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Abstract We revisit the sensitivity study of the Tokai-
to-Kamioka-and-Korea (T2KK) and Tokai-to-Kamioka-and-
Oki (T2KO) proposals where a water Čerenkov detector
with the 100 kton fiducial volume is placed in Korea (L =
1000 km) and Oki island (L = 653 km) in Japan, respec-
tively, in addition to the Super-Kamiokande for determina-
tion of the neutrino mass hierarchy and leptonic CP phase
(δCP). We systematically study the running ratio of the νμ and
ν̄μ focusing beams with dedicated background estimation
for the νe appearance and νμ disappearance signals, espe-
cially improving treatment of the neutral-current π0 back-
grounds. Using a νμ–ν̄μ beam ratio between 3:2 and 2.5:2.5
(in units of 1021POT with the proton energy of 40 GeV),
the mass-hierarchy determination with the median sensi-
tivity of 3–5 σ by the T2KK and 1–4 σ by the T2KO
experiment are expected when sin2 θ23 = 0.5, depending
on the mass-hierarchy pattern and CP phase. These sensi-
tivities are enhanced (reduced) by 30–40% in �χ2 when
sin2 θ23 = 0.6 (0.4). The CP phase is measured with the
uncertainty of 20◦–50◦ by the T2KK and T2KO using the νμ–
ν̄μ focusing beam ratio between 3.5:1.5 and 1.5:3.5. These
findings indicate that inclusion of the ν̄μ focusing beam
improves the sensitivities of the T2KK and T2KO experi-
ments to both the mass-hierarchy determination and the lep-
tonic CP phase measurement simultaneously with the pre-
ferred beam ratio being between 3:2–2.5:2.5 (×1021POT).
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1 Introduction

After the accurate measurements of sin2 2θ13 by DayaBay
[1–6], Reno [7,8] and Double Chooz [9–13] experiments,
determination of the neutrino mass hierarchy and CP vio-
lating phase in the Maki–Nakagawa–Sakata (MNS) mixing
matrix [14] has been the next targets in neutrino physics.

Ideas of extending the Tokai-to-Kamioka (T2K) exper-
iment with additional water Čerenkov detectors placed
in Korea (Tokai-to-Kamioka-and-Korea, T2KK, experiment
[15–26]) or in Oki island (Tokai-to-Kamioka-and-Oki, T2KO,
experiment [25,27]) have been proposed to address those
questions.1 It has been shown that the T2KK experiment
with a 100 kton fiducial-volume detector in Korea in addi-
tion to the SK detector is an appealing proposal if we can use
the J-PARC neutrino beam with 0.64 MW beam power and
the 2.5◦–3.0◦ off-axis angle at the SK [17,18,20,22,24]. The
authors of Ref. [17,18,20] investigated the sensitivities to the
mass hierarchy and CP phase with the νμ focusing beam in a
simple manner, ignoring the effects of neutral-current (NC)
π0 backgrounds, miss-identification of a muon as an electron,
and smearing of reconstructed neutrino energy. Authors of
Ref. [22] then re-evaluated the physics potential of the same
T2KK setup with careful consideration on those effects.

Inclusion of ν̄μ focusing beams may improve the sensi-
tivity of long-baseline oscillation experiments to the mass
hierarchy since the matter effects, which enhance the mass-
hierarchy difference in neutrino oscillation patterns, appear
in the opposite way in νμ and ν̄μ oscillations. The impacts
of including the ν̄μ focusing beam in the T2KK experiment
was studied in Ref. [24]. The authors considered the running

1 For the CP phase measurement, there are also proposals to utilize
neutrinos from muon decays at rest [28–30].
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ratio of the νμ and ν̄μ focusing beams of 5:0 and 2.5:2.5 in
the units of protons on target (POT) and argued that includ-
ing the ν̄μ focusing beam improves the sensitivity to the
mass-hierarchy determination significantly. The impact of
anti-neutrino beams was also studied in Ref. [16] for a dif-
ferent T2KK setup; two 270 kton detectors are each placed
at Kamioka and Korea, receiving 2.5◦ off-axis beams with
the beam power of 4 MW and the total running time of
8 years. The physics potential of the T2KO experiment was
also investigated [25] with a similar analysis and conclusion
as in Ref. [24]. However, those studies again did not con-
sider the effects of the NC π0 backgrounds, miss-identified
muon, and events from other neutrino–nucleus interactions
than the charged-current quasi-elastic (CCQE) one. There-
fore, it is not very clear whether the νμ–ν̄μ focusing beam
ratio of 1:1 is the best for the mass-hierarchy determination
and CP phase measurement.

In this paper, we revisit the sensitivity study of the T2KK
[22,24] and T2KO [25] experiments for the neutrino mass
hierarchy and CP phase, studying the dependence of the sen-
sitivities on the νμ–ν̄μ focusing beam ratio systematically
with dedicated estimation of backgrounds. Especially, the
treatment of the NC π0 backgrounds is improved in this anal-
ysis. The NC π0 backgrounds is estimated using a realistic
π0 rejection probability based on the POLfit (Pattern Of
Light fitter) algorithm [31], and the contribution form the
coherent π0 production process is taken into account, which
is neglected in the previous analysis [22]. The uncertainty of
the NC π0 backgrounds is also reconsidered including the
uncertainty from the axial masses in the models of neutrino–
nucleus scattering cross sections [32,33].

The remaining part of this paper is organized as follows.
After describing the T2KK and T2KO experimental setups in
Sect. 2, our analysis details are discussed in Sect. 3. Results
for the sensitivity of the T2KK and T2KO experiments to the
mass-hierarchy determination and CP phase measurements
are presented in Sects. 4 and 5, and our main conclusions are
summarized in Sect. 6.

2 Simulation details of T2KK and T2KO experiments

In this section, we fix our notation and introduce useful
approximated formulas for the νμ → νμ and νμ → νe oscil-
lation probabilities. We then describe the experimental setups
and discuss the simulation details of the expected signal event
number in those experiments, taking into account of smearing
of reconstructed neutrino energy due to the Fermi motions of
target nuclei, detector resolution and contamination of events
from non-CCQE neutrino–nucleus interactions. Simulation
of the background events are also discussed: the NC single-
π0 background and its uncertainty, the secondary neutrino

beam backgrounds, and miss-identified muon/electron back-
grounds.

2.1 Neutrino oscillations in matter

We briefly review the neutrino oscillation probabilities in
matter, presenting analytic approximations for the νμ → νμ

(νμ disappearance) and νμ → νe (νe appearance) oscilla-
tion modes, which are useful for understanding the physics
potential of the T2KK and T2KO experiments qualitatively.

We work in the three neutrino flavor scheme, where the
neutrino flavor eigenstate |να〉 (α = e, μ, τ ) are mixtures
of the three mass eigenstates |νi 〉 with their masses mi (i =
1, 2, 3) as

|να〉 =
3∑

i=1

Uαi |νi 〉. (2.1)

Here U is the Maki–Nakagawa–Sakata (MNS) [14] matrix,
which can be parameterized with the three mixing angles,
θ12, θ13, θ23, and three phases, δCP, φ1, φ2 [34]. Among them,
two phases can be eliminated in lepton number conserv-
ing processes, remaining one relevant phase, δCP, to neu-
trino oscillation experiments. The definition regions of the
four parameters are chosen as 0 ≤ θ12, θ13, θ23 ≤ π/2, and
−π ≤ δCP ≤ π .

