U' = ieuyaﬁuVFaﬂ
E

Vip= ?’L —Pg&gy.

We will now use (2.23) to constrain the constitutive relations of fluid dynamics, i.e.

. “l}
the expressions for T}

tensors. To first order in gradients there is only one independent scalar data so the scalar

and J%  as a linear expansion in first order scalars, vectors and

parts of T:" and J}_ are necessarily proportional to V-u. The vector parts of T}." and

Jé‘iss must each be expanded as a linear sum of the three independent vectors listed in
table 1. The tensor in table 1 is proportional to o, since there is only one SO(3) invariant
tensor. It follows from group theory that positivity of the divergence of the entropy current

implies positivity of the scalar, vector and tensor components separately. Thus, we have

puprped P pos
a+ B +diss 3 aBdgis = N0

q
P2 (T 5T ) = 1 (2.2
(Tdiss)abpab oP

” oP . o
3 - aip(uMuVTcﬁss) + Fq(uﬂjgiss) = _Ba‘)‘u
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where
n>0, k>0, B>0.

These three coefficients are the shear viscosity, n, the heat conductivity, x, and the bulk
viscosity, 5. The bulk viscosity is traditionally denoted by ¢ but in this work we reserve ¢
for different use.'®

Several aspects of (2.24) deserve comment. First, the requirement of positivity does
not individually constrain the three scalar and two vector pieces in T} and J ., but
only constrains the combinations that appear in (2.10) and (2.8). This is exactly as we
would expect: only field redefinition invariant data can be constrained in a physical way.
The vectors and scalars that are left undetermined are unphysical; they can be changed,
or chosen arbitrarily, by a field redefinition. Despite appearances, (2.24) constitutes a
complete determination of the constitutive relations of our system.

We also note that we could have used the fact that the divergence of the entropy current
is frame invariant (see [10]) to determine the frame invariant scalar, vector and tensor
combinations in (2.6), (2.8) and (2.10); the expression on the right hand side of (2.23)
must arrange itself into such frame invariant combinations.

The third aspect to note is that the constraints of positivity are relatively mild in the
scalar and tensor sector. The expansion of scalars and tensors is the most general one
permitted by symmetry; the requirement of positivity merely imposes inequalities in the
coefficients of this expansion. However, the constraint on vectors is much stronger. Sym-
metry alone would have allowed the expansion of the second line in (2.24) as an arbitrary
linear combination of the 3 vectors Vp, Vo and V3. However the requirement of positivity
sets the coefficients V5 and V3 to zero,!! apart from imposing an inequality on the coefficient
of the third. We will see this pattern repeated and magnified in the study of superfluid
dynamics in sections 3 and 4 in the scalar, vector and tensor sector.

2.2 Parity non invariant charged fluid dynamics

Let us now turn to the dynamics of fluids that are not invariant under parity transforma-
tions. According to table 1 we should allow the entropy current to depend on an additional
arbitrary pseudo vector. Thus, the most general entropy current for such a fluid takes the

form

3
Jy=JE +s Siut+ Z v V' + owt + opB*. (2.25)
i=1
In the parity even sector the divergence of this entropy current is identical to the one
discussed in subsection 2.1; the arguments in 2.1 go through unchanged and in particular
the cancellation of two derivative and scalar terms set s; = v; = 0. In the parity odd sector

ONote that the speed of sound, cs, is related to the variation of the pressure with respect to energy
density through % = ¢?. Using dimensional analysis one can conclude that % = 0 in a scale invariant
theory. It then becomes clear that in a conformal theory the left hand side of the last equality in (2.24)
vanishes as it should.

The origin of this constraint is the observation that the quadratic form az? + bxy + cxz is positive only
when b = ¢ =0 and a > 0. The role of z is played by the vector V', while the roles of y and z are played

by the other two vectors
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the divergence of the entropy current receives contributions involving the dot product of
the pseudo vectors w* and B* with ordinary vectors. Positivity of the divergence of the
entropy current implies that such products vanish.'? This restriction was analyzed in detail
by Son and Suréwka [20] who found that it leads to

upypap _ PP af pv
POé P,B Tdiss - PaBTdiss =-no
P2 (T + L p TR ) = VF 4 b B (20)
(Tdiss)abpab oP

.. oP, X
3 - Fp(u“uVTCI{LiSS) + aiq(uli]giss) = _/Baau

where

3

I 2
=c— +Tuk Tk
Ow C3T+ pr2 + 1
2
T
O'BZCL-F*]{ZQ
2T 2
9 2 q 3 2 2q 2q (2.27)
Fo=c(p2——L 3 412 (1- =L ;) by — k
“ (“ 3p+P“> < p+P'u> 2T o+
. 1 og o\ T q¢
Rp=clp—= - —
B r s Pt 2 p+ P

and k; and ko are integration constants. We will now argue that the requirement of
CPT invariance forces ko to vanish.'® The argument goes as follows. Consider the CPT
transformation ## — —a# ¢ — —¢ (and so y — —p). Under this transformation T} —
Tho, and Jh o — —JL. Also u* — u* so that w* — —w" and B* — B*. Thus under
a CPT transformation it must be that kK, — &K, while kg — —Kp. Consistency of this
requirement with (2.27) sets k; = 0. Nothing in our argument requires that k; vanish
(although it would be interesting to find a specific system with k; # 0; k; vanishes in all
AdS/CFT computations performed so far).

The results (2.26) and (2.27) have several interesting features. First, the presence of
an anomaly forces the entropy current to depart from the canonical form (i.e. op and o,
are never zero if ¢ is nonzero). Second, it induces new terms in the vector part of the
constitutive relations, proportional to the vorticity and the magnetic field. Third, the new
contributions to both the entropy current and the vector part of the constitutive relations
are completely determined (up to an integration constant that is independent of T" and p)
by the anomaly. In other words, although the constitutive relations take a different form
from the parity even case, this change in form is completely determined by the anomaly,
and we have no new free parameters apart from the integration constant ko.

12YWe will see later that products of vectors and pseudo vectors do not necessarily need to vanish in the
case of superfluid dynamics. In the current setup vanishing of such bilinear terms follows from the fact that
the divergence has no squares of pseudo vectors and contains only a single squared vector.

13We thank D. Son for pointing this out to us.
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3 Parity invariant superfluid hydrodynamics

By definition, a superfluid is a fluid phase of a system with a spontaneously broken global
symmetry. When discussing superfluids this forces us to consider the gradient of the
Goldstone boson as an extra hydrodynamical degrees of freedom in addition to the standard
variables u#, T' and u. More precisely, if we denote the Goldstone Boson by 1 (¢ is the phase
of the condensate of the charged scalar operator) and we also wish turn on a background
gauge field A, then

§u= -0 +A, (3.1)

represents the covariant derivative of the Goldstone Boson and is an extra hydrodynamic
degree of freedom.™ According to the Landau-Tisza two fluid model the superfluid should
be thought of as a two component fluid: a condensed component and a non condensed or
normal component. The velocity field of the normal fluid is given by u,, and the velocity of
the condensed phase is proportional to &,. It is often convenient to define the component

of & orthogonal to u,
¢t = PHE, . (3.2)

The equations of motion of the superfluid are given by
0,T" = F"J,
ouJ" = cE,B" (3.3)
8u£y - ug,u = F,uzz

together with the constitutive relations

T = (p+ Pyuu’ + P + '€ + T,

diss
JH = qui — f&h 4 T (3.4)
u-§ = [t + Udiss
where we have chosen to work in an arbitrary ‘fluid frame’ (see [10] for an explanation of
this terminology and a fuller introduction to dissipative superfluid dynamics).

As was the case for the theory of charged fluids which we described in the previous
section, superfluids also allow for a simple ‘canonical’ entropy current [10]

u, THY

chanon = su" — f‘]giss - TdiSS (35)

where s is the thermodynamical entropy density of our fluid and is related to p and P
through the Gibbs-Duhem relation

p+ P =sT+puq (3.6)

and 1
dP = sdT + qdu + 3 fde? (3.7)

11n [16, 36] & was defined with an opposite sign.
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where
¢ = /&L, (3.8)
It has been demonstrated in [10] that the entropy current (3.5) is invariant under field

redefinitions. It was also shown in [10] that the divergence of this entropy current is
given by

Uy v E iss
al“]éu = 78# (?) T(ﬁss B (au (%) B Tlf> Jgiss + M;’ aﬂ (fé‘#) (39)

The rest of this section closely follows section 2. In 3.1 we list the independent first
order data and second order scalar data, in section 3.2 we construct the most general
positive divergence parity conserving entropy current consistent with Lorentz invariance.
We find that up to a certain ambiguous term which is physically trivial, the entropy current
agrees with its canonical form (3.5) and therefore the analysis of [10] follows.

3.1 Onshell inequivalent first order independent data

In the case of superfluid dynamics, the SO(3,1) tangent space symmetry at any point
is generically broken down to SO(2) by the nonzero velocity fields u* and £*. In the
special case that u* and * are collinear, SO(2) is enhanced to SO(3). This special case is
physically interesting since it implies that the superfluid component is motionless relative
to the normal component — once the superfluid velocity is too large superfluidity breaks
down. We will find it convenient to decompose all first order fluid dynamical data into
representations of SO(2) and treat the collinear limit as a special point in parameter space.

Representations of SO(2) are all one dimensional. We refer to fluid dynamical data
that is invariant under SO(2) as scalar data. All other fluid data has charge £m under
SO(2), where m is an integer. There is always as much +m as —m data. We will find it
useful to group together +1 and —1 charge data into a two column which we refer to as
vector data; similarly we group +2 and —2 data together into tensor data.

Now consider a vector V* whose m = 1 and m = —1 components are (a,b). The vector

Vi = e By, € Vs = +V, (3.10a)

is a pseudo vector. Its components are proportional to (a, —b). Thus, when considering
representations of SO(2), the same data can be packaged into either a vector or into a
pseudo vector. The story is similar for all non-scalar representations. For instance, a
traceless symmetric tensor 7,,, whose m = 2 and m = —2 components are (a, b) is simply
related to a traceless symmetric pseudo tensor

Tow = €uapu®E T = T, (3.10b)

with components proportional to (a,—b). Hence all tensor data can be packaged into
pseudo tensors.

We now turn to a listing of the one derivative fluid dynamical and field data for
superfluids. In table 3 we explicitly list all one derivative data, one derivative equations
of motion, and then eventually independent one derivative data. The scalar £ used in this
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Classification All data Equations of motion Independent
data
D ut 9,.(TEM) P9,
g O, €0, (§) Prv9,(TS,)
&40, (&) 19, T Oy J* =cE"B, E1EY Dy
Scalars (set 1) [ pg g, (B) | €0 (96 — 0,8) =€-B €10, ()
ut0,T utd, (%) 0, TH =¢1E,, JY £, (%)
EruY Oy uy, u,0,T* =—-E, J¢ &0, T
E-¢
O ut 0, (TEM) P9,
fﬂfyauuu 5“8“ (%) PHV@/L(T§V)
&40, (%) &40, T OpJ* =cE! DB, ut ¥ 0w,
Scalars (set 2) E-¢ uuau (%) ey (augu_aygu)zg.E U“@H (%)
w9, T utd, <%) §u0/TH =E1EF,JY | ukdy (%)
EFur Oy uy, u,0,T" = —-E, JV ut0,T
E-¢
(U'g wf
Pseudo scalars B¢ e“P(0ap — 0pln) =P F,p B¢
€/Lvaﬁuﬂglj8a€6
P“”upa,,uy
PrEPgu,  PRVEPD,E, P OgTh = PR F, g0 | PR urd, g,
PWE,  PWE,geP | PoRyY (9,6, — 0,€,) = P**E, PHEPQ u,
Vectors Pueg, e Pro,S | P (9,6, — 0,6,) =P FLE | PUerd,e,
P9, T PMYEYOLu,, P E,
Prwrd,u, P, W F, 56"
Pr o, &
ol o ot
T pv nv
ensors Ufw - Gﬁ,,

Table 3. One derivative data for superfluids. The first column lists all quantities formed from
the action of a single derivative on fluid and background fields. The second column lists all one
derivative equations of motion. The last columns lists a choice of independent data. The tensors
Ufw and o;, are defined in (3.12)—(3.11). We also used eP = etaby, g,

table is given by (3.8). We do not list pseudo vectors and pseudo tensors independently
from vectors and tensors as they are isomorphic and contain the same data. In table 4 we
assign labels to our independent data. In the same table we also present a second listing of
a basis for independent scalar data which will be more convenient at places. In appendix A
we demonstrate that both sets of seven scalars and the seven vectors listed are independent
data, i.e. that we can solve for all other scalars and all other vectors in terms of the chosen
basis.

As can be seen from tables 3 and 4, after imposing the equations of motion we have
six first order scalars and one first order pseudo scalar built out of fluid data, one first
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1 1 2 3 4 5 6 7
Sa| Prroyu, | PR, (Te,) | ererduu, | €1, (%) ¢, (&) | era,T E£
St PO, | PPOUTE) | werda, | wro, (§) [wd (8) | wam | B
Ve | Prrwrd,u, | Prurds, | Prerdu, | Prerd s, | Pro,k | Pro,E, | PE,q€P

NI

S

S=

Table 4. Labels for the two sets of independent one derivative scalars and one set of independent
vectors.

order scalar and one first order pseudo scalar built out of background field strengths, five
first order vectors built out of fluid data, two first order vectors built from background
fields and two independent tensors. The first tensor is simply the usual shear tensor o*”
projected orthogonal to the plane formed by the two fluid velocities.

L 1 -
oy, = Prep? <0a/3 - 2%/31%50”5) : (3.11)

The second tensor Ufw is defined by

1A a P » D
Ohy = 5 PP P (0uts + Oata — PasPP0185) - (3.12)

The counting of data in the absence of background fields agrees with [10].

As was the case for normal fluids, the divergence of the first order superfluid entropy
current is a sum over quadratic one derivative terms and two derivative pieces of data. In
order to assist the analysis of the positivity of the divergence of the entropy current we list
all the scalar two derivative data, the two derivative equations of motion and a basis for
onshell independent two derivative scalars in table 5. Note that we have nine independent
pieces of two derivative fluid dynamical data (as reported in [10] ) together with four
additional pieces of two derivative data from background field strengths. In appendix A
demonstrate that the scalars listed in the last column of table 5 form a basis of onshell
independent scalars.