The probability that an initial flavor eigenstate |να〉 with
energy E is observed as a flavor eigenstate |νβ〉 after traveling
a distance L in the matter of density ρ(x) (0 < x < L) is
given by

Pνα→νβ =
∣∣∣∣〈νβ | exp

(
−i

∫ L

0
H(x)dx

)
|να〉

∣∣∣∣
2

, (2.2)

where the Hamiltonian inside matter is

H(x) = 1

2E
U

⎛

⎝
0 0 0
0 δm2

21 0
0 0 δm2

31

⎞

⎠U † + a(x)

2E

⎛

⎝
1 0 0
0 0 0
0 0 0

⎞

⎠

= 1

2E
Ũ (x)

⎛

⎝
λ1(x) 0 0

0 λ2(x) 0
0 0 λ3(x)

⎞

⎠ Ũ †(x) (2.3)

with δmi j ≡ m2
i −m2

j . a(x)/2E is the effective potential due
to electrons in matter as

a(x) = 2
√

2GF Ene(x)

	 7.56 × 10−5[eV2]
(

ρ(x)

g/cm3

) (
E

GeV

)
, (2.4)

where GF is the Fermi constant and ne(x) is the electron
number density. In the translation from ne(x) to ρ(x), we
assume that the number of the neutrons in matter is the same
as that of protons. λi (x)/2E and Ũ (x) are the eigenvalues
and the corresponding unitary matrix of the Hamiltonian at
the distance x , respectively. To a good approximation [24,
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35,36], the matter density along the T2K, T2KO and T2KK
baselines can be replaced by the averaged one, ρ(x) 	 ρ̄,
and so as a(x) in Eq. (2.3), a(x) 	 ā. Then the oscillation
probability, Pνα→νβ , can be expressed compactly by using

x-independent eigenvalues, λi , and a unitary matrix, Ũ , as

Pνα→νβ = δαβ − 4
∑

i> j

Re(Ũ∗
αi Ũβi Ũα j Ũ

∗
β j ) sin2 �̃i j

2

− 2
∑

i> j

Im(Ũ∗
αi Ũβi Ũα j Ũ

∗
β j ) sin �̃i j , (2.5a)

�̃i j ≡ λi − λ j

2E
L . (2.5b)

Our numerical results are based on the above solution,
Eq. (2.5a), and the main results are not affected significantly
by the matter density profile as long as the mean matter den-
sity is chosen appropriately [24,25].

In this study we are mainly interested in the νμ → νe
and νμ → νμ oscillation modes and their charge conjugated
ones. It is useful to write them down in the approximated
analytic forms as [17]

Pνμ→νμ 	 1 − sin2 2θatm{(1 + Aμ) sin2 �31

+ Bμ sin(2�31)} + Cμ, (2.6a)

Pνμ→νe 	 4 sin2 θ13 sin2 θ23{(1 + Ae) sin2 �31

+ Be sin(2�31)} + Ce, (2.6b)

where sin θatm ≡ sin θ23 cos θ13 and �i j ≡ δm2
i j L/4E . Here

Aα, Bα , and Cα(α = μ, e) are corrections due to the matter
effect and the smaller mass difference δm2

21:

Aμ 	 0, (2.7a)

Bμ 	 �21 cos2 θ12, (2.7b)

Cμ 	 0, (2.7c)

Ae 	 aL

2�31E
− �21

sin 2θ12

tan θ23 sin θ13
sin δCP, (2.7d)

Be 	 −aL

4E
+ �21

2

sin 2θ12

tan θ23 sin θ13
(cos δCP − 2 sin2 θ12),

(2.7e)

Ce 	 �2
21 sin2 2θ12 cos2 θ23. (2.7f)

In these expressions we retain up to the sub-leading terms of
�21, sin2 θ13 and aL/4E . The corresponding probabilities
for anti-neutrino oscillations can be obtained from the above
expressions by reversing the sign of the matter effect term
(a → −a) and the CP phase (δCP → −δCP). These expres-
sions are valid as long as those three parameters are negligibly
smaller than unity; this is the case for T2K, T2KO and T2KK
experiments, where typically L/E ∼ O(102−103)[1/eV2].

The νe appearance mode plays a more important role in
determining the mass hierarchy (i.e., the sign of �31) than
the νμ disappearance mode. This is because the appearance
mode may have sensitivity to the mass hierarchy around

oscillation peaks through the Ae parameter, while the disap-
pearance mode is lack of sensitivity around oscillation peaks
since Aμ 	 0. On the other hand, the disappearance mode
is important in constraining the θ23 mixing angle, which still
has large uncertainty [34]. The νe appearance mode also has
sensitivity to the CP phase. It is sensitive to the sine of δCP

around the oscillation peaks, mainly through the Ae param-
eter; on the other hand, it is sensitive to the cosine of δCP

between oscillation maxima and minima, mainly through the
Be parameter. Therefore, if we try to obtain the full informa-
tion of the δCP, it is not enough to observe just around the first
oscillation peak, as we will see later.

2.2 Experimental setups

We use the νμ and ν̄μ focusing beam fluxes from the J-PARC
with the proton energy of 40 GeV [37]. In Fig. 1, we show
the fluxes corresponding to 1021 POT (protons on target) at
the SK. The νμ (ν̄μ) focusing beams include the primary,
νμ (ν̄μ), and secondary, ν̄μ (νμ), νe, ν̄e, components, and we
take them into account in our analyses.

The baseline length from the J-PARC to the SK and Oki
detectors are taken to be 295 km [38] and 653 km [25], respec-
tively. The baseline length to a detector in Korea (Kr detector)
can be taken from 1000 to 1300 km in South Korea [16,17].
In this study, we place a Kr detector at the shortest baseline
length, L = 1000 km, to receive the J-PARC neutrino beams
with the smallest off-axis angle [17], which is preferred in
terms of the sensitivity to the mass-hierarchy determination
[17,18,22,25]. For the nominal 2.5◦ off-axis angle at the SK,
a Kr detector receives the ∼1◦ off-axis beam (OAB); the case
of 3.0◦ OAB at the SK is also investigated, corresponding to
the 0.5◦ OAB at a Kr detector [25]. On the other hand, vari-
ation of the off-axis angle does not affect sensitivities of the
T2KO experiment to the mass hierarchy and CP phase mea-
surements significantly [25], and we only consider the 2.5◦
off-axis angle at the SK for the T2KO experiment, corre-
sponding to 0.9◦ OAB at the Oki detector [25].

The averaged matter densities, ρ̄, along the baseline
between J-PARC and SK, Oki or Kr detectors, have been
evaluated in Refs. [24,25] and taken as in Table 1 in this study.
It is sufficient to use those averaged densities in those long-
baseline neutrino experiments [24], and we neglect small
effects from the variation of the matter density along those
baselines.

2.3 Signal events

In this subsection we describe how to estimate the sig-
nal event numbers at the SK, Oki, and Korea detectors.
We consider charged-current quasi-elastic (CCQE) events,
νl n → l p or ν̄l p → l̄ n (l = μ or e), from the νμ → νμ

and νμ → νe oscillation modes and their charge conjugated
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Fig. 1 The neutrino fluxes in νμ and ν̄μ focusing beams at the SK as
functions of neutrino energy. The left and right plots are for the νμ and
ν̄μ focusing beams, while the upper and lower plots are for the 2.5◦
and 0.5◦ off-axis beams (OAB), respectively. In each plot, the fluxes of

νμ (solid red), ν̄μ (dashed-red), νe (solid-blue), and ν̄e (dashed-blue)
are shown. The fluxes are normalized to 1021 POT with 40 GeV proton
energy

Table 1 Summary of the parameters related to detectors at Kamioka
(SK), Oki island (Oki) and Korea (Kr). L is the baseline length between
the J-PARC and a detector, FV is the fiducial volume of a detector, ρ̄

is the average matter density along a baseline, and OA is the off-axis
angle of the J-PARC neutrino (anti-neutrino) beams at a detector. The
first and second OA angles at the Oki and Kr detectors are related to the
corresponding OA angles at the SK. These parameter values are used
as default in our simulation unless otherwise mentioned

Detector L [km] FV [kton] ρ̄ [g/cm3] OA [deg.]

SK 295 22.5 2.60 [25] 2.5/3.0

Oki 653 100 2.75 [25] 0.9/– [25]

Kr 1000 100 2.90 [25] 1.0/0.5 [25]

modes as signal events. The CCQE events are identified as
events with only one Čerenkov ring from an electron or muon
where the visible energy of the ring is required to be larger
than 200 MeV. Since the neutrino beam direction at the far
detector is understood well in long-baseline experiments, we
can reconstruct the incoming neutrino energy for the CCQE
events by [39]

Erec = m2
p − (mn − Eb

n )
2 − m2

�/2 + 2(mn − Eb
n )E�

2(mn − Eb
n − E� + p� cos θ�)

, (2.8)

assuming that target nucleons are at rest. Here E�, p� and
θ� are the charged lepton’s energy, magnitude of the three-
momentum and polar angle about the neutrino beam direc-
tion; mp,mn and ml are the mass of a proton, neutron, and
charged lepton, respectively, and Eb

n is the neutron binding
energy in the target nucleus. For the anti-neutrino events, mp

and mn should be exchanged and Eb
n should be replaced with

the proton binding energy Eb
p in Eq. (2.8). It should be noted

that in reality the reconstructed energy may be different from
the incoming neutrino energy due to the Fermi motion of tar-
get nucleons inside nuclei and finite detector resolutions for
lepton momenta and scattering angles.

The numbers of the signal events in the ith energy bin,
Ei

rec < E < Ei+1
rec , from the να → νβ oscillation mode at

the water Čerenkov detector D (=SK, Oki, Kr) via the X -
type neutrino–nucleus interaction (X = CCQE, non-CCQE)
are calculated as

Ni,X
D (να → νβ)

=
∫ Ei+1

rec

Ei
rec

dErec

∫ ∞

0
dEν �D

να
(Eν) Pνα→νβ (Eν, ρ̄

D)

×
∑

Z=H,O

NZ σ̂ X
νβ Z (Eν) S

X
νβ Z (Eν, Erec), (2.9)
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where Ei
rec = 0.05 GeV × i , Eν is an incoming neutrino

energy, �D
να

is the flux of να at the detector D, Pνα→νβ is the
neutrino oscillation probability including the matter effects
with the mean matter density ρ̄D , and NZ is the number of
the Z nuclei (hydrogen (H ) or oxygen (O)) in the detec-
tor. σ̂ X

νβ Z
is the cross section of the X -type νβ–Z interaction

after imposing a CCQE selection cuts. The smearing func-
tion SX

νβ Z
(Eν, Erec) returns the probability that the energy

Erec is reconstructed from an event induced by an incoming
neutrino with the energy Eν , taking into account the Fermi
motion of the target nucleons and detector resolutions. The
detection efficiency of Čerenkov rings and the electron/muon
identification efficiencies will be discussed in Sects. 2.4
and 3.

In order to estimate the cross sections of the CCQE sig-
nal, σ̂ X

νβ Z
, we generate events induced by the neutrino and

anti-neutrino charged-current interactions with the Monte-
Carlo event generator Nuance v3.504 [40], imposing the
CCQE selection criteria:

Only one charged lepton (� = μ± or e±)

with |p�| > 200 MeV, (2.10a)

No high energy π± (|pπ±| > 200 MeV), (2.10b)

No high energy γ (|pγ | > 30 MeV), (2.10c)

No π0, KS, KL and K±. (2.10d)

The lower limit of the lepton momentum in the first crite-
rion, (2.10a), is from the threshold of the water Čerenkov
detector for muons. π± with |p| > 200 MeV and γ with
|p| > 30 MeV as well as π0, KS, KL and K± (which are
assumed to decay inside a detector) give rise to additional
rings. Events with such additional rings are not selected as
the CCQE events and are removed. The surviving events after
imposing the selection cuts consist of the genuine CCQE
events and the other charged-current events (non-CCQE
events). Some of the non-CCQE events arise from single soft
π± emission via the � resonance [22]. We parameterize the
CCQE and non-CCQE cross sections for target nuclei after
imposing the selection criteria (2.10) and summarize them
in Appendix A.

The smearing effects due to the Fermi motion and detector
resolution shown in Table 2 are taken into account by smear-
ing functions. We made fitting formulas of the anti-neutrino
smearing functions for numerical simulations and show them
in Fig. 2 for incoming anti-neutrino energy of 1 and 2 GeV.
The explicit expressions of the anti-neutrino smearing func-
tions are found in Appendix B. Those for neutrinos are in
Ref. [22]. The red circles show simulated distributions for
genuine CCQE interactions, while the red histograms show
the distributions based on the fitting formulas. The blue dia-
monds and histograms are for non-CCQE interactions. We
see that the fitting formulas describe the simulated distribu-
tions well. Anti-neutrinos can interact with protons in hydro-

Table 2 The momentum and angular resolutions for muons and elec-
trons at the SK detector [41]

δp/p (%) δθ (◦)

μ 1.7 + 0.7/
√
p[GeV] 1.8◦

e 0.6 + 2.6/
√
p[GeV] 3.0◦

gen, in addition to oxygen. Thus, the reconstructed energy
distributions show sharper peaks than those for neutrinos
since protons in hydrogens do not have the Fermi motion and
are almost at rest for anti-neutrinos with O(1) GeV energy.
(The smearing functions for neutrinos are shown in Fig. 3 in
Ref. [22].)

2.4 Background events

In this section we discuss the sources of background events
taken into account in this study: neutral-current (NC) single-
π0 events, secondary neutrinos in the νμ and ν̄μ focusing
beams and misidentified muon and electron events.

NC single-π0 events can be a substantial background
source for the νe and ν̄e appearance modes, where one of the
photons from a π0 decay is lost, or the produced π0 is so ener-
getic that it decays to unresolved photons, mimicking an elec-
tron ring. NC neutrino–nucleus scatterings occurs through
the quasi-elastic (NCQE), resonant π0 production (NCRes),
coherent π0 production (NCCoh) or deep-inelastic (NCDI)
scatterings. The numbers of the NC single-π0 events in the
ith energy bin, Ei

rec < E < Ei+1
rec , at the water Čerenkov

detector D (=SK, Oki, Kr) via the Y -type neutrino–nucleus
interaction (Y =NCQE, NCRes, NCCoh and NCDI) induced
by the να component of the νμ or ν̄μ focusing beam are cal-
culated as

Ni,Y
π0,D

(να) =
∫ Ei+1

rec

Ei
rec

dErec

∫ ∞

0
dEν �D

να
(Eν)

×
∑

Z=H,O

NZ σ̂ Y
Z (Eν) S

Y
Z (Eν, Erec), (2.11)

where Ei
rec = 0.05 GeV × i , and σ̂ Y

Z and SYZ are the cross
section and smearing function for the Y -type ν–Z interaction
after imposing the NC single-π0 selection criteria:

No charged leptons, (2.12a)

Only one π0, (2.12b)

No high energy π± (|pπ±| > 200 MeV), (2.12c)

No high energy γ (|pγ | > 30 MeV), (2.12d)

No KS, KL and K±. (2.12e)

The first condition, Eq. (2.12a), selects NC events, while the
other conditions eliminate multi-ring events. The π0 momen-
tum distributions from the νμ focusing beams after imposing

123



 138 Page 6 of 25 Eur. Phys. J. C   (2017) 77:138 

(a) (b)

(c) (d)

Fig. 2 The normalized reconstructed energy distributions of CCQE
(solid circles) and non-CCQE (solid diamonds) events initiated by
monochromatic anti-neutrinos: a ν̄μ and b ν̄e with Eν = 1 GeV; c
ν̄μ and d ν̄e with Eν = 2 GeV. Those events are generated by Nuance

v3.504 [40], imposing the CCQE selection cuts (2.10) and applying
the detector resolutions in Table 2 to the produced muons and electrons.
The solid-red and dotted-blue histograms show the fitting formulas of
the CCQE and non-CCQE smearing functions, respectively

the above criteria are shown in Fig. 3 for various off-axis
beam angles. The NC single-π0 events are produced more
with smaller off-axis beam angle because the fluxes of such
neutrino beams are distributed in a higher energy region as
shown in Fig. 1. This is a disadvantage of using neutrino
beams with smaller off-axis angles at a far detector, and a low
π0 misidentification probability is needed especially for the
CP phase measurements. We parameterize the π0 misidenti-
fication probability, Pe/π0 , used in our analysis as a function
of π0 momentum x [GeV], as

Pe/π0(x) = ax(x + b), (2.13)

a = 0.222 [1/GeV2],
b = 0.802 [GeV], (2.14)

based on the simulation [42] of the POLfit π0-rejection algo-
rithm2 [31]. The reference data and the fitted function are

2 Recently, more efficient π0 rejection algorithm has been developed
by the T2K collaboration [43], and our NC π0 background estimation
may be regarded as a conservative one.

shown in Fig. 3b. The misidentification probability is kept
less than 0.2 for pπ0 < 0.6 GeV, where the π0 backgrounds
mostly distributes. The background events are then selected
from the simulated NC single-π0 events according to the
misidentification probability, and the reconstructed energy of
each background event is calculated with Eq. (2.8), assuming
the misidentified π0 to be an electron.