3.2 Constructing the entropy current

With the independent data at hand we proceed with our analysis. The most general entropy
current allowed by symmetries takes the form

7 7 7
TE = T4 o HUP D SISEHERY SIS Y w VI (3.13)
=1 =1

i=1

where the coefficients s, sf, and v; are, at the moment, arbitrary functions of &, T', and
£2. Note that we have chosen to expand the terms proportional to u* in the basis S;* while
terms proportional to £&* are expanded in the basis Sf’ . This choice will prove algebraically

convenient below. In total we start with twenty one free parameters in the entropy current.
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P uld,0,u,  PMEPO,0,u, P*uPd,0,(TE,) P er0,0,(T¢E,)
EHE P D0 u'EPDp0, (§) ut€P0,0, (%)  u"€°0,0,T
ALl data Prouo, () - P0u0, (%) P 9,0,T w'uld,0, (%)
€00, (£)  €€°0,0u (%) £4€°9,0,T uuP 9,0, (%)
utuf0,0,T EHEVEPD, 0y ut € uf 0,0, uy £V PPH3,0,,u,
w9, B, ErEV O, B, P",E, A€ ur0, By
uP 0 (8, J") = uP s (cE* By) %95 (0uJ") = €785 (cE* By)
uP0p (6,0, TH) = uP 95 (€" Frun ") %05 (6,0,TH) = €705 (8" FLu J¥)
Equations of | v’ (u,8,T"") = uPds (—E,J*) P05 (u, 0, TH) = £P 05 (—E,J")
motion uP 0 (€'u” (0ués — Duu)) = u% (E"Ey) €705 (€"u” (0ués — 8u€4)) = €705 (€4 Ey)
Oa (P40 (Dut — 0u60)) = 0o (PB,) 0 (PP051%) = 0, (PP Fu?)
O (P€" (060 = 0,6)) = 0a (P Fiut”)
P uP0,0,u,  P*EPO,0,uy P*uPd,0,(TE)) PM€P9,0,(TE)
Independent
data P00, urEP0,0, (5) P90, (&) ut€P0,0,T
P00, (&) ute’d.B, €19, o, E,
P (9uFp) €

Table 5. Two derivative scalar data. The first row gives all two derivative scalar data, the second
row lists all the equations of motion. The third row represents a particular choice of independent
second order data.

The two derivative terms in the divergence of the entropy current (3.13) are given by
O JE = (s§ + 1) f"“’upapﬁuu,, + (8§ + v2) ]jwl’upap@#(Tf,,) + <5l1’ + Ug) ]Suyfp@pﬁuuy
(32 + 1)4) P’“’fpa 0u(TE)) + <s§ + sg) EHEYuP0,0,u,
£ a Iz
+ (s + sf’;) u'€P0,0, (T + <s3 + 32) ut€P0,0, (T>
(33+s3>u“§p86T—1—v5 P" 9,0, ( )—i—s7 w0, E,

+ 8% €Y 9, F, + vg P*O,E, +vr P (0,F,5)&" +
(3.14)

Following the algorithm of the previous section, we first set the coefficient of each of the
thirteen independent two derivative terms listed in table 5, which appear in the divergence
of the entropy current, to zero. The vanishing of the nine fluid dynamical two derivative

terms yields the following nine relations between the s%’s s*’s and v’s
v = —s7 9 = —85 v3 = —s5 vy = —sh s§ = —s2 (3.15)
sh = —s¢ 58 = —s8 56 = —s8 vs =0.

The vanishing of the four electromagnetic field related two derivative scalars yields the
additional four relations
s¢=sb=vg=v;=0. (3.16)
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Apart from the two derivative fluid dynamical and background electromagnetic field
data, there are four nontrivial curvature invariants one can form out of the contractions
of u#, &* and g"” with the the Reimann tensor Ragw,.m After plugging in the constraints
in (3.15) and (3.16) into the expression for the entropy current (3.13) we find

o JE = s’fﬁaﬁu“uAwa + sgﬁaﬁgufkaw

(3.17)
+ (TS% + sﬁ’) f“u)‘Rwa# + sgua§5u7§6Ra575 + ...

Each of the terms in (3.17) is of indefinite sign. Thus, the coefficients of these four terms
must vanish. This implies

s8=0, s&=-Ts}, s5=0, s3=0. (3.18)

To summarize, by setting the two derivative and curvature terms that appear in the
divergence of the entropy current to zero we have eliminated 9+ 4 + 4 = 17 of the original
21 coeflicients and are left with an entropy current with four undetermined coefficients,

Jh=Jk 485 (uﬂﬁaﬁaa(:rgﬂ) — PPy 9, (T€g) — TE PP Ooup + TP#%V@VW)
3 3 % 2
a pevag S cp, vy S a pevg o ecpu, v a (, eV R~
+s4<u§&,T §u8VT>+55<u§8VT fu@,,T)—i—sﬁ(uff)yT EHuto,T) .

(3.19)

The entropy current (3.19) can be rewritten in a simpler form by introducing the

antisymmetric tensor

Q,uz/ = T(guuu - Suuu) 5 (3'20)

introducing a unified notation for the three thermodynamical scalar fields

Ei:{;,j,T} i=1,2,3,

and also redefining our coefficient functions

cp=2585 =35 Th cy = 84+ e c3 =5 2
0= 1=85— 575 =S4+ 575 €3=5— -
2 p2 — g2 p2 — &2 T
Then (3.19) takes the form
3
TE = T4 on +00,Q > i QMO (3.21)

i=1

The one parameter subclass of this parameter set of entropy currents

C; = —821.00. (3.22)

15We omit the curvature scalar R in this listing since it is a pure gravitational term and therefore never
appears in the divergence of fluid dynamical entropy current.
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is trivial as (inserting (3.22) into (3.21)) it yields

JE= T 1, (cgQ"M) (3.23)

canon

i.e an entropy current whose divergence vanishes identically.'® The remaining three param-
eters are nontrivial, and in general lead to physical effects (see [21] for a thorough analysis).
In the current paper, however, we focus attention on superfluids that preserve invariance
under time reversal, (or, equivalently, by the CPT theorem, CP invariance). The terms
multiplying ¢y and ¢; (i = 1...3) are all odd under this symmetry (this is a consequence of
the fact that &; is odd under time reversal) and so must vanish in a time reversal invariant
theory.!” It follows that the entropy current is forced to take the canonical form.

It follows that the constraints on the dissipative terms T\, Jii .
manding the positivity of the divergence of Jg are identical to the constraints from the

and pigiss from de-

positivity of the divergence of the canonical entropy current J& . Such an analysis has

been carried out in [10] and we will be carried out in more generality in the next section.
Note also that the fluid dynamical analysis for the most general form of the superfluid
constitutive relations presented in [10] applies only under the assumption that the super-
fluid preserves both parity as well as time-reversal invariance. The agreement between the
fluid dynamical analysis and gravitational results in [10] is explained by the fact that the

gravitation theory analyzed in this preserve both these symmetries.

4 Superfluid dynamics without parity invariance

The main goal of this work is to determine the most general expression for the constitutive
relations for a Lorentz invariant but parity breaking superfluid. We tackle this problem
using the same algorithm which has been spelt out in the previous sections: we determine
the most general entropy current which is compatible with the symmetries. The restrictions
on the constitutive relations are then determined by demanding positivity of the entropy
current.

4.1 Onshell inequivalent data

As we’ve discussed in section 3.1, the listing of one derivative pseudo vectors and pseudo-
tensors of SO(2) can be constructed from the tensors of SO(2) using the e tensor. If V),

16The parameter ¢ is essentially trivial and is related to a pullback ambiguity as we explain in appendix C.
"The divergence of the entropy current (3.21) is given by

o ufu v © Mdiss
6/»“]5' - 6/»‘ (T)less—’—‘/ll»“]dlss—"_ T aﬂ (ng) (324)
+ (99,¢0) (0u3:) 00 Q™" + €0, Q" 0, T + (9, ¢:) (9u35) Q" (8, %4) .

In an earlier version of this paper we had used (3.24) together with the assumption that the six vectors
P*¢"ay,, P%8,Q", PV, PY(8,%) (i=1,...,3).

are linearly independent to conclude that positivity of the (3.24) forces the entropy current to take the
form (3.23), independent of the assumption of time-reversal invariance. This result is incorrect as the six
vectors above are not linearly independent as may be seen using the equation (D.3). We thank the authors
of [21] for pointing this out to us.
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i 1 2 3 4 ) 6 7

ViR xV, *((%oap) *V,T *Vo (4) *V, (T ) Prvy, PIBe
Do DL «@ Do Do Do 2 Vst —PH¢Y Oy i I
Vit | PrVig | P ((P0ag) | PPIVGT | PRV, (§) | PV, () | ettt | P
2 2
S| GV u-0T u-0% u- 6§F2 CHPrap, T (ME, gup#aaa%
~i/w *aﬁy *afw - - - - -
Si | we B-¢ - - - - -

Table 6. Parity odd independent one derivative data which we use in this section. The * operation
that takes us from vectors V and tensors 7 to pseudovectors V and pseudotensors, T is given
n (4.1). We list a basis for pseudovectors, and a new basis for scalars and vectors which we will
work with in this section. Note that V§ = V.

and 7y, are vectors and tensors of SO(2) then we define the associated pseudo vectors VH
and pseudo-tensors 7 through:

Vi =%V, = Py, e, Vs

- 4.1
TH = %T,, = eupaﬁupﬁaTﬁ vy el’paﬁupﬁaTﬂ 1% (4.1)

We introduce the following terminology: *V, is said to be the star of V,, and similarly
* 7T, is said to be the star of T,,.

Note that *V), is an SO(2) pseudovector for any vector V), since the * operation projects
onto the subspace orthogonal to both u* and (* where (* was defined in (3.2),

<,u = P'wjfu-

In table 6 we list the independent one derivative pseudo-scalars, vectors and tensors which
we will use in this section. It proves convenient to choose our on-shell independent scalars
Sy to differ from both the choices made in section 3. The linear independence of this choice
of scalars is demonstrated in appendix D. Our choice of on-shell independent vectors is also
different from the one is made in table 4 of section 3. We have used the superscript ¢ for
the pseudo vectors and vectors to flag this difference. We have demonstrated the linear
independence of this choice of vectors in appendix D.

In table 7 we list all two derivative pseudo scalars. The format we use is identical to
that of previous sections. We list all possible two derivative pseudo scalars that can be
constructed out of fluid and field data in the left column. The equations of motion appear
in the second column. For technical reasons we find it convenient to formally treat E, and
B,, as independent fields in the full list of two derivative data (the left column in table 7)
and to impose the Bianchi identity (which relates some of the derivatives of these fields
to others) at the same stage that we impose the equations of motion. In other words, in
our listings below we will pretend that E,, and B, are independent fields constrained by
“equations of motion” which are given by the Bianchi identities. In the last column we list
a basis of independent two derivative pseudo scalars. In appendix D we have demonstrated
that the two derivative pseudo scalars presented in table 7 are independent.
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All data equations of motion | Two derivative data
CHFu’V, B,
CH¢VV, B, er(C.V)Chy =0
PN ,B, | e’ (VT — Fr’) =0 VB,
eMV\E, eIV \Coy = 0 e (¢-V)Vaug
e (u-V)V g e“")‘UCHVVFAU =0 ¢V, B,
A (C-V)Vaug e’*”’\("uuV,,FA(7 =0
e (u-V)VaCo
e (¢-V)Valo

Table 7. Parity odd two derivative scalar data. The first column lists all possible independent two
derivative scalars with B* and F* treated as independent, the second column lists the equations of
motion (first three rows) and Bianchi identities (last two rows) and the last column the independent
data. We have used the shorthand notation e*® = e“”’\"uucy and C,, =V, 6 — Vo€, — Fuu.

4.2 Constraints from vanishing of two derivative and curvature terms

We denote the total entropy current by

TG =T on T IE s + 00 (0Q™) (4.2)

canon new

where J§__ is a parity odd contribution to the entropy current and 9, (coQ"”) is a residual
ambiguity in the definition of the entropy current in the parity preserving sector described
in section 3. The most general contribution to J g hew 18 given by

7 2 2
Th e = > TV 4 ult Y 5S4+ (Y FS; (4.3)
=1 =1 i=1

This entropy current has eleven new coefficients, each of which is an arbitrary function of
T, 1 and £. In what follows we will swap the variables u, and £ with

<2
:ﬁ'

=" and X

- (4.4)

As in previous sections, the eleven parameter set of currents is significantly constrained by
the requirement that two derivative and curvature terms in its divergence vanish. It will

prove convenient to rewrite the entropy current in the form

t]'u‘new = 6/“’/"761/ (UlTUPCU) + 0'3)>3C'u + TU4]>XM + TU5]>§M
08

+ ?eﬂypagqua + T209WM + To19B"

+ alf}lc,u + Oégfjgu + CM [Oég(td'() -+ 044(B<)] (4.5)

The coefficient functions o; in (4.9) are linearly related to the coefficient functions in (4.3).
Although we will never need these relations, for the sake of completeness we present them
in appendix D.
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The first term in (4.9) is the divergent-less combination

1
§EHV)\UV,, (01T ux(y) (4.6)

with o1 an undetermined function of T, ¥ and x. This expression contributes to the entropy
current but does not contribute to its divergence. We’ve observed a similar expression in
the parity even sector of the entropy current in equation (3.23). As was the case in the
previous section, this term is physically irrelevant (it does not contribute in any way to the
constraints on dissipative terms) and can be ignored in what follows.

We now proceed to compute the correction to the entropy current (4.5). It is not
difficult to verify that the two derivative and curvature contribution to the divergence of
the entropy current is given by

VTt = ot [0, 6| VaE, + 02208 oy 0 ] ()9,
(4.7)

o Rypon
+ @y (MY By + 72 A7 ¢ u,ul ¢l [R,,(,Ae — ”2” ] + ...
where the dots denote the derivative squared terms. The expression on the right hand
side of (4.7) is a sum over a set of linearly independent two derivative data and curvature
terms (see table 7). Positivity of the divergence of the entropy current requires that the
coefficients of the two derivative data and curvature terms vanish. Thus,

a1 = Qg = 3 = Qg — 0. (4.8)

Had we not demanded the vanishing of curvature terms above, we would have erroneously
concluded that as is non zero. Inserting (4.8) into (4.5) we conclude that the most general
parity odd addition to the entropy current whose divergence has no two derivative data or
curvature terms is given by

Jy =79, (01Tu,Cs) + Jgfﬁg”’ + TU4]>§M + TU5]>§“

new

n %EWU@FM + T209wh + TooB* . (4.9)

Expression (4.9) is the final result of this subsection.
Note that positivity of the divergence of the entropy current implies a correction to
the entropy density of the form

—u,Jh = s+ 0882 + 1 TSy + 8y, (coT¢H) — coT¢Hu-Ouy, . (4.10)

Equation (4.10) implies that in a parity violating system the entropy density, as defined
via the Gibbs Duhem relation (i.e., the log of the partition function in equilibrium), would
receive gradient corrections if ¢y, o1 or og are non zero.