The NC single-π0 backgrounds significantly affect the
sensitivity to the mass hierarchy and CP phase [22], and it is
important to include their uncertainty properly in our analy-
ses. One of the major uncertainty sources of the NC single-
π0 backgrounds is modeling of neutrino–nucleus interac-
tions. In Fig. 4 we show the reconstructed energy distri-
butions of the NC single-π0 backgrounds calculated with
Nuance for different neutrino–nucleus interactions. We see
that the π0 backgrounds mainly distribute in low-energy
region, where the contributions from resonant and coherent
single-π0 production processes dominate. These processes
are implemented in Nuance based on the Rein–Sehgal cal-
culations [32,33]. Among the modeling parameters of the
NC neutrino–nucleus interactions, axial form-factor masses
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(a) (b)

Fig. 3 a The π0 momentum distributions of NC single-π0 events
selected by the criteria (2.12) for various off-axis angles at a far detector.
The event numbers are obtained with a 100 kton water target at 1000 km
away from the J-PARC and the νμ focusing beam flux corresponding
to 5 × 1021 POT with the proton energy of 40 GeV. b The probability

of misidentifying a π0 to an e± as a function of π0 momentum, based
on the POLfit algorithm [31]. The black points show simulated data by
the T2K collaboration [42], and the red curve show the fitted function
to the data, Eq. (2.13)

Fig. 4 The reconstructed energy distributions of the NC single-π0

backgrounds for the νμ (left) and ν̄μ (right) focusing beams. The solid-
red and solid-blue histograms show the NC resonant and coherent
single-π0 components calculated with the axial masses (mRes

A andmCoh
A )

of 1.1 and 1.03 GeV, respectively. The dashed-red and dashed-blue
histograms show the 1σ uncertainty ranges of the resonant and coher-

ent axial masses, respectively. The solid-green and purple histograms
show the NC deep-inelastic (DI) and quasi-elastic (QE) single-π0 com-
ponents, and the black histogram is for the total NC single-π0 back-
grounds. Event numbers are calculated for a 100 kton detector using
the 0.5◦ off-axis beam with the νμ (ν̄μ) flux corresponding to 5 × 1021

POT with the proton energy of 40 GeV

(mA) have not been measured accurately. Therefore, we
vary the axial masses of the resonant and coherent single-
pion production processes within their uncertainties: mRes

A =
1.1 ± 0.11 GeV [44] and mCoh

A = 1.03 ± 0.28 GeV [45]. As
shown in Fig. 4, those uncertainties can be well approximated
by 13 and 15% normalization uncertainties for the NC reso-
nant and coherent single-π0 backgrounds, respectively.

Another major source of uncertainty of the NC single-π0

backgrounds arises from the π0 misidentification probability,
Eq. (2.13). The T2K collaboration estimated 10.8% uncer-
tainty in the NC-π0 background estimation due to the POLfit
algorithm [42]. Since our modeling of the π0 misidentifica-
tion probability is based on the POLfit algorithm, we assign
11% uncertainty to the normalization of the NC single-π0

backgrounds due to the π0 misidentification.

All in all, we include the 13 and 15% normalization uncer-
tainties for the NC resonant and coherent single-π0 back-
grounds, respectively, and 11% normalization uncertainty for
the total NC single-π0 backgrounds. This treatment allows
independent normalization corrections for the resonant and
coherent NC single-π0 backgrounds.

The νμ (ν̄μ) focusing beams contain not only νμ (ν̄μ) but
also other neutrino flavors, νe, ν̄e and ν̄μ (νμ), secondary
neutrino beams. Especially, for the νμ → νe and ν̄μ → ν̄e
oscillation modes, the νe and ν̄e secondary beams become
major background sources. We simulate these secondary-
neutrino events in the same way as the signal events described
in Sect. 2.3.

There is also some probability of misidentifying a muon
(electron) Čerenkov ring as an electron (muon), Pe/μ (Pμ/e).
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Although these probabilities depend on the detector design
and performance, we assume the same probabilities for the
SK and the far detector in Oki and Korea as

Pe/μ = Pμ/e = 1 ± 1%. (2.15)

3 χ2 Analysis

Using the simulated signal and background events, we esti-
mate the sensitivity of the T2KK and T2KO experiments to
the mass hierarchy and CP phase (δCP), performing the χ2

analysis. The χ2 function used in this study can be written
as

χ2 ≡ χ2
SK + χ2

Oki/Kr + χ2
sys + χ2

para. (3.1)

The first two terms measure deviations of data from the the-
oretical predictions at the SK and a far detector in Oki or
Korea,

χ2
D =

∑

i

⎧
⎪⎨

⎪⎩

⎛

⎝ (Ni
μ,D)fit − (Ni

μ,D)input
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⎠
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+
⎛
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i
μ,D)fit − (N

i
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i
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⎠
2

+
⎛

⎝ (Ni
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e,D)input
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(Ni

e,D)fit

⎞

⎠
2

+
⎛

⎝ (N
i
e,D)fit − (N

i
e,D)input

√
(N

i
e,D)fit

⎞

⎠
2
⎫
⎪⎬

⎪⎭
, (3.2)

where (Ni
μ,D)input and (Ni

e,D)input denote the μ- and e-like
event numbers, respectively, in the i th bin of the Erec distri-
butions measured at a detector D (=SK, Oki, Kr) from the
νμ focusing beam, and (N

i
μ,D)input and (N

i
e,D)input are those

from the ν̄μ focusing beam. The summation runs over all the
Erec bins from 0.4 to 5.0 GeV at both the SK and the far (Oki
or Kr) detectors.

The μ- and e-like event numbers are calculated using the
CC signal and NC single-π0 background events (Ni,X

D and

Ni,Y
π0,D

defined by Eqs. (2.9) and (2.11)) as

(Ni
μ,D)input = (1 − PD

e/μ)εDμ

∑

X,να

{Ni,X
D (να →νμ)

+ Ni,X
D (να → ν̄μ)}

+ PD
μ/e εDe

∑

X,να

{Ni,X
D (να →νe)

+ Ni,X
D (να → ν̄e)}, (3.3a)

(Ni
e,D)input = PD

e/μ εDμ

∑

X,να

{Ni,X
D (να →νμ)

+ Ni,X
D (να → ν̄μ)}

+ (1 − PD
μ/e) εDe

∑

X,να

{Ni,X
D (να →νe)

+ Ni,X
D (να → ν̄e)} +

∑

Y,να

Ni,Y
π0,D

(να), (3.3b)

where εDμ (εDe ) is the efficiency of detecting muon (elec-

tron) Čerenkov rings, and PD
e/μ (PD

μ/e) is the probability

of misidentifying the detected muon (electron) Čerenkov
ring as an electron (muon). Detected neutrino flavors are
already summed in Ni,Y

π0,D
. The anti-neutrino event num-

bers (N
i
μ,D)input and (N

i
e,D)input are calculated with similar

expressions as Eqs. (3.3a) and (3.3b). It should be noted that
we neglect statistical fluctuations in the input event numbers,
and those event numbers should be considered as averaged
ones. The reconstructed energy distributions for the μ- and e-
like events are shown in Figs. 5, 6 and 7, which are calculated
using the input parameter values in Table 3.