4.3 Constraints from positivity of the quadratic form

The divergence of the sum of the canonical entropy current and the the new piece (4.9) has
no two derivative or curvature terms, and so is a quadratic form in one derivative data. In
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this subsection we will determine the corresponding quadratic form. The requirement that
this quadratic form is positive will enable us to deduce the restrictions on the o;’s in (4.9)
and on the parameters describing the equations of motion of the theory.

From (3.9) and taking into account the anomaly, we find that

E [di
a JM - _a ( ) TCﬁIS/S—f_ <; o a’u' <T>> JdlSS jlss a'u’ (fé-“) +8MJ§Lnew _CVEB ° (411)
On general grounds the divergence of the non canonical part of the entropy current, together
with the contribution from the anomaly, takes the form:'®
77 T2
Ol o, —cvE-B=> "3 "VE-BIVE+> > SEBSS; . (4.12)
i=1 j=1 i=1 j=1

Recall that VeH = *Vy; so that Bj; is an antisymmetric 7 X 7 matrix.

The expressions for B and Bs are straightforward but rather tedious to compute. We
provide some details relevant to the computation in appendix D. We will not completely
list these matrices here, but will unveil relevant aspects of their explicit form as we go
along.

To complete our analysis, we need to re-express the divergence of the canonical entropy
current (3.9) in terms of on-shell independent data. We carry out this computation in a
frame invariant manner, similar to that of section 2.1.

We find it convenient to decompose the explicit fluid first derivative data that appears
n (3.9), namely V,, (%) and E, /T — 9,v into SO(2) invariant scalars, vectors, and tensors
as follows

v 1 1 1 1
Vi (75) = <3Tvu— Tk c) Put (v- g2T4 o c) Culo

u-0T 1 o CY0,T
+ 5 Up Uy — C2T (C u-Vug + T )U(MCV)

(4.13)
1 0,T -
_T UVUQ+T u(HPV CZTC(H'V2V + ﬁuy
E ¢V
?‘u — O#V = Vl,LL + U#U'al/ + CuCT
We will find it convenient to organize the 7 scalars and three vectors above into two columns
sq and vy,
3 Vou — —QCng-a.g
gV u+ zpCo-C
U%T —% (u'Vua—Fao‘TT) P,
Sq = §2T (Cau g + e T) Vg = CQLTVQCV . (4.14)
—u-Vv Vi,
CV1
(fé“)

18This follows from the observation that the final result is a pseudo scalar. The absence of a tensor times
pseudo tensor term in this expression is not completely obvious but may be checked.
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The pieces of scalar and vector data in (4.14) multiply particular scalar and vector

components of T (,;i:s and J(’ﬁss. It is convenient to classify the scalar, vector and tensor

combinations as

s1= ThiePuv (%83 = (- Tpigs € (4.15)
83 = u-Tiss-u s4 = u-Tgiss ¢

S5 = - Jdiss S6 = (- Jdiss

S7 = —Hdiss

v] = uMT(figspl’a vy = CuTiﬁgsﬁ”a

vy = ]5Vaja

L 1~
t = PMaPy BTdiss af — §PuupaﬁTdiss,aﬁa
and to group these into row vectors
S = (81 S92 S3 S4 S5 Sg S7)
(4.16)
vV = (Vl \%P) Vg) .

These definitions permit a very simple formal expression for the divergence of the canonical
entropy current:

1
g = —88q — Vv, va"' — ft/leW' (4.17)

In presenting (4.17) we have used matrix notation: the expressions on the right hand side
of (4.17) are each the product of a row and a column.

Equation (4.17) is not our final expression for the divergence of the canonical entropy
current for an important reason; the entries in the columns s4 and vy are not independent
on-shell. In fact, on-shell, each of the 7 s4 is a linear combination of only four independent
scalar terms. Similarly, on-shell, each of the three entries in v4 is a linear sum over two
on-shell vectors. Specifically

sq= ASS,  vg= A"V (4.18)
where
ST
S§ %%
S = 2 V= 1v 4.19
e (w) 9
S
and
Rs Bz Az By Ay By A
2gn,T'x 3T 2T 3T 2Tx 3T 2Tx
__Rs Bs + Az By + Ay By + Ay
anXT 3T Tx 3T Tx 3T Tx
0 2 0 0 ~R 0
wo| -l B g8 a0
0 0 -1 0 -1 0
— 1oy 0 0 0
0 (p+P)K3 (p+P) K> (p+P) Ky
T T
(4.20)
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with
q
R=———. 4.21

p+P ( )
Note that S is a column composed of 4 of the 7 on-shell independent scalars listed in
table 6, while V is a column composed of 2 of the 6 on-shell independent vectors listed
in the same table. Note also that A% is a 7 x 4 matrix while AV is a 3 X 2 matrix. The
computation of the entries of the matrix A® and AY is outlined in appendix D where we
also provide expressions for A;, B; and K;. It follows that when re-expressed in terms of
on-shell independent data, the divergence of the canonical part of the entropy current takes

the form .
8,“]” = —sA’S — v, A"VH — ftWTlW' (4.22)

canon

Equation (4.22) depends only on those 4 linear combinations of the 7 scalars s; that
appear in the 4 columns of sA®. Similarly (4.22) depends on only the 2 linear combinations
of the three vectors v; that appear in the 2 columns of vAY. These numbers could have been
anticipated on general grounds. As in the case of ordinary fluid dynamics (see section 2)
the equations of superfluid dynamics suffer from a field redefinition ambiguity. The field
redefinitions in question are u*, T" and p, and may be decomposed into 3 SO(2) scalars
and one SO(2) vector. All of the seven scalars s; described above transform under the
scalar field redefinitions. As these redefinitions depend on three parameters, 7 — 3 = 4
independent linear combinations of the scalars are field redefinition invariant. Similarly
we expect to find 3 — 1 = 2 field redefinition independent linear combinations of the three
vectors v;. Since the canonical entropy current is field redefinition invariant, the expression
for its divergence is necessarily also frame invariant. It follows that s; A, and v;Aj; must
be linear combinations of the four frame invariant scalars and the two frame invariant
vectors respectively. We have explicitly checked (see appendix D) that the the four linear
combinations sA® and the 2 linear combinations v A" are indeed field redefinition invariant.

Putting together (4.12) and (4.22), positivity of the entropy current implies that

1
—ftw/TlW >0 (4.23a)

—VI ALV + Vi BV > 0 (4.23b)
—s;A5;85 + S{BSS > 0. (4.23c)

In the rest of this section we will deduce the constraints imposed by (4.23) on the one
derivative constitutive relations for the tensor t,,, the frame invariant vectors v, A" and
the frame invariant scalars sA%.

4.3.1 Positivity in the tensor sector

The most general one derivative constitutive relation for the frame invariant tensor t (on
symmetry grounds) is given by

~ ~ 1~ ~ o~
t,uzz = PNO‘PV 'BTdissa,B - §PMVPa5Tdiss,aB = _ni,ﬁm/ - 77i7;,u,u (424)
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where 77 = 0%, T3 = ¢ and T; = *7; and the n’s and 7’s are four possible coefficients.
Positivity of the entropy current requires that

n >0 meR Ny ="n2=0. (4.25)

In other words, the tensor part of Tcﬁlsjs has no term proportional to 72 and to *75. The latter
result could have been anticipated. The divergence of the entropy current does not have a
piece proportional to 7a. Therefore terms in the divergence of the entropy current which are
linear in 72 must vanish. On the other hand t,, does, in general, have a term proportional
to T1; the coefficient of this term is the shear viscosity of the fluid and is constrained to be
positive. Positivity also allows a term proportional to *7;. The coefficient of this term, 7,
is a new parity odd coefficient (it is of course an arbitrary function of the thermodynamical
scalars). Note that 77; drops out of the formula for entropy production. This is because the
contraction of any tensor with its own star vanishes. Consequently, 77 is non dissipative;
its coefficient is unconstrained by the requirement of positivity of entropy production.

4.3.2 Positivity in the vector sector

The most general constitutive relations allowed by symmetries for the two frame invariant
vectors takes the form

VfA%}j = —Vil-ﬁi]’ - ﬁlfﬁw . (4.26)

The matrix of possible transport coefficients x is a 7 x 2 matrix. The same is true for .
The first index runs over a basis of on-shell inequivalent vectors, while the second index

runs over a basis of field redefinition invariant combinations of vectors in T(ﬁlsjs and J ffiss.

A useful observation is that the quadratic form in the vector sector contains no terms
proportional to the square of V¢ for i = 3...7. The first expression in (4.23b) has an explicit
factor of either Vi or V5. Since By} is antisymmetric, the second expression in (4.23b) has
no terms proportional to the square of any of the on-shell independent vectors. Positivity
thus demands that the quadratic form in the vector sector be completely independent of
V¢ for ¢ = 3...7. This implies that

B, =0 i=3,...,7, j=3,...,7 (4.27a)
Fij = —Bj; i=3,...,7, j=12 (4.27b)
kij =0 i=3,...,7, j=12 (4.27¢)

We now proceed to investigate the implications of (4.27).

Let us first focus on (4.27a). A priori, this equality gives us a set of 5 x 4/2 = 10
partial differential equations that constrain the six independent o; coefficients in (4.9).
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One of these equations is a tautology. The remaining nine equations are as follows

0(og —og) 1 0o Oos 1 0oy
o aT T dv 3 T T dx
8(04 - (78) 805 8(010 — 1/08) g3
Bj;=0= —F—~——-—=0 By, =0= =0
. Ix v 57 T T
d(o10 — vog) dog
Bg; =0= T+U5:O Bis =0= 5—2010—1—21/04:0
Bl —0= 299.,9,% _ Bl =0= 2% 4 oug =0
B —0 d(010 — vos) _
s =V= T + (04 —08) = cv. (4.28)

Equations (4.28) are far from independent. They admit the following two parameter set of
solutions

6(0'10 — I/O'g)
oT

(o190 — vog)
ov

o3 =T

04 = 08 + CV —

(o1 — vog) (4.29)

o5 — — (9}(

2
09 = Sg — §CV3 + 2v(o10 — vog)

In (4.29) we have chosen og and o1 as our free parameters. The term sg in the last line
of (4.29) is an integration constant. It turns out that the requirement of CPT invariance
forces

89:0.

The argument for this conclusion is very similar to that given below (2.27). While we
present all formulae below at nonzero sg, the reader should keep in mind that sg actually
vanishes in any superfluid that enjoys invariance under CPT invariance, i.e. any superfluid
that arises from a quantum field theory (and so presumably for any superfluid in the real
world, or obtained via the AdS/CFT correspondence).

Equation (4.29) is the most general solution to (4.28). As an aside we note that (4.29)
also implies that ij =0 for 7,7 = 1,2. We will use this information shortly.

We now turn to the implications of (4.27b). In this case, the coefficients & whose
second index lies between 3 and 7 are completely determined in terms of B;;, which is, in
turn, a function of the two free parameters og and o19. We find that B;o =0for¢=3...7.
Thus,

fio=0 i=3,...,7.
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However k;; are in general nonzero. They are given by

k31 = —B3, = —RTo3 — TOrog

—RT?04 — Td,0%

fis1 = —BY) = —RT?05 — TO, 08 (4.30)
fg1 = —BY = —2RT309 4 27?010

fry = —BY, = —RT?019 + 2T0og + cTv.

~ v
Ry = —Bj

To be clear we reiterate (4.27c)
/Qij:() i:3,...,7, j:1,2. (4.31)

Once we have implemented all these conditions, the quadratic form in the vector sector
takes the form Vi k;; Vi + Vi ki V5 where i, j = 1, 2. Positivity of the divergence of entropy
current implies

Z Z (Vf'liijV; + f}fFLUVJC> > 0. (4.32)

i=1,2 j=1,2

The Onsager relations (see [17]) imply that r12 = ko1 and &io = Ro1.'® We are left with 6
independent transport coefficients k11, k22, K12 = k21, K11, koo and K12 = Ko1, each of which
is an arbitrary function of u, 7" and £. Curiously, on imposing the condition K19 = Ko1,
the second term on the right hand side of (4.32), vanishes. This removes any dependence
on k;j, j = 1,2 from the condition of positivity of the divergence of entropy current. Thus
given the Onsager relations, only the coefficients k11, k22, K12 = Ko1 are constrained by the
inequality that the matrix

=1 (4.33)
R12 K22

is a positive semi-definite matrix. This condition simply reads
KR11K22 Z KJ%Q. (4.34)

Note that the 3 s transport coefficients occur even in parity preserving superfluids, while
the 3 K coefficients violate parity and are new. Note also that all of the three new parity
violating transport coefficients, K11, K22, and K12 = Ko1 do not appear in the expression for

entropy production, and so are non dissipative.?’

9Tn an earlier version of this paper we had claimed the relation K12 = —F&21. Our sign error was pointed
out in [35]. Together with N. Banerjee, S. Jain and T. Sharma we have verified that the sign claimed in [35]
is indeed correct by checking that the stress tensor and current two point functions obey the relations
required by time reversal invariance only when the Onsager relations are given by K12 = K21. We thank Y.
Oz, N. Banerjee, S. Jain and T. Sharma for very useful discussions on this point.

20Tn an earlier version of this paper we had reported &2 to be dissipative and our erroneous conclusion
was based on the incorrect additional sign, that we had in the relation between k12 and k21. We again
thank the authors of [35] for pointing this to us.
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4.3.3 Positivity in the scalar sector

The most general expansion of the constitutive relations in the scalar sector takes the form

7 2
siAj; = — Zsfﬁij - Z SiBij (4.35)
i=1 i=1
implying the inequality
74 2 4 2 7
DON SBS DD SibuSi+Y Y SiByS; > 0. (4.36)
i=1 j=1 i=1 j=1 i=1 j=1

Terms in (4.36) involving products of scalars and pseudo-scalars must vanish since they
can not be positive definite for an arbitrary flow. Thus, focusing on the parity odd sector

we must impose
2

2 4 7
DD SiBiuSi+Y Y SiByS;=0. (4.37)
i=1 j=1

i=1 j=1

Only the second piece on the right hand side of (4.37) involves SF with j =4...7. We
immediately deduce the equation

By=0 =12, j=4,...,T. (4.38)

Equations (4.38) are automatically satisfied once we impose the solution (4.29); we have

no further restrictions on the free parameters og and o19. For j = 1,...,4, equation (4.37)
implies

Bij = —Bj;. (4.39)

It follows that there are no undetermined parity odd transport coefficients in the scalar

sector; all parity odd contributions to frame invariant scalar combinations of T(ﬁ'sjs, J é‘iss and

aiss are completely determined in terms of og and o1¢ by (4.39) and the explicit listing

B _ 2o _ 2010 —203 — 2T% K309  —2T04 —2T%Kyo9 ~ —2T05 — 2K1T%0y
e -7 = 2%? + % Oros — KsToig Oy08 — Kooy Oyor0— K \Toyw |-

(4.40)
Note that Bf; = —ke1/¢? and BS; = —F71/¢? with &;1 defined in (4.30).