As shown in those figures, T2KK and T2KO experiments
can observe up to the second peak of the νμ → νe and
ν̄μ → ν̄e oscillations due to their long-baseline length, while
the T2K experiment only observes the first peak. Observing
the several peaks of those oscillation modes has advantages
especially for the accurate CP phase measurement because
tails of the oscillation peaks have the information of both
sin δCP and cos δCP.

On the other hand, the theoretical predictions of the μ- and
e-like event numbers, (Ni

μ,D)fit and (Ni
e,D)fit, are calculated

as

(Ni
μ,D)fit = f DV

⎡

⎣(1 − PD
e/μ)εDμ

∑

X,να

f Dνα
{ f Xνμ

Ni,X
D (να →νμ)

+ f Xν̄μ
Ni,X
D (να → ν̄μ)}

+ PD
μ/e εDe

∑

X,να

f Dνα
{ f Xνe N i,X

D (να →νe)

+ f Xν̄e N
i,X
D (να → ν̄e)}

⎤

⎦ , (3.4a)

(Ni
e,D)fit = f DV

⎡

⎣ PD
e/μ εDμ

∑

X,να

f Dνα
{ f Xνμ

Ni,X
D (να →νμ)

+ f Xν̄μ
Ni,X
D (να → ν̄μ)}

+ (1 − PD
μ/e)ε

D
e

∑

X,να

f Dνα
{ f Xνe N i,X

D (να →νe)

+ f Xν̄e N
i,X
D (να → ν̄e)}

⎤

⎦
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Fig. 5 The reconstructed energy distributions at the SK detector with
the νμ (left panels) and ν̄μ (right panels) focusing beams. The former
four panels show distributions for e-like events, and the latter four panels
are for μ-like events. The first and third rows are for the normal hier-
archy case, while the second and fourth rows are for the inverted hier-
archy case. The dashed-blue, dotted-green, red and dash-dotted-purple

histograms are for CCQE, non-CCQE, NC single-π0 background and
misidentified muon/electron background events, respectively. The black
histogram shows the total of those contributions. The event numbers are
calculated for the T2K experiment with the 2.5◦ OAB and the beam flux
corresponding to 5 × 1021POT with the proton energy of 40 GeV
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Fig. 6 Same as Fig. 5 but for the T2KO experiment with the 0.9◦ OAB at an Oki detector with the 100 kton fiducial volume
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Fig. 7 Same as Fig. 5 but for the T2KK experiment with the 1.0◦ OAB at a Kr detector with the 100 kton fiducial volume
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Table 3 The systematic and
physical parameters in the χ2

function, Eq. (3.1), where D
stands for the detector site (SK,
Oki and Kr), and να or νβ

denotes neutrino species
(νμ, ν̄μ, νe and ν̄e). These input
values and uncertainties are
used in the sensitivity study
otherwise mentioned

Systematic parameters (S) Input value (Sinput) Uncertainty (δS)

Fiducial volume of detectors ( f DV ) 1.00 0.03 [22]

Neutrino flux at a detector ( f Dνα
) 1.00 0.03 [22]

CCQE cross sections ( f CCQE
νβ ) 1.00 0.03 [22]

Non-CCQE cross sections ( f nonCCQE
νβ ) 1.00 0.20 [22]

Misidentified NC π0 events ( f NC
π0 ) 1.00 0.11

Misidentified NC resonant π0 events ( f NCRes
π0 ) 1.00 0.13

Misidentified NC coherent π0 events ( f NCCoh
π0 ) 1.00 0.15

Detection efficiency of electron Čerenkov rings (εDe ) 0.90 0.05 [22]

Detection efficiency of muon Čerenkov rings (εDμ ) 1.00 0.01 [22]

μ-to-e miss-ID probability (PD
e/μ) 0.01 0.01 [22]

e-to-μ miss-ID probability (PD
μ/e) 0.01 0.01 [22]

Physical parameters (P) Input value (Pinput) Uncertainty (δP)

sin2 2θ12 0.875 0.024 [34]

sin2 2θ13 0.095 [34] 0.005 [46]

sin2 θ23 0.5 0.1 [34]

δm2
21 [eV]2 7.50 × 10−5 0.20 × 10−5 [34]

|δm2
32| [eV]2 2.32 × 10−3 0.10 × 10−3 [34]

δCP 0◦ –

ρ̄SK [g/cm3] 2.60 6% [25]

ρ̄Oki [g/cm3] 2.75 6% [25]

ρ̄Kr [g/cm3] 2.9 6% [25]

+ f DV
∑

να

f Dνα
f NC
π0 { f NCRes

π0 Ni,NCRes
π0,D

(να)

+ f NCCoh
π0 Ni,NCCoh

π0,D
(να)

+ Ni,NCDI
π0,D

(να) + Ni,NCQE
π0,D

(να)}, (3.4b)

where f DV and f Dνα
are the normalization factors for the fidu-

cial volume of and the να flux at a detector D (=SK, Oki,
Kr), respectively. f Xνβ

is the normalization factor for the CC
cross section of a neutrino flavor νβ via a X (=CCQE or non-
CCQE) interaction. f NCRes

π0 and f NCCoh
π0 are the normaliza-

tion factors for the NC cross sections of resonant and coherent
single-π0 production processes, respectively, while f NC

π0 is

the overall normalization factor for the NC single-π0 back-
grounds, mainly reflecting the uncertainty of the π0 misiden-
tification probability, Eq. (2.13). These factors are varied in
the minimization of the χ2 function, and their deviation from
unity measures systematic uncertainties.

Using the above normalization factors, detection efficien-
cies (εe, εμ) and misidentification probabilities (Pe/μ, Pμ/e),
we take into account the effects of the systematic uncertainty
in the χ2 function as

χ2
sys =

∑

S

(
Sfit − Sinput

δS

)2

, (3.5)

where Sfit is the systematic parameter value used to calculate
the theoretical predictions, Sinput is the one used to gener-
ate the data, and δS is the uncertainty of the parameter. We
summarize the systematic parameters used in our analysis in
Table 3, where the uncertainties related to the NC π0 back-
grounds are assigned based on the discussions in Sect. 2.4,
while the other uncertainties are taken as in the previous study
[22].

Finally,χ2
para accounts for external constraints on the phys-

ical parameters as

χ2
para =

∑

P

(
Pfit − Pinput

δP

)2

, (3.6)

where Pfit is the parameter value used to calculate the theo-
retical predictions, Pinput is the one used to generate the data,
and δP is the uncertainty of the parameter. We summarize the
physical parameters used in our analysis in Table 3 as well,
where the parameter values are based on Ref. [34], except
the uncertainty of sin2 2θ13, for which we use the uncertainty
achieved by DayaBay collaboration [46], and the matter den-
sities, which are taken from the Refs. [24,25].

The sensitivities to the mass hierarchy are then estimated
using the test statistic defined as

�χ2
MH = χ2

min|IH − χ2
min|NH, (3.7)
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where χ2
min|NH(IH) is the minimum of the χ2 function under

the assumption of the normal (inverted) hierarchy. The dis-
tribution of the �χ2

MH due to the fluctuation of data can be
approximated as [47–49]

�χ2
MH ∼ N

(
�χ2

MH, 2
√

|�χ2
MH|

)
, (3.8)

where N (μ, σ ) denotes the normal distribution with mean
μ and standard deviation σ ; �χ2

MH is the �χ2
MH obtained

with the average experiment (the Asimov data set [50]). It
has been shown with explicit Monte Carlo studies that this
approximation holds with good accuracy for long-baseline

experiments which give |�χ2
MH|  1 [49]. With this approx-

imation, we may calculate the probability that an experiment
rejects the wrong mass hierarchy hypothesis with a given
confidence level. For example, ∼50% is the probability for
an experiment to reject the wrong mass hierarchy with the√

|�χ2
MH|-σ confidence level.

The sensitivity to the CP phase measurement is estimated
in terms of (�χ2)min defined as

(�χ2)min(θ) = min
θ

′ χ2(θ, θ
′
)|trueMH

− min
θ, θ

′ χ2(θ, θ
′
)|trueMH, (3.9)

where the minimum of the χ2 function in the first term is
found by fixing some model parameters θ and marginalizing
the other parameters θ

′
, assuming that the true mass hierar-

chy is known, while the minimum of the χ2 function in the
second term is found by marginalizing the whole parameters,
θ and θ

′
. Under certain conditions (especially linear depen-

dence of the theoretical prediction on the parameters θ ), the
(�χ2)min(θtrue) is known to be approximately distributed as
the χ2 distribution of Nθ degrees of freedom (d.o.f) when
the data size is large, where θtrue is the true values of the
parameters θ , and Nθ is the number of the fixed parameters
[51].

Since the CP phase is a cyclic parameter in the oscillation
probabilities, the linearity condition is not satisfied in gen-
eral, and deviation of the distribution of (�χ2)min(δCPtrue)

form the χ2 distribution of 1 d.o.f would be expected [52,53].
However, this deviation is not so significant for experiments
with sufficiently high sensitivity such that the 1-σ uncer-
tainty of δCP measurement is less than ∼20◦ for δCP = 0◦
[52]. This is the case for the T2KK and T2KO experiments
as we will see later, and we estimate the sensitivity to the
CP phase of those experiments based on the χ2 distribu-
tion approximation of the (�χ2)min(δCPtrue) distribution.3

The n-σ confidence interval of the CP phase measurement,

3 In this approximation, the resultant sensitivities would be slightly
overestimated, as discussed in Ref. [52].

[δaCP, δbCP]nσ (δaCP < δbCP), is then estimated such that

(�χ2)min(δ
a
CP) = (�χ2)min(δ

b
CP) = n2 ⇐⇒ [δaCP, δbCP]nσ .

(3.10)

4 Sensitivity to the mass-hierarchy determination

In this section, we present the results for the sensitivity stud-
ies on the mass-hierarchy determination by the T2KK and
T2KO experiments, discussing the sensitivity dependence on
the νμ–ν̄μ focusing beam ratio and sin2 θ23.

In Fig. 8, the sensitivity of the T2KK experiments to the
mass-hierarchy determination is shown. The left and right
panels are for the normal and inverted hierarchy cases, while
the upper and lower panels are for the 3.0◦ (0.5◦) and 2.5◦
(1.0◦) off-axis beams, OAB, at the SK (Kr) detector, respec-
tively. The true value of sin2 θ23 is assumed to be 0.5. The
blue (dashed-blue), green (dashed-green), orange (dashed-

orange) and red curves show the absolute value of the �χ2
MH,

Eq. (3.8), for rejecting the wrong mass hierarchy when the
ratio of the νμ and ν̄μ focusing beams is 5:0 (0:5), 4:1 (1:4),
3:2 (2:3) and 2.5:2.5 (×1021 POT with the proton energy of
40 GeV), respectively. It is shown that including ν̄μ focusing
beam can improve the sensitivity, especially in high sensi-
tivity regions. Although inclusion of the ν̄μ focusing beam
causes the reduction of sensitivities for some δCP, this can be
alleviated by adjusting the beam ratio appropriately.

In order to minimize the reduction of the sensitivities,
νμ : ν̄μ = 4:1 is the best ratio for both OAB cases. Compar-

ing the lowest |�χ2
MH| in the whole range of the CP phase,

νμ : ν̄μ = 4:1 is the best ratio for the 3.0◦ OAB at the SK, and
3:2–2:3 are the best for the 2.5◦ OAB at the SK. In terms of the
highest sensitivity, 4:1, 3:2, and 2.5:2.5 beam ratios give com-
parable sensitivity for the normal hierarchy, but 3:2–2.5:2.5
are significantly better than 4:1 for the inverted hierarchy
case. Thus, around 3:2–2.5:2.5 would be a preferred choice
for 3.0◦ OAB at the SK. For the 2.5◦ OAB at the SK, the beam
ratio of 3:2–2.5:2.5 would be a preferred choice. Although
there is not such a νμ–ν̄μ focusing beam ratio that gives the
best sensitivity for any δCP values and mass hierarchies, the
beam ratio between 4:1 and 2.5:2.5 would be a reasonable
choice for both 2.5◦ and 3.0◦ OAB at the SK.

In Fig. 9, we show the sensitivities of the T2KO experi-
ment. Improvement of the sensitivities by including the ν̄μ

focusing beam is significant in the high sensitivity region,
preferring the running ratio of 3:2–2:3, while improvement
in the low sensitivity region is not so evident. Comparing to
the T2KK experiments, the sensitivity is lower by 20–80%

in |�χ2
MH|. The lower sensitivity in the T2KO experiment

is basically due to the smaller matter effects. The difference
between the mass hierarchies mainly shows up in Ae and Be
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Fig. 8 The |�χ2
MH| for the T2KK experiment to reject the wrong mass

hierarchy as a function of the CP phase, δCP, with sin2 θ23 = 0.5. The
left and right panels are for the normal and inverted hierarchy cases,
while the upper and lower panels are for the 3.0◦ (0.5◦) and 2.5◦ (1.0◦)
off-axis beams at the SK (Kr) detector, respectively. The blue (dashed-

blue), green (dashed-green), orange (dashed-orange) and red curves
show the sensitivities when the νμ–ν̄μ focusing beam ratio is 5:0 (0:5),
4:1 (1:4), 3:2 (2:3) and 2.5:2.5 ×1021 POT, respectively, with the proton
energy of 40 GeV

in Eq. (2.6b) through the matter effects, and is enhanced by
the baseline length. Because of the shorter baseline length to
the Oki detector than the detector in Korea, this enhancement
is reduced more easily by adjusting the CP phase, resulting
in the lower sensitivity to the mass hierarchy in the T2KO
experiment.

We show the sin2 θ23 dependence of the sensitivity to
the mass-hierarchy determination in Fig. 10. The left and
right plots are for the T2KK and the T2KO experiments with
the 2.5◦ OAB at the SK, respectively. The red and dashed-
blue curves are for the normal and inverted hierarchy cases.
sin2 θ23 is assumed to be 0.6, 0.5, and 0.4 from the top to
the bottom curves for both mass hierarchy cases. We fix the
νμ–ν̄μ beam ratio at 2.5:2.5, but dependence on sin2 θ23 are

similar in the other beam ratios. The |�χ2
MH| is reduced by

up to 30–40% when sin2 θ23 decreases by 0.1 since the num-
ber of the νe appearance signal decreases. We will reject the

wrong mass hierarchy with |�χ2
MH| > 8 (T2KK) and >3

(T2KO) for any CP phases and sin2 θ23 > 0.4. In the most
sensitive region around δCP = −90◦ for the normal hier-
archy case, we may reject the wrong mass hierarchy with

|�χ2
MH| > 20 in the T2KK experiment and >14 in the T2KO

experiment with sin2 θ23 > 0.4. For the inverted hierarchy
case, the most sensitive region is around δCP = 90◦, and we

may reject the wrong mass hierarchy with |�χ2
MH| > 18 in

the T2KK experiment and >14 in the T2KO experiment with
sin2 θ23 > 0.4.