The remaining undetermined constitutive relations in the scalar sector are associated
with the parity even coefficients. These are parameterized by 3;; where i and j both range
between 1 and 4. The Onsager relations imply that the antisymmetric part of 3;; is zero.
So we have a total of 10 parity even dissipative coefficients in the scalar sector. These 10
coefficients parameterize a symmetric matrix that is constrained to be positive

4 4
> S8iiuSs = 0. (4.41)

i=1 j=1
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5 Summary of results and special limits

In sections 3 and 4 we have built up a complete theory of relativistic superfluid hydrody-
namics that may or may not enjoy a parity invariance. Our work generalizes the recent
work of [10] (see also [16]) for parity conserving superfluids, and the work of [20] for charged
gauge-theory fluids with triangle anomalies (see also [22, 23]).

The computations presented in sections 3 and 4 are lengthy and algebraically rather
intensive. In this section we present the final results of our calculations in a manner that
is self contained and makes no reference to the method of derivation.

5.1 The problem addressed

As discussed in section 3, the energy momentum tensor 7}, and charged current J, of an
s wave superfluid are given by

T = (p+ Pyulu” + Pnf + &1 + Th,
T = gt — fE 4 Tl (5.1)
€ = Bt fdiss

where ¢, is related to the background gauge potential A, and Goldstone Boson ¢ through
§u= -0+ A,. (5.2)
(1 is the phase of the charged scalar condensate.) We often use the projected variable
¢ = (" + wh)e, = PG, . (5.3)
in what follows. The equations of motion of superfluidity are given by

0, T = F"'J,
0,J" = cE,B" (5.4)
8}L€V - al/é‘[l = Fuu

where we have allowed for the presence of triangle anomalies via the non conservation
of the charged current. In writing (5.1) we have not specified a frame — a particular
definition of the temperature T', chemical potential y and four-velocity u* once we deviate
from thermodynamic equilibrium. The thermodynamic functions p, P and f are functions
of the variables s

Iz I

, =7 XT g
The equations (5.4) and (5.1) together specify a complete set of equations for the 9 fluid
dynamical fields u#(z), T(z), u(z), £&*(z) once T” | Jh.

diss’ “diss

(5.5)

and pgiss are specified as func-
tions of the fluid dynamical fields and their derivatives. The equations that determine
Th | JR

diss> Jaiss and fdiss in terms of derivatives of fluid dynamical fields are called constitutive

relations. The main result of this paper is the determination of the most general form
of the constitutive relations consistent with Lorentz invariance, time-reversal invariance,
positivity of the divergence of the entropy current and the Onsager relations.
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The most general allowed constitutive relations turn out to depend on 20 unspecified
functions of T', v and x which we will refer to as free parameters. In this section we will
present our final results for the constitutive relations in terms of these 20 parameters.

Superfluid flows are also accompanied by an entropy current. The requirement that
this entropy current be of positive divergence for every fluid flow played a key role in our
derivation of the allowed form of the constitutive relations. At first order in the derivative
expansion the entropy current takes the form

JS = t]Mcaunon + J‘unew * (56)
where JE _is the so called canonical entropy current (in a fluid frame)
7 u, Th:
gcanon = Suu - TJ(‘;SS - Vless (57)

and Jéf -, 18 @ correction proportional to a sum of single derivatives of fluid fields. In this
section we also present our results for the correction J g e tO the entropy current.

After summarizing our results we proceed to explain the specialization of these results
to the case of conformal or Weyl invariant superfluids, and certain simplified but often
used limit where the superfluid velocity is relatively small — in liquid Helium once the
superfluid velocity is too large superfluidity breaks down.

5.2 Listing our main result
The most general correction to the entropy current assuming time-reversal invariance is

given by

JE =0, (coQ™") + P70, (1 Tu,Cs) + O'3]>§'u + T041~JZ“ + TG51}5C”

new
o8

+ ?EW%FM + T?0gwh + ToB*. (5.8)

where

Q,w/ = T(guuu - guuu) ’ (59)

and o3, 04, 05 and og are determined in terms of og and o19 by

= T — _
g3 aT(O'l() V0'8>
04 = 08 +CV — —(010 — VO'g)
5 (5.10)
o5 = —a(alo — vog)

2
09 = 89 — gCV3 + 2V(010 - 1/08)

In the above relations w and B were defined in (5.24), ¢ is the anomaly coefficient and sg
is an integration constant. In any CPT invariant theory

sg = 0.
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The terms in the entropy current proportional to ¢ and o; are divergence free and so are
physically irrelevant (they have no effect on the equations of motion). Therefore, we ignore
these terms and do not consider them in to be a part of the 20 parameters, required to
describe time-reversal invariant superfluid dynamics (as mentioned in section 1). The final
result for the entropy current is expressed in terms of og and 019 which are undetermined

functions of T', v and x. As we will see below, og and o1 enter the constitutive relations,

and so are free parameters.?!

We now turn to our results for the constitutive relations. We express our results
in a field redefinition invariant manner. Since the expressions T, Ji . and pgiss are
not separately field redefinition invariant, we first list field redefinition invariant linear

combinations of these quantities. Let

S| = T(‘;Lilsjsﬁuy C2SQ = C'Tdiss'C (511)
83 = U-Tgiss U sq4 = u-TgissC

S5 = U Jdiss s6 = C-Jaiss

S7 = —[MUdiss

v = uu TP, vs = GTHLP",

vy = PY J"

- 1. .
t = PMaPV BTdissaB — §PuypaﬁTdiss,a,Ba

where
v v v DV v CMCV
P = gl 4yt PHY — prv o (5.12)
We define the row vectors
S = (81 S92 S3 S4 Sy Sg 57)
(5.13)
VvV = (V1 V9 V3) .
We also define the matrices
Rs By Az By Ay By A
2qn}:€x Séf 2;{x 35 2Tx Sér Q,Elrx
S Bt Bk BoeR
0 7 0 0 -R 0
N Boos |as|o g
0 0 -1 0 -1
—7y 0 0 0
0 (p+P)K3 (p+P)Ko (p+P) K1
T T T
(5.14)
where
q EF
R=— V= — — Py
p+P ! T vy

2! Assuming parity invariance in addition to time reversal invariance forces the entropy current to take

its canonical form.
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i 1 2 3 4 ) 6 7

VI | PRV | PP ((04p) | PRIV LT | PRIV, () | POV, (%) Vg h PR Dy | PR Fyac®

i = <
S | v u-0T wol | wdss | (*Prea,T CME, CHPHY, Sy
Tiww | *0p, *afw - - - - -
Si | we B¢ - - - - -

Table 8. The basis in which we present our main results. The pseudo vectors and pseudo tensors
V and T are given through V¥ = e*%u, &, Vs and TH = e**Pu,& Ty + €P*Puyé, TS Here
Prv = g b — (Y /.

and the A;’s B;’s, C;’s and K;’s defined in appendix 4.
In terms of (5.11)—(5.14), the frame invariant scalar, vector and tensor combinations
of THY | Jk

diss> Jaiss and pugiss are given by the row vectors

SA5, VLAY, by, (5.15)

By scalars, vectors and tensors we mean expressions which transform as spin 0, 1 and +2
representations of the SO(2) symmetry that is left invariant by the two vectors u* and &
at each point in spacetime.

We have 4 frame invariant scalars, 2 frame invariant vectors and one frame invariant
tensor. The constitutive relations determine these quantities as functions of first derivative
fluid expressions through the equations

thv — _n']'lﬁ“/ _ ,f]'i'l/“/

2 2 7

PAY == Vikij — > Vikij — 4 Vifii
4 4 2 4

Sz‘Afj == Z Zszﬂij - Zz&ﬂzj)
i=1 j=1 i=1 j=1

with 7, 7, V, V, S and S a basis of onshell independent SO(2) invariant tensors, vectors
and scalars given in table 8. In equation (5.16) x and [ are symmetric matrices and
K12 = Ka21. Those coefficients that occur in the big brackets on the right hand side of that
equation, namely k1; for ¢ = 3...7 and Bz’j fori=1,2 and j =1...4, are not free but are
determined in terms of og and o1¢ through the equations

k31 = —RTo3 — TOrog

f41 = —RT?*04 — T, 03

fis1 = —RT?05 — TO\08 (5.17)
g1 = —2RT309 + 2701

k71 = —RT2010 + 2Tog + T'v
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X X

20 + picat aT(J'g — K3T0'10 81,0'8 — KQTO‘lO 8X010 — K1T0'10

5 ( 2RToy _ 2010 —203 — 2T%2 K309  —2T0y — 2T%2Ko0g  —2T05 — 2K1T209>
By =
Tx Tx X

(5.18)
where 03, 04, 05 and oy are related to og and oy through the relations (5.10).
The remaining coefficients in (5.16), those that occur outside the big brackets on the
right hand side of (5.16), are free parameters. The symmetric 2 X 2 matrix s, 4 X 4 matrix
B, and n are constrained to obey

n >0
K11K22 2> /‘5%2 (5.19)

Bi; is symmetric positive semi-definite.
The remaining parameters
R11 R FRi2=FRa1 17 08 01 (5.20)

are unconstrained.

In section 1 we counted twenty free parameters. Let us enumerate them explicitly.
The parity even parameters consist of a 4 x 4 symmetric matrix 3;; in the scalar sector
(10 parameters), a 2 x 2 symmetric matrix x;; in the vector sector (3 parameters) and the
shear viscosity 7 in the tensor sector (1 parameter) yielding a total of 14 parity even free
parameters. These are the only parameters in a theory that conserves parity. The parity
odd parameters consist of the three parameters K11, ko2, ko1 = K12, in the vector sector
and the one parameter 7) in the tensor sector, amounting to a total of 4 free parameters.
The two undetermined functions og and o1y are two additional free parameters.

None of the six parity free parameters, namely K11, K22, 7, 0g and 019, and Ko; = K19
result in entropy production. On the other hand og and o1¢p multiply expressions that
do not vanish in equilibrium and are referred to non-dissipative in [21]. The remaining
four parity odd parameters multiply expressions that vanish in equilibrium. These terms
are unconstrained by the analysis of [21] and are referred to as dissipative in that paper.
It appears slightly non-intuitive to refer to a parameter that does not appear in entropy
production as dissipative and this suggests a need for modified nomenclature.

The remaining 14 parity even constitutive parameters are non-dissipative in every
sense. They multiply expressions that vanish in equilibrium. Moreover these parameters
also appear in the formula for entropy production and so are forced to obey appropriate
inequalities listed in (5.19).

5.3 Weyl invariant superfluid dynamics

The equations of superfluidity simplify somewhat in conformal field theories, i.e. theories
that enjoy invariance under Weyl transformations. The source of the simplification is
twofold: first the stress tensor of a CFT is always traceless. Second, the dependence of
all thermodynamic functions on temperature can be deduced by dimensional analysis if
we take the remaining variables to be the dimensionless quantities v and x. In the rest
of this subsection we briefly outline the special simplifications in Weyl invariant superfluid
hydrodynamics.
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Let us first consider the entropy current. The coefficient o3 in the expression (5.8)
for the entropy current of a Weyl invariant theory must vanish. This follows because Vs
does not transform homogeneously under Weyl transformations. Since og and o1¢ are
dimensionless and therefore independent of T', equation (5.10) does not pose an extra
restriction on these two parameters.

Let us now turn to the consequences of Weyl invariance on constitutive relations. It
turns out that (beside implying that all constitutive parameters are independent of T')
Weyl invariance implies no special simplifications for constitutive relations in the tensor
sector. In the vector sector we expect that k13 = 0 since, like o3, it multiplies Vs which
does not transform homogeneously under Weyl transformations. Since o3 vanishes and og
is independent of the temperature, this condition is automatic from equation (5.17), i.e. it
does not pose an extra restriction on og. The remaining terms in the vector sector remain
unchanged.

In the scalar sector dimensional analysis implies that

3
A3=K3=0 By=-—7. (5.21)

The fact that the scalar S does not transform homogeneously under Weyl transformations
implies that both indices of § in the third equation in (5.16) run only over the indices
1,3,4. Consequently f3 is effectively a 3 x 3 symmetric matrix (with 6 parameters) in the
Weyl invariant case. More importantly, the tracelessness of the stress tensor implies that
the number of scalar terms in T, Ji.
the seven terms s; listed in (5.11) are restricted by the linear relation

and pigiss is six rather than seven. In other words,

81 +89—s3=0. (5.22)

Since there are still three field redefinitions in the scalar sector, this implies that we have

three rather than four field redefinition invariant scalar terms which can be constructed
out of TH  J*

s> Jaiss and pugiss. Accordingly we find that
sidjp =
Biz =0
so that the row vector s; Aj; has three rather than four independent entries. Equation (5.23)
follows from (5.21), (5.22) and o3 = 0.
It follows that Weyl invariant superfluid hydrodynamics is governed by 10 constitutive

(5.23)

parameters (when it preserves parity) and 16 constitutive parameters (when it violates
parity).

5.4 The ¢ — 0 limit

In liquid Helium, superfluidity breaks down once the velocity of the superfluid component
is too large relative to the velocity of the normal component. The projected superfluid
velocity (* = PME, can be thought of as a control parameter for that limit. Once ¢ = 0
one can locally boost a fluid element to a frame where neither its normal component nor
its superfluid component are in motion.
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When ( is non zero, the velocity of the normal component u* together with (# break
the SO(3,1) symmetry to SO(2). In the ( — 0 limit (the collinear limit) this symmetry
is enhanced to SO(3). The number of possible expressions for SO(3) invariant scalars,
tensors, vectors and their parity odd counterparts is significantly smaller than that of the
SO(2) symmetric case. As discussed in [10, 16] there are two possible scalars, 0-u and
Oy (f€*) (which we can swap with «-0T and w-0v via the equations of motion), one vector
VI'=—Prd,v + E*/T and two tensors in the parity even sector, o, and the symmetric
traceless projection of 9,(, onto the space orthogonal to wu,. In the parity odd sector we
have two pseudo vectors

1 1
wH = ge“l’pauyapug and B! = ie“VpUUqucr- (5.24)

Thus, in the collinear limit the transport coefficients of the theory reduce to a 2 x 2
symmetric matrix 3;; (in the parity even scalar sector), a diffusion coefficient x (in the
parity even vector sector), a shear viscosity 7 (in the parity even tensor sector), and two
parity odd terms %, and Kg. These enter the constitutive relations through

0-u 174 u-OT Hdiss

~ g T = g Tt e Qv s T 0y (1) = 515
(RPVT§uy + Py J%) = sV} — RpB" — fruw"

diss

1
PloP'sTis = 3P PasTi = 10"

(5.25)
It must also be true that
Jg

where we have written only the odd part of the entropy current, omitting the total derivative

=o,wl+opB* + ... (5.26)

new

term in the parity even sector (the second term on the right hand side of (5.8)). This
omission is represented by the ... in (5.26).

As we have explained, we expect (5.25) and (5.26) to hold on general grounds. We
should, therefore, be able to verify these equations — and read off the values of Kp, Ky
—by studying the { — 0 limit of our general results. We now describe how to take this
limit.

Let us first consider the entropy current. The third, fourth and fifth terms in (5.8)
each have an explicit factor of ¢ and so simply vanish in the ( — 0 limit. (We assume that
all physical quantities like the entropy current — and therefore all all coefficient functions
that appear in the entropy current — are analytic functions of (.) The last two terms
in (5.8) are already proportional to w and B* respectively. The sixth term in (5.8) is
proportional to B* as { — 0, while the first term has a piece proportional to w* and a
piece proportional to B*. Putting it all together we recover the form (5.26) with

2 1
Oy = T? <89 — gcyg + 2v (010 —vog — 201>)

1
O’B—T(O'lo—VO's—20'1> .

where all functions are evaluated, of course, at (2 = 0.

(5.27)
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Let us now turn to the constitutive relations. Notice that —(vAY); is simply the SO(2)
vector part of the SO(3) frame invariant vector presented on the left hand side of the second
equation in (5.25). Note also that at leading order in small ¢

2T (sA%)y  2T(sA®%)e  2T(sA®); 2s3—s

~

As Ao Ay X

Since the constitutive relations (5.16) equate this combination to an analytic function of
¢, it follows that in the ¢ — 0 limit 2so — s; is frame invariant and, in fact, vanishes at
¢ = 0.22 Using this fact it follows that —(sA®); is proportional to the scalar part of the
vector on the left hand side of the second equation in (5.25). Thus,

k>0
n=>0
Bij is positive semi-definite (5.28)

4
o = —Fe1 = —C2B11 = 2RT®s9 — §cRT?’zﬁ — ART3V?0g + 2T%(2RTv — 1)o7y

fp = —fg = —C*Bo1 = RT?019 — 2T0g — c¢Tw.

It was necessary that —kg; = —C2ﬁ11 and that kgo = —C2621 in order that our results
group into an SO(3) vector in the ¢ — 0 limit. This gives us a mild consistency check on
our results.

Let us summarize. The parity odd contributions to the entropy current and constitu-
tive relations are much simpler in the collinear limit than in the general case. The only
constitutive relation that receives corrections in this limit is the expression for the frame
invariant vector listed in the left hand side of the second equation of (5.25) (equal to the
dissipative part of the charge current in a Landau like frame). The corrections to both
this vector and the entropy current are linear combinations of B* and w*. These linear
combinations are specified in terms of 3 free functions, og, 019 and o1 and one integration
constant (which vanishes on assuming CPT symmetry). As 4 coefficient parameters are
determined in terms of 3 parameters, the coefficients obey a single linear identity. This
identity is given by

1 5o
50w = HoB = —Z‘))LTC + 550 (5.29)
Under the eminently reasonably assumption of CPT invariance sg = 0 and
1 3
50w~ HOB = —g—Tc (5.30)

The relation (5.30) is the only real prediction in the SO(3) invariant sector. Note that it
constrains coefficients in the entropy current alone. In the next section we will use the
AdS/CFT correspondence to test this relationship (of course s9 = 0 in the holographic
context).

22This could have been anticipated on general grounds, as this combination is proportional to the SO(2)
scalar in the SO(3) stress tensor, i.e. it is proportional to -o-C.
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The ¢ — 0 limit for Weyl invariant superfluids: as we have seen above, Weyl
invariance removes one of scalar field redefinition invariant combinations of one derivative
corrections to the constitutive relations (because the trace of the stress tensor is set to
zero) and also removes one of the scalars in terms of which the parity even part of these
constitutive relations is expressed (because u-0T and 9-u do not transform homogeneously
under Weyl rescaling). In more detail, since in a conformal field theory, ¢, (% In q?") wlv =
Oy (f&*), there is only one permissible on-shell scalar. In the ¢ — 0 limit the 2 x 2 matrix
B described above collapses to a 1 x 1 matrix. Thus Weyl invariant superfluid dynamics
is characterized by 3 constitutive parameters in the ( — 0 limit, one in the tensor sector
(the shear viscosity), one in the vector sector (conductivity) and one in the scalar sector
(a new coefficient).

Apart from determining the dependence of &, kg, 0, and op on the temperature
(using dimensional analysis), Weyl invariance does not impact the discussion presented
above for parity odd corrections to constitutive relations and the entropy current. In
particular (5.25)—(5.30) continue to hold, and do not significantly simplify in a theory that
enjoys Weyl invariance.

6 A holographic computation

The AdS/CFT correspondence [37-39] can be used to study the superfluid phase of ap-
propriate large N gauge theories in the limit of infinite t” Hooft coupling [36, 40-43].
We will refer to such phases of gauge theories as holographic superfluids. Various fea-
tures of holographic superfluids have been studied in the literature. These include sound
modes [16, 43-46], critical superfluid velocities [36, 47] and vortex structure [48-50]. Holo-
graphic superfluids with a non uniform temperature, chemical potential and velocity fields
have been recently constructed in [10, 16] (see also [9]). These dynamical superfluids were
constructed for a certain specialized bulk action which, following the work of [31], allows
for an analytic treatment.

In this subsection we will demonstrate that the prediction (5.30), that follows from
our general analysis, is indeed true for superfluids that admit a dual description via the
AdS/CFT correspondence. Our demonstration uses the technology of the so called fluid
gravity correspondence [22, 23, 25-30] but allows for the implementation of this map in an
abstract manner that does not require us to know the explicit form of the solutions dual even
to stationary fluid flows. In this respect our analysis is reminiscent of the thermodynamical
analysis of Sonner and Withers [9] (see [51] for related work).

Our starting point for the analysis is the bulk action

S = SEH + Smatter + SCS’ (61)
where
1
Sen = M/V—Q(R"‘m)
1 1 .
Smatter = @ / V=g (_4VF(‘w|)anan - Vw(|¢|)|3m1/1 - ZquQ;Z)|2 - V(W)D) (62)

c
Scs = 2 / V _gﬁmnpqrAanqur
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with %4 = 1/\/=g, F = dA, Vr(0) = 1, V,,(0) = 1 and V(0) = 0. We will often use
Dy = Optp — iqApp. Roman indices run from 0 to 3 and 5. Later we will use Greek
indices to denote the boundary coordinates 4 =0,...,3 and 7,57 = 1,...,3 will denote the
spatial coordinates along the boundary. We have chosen the action (6.1) for several reasons.
As has been discussed in detail in [36, 40-42], to construct a holographic superfluid one
needs to spontaneously break a gauge symmetry in an asymptotically AdS geometry. The
minimal required fields for such a construction involve a gauge field A,, a charged scalar
Y and a metric g,,. The parity conserving part of the action (6.1), i.e., Spg + Smatter, 1S
the most general action one can write down which involves the fields described above. The
parity violating sector consists of a Chern-Simons term, Scg, which naturally appears in
consistent truncations of type IIB supergravity. For example, the actions of the consistent
supergravity truncations described in [32, 33] can be described by the action (6.1).
The equations of motion which follow from (6.1) are

1 , 10Ve , OV )%
——— (O — iqAm) Vip/—gD™) = =L p2 4
1 cK2

ﬁam (V=gVrF™) = iqVy (¢*(D") — p(D")*) — Te"’“P‘”Fmqus

1
Rmn - §Rgmn - 6gmn = Tmn

|Dy|* +

(6.3)

with
1 np 1 Pq 1 1 2
Tmn - §VFFmpF - ggmanqF - §gmnv - §gman‘Dw|

* %Vw (Dt (D) + (Dpth) (Dinth)) . (6.4)

Our strategy for computing the parity odd corrections to the entropy current and
the parity odd transport coefficients closely follows that of [10, 16, 22, 23, 25, 27]. We
first construct a stationary solution to the equations of motion (6.3) in which neither the
superfluid not the normal component are in motion. Being interested in the limit of small
relative superfluid velocity, we then allow for the gauge field to have a small non vanishing
spatial component. By boosting and rotating the latter solution, we find a generic bulk
configuration involving six free parameters which are associated with the temperature,
chemical potential, velocity of the normal component and the expectation value of the
goldstone boson of the dual superfluid. We then promote these six parameters to be
spacetime dependent fields. Once we do so the equations of motion (6.3) will no longer be
satisfied. Therefore, we add corrections to the our previous solution so that the equations
of motion (6.3) will be satisfied at least up to second order gradients of the six parameters.
We can then compute the one point functions of the energy momentum tensor, charged
current and gradient of the Goldstone boson in the boundary theory and from them read

off the transport coefficients associated with the first order terms in a gradient expansion.??

ZThe authors of [52] recently argued that the transport coefficients associated with the parity odd sector
can also be computed using a Kubo formula.
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6.1 A stationary solution

The ansatz for a stationary solution to the equations of motion (6.3)—corresponding to a
configuration in which the normal fluid and superfluid are both at rest — is

ds? = —r2f(r)dt* 4 r*dz® + o(r)dtdr (6.5)
= p(r)e'?etr) (6.6)
Ay = (Ao(r),0,0,0, A5(r)) . (6.7)

In this ansatz we have not completely fixed a gauge. In what follows we will present our
analysis in the gauge invariant variables

Gm = Am — O (6.8)

In this section we will not attempt to find an explicit solution for the unknown functions
in (6.5), such a solution will not be needed in what follows below. We will instead note
certain abstract aspects of this solution that can be obtained without explicitly solving the
equations.

e The equation for G5 is algebraic and is given by

7G00‘
r2f -

e The remaining equations of motion can be chosen to be a set of 4 linear differential

Gs = (6.9)

equations in the variables f, o, p and Gy. The equations have the property that
they involve only first derivatives (in the variable r) of f and o and second order
derivatives (in the variable r) of p and Gj.

e Assuming that the solution is a black hole, the fields ¢ and p are non vanishing at
rh, the black hole horizon, while f and Gy have a simple zero at r,. The fact that
Gy vanishes at 7, follows from regularity of G5 (defined in (6.9)) near the horizon.
The temperature, T', and entropy density s of the black hole are given by

T — TfQLf/(Th) _ LT?L

= ) = (6.10)

e One linear combination of the 4 equations can be shown to express the constancy (in
the radial direction) of the ‘Noether’ charge Q1 [53],

rof B rVrGG'
- )

2k%Q1 = (6.11)

The equation in question asserts that

where a prime denotes a derivative in the r direction. Using (6.10) we find that

Q1 =sT. (6.12)
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e [t is not difficult to work out a Graham Fefferman style solution of the equations of
motion at large r. Putting in the physical constraint that the non normalizable mode
dual to the scalar is turned off (i.e. that the operator dual to the scalar field is not
sourced in the dual boundary theory), we can use (6.11) and the equations of motion
for f, o, p and Gy to show that near the asymptotically AdS boundary (r — o0)

1 _
f=1+ [T o)
1 2 A —2A —2A-2

p=r"2(Cal(Oy)| +0(r™?))
Go=p—r2qr 2 +0(r™3)

where C is a real number, Oy is the operator dual to v, and ¢; represents the total
charge density as seen in the rest frame of the normal component; using the standard
AdS/CFT prescription [37, 38] to convert bulk to boundary quantities we find that

@ =—u'Jy,

with J,, the boundary theory charged current. Using (6.11) together with (6.12) we
find

2

which is the Gibbs Duhem relation for a conformal superfluid (see (3.6)).

6.2 Adding in a small uniform superfluid velocity

As we have explained above, in this section we focus on the collinear limit, i.e. the limit
in which the normal and superfluid velocities are equal. Following a long tradition we
do, however, wish to allow the derivatives of the normal and superfluid velocities to be
independent variables. Thus while we can set the normal and superfluid velocities equal at
a given point, it would be inconsistent to do the same in the neighborhood of that point.
In order to implement the fluid gravity map, even in our limited context, we need more
general stationary background solutions than the ones described in the previous paragraph.
In particular, since we are interested only in first derivative corrections, we need control
over background solutions in which the fluid is at rest and the superfluid in motion to
linear order in the superfluid velocity. In this section we describe the relevant solutions.

A constant superfluid velocity is an SO(3) vector. The solution that describes infinites-
imal superfluid motion (at first order) is a regular, normalizable, translationally invariant
fluctuation about the static background described in the previous subsection. A vector
fluctuation involves linear fluctuations of the vector modes g4 and G;. We find it more
convenient to work in terms of the variables g and ~ defined by

Gi=—90i6  gu=—1"70;¢

where 0;¢ is the expectation value of the spatial component of the Goldstone boson in
the dual field theory (i.e. J,¢ is a function of the four boundary rather than the 5 bulk

dimensions).
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From the Einstein equations we obtain the following equation of motion for « at linear

<,ylr5 + GE)QTSVF>/

(2

order

= 0. (6.15)

Integrating (6.15) we obtain

>+ GygriVe
o

/
QHQQQ = T

(6.16)

with (2 an integration constant. The asymptotic behavior of v can be related to thermo-
dynamic quantities in the solution via

V= %(Qt —qrt+ 0. (6.17)

Integrating (6.16) near the boundary, it is not difficult to verify the form (6.17) and to
check that
Q2=q. (6.18)
The equation of motion for g is obtained from the spatial components of the Maxwell
equation and can also be written as a total derivative,

3 ' /
(fr (9% — Co)Vir | 2&2ny1> = 22f'Qs . (6.19)
Integrating it once we get
r3(gGh — ¢'Go)V,
frt9C — §'Go)Vi +2629Q1 = Q3 + 257 Qo (6.20)

o
with Q3 an integration constant. We will now argue that ()3 vanishes. The argument
follows by demanding regularity at the event horizon. The fact that r; is an event horizon
(and so that dr is a null one-form at r = rj,) implies that

v(rp) =0. (6.21)

Every term in (6.20) vanishes at r = r;, except @3, so we conclude that Q3 = 0 for T" > 0.
The near boundary expansion of g then takes the form

(qe — Q)’iQ

g=1- 24+ 0(r ). (6.22)

The second order linearized equations (6.15) and (6.19) have four linearly independent
solutions. One of these is

g=0 ~ = constant (6.23)
which corresponds to a deformation of the dual field theory metric. Another solution is
g =Gy v = @ (6.24)
@1

which corresponds to a boost of the stationary solution. Of the remaining two linearly
independent solutions only one can be chosen to be regular at the horizon. In terms of the
two first order integrated equations (6.16) and (6.20), imposing Q2 # 0 precludes (6.23)
and imposing QY3 = 0 removes the solution which diverges at the horizon.
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6.3 Boosting

So far we have worked in a frame where u* = (1,0,0,0). As explained in [16] we can always
boost to a frame where the metric and gauge field take the form

ds®> = —r* f(r)uu,datda” + r° Pydatda” — 20u,da dr + 2r*yu(,(, datda” (6.25)
A, = Guydat + g(,da* + Gsdr ‘
with
G =Gy
Tlggo Ag =ag (6.26)
¢“ = Paﬂ(aﬂ(ﬁ - ag) ,
ag the external gauge field and ¢ the Goldstone boson. Our conventions here slightly differ
from the main text where we’ve defined ( = —(, see equations (3.1), (3.2).