5 Sensitivity to the CP phase measurement

In this section, we discuss the sensitivities of the T2KK and
T2KO experiments to the CP phase measurement, comparing
to an experiment where a 100 kton detector is placed at the
Kamioka site in addition to the 22.5 kton SK detector, which
is called the T2K122 experiment in this study. Comparison
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Fig. 9 Same as Fig. 8, but for the T2KO experiment with the 2.5◦ (0.9◦) off-axis beam at the SK (Oki)

Fig. 10 The dependence of the |�χ2
MH| on sin2 θ23 for the T2KK and

T2KO experiments to reject the wrong mass hierarchy as functions of
the CP phase. The left and right plots are for the T2KK and T2KO exper-
iments with the 2.5◦ OAB at the SK, respectively. The red and dashed-

blue curves are for the normal and inverted hierarchy cases. sin2 θ23 is
assumed to be 0.6, 0.5, and 0.4 from the top to the bottom curves. The
νμ–ν̄μ focusing beam ratio is fixed at νμ : ν̄μ = 2.5:2.5 × 1021 POT
with the proton energy of 40 GeV

with this experiment will clearly show the dependence of the
CP phase sensitivity on the baseline length. We put emphasis
on the effects of including the ν̄μ focusing beam.

In Fig. 11, we show the uncertainties of the CP phase
measurements as functions of the true CP phase, δtrue

CP , for
the four experiments: (a) T2KK with 3.0◦ OAB at the SK
and 0.5◦ OAB at the Kr, (b) T2KK with 2.5◦ OAB at the
SK and 1.0◦ OAB at the Kr, (c) T2KO and (d) T2K122. The
uncertainty is defined by the deviation of the test δCP from
the true δCP which gives (�χ2)min = 1. The curves corre-
spond to the different νμ–ν̄μ focusing beam ratios: 4.5:0.5
(solid-red), 3.5:1.5 (solid-blue), 2.5:2.5 (solid-green), 1.5:3.5
(dashed-blue) and 0.5:4.5 (dashed-red) in units of 1021 POT.
The uncertainty of the CP phase measurements is smallest
around δCP = 0◦ and 180◦. This is because the uncertainty
mainly reflects the sin δCP dependence of the signal event
number since the magnitude of the sin δCP term is larger than
that of the cos δCP term in Eq. (2.6b) on average.

On the other hand, the uncertainty is largest around δCP =
±60◦ and ±120◦ as clearly shown in the T2K122 experi-
ment, Fig. 11d; for the T2KK and T2KO experiments, the
low sensitivity regions slightly shift from ±60◦ and ±120◦
due to the matter effects [54]. This low sensitivity reflects the
degeneracy between δCP and π −δCP in sin δCP. To resolve the
degeneracy, we need information of the cos δCP term, which
becomes large around tails of oscillation peaks. The T2KK
and T2KO experiments observe up to the second peak of
the νμ → νe and ν̄μ → ν̄e oscillations, while the T2K122

experiment only observes the first peak (see Figs. 5, 6, 7).
Therefore, the former experiments are more sensitive to the
cos δCP term and can measure the CP phase more accurately
around those low sensitive regions.

As for the νμ–ν̄μ focusing beam ratio, νμ:ν̄μ = 3.5:1.5−
1.5:3.5 give the smallest uncertainty for most of the CP
phases, except for the low sensitivity region, where the ratio
of 4.5:0.5 gives the best accuracy. Using the 2.5:2.5 beam
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(a) (b)

(c) (d)

Fig. 11 The uncertainty of CP phase measurements as functions of
the CP phase when sin2 θ23 = 0.5, and the mass hierarchy is known to
be the normal hierarchy. The solid-red, solid-blue, solid-green, dashed-

blue and dashed-red curves are for the νμ–ν̄μ focusing beam ratio of
4.5:0.5, 3.5:1.5, 2.5:2.5, 1.5:3.5, and 0.5:4.5 ×1021 POT with the proton
energy of 40 GeV, respectively

ratio, for example, the T2KK and T2KO experiments mea-
sure the CP phase with the uncertainty of ∼20◦–50◦ (T2KK
with 3.0◦ OAB at the SK), ∼20◦–45◦ (T2KK with 2.5◦ OAB
at the SK and T2KO) and ∼15◦–70◦ (T2K122), depending on
the CP phase.

The effects of including the ν̄μ focusing beam can be
understood in terms of correlations of the oscillation param-
eters between the νμ and ν̄μ focusing beams. We illustrate
this point taking the T2K122 experiment as an example. In
Fig. 12, we show the �χ2 minimums and pull factors of
the oscillation parameters for the different νμ–ν̄μ focusing
beam ratios as functions of the test δCP. The pull factor of a
fitting parameter X is defined as (Xfit − X input)/δX , where
δX is the uncertainty of the parameter. In the upper-left panel
(a), solid-red, dashed-red and dash-dotted blue curves show
the �χ2 minimums for the νμ–ν̄μ focusing beam ratios of
5:0, 0:5 and 2.5:2.5 (×1021 POT with the proton energy of
40 GeV), respectively. Here, the true CP phase is assumed to
be 0◦, and the mass hierarchy is known to be the normal hier-
archy. In the lower plot (c), we show the corresponding pull

factors of the oscillation parameters for νμ:ν̄μ = 5:0 (upper-
half panel) and 0:5 (lower-half panel). We see that each pull
factor of sin2 2θ13 and sin2 θ23 shows clear anti-correlation
between the νμ and ν̄μ focusing beams, i.e., the sign of the
each pull factor is opposite between those focusing beams.
This is because the sign of those pull factors is mainly related
to the sign of the sin δCP term in the νμ → νe oscillation prob-
ability (Eq. (2.6b)), which is inverted for the anti-neutrino
beam case. Thus, inclusion of the ν̄μ focusing beam would
restrict the deviations of sin2 2θ13 and sin2 θ23, resulting in
the larger �χ2 minimum for the 2.5:2.5 beam ratio than 5:0
in the upper panel (a). For the δtrue

CP = 60◦ case (right panels
in Fig. 12), on the other hand, the anti-correlation of the pull
factors is not so evident for 60◦ � δtest

CP � 120◦ resulting in
the rather reduction of the accuracy of the CP phase measure-
ment when including ν̄μ focusing beams. A similar situation
occurs for δtrue

CP ∼ −60◦ and ±120◦.
In Fig. 13, we show the uncertainties of the CP phase

measurements for the inverted hierarchy case. The uncer-
tainties show similar dependences on the νμ–ν̄μ focusing
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(a) (b)

(c) (d)

Fig. 12 The (�χ2)min (a, b) and pull factors of the oscillation param-
eters (c, d) as functions of the test δCP in the T2K122 experiment. The
left (a, c) and right (b, d) panels are for δtrue

CP = 0◦ and 60◦, respectively.
Solid-red, dashed-red and dash-dotted blue curves in the panels a and
b show the sensitivity with νμ–ν̄μ focusing beam ratio of 5:0, 0:5 and

2.5:2.5 ×1021 POT with the proton energy of 40 GeV, respectively. The
upper- and lower-half figures in the panels c and d show pull factors
with νμ:ν̄μ = 5:0 and 0:5, respectively. It is assumed that the mass
hierarchy is known to be the normal hierarchy and sin2 θ23 = 0.5

beam ratio as in the normal hierarchy case, showing that
the 3.5:1.5–1.5:3.5 beam ratio give the smallest uncertainty
except for δCP ∼ ±60◦ and ±120◦. Using the 2.5:2.5 beam
ratio, the T2KK, T2KO, and T2K122 experiments measure
the CP phase with the uncertainty of ∼20◦–50◦ (T2KK
with 3.0◦ OAB), ∼20◦–45◦ (T2KK with 2.5◦ OAB), ∼15◦–
45◦ (T2KO) and ∼15◦–75◦ (T2K122), depending on the CP
phase.