In our current holographic formulation, it is convenient to use a frame where the energy
momentum tensor, charged current and Josephson condition are given by

TH = (p+ P+ fu)utu” + 0" P+ 2f uuuyy + fCuCo + Thi

diss
JH = qut + fCH+ T (6.27)
u (O — ap) = —p + fdiss = —pr
where
@=q+fu, (6.28)
and our frame choice is u, T, = 0 and u, J%, = 0.2* One can check that expanding (6.27)
to linear order in ¢# and neglecting Téﬁ;’s, jébiss and [igiss, the boundary theory energy mo-

mentum tensor, charged current and chemical potential associated with the solution (6.25)
are obtained.

6.4 The gradient expansion

We now have in hand all stationary solutions that will be needed for our analysis. As
explained at the beginning of this section, the next step in our analysis is to allow the
thermodynamic variables to depend on the spacetime coordinates and look for corrections
to the metric, dgmn, gauge field, 0 A, and scalar 47, so that the equations of motion (6.3)

24 Actually, in our computation we are using a frame where
T = (p+ P+ fu?)u'u” + 0" P+ 2fuliuu,) + ;{ié“@ + Thiv,
T

JH — qtuﬂ + figﬂ + jcqtiss
Hr

u" (Op¢ — ap) = —p + flaiss = —fiT -
The dissipative corrections J_diss, Thiss and [aiss in this frame are different from Jyiss, Taiss and paiss used
throughout this work. Since in this section we will only be computing the transport coefficients in the

vector sector, the difference between the two frames is immaterial. The reader is referred to [10, 16] for an
extensive discussion.
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are satisfied. Since we will be interested in the collinear limit, we will set ¢ = 0 but keep
its derivatives non zero. In this limit, the equations of motion for the corrections to the
metric, gauge field and scalar naturally decompose themselves into scalar, vector and tensor
equations under the SO(3) C SO(3,1) symmetry retained by the background. We write
the corrections to the metric in the form

Ogmn dz"dz" = —2u,dxtr <uaaaul, + ;&yuo‘uV) dz” — 260 u,dxtdr
—r25f wydrtu, de” + 27“26‘/# u,drtdx” + r257rm, dztdz”, (6.29)
the corrections to the gauge invariant combination G, in the form
A dx™ = —0G uydxt + 6g,dat 4 0Gsdr (6.30)

and corrections to the magnitude of the scalar as dp.

The equation of motion for §G5 turns out to be an algebraic equation which can be
solved. The remaining kinematic equations for G, dp, § f and do are coupled. The vector
sector contains two coupled equations involving 6V}, and dg,, and the equation of motion for
the tensor mode 07, can be solved for since it is decoupled from the rest of the equations.
We have verified that the five constraint equations imply energy momentum conservation
and current conservation in the dual field theory. We have also checked that the ratio of
the shear viscosity to entropy density retains its universal value as has been alluded to
in [16, 54, 55].

Since we are interested only in the parity odd sector, and since in the collinear limit
this sector receives contributions only from the vector modes, we can focus entirely on the
equations of motion for 6V, and dg, which read

55V/ /5 3 !
(7“ i Glogur VF> gV (6.31a)

g g

g

Ve fri(6g,G' — bg,G /
< Ffr° (09, 9.G) _2,{26215]/”) — Sf[‘?, (6.31b)

(Recall that G = Gy from (6.26).) Note that the homogeneous parts of these equations
agree exactly with (6.15) as expected.

After integrating these once we can eliminate §V in place of ¢ and write the resulting
differential equation in Sturm-Liouville form,

SVe L\ rViG"? 2 2 SZg 262°Q10 [ Lo total
( o 59/1) - < o +2¢ TO'pr > 59# = _? + "“59/7« S,u (l‘)dm =S .
(6.32)

In order to simplify the term linear in dg,, we used the equation of motion for G. The limits

of integration on the right hand side of (6.32) have been determined by the boundary values
of 6g, and 6V, and the requirement that we are in the frame described in (6.27).

Since (6.32) is a linear second order differential equation we can use the method of
Green’s functions to solve it. Consider first the homogeneous version of (6.32). We denote
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the two linearly independent solutions of the homogeneous equation by a and a such that

a=1+0(r?) a(ry) = ap (6.33)
a=r24... a(ry) = 0o (6.34)
We find that
o= Qig + QG (6.35)
Q1+ Qap '

The solution (6.35) corresponds to a shift in the superfluid velocity described in the previous
subsection. (One can use the method of variation of parameters to find a in integral form
though we will not be needing it in our analysis.) The solution to

d (7“3va CW) _ (TVIiG/2 + 2q27"0V¢,02> G(r,7) =6(r —7) (6.36)

dr o dr

which vanishes at the asymptotically AdS boundary and also at the horizon is given by

1 /~\~ ~
—3 >
G(r,7) = zalPalr) T >7 (6.37)
—%a(r)d(f) r<ft.
Thus, if S*%!(c0) = 0, a near boundary series expansion of dg, is given by
0g, = _ L /00 aStotalgy 4 L lim x2iSt0taI(:ﬁ) + (6.38)
K 2r2 J,, ’ 212 z—00 dx " o '

Then, according to the standard AdS/CFT prescription, the dissipative corrections to the
charged current in the boundary theory take the form

- 1 ' tota i d iota
Tuo = g ([ oS Jim (32 s ) ) (6.39)

Let us focus on parity odd contributions to S**!. we find that

Sfftal = 4ck*(G — pg)G'w,, — 2ck*gG' B, + <pa1;i(;ul}rznfsven> (6.40)
where w” and B* were defined in table 1. We reproduce their expression here for conve-
nience 1 1

wH = 56“””“uy8pug Bt = §6HVPUUVFPG. (6.41)
Hence
o0

Jh = < (/ (Q19 + Q2G)gG' drB" +/

& B .
Q1+ Qap \ Jy, - 2(pg — G)(Q1r9 + Q2G)G'drw )

terms

+ (parity even) _ (6.42)

Following the work of [27], the contribution of the parity odd terms to the entropy
current come from the horizon value of §V,,, i.e., if we denote the entropy current by Jg
then

Jg‘ = S(SV“(Th) + (parlty even) . (6.43)

terms
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It remains to evaluate the parity odd contributions to dV# at the horizon. Integrat-
ing (6.31b) once we find that

VFfrg(égMG’ — 5gLG)

g

— 2k%Q10V, = / S% +6Q (6.44)

Th

with 6Q) an integration constant. Evaluating (6.44) at the horizon and at the boundary,
we find that

TH > gdyg
SVH(ry) = _/‘Jdiss + f?"h, S8%dr + (parity even)

terms
_ K€ > 2(ug — G)GG drw* + - GG'drB" | + (Paﬁty even)
T optdiss T K9 g '

terms
Th Th

(6.45)

Restricting ourselves to parity odd contributions, the first term on the right hand side
of the first line of (6.45) represents the contribution of the canonical part of the entropy
current J& . The second term on the right hand side of the first line of (6.45) will give
us the corrections to J4

S canon*

Following the notation in (4.21), we denote

q
=1 6.46
3P (6.46)
and write the parity odd transport coefficients and the corrections to the entropy current

as in (5.25)

- 3 3 it
Jcl;iss - _ﬁww# - 'KJB‘B'u + (partlel}‘frrfsven) (6 47)
__F7 it ‘
T = =Tt o ot (PURI)
Then, (6.45) and (6.42) imply
kp = —c/ ¢*G' + R(G — gp)gG'dr (6.48a)
Th
kp = 20/ (G — 1g)gG’ + R(G — ug)*G'dr (6.48Db)
Th
2¢ [ ,
Ow = = (G — ug)GG'dr (6.48c¢)
T ),
op = — / gGG'dr . (6.48d)
T rh

While we can not solve the integrals in (6.48) explicitly, we find that the following
relations are satisfied:

1 cp®

§O'w — Uop = —37T (649&)
1 Ry
5w — 1kp +T (1= pR)op = - 3“ . (6.49b)
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(To obtain (6.49) from (6.48) we used G(c0) = pand G(rp,) = 0.) The first of these relations
is precisely the universal prediction (5.27) between entropy current coefficients predicted
in the last section. Using (5.28) and (5.27) we can also obtain holographic expressions for

s9, 01, 0g and o1

s9g =0 (6.50a)
c oo
01 = s <,u2 - / 9(4G — ,u,g)G’dr) (6.50b)
Th
c > 2
og=—|—u —|—/ 9°G dr> (6.50c)
(ot ),
010 = —% 9(G — ug)G'dr. (6.50d)

To study the values of &, kg, 0, and op at the phase transition we set g = 1.
Then, all the integrals in (6.48) can be carried out explicitly. We find that the resulting
expressions exactly match the zero superfluid density values of K, kg, 0, and op studied
in [20, 22, 23|, implying that these coefficients are continuous across the phase transition.

7 Discussion

In this paper we have described a framework for describing superfluid hydrodynamics at
first order in the derivative expansion. We have determined the most general form of
the hydrodynamical equations that are consistent with Lorentz invariance, the Onsager
principle, and the requirement that the second law of thermodynamics apply in every
conceivable situation. We begin this section by summarizing our results, and then turn to
a discussion of possible applications and extensions.

We have found that the most general equations of Lorentz and time-reversal invari-
ant but non-parity conserving superfluids requires the specification of twenty parameters.
Fourteen of these are associated with the parity even sector and were described already
in [10], generalizing an earlier 13 parameter framework spelt out in [18, 19]). In this work
we have found that six more parameters need to be specified in the parity odd sector of the
theory. All six of these parameters are non dissipative; they drop off from the expression of
the divergence of the entropy current, and are unconstrained by inequalities. Four of these
six parameters (7], K11, R22 and K12 = K21 in the language of the main text) are relatively
simple. 7 is the transport coefficients which is associated with the pseudo-tensor mode

THe = e"Pu, oy ¢+ €Puy oy P (7.1a)

while K11, Koo and K19 = Ko1 are the coefficient of the pseudo vector modes

V). — VPO K &
Vi=c¢€ UVCp <60'T T ) (71b)
Vo = P, (00 - (7.1c)

that appear in the two field redefinition invariant combinations of vectors, in the corrections
to the stress tensor and charge current.
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Note that 7 closely resembles the hall viscosity in 2 + 1 dimensional theories [56, 57].
There, when parity is violated it is possible to have a transport coefficient ng associated
with the tensor mode

pvp ay ovp 1
"Puyo,* + e Puyo (7.2)

The hall viscosity is known to be associated with the ground state’s intrinsic angular mo-
mentum. It would be interesting to see whether 7 is also associated with similar quantities.

The remaining two non dissipative constitutive parameters, og and 19, multiply rel-
atively complicated expressions in the constitutive relations. These two parameters deter-
mine the eight transport coefficients associated with the pseudo scalars w-§ and B-£ which
appear in the constitutive relations, and the transport coefficients of the pseudo vectors
%0, T, 0, 1) %0, 5,
plifications when expressed in terms of variables that might turn out to be more natural

w* and B*. It is possible that these expressions admit significant sim-

than those adopted in this paper. og and o1 also parameterize deviations of the entropy
current away from its canonical form.

The triangle anomaly, if it exists, enters the expression for the pseudo scalar and pseudo
vector coefficients whose value depends on og and o1g9. It is interesting to compare this
result with that of [20] which studied (non-superfluid) hydrodynamics in the presence of
triangle anomalies. There, the only addition to the parity-odd sector are the two pseudo
vectors w* and B* whose transport coefficients are completely fixed in terms of the anomaly
and a single integration constants. When considering superfluids the functional dependence
of the transport coefficients of w* and B* on T, u and ( is completely arbitrary. This novel
feature opens the possibility for interesting physical phenomenon in a parity violating
theory, even in the absence of an anomaly which is an intrinsically relativistic effect.

The most immediate application of our work would be to the modeling of the long
distance behaviors of real world superfluids (or superconductors) whose hydrodynamics
violates parity. We do not yet know of any candidate experimental systems of this sort.
We do note, however, that non centro symmetric superconductors live on parity violating
lattices. It would be exciting to investigate whether parity violation in these (or analogous
systems) could lead to experimentally observable nonzero values for any of the 6 parameters
described above.

In this paper we have worked out the general theory of superfluidity in 4 dimensions.
Several aspects of our analysis depended on the existence of an € tensor with 4 indices.
It seems likely that the theory of superfluidity in 5 and higher dimensions will differ in
qualitative aspects from the theory we have worked out. It would be interesting to flesh
this out.

We have already verified certain aspects of our general construction of the equations
of superfluid hydrodynamics using explicit computations within the AdS/CFT framework.
However all the computations reported in this paper work in the collinear limit of vanishing
superfluid velocity. It would be instructive to demonstrate that all the numerous other
relations, implied by our work, between transport coefficients that do not preserve SO(3)
invariance, are also borne out by AdS/CFT computations. In this context we point out
that the generality of the expected results suggests that their derivation may also be carried
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out for a generic holographic superfluid (perhaps along the lines of section 6) and should
not involve the details of the corresponding dynamical systems.

An interesting feature of our AdS/CFT analysis is that in the collinear limit all the
transport coefficients in the parity odd sector of the theory are continuous at the phase
transition (i.e., they match their value in the uncondensed phase where f = 0). This is
similar to the behavior of the shear viscosity n and diffusion coefficient x of the parity even
sector, but differs from the divergent behavior of the transport coeflicient associated with
the scalar 0,(f&*) [16]. It would be interesting to understand this result in terms of the
theory of dynamical critical exponents [58].

It would also be interesting to work out the properties of stationary superfluid flows
(like rotating superfluids on an S®) and to investigate how the properties of such configu-
rations are affected by the parity odd non dissipative terms that can be ‘turned on’ in such
configurations. Such configurations would be dual, under the AdS/CFT correspondence,
to rotating hairy black holes in global AdS space.

To end this paper let us highlight a structural aspect of our analysis that we find
quite remarkable. For this purpose it is sufficient to focus on the case of parity and time-
reversal invariant superfluids. The total number of constitutive coefficients allowed, merely
on symmetry grounds, is 50. In this paper we have shown that the requirement that
the equations that follow from these constitutive relations are consistent with positivity of
divergence of any entropy current (plus time-reversal invariance and the Onsager relations)
cuts down the number of constitutive coefficients from 50 to 14. In other words, the second
law of thermodynamics gives very powerful and precise constraints on dynamical equations.
Given the duality between fluid dynamics and gravity, it is natural to wonder whether
similar results may also be true for extensions of the theory of gravity. We leave detailed
investigation of this exciting possibility to future work.
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A The linear independence of data for the parity even superfluid

A.1 The linear independence of first order terms
A.1.1 The vector sector

The equations of motion in the vector sector are

P,30,T"? = P,gFP" ],
Puﬁuy (85§V - ufﬁ) = p“ﬁEﬁ (Al)
ﬁuﬂgv (aﬁfu - 1/55) = PuﬁFﬁufy :

A basis of ten one derivative vectors (before using the equations of motion) was listed in
table 3. It is given by

Pwdyus, PPOw)s, PPEDNs PPEDNG, PO (1),

ﬂ%ﬂﬁ%&%,ﬂ@W%PW%ﬁwmﬁ

(A.2)
The quantities in (A.2) are not all on-shell inequivalent as they are constrained by the rela-
tions (A.1). In this subsection we will argue that it is consistent to choose the seven vectors
listed in the third column of table 3 as independent vector data. That is, we will show that
it is possible to use the equations (A.1) to solve for P“BQBT, P“f885 (%) , P“ﬂg"@ﬁul, in
terms of

PP (u-0)us,  PP(u-0)gs, PPAEO)ug, PPE0)E, PP (5, )
ﬁ“ﬁEﬁ, puﬁpﬁygv '

If we rewrite the equations of motion in (A.1) in terms of the quantities in (A.2) we
find

pHB ((P +p)(u-0)ug + OrPORT + O ag% + a%aﬁ% - f(g.a)§g> = P8 (qE,, — fF.£")

P ((u-0)¢s - T3 — L0sT + £ 0gu,) = PP By

§

pHo <(£-3)£ﬁ + Tf%% + T%T) = PHOFg,¢v.

(A.4)
It is possible to use (A.4) to solve for the scalars listed in (A.3) if and only if the 3 x 3

matrix of the three vectors P*8 0gT, prB Os (%) , pHbgv Jau,, in the three equations (A.4)
has nonzero determinant. This 3 x 3 matrix is given by

orP 65 /TP 0
M(U) = —,U,/T 0 1 (A5)
e/T  TE 0
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and its determinant is given by
Det (M(U)) = f (;agp - T8TP> . (AG)
T

It is nonzero for a generic functional form for P(T', i1, £). We conclude that the vectors (A.3)
form a basis for onshell independent one derivative vectors.
A.1.2 The scalar sector
The equations of motion in the scalar sector are given by
&0, = gB-¢
9T = fE-§
O“J *=¢cE-B
uyg'u (a,ugu - &xéu) =FE-£.

A basis of 11 one derivative vectors (before using the equations of motion) was listed in
table 3. We denote them by {ﬁga), Si(a)} for the first set of on shell independent scalars

(A7)

and {E(b Z-(b)} for the second set. Here j runs from 1 to 4 and ¢ runs from 1 to 7. We

®) )

have used the notation in table 4. The new quantities L’j , L5 are defined as follows

£ = y.05, ) = ¢.o%, (A.8)
£ = u-0%,, L = ¢.0%,,

£ = u-0%s, L = ¢.0%,

£l = ¢ru-ou,, LY = ¢re-ouy, .

The quantities defined in (A.8) are the dependent data for the two choices of bases among
the on-shell inequivalent quantities. These quantities are to be determined by the equation
of motion (A.7) in terms of the dependent quantities S;. Note that the sets {ﬁga),Si(a)}
and {Cgb), SZ-(b)} are different partitioning of the same set of quantities.

The equation of motion in (A.7) expressed in terms of the quantities in (A.8) has the
form

(A.9)

In the equations above the index p runs from 1 to 4 denoting the 4 equations in (A.7).
Again note that both the equations in (A.9) refer to the same set of equations. We find it
convenient to define the new set of quantities

2 1 v

R E U S M S N
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so that the projector

P = 4 Autu’ + BEEY + C (§Mu” + ul'e”).

The coefficients in (A.9) are given by

(e; )1 =—(P+p),
(e§”)1 = B(P+p) +Cfu~ f.
(€)1 = udy f — CTfu+ fT,
(e = —f
()2 = (P + p)u,
(e§)1 = ~(uB(p + P) + CTf€2),
(e)s = 8,P — €20, f + CT &,
(e%a))z = —q,
(ega))3 =q,
()3 = —(Bq +Cf),
(e)s = ,f +CTY,
(ef”)3 =0,
(e{”)y =0,
(ef)y = —1,
(ef)s =T,
(e)s = —1.
and
(")) = CFueT — dyp,
(5 = —arp,
(67)s = pdy (P + p) — CfET,
(65)2 = pdr(P + p),
()3 = dyq — CEIT,
(éé‘”)s = Jrq,
(649)y = €T,
(67)4 = X°T,

(A.11)

(e)1 = fu,
(€)1 = BET fuu + pdy f,
(e\)y = pdrf +2fv,

(A.12)

(el)y = — 2T,
(e{)y = B P — 20, f — £fT — BETY,
(e)y = apP — 200 f — 21X°T,

(e5™)s = %
()3 = O f — BEFT
(s = ~0rf ~ 1

(e4a))4 =0

(ei))s = v,

()1 = —(AfuT + up), (A.13)
(61 = Afp+C(P + p),

(5)y = pd, (P + p) + TAEY,

(65)2 = (P + p) — Cu(P + p) — A€
(653 = B,q + AT,

()5 = —(Cq + Af)

(t5”)s =0,

()4 = 0.
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The other set of coefficients, with index (b), can be read from (A.12) and (A.13) using

@) =i (@) = ()i (1) = )i (@) = (e{)s;
" (A.14)

@i =0 ()= (i = (N ()= (1)

We can express all the derivatives in (A.12) and (A.13) as derivatives of a single function,

say, the pressure. Thermodynamic relations that enable us to do so are

1 3
q:T u/TPQ f Tfaé/TP p:—P—l-TaTP—Ta%P. (A15)

We make the following observations:

a)

We can use the equations of motion (A.9) to solve for the 4 scalars {Hu-Vuy,, u-0%;
(i = 1,...,3) in terms of the 7 independent scalars in the 3rd column of the first
row of table 3. This is possible if and only if the 4 x 4 matrix of coefficients of the
four quantities in the first equation in (A.9) has nonzero determinant. This matrix
is given by

MY = (6, (A.16)

We can use the equations of motion (A.9) to solve for the quantities £&-0uy,, £-0%;
in terms of the 7 independent scalars in the 3rd column of the second row of table 3.
This is possible if and only if the 4 x 4 matrix of coefficients of the 4 quantities in
the second equation in (A.9) has nonzero determinant. This matrix is given

MO = (1) (A.17)

)

The relations (A.15) allow us to express the matrices (A.16) and (A.17) in terms of the
pressure. Using several reasonable equations of state we have used Mathematica to verify

that the determinant of the matrices in (A.16) and (A.17) is generically non-zero.

A.2

The linear independence of the second order terms

A list of second order scalar data, the second order equations of motion and a choice of

second order independent scalar data can be found in table 5. The second order scalar

equations that follows from the first order vector equations are

Vo (P (046 — 0460)) = Ve (P Ey) |
Vi (P91 =V, (P Fy?) (A.18)

Vo (P4 (Ous = 046)) = Vi (P Fug”)

The two derivative terms in these equations take the form

prv ((P—{—p) AN,V sy, + 0rpV .0, +a§/Tv d, §+f55v wgV) = (A.19)
prv (uﬁvuvﬁg,,—Tvuay% £9,0,T + ¢Pv v,,uﬁ) = (A.20)
(gﬁv V&, +TEV 0, ¢ +E V,.0 T) = (A.21)
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The quantities p“”V“&,T, ]E’”VVM(?,,%,PWE[;VHVVUB can be solved for using equations
(A.19), (A.20), and (A.21). Note that these two derivative scalar quantities do not appear
in any other equations of motion. We can then use the remaining 8 equations of motion to
solve for the other 8 dependent data,

W'V 0,5, W' eV, Voug,  EM€VEPV Vg, €1V ,0,5; (A.22)

where ¢ runs from 1 to 3. The reaming 8 two derivative scalar equation of motion are

u’BV5 (u, V,T") = u’BV5 (—E,J"), (A.23a)

WPV (6, TH) = uP Vg (€4FJ") (A.23b)

uPV 5 (VuJ") = uPVs (cE*B,), (A.23c)

uPV g (&M (0u€) — 0,6,)) = u’V (E1Ey) (A.23d)
Vg (u,V, TH) = Vg (—=E,J"), (A.23e)
V5§V, TH) = PV (€4 FuJ”), (A.23f)

V5 (V,J") = €9V (cE"B,), (A.23¢)

V5 (€Mu” (0,8 — BuE,)) = €7V 5 (€ME,) (A.23h)

The matrix of coefficients of the terms in (A.22) as they appear in the equation of mo-

(a)
N;; = ij A.24
j ( 0 Mg;)) (A.24)

tion (A.23) may be expressed as

where the rows represent the ordered equations in (A.23) and the columns represent the
ordered quantities in (A.22). It follows that

Det[Ni;] = Det[M,"|Det[M]. (A.25)

In the previous section we concluded that both Det[Mi(jl?)] and Det[Mi(;))

non-zero. Therefore we can infer that Det[N;;] is also generically non-zero.

| are generically

In order to understand the structure of the matrix N we note that the first four
equations in (A.23) are generated by the action of u-0 on the first equation in (A.9).
We then find that u-0 acting on Sl-(a) generates all the independent second order data as
presented in table 5. Likewise, the action of -0 on the [,Z(a) generates the four terms
u“u”fBVMVVUB, wu'V,0,8; (i=1,...,3). In fact these dependent two derivative terms
appear only in equations (A.23a), (A.23c), (A.23d), (A.23e) and is not there in the rest of
the four equations in (A.23).

Similarly, we can think of the equations (A.23f), (A.23g), (A.23h), (A.23h) as being
obtained by the action of £-0 on the second equation in (A.9). Also here the terms
greveB V. Vyug, £V ,,0,%; (which constitutes the 4 remaining second order quantities
which are determined by the equation of motion) are generated by &-0 acting on the
Egb) terms. These dependent four second order quantities do not appear in the first four
equations in (A.23). This structure justifies the block diagonal form of the coefficient
matrix in (A.24).
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B Derivation of thermodynamic identities for normal fluids

In this appendix we present a derivation of the equations of motion (2.22). Our starting
point is the observation that the scalar components of the equations of conservation of the
stress tensor and current reduce, at first order to

uy V, TH = u, M ], = 0
= (ul)p+ (p+P)O =0 (B.1)

VuJt=0= (u-0)g+¢0 =0 (B.2)
where © = (V-u)

Derivation of the first equation in (2.22): subtracting | g—gx eq.(B.2)] from [g—ﬁx
eq.(B.1)] we find the following relations:

Sl - gowda =~ (o + PG~ 4l 6
SN LI 2 R (O T
S [200F 2PN wor=- Bﬂ orr5t-o2]e (B3)
[(59)2 mcon-{2] [ -
LT _ [(’;ﬂ@

In the third line we have used two identities:

5], e, = (o), - [50), 52,

B.4
oP1 [9p] _[0P] _[0P] [0 .
8pq8VV_8I/V aqpauy
In the last line of (B.3) we have used the following three thermodynamic identities.

oy _pt b

or), T

[oP

— =T .

L v ] T ! (B5)

r 2

ap] =T o°p _ajo2i [18]3} = T2 [aq]

LOv | p orov  ov orT |T ov or|,
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Derivation of the second equation in (2.22): adding [8 x eq.(B.2)] and [ x eq.(B.1)]
we find

oprP opP

Fp(u‘a)l)‘i‘ 9

(uw-d)g = - {<p+P>Z];+ e

(B.6)

[( >(
=(u-0)v = ~T [aa]ﬂp

In the third line of (B.6) we have used the first law

dr
dP = (S+vq)dT' +Tqdv = (p+ P) — + Tqdv
(S +vq) qdv = (p+ P) - +Tq B.7)
p+P=T(5S+vq)
and in the last line of (B.6) we have used the first equation in (2.22).

Derivation of the third equation in (2.22): the third equation in (2.22) follows from
the vector component of the stress tensor conservation equation.

PV, T = PyF%J, = qF,

=Pl0yP + (p + P)(u.V)u, = ¢E, (B.8)
OyT q
PG T ( .V)uu = m%u

In the last line of (B.8) we have used the first law as written in (B.7).

C Pullback ambiguity

The parameter cg is essentially trivial and is related to a pullback ambiguity as we now
explain. It was pointed out in [27] that the following set of operations maps one positive
divergence entropy current J§ to another

1. Dualize J* to a three-form.
2. Shift this three-form by its Lie derivative with respect to any vector field V#
3. Dualize the resultant form back to a current.
The end result of this operation is a shift in the entropy current given by (see eq. 6.6 in [27])
6J§ =V, (J§VF = VVIE) + VIV, JS. (C.1)

In the current setup we are interested in first order corrections to the entropy current.
The right hand side of (C.1) has an explicit derivative. Therefore, the entropy current on
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the right hand side should be replaced by the perfect fluid entropy current J% = su#. This
implies that the second term on the right hand side of (C.1) is zero (recall that the perfect
fluid entropy current is divergence free). Moreover V# must be a derivative free vector
field.

In ordinary (non superfluid) fluid dynamics there is a unique vector at the zero deriva-
tive order — the fluid velocity u*. Since J* o u* then V# o u* implies that the first term
on the right hand side of (C.1) also vanishes, and so (C.1) leads to no ambiguity in the
entropy current at the first derivative order.

In superfluid dynamics there exist two zero derivative vectors, u* and &*. Conse-
quently (C.1) can be used to generate a shift in the current proportional to 9, (coQ"*) .
We conclude that the freedom to add the total derivative term 9, (coQ“*) is precisely the
‘pullback ambiguity’ freedom described in [27].

D Details relating to parity violating superfluids
In this appendix we provide several computational details relating to section 4.

D.1 All equations of motion for ideal superfluid

The equations of motion for a superfluid are listed in table 3. There are four scalar
equations, one pseudo scalar equation and 3 vector equations. In this subsection, using
thermodynamics, we simplify these equations so that they can be easily used to solve for
the dependent fluid data in terms of the independent data.

First we note the identity

vufu - vufu = F,uu
= =&Vl — (E V)& = Fut”.
In the second line we have contracted both sides of the equation with &,. Using (D.1)

(D.1)

and the first law we can simplify the stress tensor conservation equation projected in the
direction perpendicular to u*:

PV, T — PP F, 0" =0
:>Péuv1/|:(/0+P)UVU0+P"7ye‘|‘f€l/€6:| _P:Fey(quu - f&) =0

=P [VgP + f(&- V)& + [Fp ] + (p+ P)(u-V)u" + ¢*Vy (fg") =k

=P [VoP = f€90€] + (p+ P)(u-V)u + (Vo (f¢°) = gB* .
= pr [(p + P)% + TanV} +(p+ P)(u-V)u!' + MV, (f€") = ¢ B

\V4 0
_ pou <V;T> + (u-V)uH = |:pC{|_TP:| (l;f — PH9V9V> — ¢t p&_({ifi)

In the second step of (D.2) we have used the identity (D.1) and in the third step of (D.2)
we used the first law in the form:

dT
dP = (p+P) = + Tq dv + f€ d¢.
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Next, using (D.2) we can simplify the equation relating the curl of the phase velocity
&* to the field strength (ie. C,, = V& — V€, — Fj, = 0). Consider the case where one
of the two free indices of this equation is projected in the direction of u*.

u’ (Vulp — V& — Fup) =0
=uP [vu(_ﬂ ug + C,B) - VB(_N Uy, + Cu)] =E,
= [V + ' (w- V)] + p(u-Vuy, — (u-V)E, — OV, ug = E,

= [BI 0+ V] — (w0 9) — IV 0 = B (D.3)
=PIy + v [PIVT + T(u-V)uy| = (u:V)¢ = (Vg = B,

Hq E 0 0
=(u- V)¢ =— (1 - ,o+P> (; - Pyvé)’/) — ' Vyug

In the last step we have used (D.2).

Next consider the case where both the indices of C), are projected in the direction
perpendicular to w#. This can be simply analyzed by contracting the two free indices of
Cw with eHATy

e'lw)\ouu (v)\éa = V5én — F)\O’) =0
=26"27u, V& — € u, Fyg = 0

= — QHG“V)‘UUVV,\UU + 26" 04,V (y — €20, Fyy = 0 (D-4)

B
= QF = 7 + Mwu .
where Q¥ wh and B* are defined as

1 1 1
QF = ie“VAUuVVACU, wh = ie“VAau,,V,\uo, Bt = ie“l’)‘aul,F,\U

If we project (D.2), (D.3) and (D.4) in the direction perpendicular to ¢# , it will be a
rewriting of the three vector equations as listed in table 3. Contracting the free index
with (* we get two of the scalar equations and one pseudo scalar equation from table 3,

rewritten in our basis.2®

Next we rewrite the two remaining scalar equations of table 3. First, using these
two remaining scalar equations, we will show that the entropy current is conserved in

25The relevant equations are
1. VL TH — (™ ], =0
2. u'¢"Cuy =0

3. e’“»“’CMuVCM =0
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equilibrium. It is most useful to use the basis in table 6
u, VT —u, F""J, =0
=u,V,|(p+ P)uru” + Pnt" + fEFE" | + fu, FME, =0

— (u-V)p — (p+ P)(V-u) + uVo( &) + fu, [(€-V)E + F*1E,] =0

D.5
[0 D)o+ FE@V)E ~ (o + PY(T-u) + uVo(fE") = 03
= [T V)sw(u V)a) = (Ts + pg)(V-u) + uVo(f¢") =0
= =TV, (su) = pVu(qut — fE") =0
=V, (su') =0.
In the fourth line we have used the identity (D.1). In fifth line we have used
dp=T ds+ pdqg— f€ d¢
and
p+P="Ts+ puq
In the last line we have used the fact that
V' =V (qut — f€") = O(Two derivatives) ~ 0
Using V,(sut) =0 and V,(qut — f&"*) = 0 we find
uy q
Vulfe) = sy |4] . (D.6)

To summarize, we list all the equations in simplified form. The four scalar and one
pseudo scalar equation are given by

(Vou)=0 = _(u-s(?)s = [Bi(u-9)x + Ba(u-0)v + Bs(u-0)T]
Vo(fE0) _ o s(wd) ()
P - K= 1P [K1(u-0)x + Ka(u-0)v + Ks(u-0)T
T 4w Py = RT(Vi-Q) ~ K
M o = T? [Ar(w-0)x + Az(u-0)v + A3(uw-0)T] = T(1 — pR)(Vi-()
0= % + )
(D.7)
The three vector equations are given by
Po# {V;T + (u-V)uo] = RTP*VY
(D.8)

~ ~ B
PoHQ, = P+ [20 + uwg]

PoH(u-V)¢o = BY [-T(1 = pR)VY = ("Vou,]
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where we have defined

) _ ¢ _ Vlfe”) no_4
T XT T2 p+P’ p+ P
Bi= 2 log(s)], Bar=—2llog(s)l, Bs=—-xflog(s)]
1 8X g ) 2 aV g ) 3 aT ogls

il el sl

oy 9 (|, x0s
A= 2 vx(l MR)[ (s)}—i_&s@x

) , (D.9)
q X 05
Az = —vx(1 = pR) [ay (Q] HETEDY
B 0 /q X (0s 3s

Ay = —vx(1 = pR) [aT (sﬂ T3 <6T - T)

By oo [
VH’ = ? - P/.L VU |:T

1 Vo 1 VAo 1 VAo
QF = 56“ UVVACO’; wh = 56“ Ul/v)\uo’a Bt = 56# UVFXU .

D.2 Showing the linear independence, of the first derivative scalar data

Using the scalar equations we can solve for four dependent scalars and one dependent
pseudo scalar in terms of the independent ones as they appear in the list of &; in table 6.
We choose the five dependent scalars to be:

0, K, ¢o¢, ¢"(u-Vu,, Q. (D.10)

Note that the last term is the pseudo scalar. The dependence of the scalars in (D.10) on
the S¢’s from table 6 takes the following form

O = B3S5 + BoSS + B1SS
K = K385 + K285 + K185
C-0-C = A3S5 + AsS§ + A1S5 — T(1 — pR)S§ (D.11)

1
¢ (u-V)u, = RTSS + 2 [K385 + K85 + K185 — =S¢

T
QCZMWO+U?Q

where B;, K; and A; are defined in equation (D.9). Using the first three of the above
equations one can form the A® matrix in (4.20).

D.3 Showing the linear independence, of the first derivative vector data

We wish to argue that the vectors V¢ form a set of independent vectors. To do so we solve
for the three vectors that do not appear in the list of V" in terms of V" using the three
vector equations of motion. The three vectors that are not part of the set {Vf} are

PO (u-Vyug P (u-V)G PPV (D.12)
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From the first vector equation (D.2) we can solve for P (u-V)ug,

PO (u-V)ug = PO (—V;T + RTVw)
(D.13)

ch
_Rrrye Y

This equation has been used to form the matrix A" in (4.20).

Taking the star of the second vector equation (D.4) we can solve for P#(¢.V)¢p

- - T2
POV Gy = PO [MCa(aaue — Ogua) + 76‘”( + T'x0pT — Fe,\CA]

- (D.14)
=TV + 5V pCPVt 4+ vt
From the last vector equation (D.3) we can solve for P?*(u-V)¢y
~ ~ CC“
PO (u-V) ¢y = PO {—T 1— uR)Vig — (“opg — ~—(Opua — Oaug
(V) (1 - uR)Vig . ) -

= -T(1 — pR)V{* — Vst — 2Vt

D.4 Showing the linear independence of the two derivative parity odd scalar
data

Here we solve for the five two derivative parity odd scalars using the five parity odd two
derivative equations of motion as listed in table 7. The solution will be presented in terms
of the three independent two derivative pseudo scalars as listed in the last column of table 7
and squares of single derivative terms. The two derivative pseudo scalars that we shall solve
for, are the following

e (u-V)Vrugy CMu"V, B, PN ,B,
e (uV)Vilo (¢ V)VAGs -

In the solution below we shall write the dependence on the two derivative terms explicitly
but will not write the terms which are squares of a single derivative.

B, = [eﬂmuug} VA(VoT? — Frpi®) =0

=V, [ (e’“”\auug,) (Vng — Fagje):| = Products of one derivatives

0,T
T

= [e“”’\”uugj} (UGVQV,\UJ — RV \E,) = Products of one derivatives

=V <GHV/\JUMC,/ {(U-V)ug + — R(E, — TE)UV)} > = Products of one derivatives

(D.16)
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Using E1 we can solve e’ (u-V)Vu, in terms of e’V E,.
By, = _e’“»‘o{u} YV, Py =0
= _e’“”\"@ul,} (u-V)Fy\s +2 |:6MV)\OC#U)\] WV, Fp, =0

=Cu(u-V) [e’“’)‘au,,FM} +2 [6‘“’/\"@1@\} V., (u9F90> = Products of one derivatives

= e“”/\au“@u,\] VaEs — ("u”V, B, = Products of one derivatives

(D.17)
Using E» we can solve (Hu”V, B, in terms of AV E,.
Es = [e’“’)‘guu} V,F\ =0
=V, [e‘“’ A%, F )\U} = Products of one derivatives
=V, B" = Products of one derivatives (D-18)
:>P“”VuBl, + ngyquy = Product of one derivatives
Using E3 we can solve JSWV#BZ, in terms of CZ#V#B,,.
E,= [G“V)‘UUMCV} WV Coy = 0
:»VA( (20,6 | (V) + T = pR)V; + (Vo] )
= Product of one derivatives (D.19)
[eﬂmuug} [(u-V)V,\Cg +(1— puR)\VAE, + ij, va]u@]
= Product of one derivatives
Using Fy we can solve e’ (u-V)V(, in terms of e* V) F,.
Bs = [¢27u,6, | ((.V)Chg = 0
- [eﬂvkauﬂg} [(g.V)vAgg - M(C.V)V,\UJ] n %C“C”V#Bl, (D.20)

= Product of one derivatives

Using E5 we can solve e*?((.V)V,(, in terms of e*?(¢.V)Vu, and (#¢¥V,B,. Thus, we
can choose e’ V\E,, e’ (¢.V)Vu, and (*¢V'V 1By as the three independent two derivative
parity odd scalar data.?%

26Here
C,uu = v#é‘” - vaH - Fl“/

and

Ao _ _pvio
e’ =€ u, Gy
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D.5 Relating the two different entropy current
The relation between the variables in (4.3) and (4.9) can be obtained by using

1 Don e
ieyw\afl’F)\g = —uB* + (BC)U“ — TVlﬂ — TV4M

1 RT -. BH*

FT TG =T 12000 + ] 7 (o + )

Explicitly, we find

§{=To;

§2 :TJS

- Tu T2

5 = a3 ?0’1 + ?0’9

~b T 12 T

S9g = 04 — @01 — ?Ug + ?0'10
2

U] = o +0’1T —Tog

U2 = Qg

U3 = Tos + TOroy

Uy =Toy+T0,01 — Tog
U5 = Tos + T0y01

vg = —T oy + T2O‘g

N T
U1 = =501~ 1oy +To1o

D.6 Computation of the divergence of entropy current

Vud g o Can be calculated term by term.
v, (e“”/\”VV[TaluACJ]) =0

V,[T?09w"] = —2T%09(w- () K + 2RT og(w-V)

0 0 3}
+ T2 {a;?(w-VT) + %(W'VV) + a(;—?(w-VX)]

V. [To10B"] = ~To19(B.C)K + RT3019(B-V) — 2T?%019(w-V)

0o 0o 0o
_om2 . 10 10 10
2T 010(w VV) + T [8T (BVT) + 73V (BVI/) + 78)( (BVX):|
cu 903 | e 903 . e
Vu(o3V3") = —203(w-¢)(u- V)T — E(V“ VT) - a(% VT)

+ 03 [RT(V-V5") + 2u(w-VT) + (B.VT)]
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904\ e 0oy
o VY)Y

+Toy [RT(V-V#) + 2u(w-Vv) + (B.Vv)] (D.37)

Vu(ToVi') = —2Toy(w-)(u-V)v +T [

Oos Oo,
oT Ox

+ Tos [RT(V- V") + 2p(w-Vx) + (B.Vy)] (D.38)

Vu(TosVsH) = —2To5(w-()(u-V)x + T [ (V& VT) — —= (V. v )]

o
Vi (S, ) = (B-Q)(u-V)os = u(B-V)as — 2Tos[(B-V) + B-Vv)]
Jog dog uy , Oos
+T [aT(VVH—@(VV) 8(VV)]
_ 1 | 2% ey 4 2% (vergy | (D.39)
or ox  *
In deriving these expressions we have used the following identities.
1
56" 6Py = —uB" + (B-Qut — Vi — Vi
D.40)
1 T B (
§6WMVV[TUACU] = [U”(w Q)+ R7V ] </~Lw“ + 2>

D.7 Frame transformation formula

Under the frame transformation
uit = uy, — ouy,
T =T — 6T (D.41)
vV =v—v
the stress tensor, current and pgjss transform in the following way.
Ty — ThY = 6T = 6(p+ P) utu” + 5P n™ + 6 f &€ + (p + P)(utdu” + u”su)

diss diss
JE —JE =T =06q ut —5f E* + qdut

diss diss diss
Mdiss — Hdiss = 6,udiss = 5# - £5u
(D.42)
where 0 A for any scalar function A denotes
0A 0A
0A=—0T+—9

ar’ T

Using these expressions one can deduce how s; transform under a change of frame
551 =20P

8sg = 0P + (26 f

§s3 = 0p + p2of

554 = u¢2f — (p+ P)(6u-C) (D.43)
ds5 = —0q — po f

5sg = —C20f + q(6u-C)

ds7 = —dp + (du-C)
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and also how the v; transform under a change of frame.
Svh =0 (D.44)

where ‘0’ denotes a change under field redefinition.

Using these formula one can easily form the frame invariant combinations in the vec-
tor sector. It turns out that v} is frame invariant by itself .The other frame invariant
combination is proportional to

(p_ﬁp) vii+vh =R v +v§
These are exactly the combinations that appear in the left hand side of equation (4.26).

Checking the frame invariance of the combinations appearing in the scalar sector is
more involved and require many thermodynamic identities. Here we have used Mathe-
matica (version 7) to impose all these identities by expressing p, ¢ and f in terms of a
single function P(T,v,§) and its derivatives. Then we explicitly checked that the four
combinations appearing in the left hand side of equation (4.35) are invariant under the
transformations given by (D.43).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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