We also show the sensitivities to the CP phase measure-
ments in the test-δCP vs. true-δCP plane in Fig. 14 when
sin2 θ23 = 0.5 and the mass hierarchy is known to be
the normal hierarchy. The νμ–ν̄μ focusing beam ratio is
fixed at 2.5:2.5. The solid-red, dashed-blue and dash-dotted-
green contours show (�χ2)min = 1, 4, 9, respectively, for
(a) T2KK with 3.0◦ OAB at the SK and 0.5◦ OAB at the
Kr, (b) T2KK with 2.5◦ OAB at the SK and 1.0◦ OAB
at the Kr, (c) T2KO and (d) T2K122 experiments. We see
that both δtest

CP = 0◦ and 180◦ are rejected with the sig-

nificance of (�χ2)min > 9 for −100◦ < δCP < −60◦
and 70◦ < δCP < 120◦ by the T2KO experiment and for
−120◦ < δCP < −60◦ and 60◦ < δCP < 120◦ by the T2K122

experiment. The T2KK experiment has less sensitivity to the
CP violation than the T2KO and T2K122 experiments and
rejects both δtest

CP = 0◦ and 180◦ with the significance of
9 > (�χ2)min > 4 for −120◦(−135◦) < δCP < −45◦ and
45◦ < δCP < 140◦ for the normal (inverted) hierarchy case.
The low sensitivity regions due to the δCP and π − δCP degen-
eracy of sin δCP can be seen around δtest

CP = π − δCP. We also
show the sensitivity plots for the inverted hierarchy case in
Fig. 15. The sensitivity is similar to that of the normal hier-
archy case with a slight difference due to the relative sign
change between the sin δCP and cos δCP terms in the νμ → νe
and ν̄μ → ν̄e oscillation probability, Eq. (2.6b).

The sin2 θ23 dependence of the sensitivity to the CP phase
measurements is shown in Fig. 16. These are the same sen-
sitivity plots as Fig. 14a but for sin2 θ23 = 0.4 (left plot) and
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(a) (b)

(c) (d)

Fig. 13 Same as Fig. 11 but for the inverted hierarchy case

0.6 (right plot) for the T2KK experiment with 3.0◦ OAB at
the SK and 0.5◦ OAB at the Kr. It is assumed that the mass
hierarchy is known to be the normal hierarchy. The sensi-
tivity is better for smaller sin2 θ23, as shown in the figure.
This is because the coefficients of the sin δCP and cos δCP in
the νμ → νe oscillation probability, Eq. (2.6b), is propor-
tional to 1/ tan θ23. The percentages of the regions rejected
with (�χ2)min > 1, 4, 9 in the test-δCP vs. true-δCP plane are
83% (80%), 67% (60%) and 44% (35%), respectively, for
sin2 θ23 = 0.4 (0.6). Similar dependences are found for the
inverted hierarchy case and other experiments.

6 Summary and conclusion

In this paper, we have revisited the previous analysis of
Ref. [22,24,25] on the sensitivities to the mass-hierarchy
determination and leptonic CP phase measurements of the
Tokai-to-Kamioka-and-Korea (T2KK) [15–26] and Tokai-
to-Kamioka-and-Oki (T2KO) experiments [25,27], putting
emphasis on the νμ and ν̄μ focusing beam ratio with
dedicated estimation of backgrounds. We place a Super-
Kamiokande (SK) type water Čerenkov detector of 100 kton

fiducial volume in Korea (T2KK) or Oki island (T2KO) at
1000 km and 653 km away from the J-PARC neutrino facility,
respectively. The neutral-current (NC) single-π0 background
and its uncertainty are estimated by using the realistic π0

rejection probability based on the POLfit algorithm [42],
taking into account the coherent π0 production processes,
which is neglected in the previous analysis [22], and includ-
ing the uncertainty of axial masses in the neutrino–nucleus
interaction model [32,33]. The sensitivities are then evalu-
ated using the standard χ2 analysis.

We found that the wrong mass hierarchy is rejected with

|�χ2
MH| > 10 in the T2KK and |�χ2

MH| > 3 in the T2KO
experiment for any CP phases when sin2 θ23 = 0.5, using
the νμ and ν̄μ focusing beam ratio between 3:2 and 2.5:2.5
(in units of 1021POT with the proton energy of 40 GeV).

It should be noted that the |�χ2
MH| quoted in this study is

regarded as the average sensitivity expected for an experi-
ment because we neglect the statistical fluctuations in input

data set. Although a rigorous interpretation of the |�χ2
MH|

needs dedicated statistical consideration, above |�χ2
MH| may

be roughly interpreted as the 80% probabilities of determin-
ing the mass hierarchy with >2.6 σ for T2KK and >1.3 σ for
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(a) (b)

(d)(c)

Fig. 14 The sensitivities to the CP phase measurements in the test-δCP

vs. true-δCP plane when sin2 θ23 = 0.5, and mass hierarchy is known to
be the normal hierarchy. a T2KK with 3.0◦ OAB at the SK, b T2KK
with 2.5◦ OAB at the SK, c T2KO and d T2K122. The νμ–ν̄μ focus-

ing beam ratio is fixed at 2.5:2.5 ×1021POT with the proton energy
of 40 GeV. The solid-red, dashed-blue and dash-dotted-green contours
show (�χ2)min = 1, 4, 9, respectively

T2KO, respectively, assuming the Gaussian distribution for
the �χ2

MH in the T2KK and T2KO experiments (see Fig. 2
in Ref. [49] for the interpretation).

In the most sensitive region around δCP ∼ −90◦ for the
normal hierarchy case, we reject the wrong mass hierarchy

with |�χ2
MH| ∼ 32 in the T2KK experiment (3.0◦ OAB at

the SK) and with |�χ2
MH| ∼ 20 in the T2KO experiment,

using the 3:2–2.5:2.5 beam ratio. These |�χ2
MH| correspond

to the 80% probabilities of the mass-hierarchy determination
with >4.9 σ for the T2KK experiment and with >3.8 σ for
the T2KO experiment. On the other hand, for the inverted
hierarchy case, we reject the wrong mass hierarchy with

|�χ2
MH| ∼ 30 in the T2KK experiment (3.0◦ OAB at the

SK) and with |�χ2
MH| ∼ 18 in the T2KO experiment around

δCP ∼ 90◦, using the same beam ratio as the normal hierarchy

case. These |�χ2
MH| correspond to the 80% probabilities of

the mass-hierarchy determination with >4.7 σ for the T2KK
experiment and with >3.6 σ for the T2KO experiment. These
sensitivities are obtained for sin2 θ23 = 0.5 and enhanced
(reduced) by 30–40% in |�χ2

MH| for sin2 θ23 = 0.6 (0.4).
We also examined the sensitivity to the CP phase measure-

ments. The νμ and ν̄μ focusing beam ratio between 3.5:1.5
and 1.5:3.5 give the smallest uncertainty for most of the CP
phases. Employing the 2.5:2.5 beam ratio, the T2KK and
T2KO experiments measure the CP phase with the uncer-
tainty of ∼20◦–50◦ (T2KK with 3.0◦ OAB at the SK), ∼20◦–
45◦ (T2KK with 2.5◦ OAB at the SK and T2KO), depend-
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(a) (b)

(d)(c)

Fig. 15 Same as Fig. 14 but for the inverted hierarchy case

(a) (b)

Fig. 16 Same as Fig. 14a but for sin2 θ23 = 0.4 (left) and sin2 θ23 = 0.6 (right)
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ing on the CP phase. We can measure the CP phase most
accurately around δCP ∼ 0◦ and ∼180◦, while the uncer-
tainty is largest around δCP ∼ ±60◦ and ∼ ± 120◦. A long
baseline is helpful to improve the CP phase measurements
around those large uncertainty regions. The mass hierar-
chy and sin2 θ23 dependence of the CP phase measurements
are not so large. The CP violation in the lepton sector is
detected with (�χ2)min > 9 for −100◦ < δCP < −60◦ and
70◦ < δCP < 120◦ by the T2KO experiment, while the T2KK
experiment detects the CP violation only with (�χ2)min > 4.
In either experiment, we need larger statistics to establish the
CP violation in a wide range of the CP phases.

As discussed in this paper, the T2KK and T2KO exper-
iments can improve their sensitivity to both the mass-
hierarchy determination and the leptonic CP phase measure-
ment using νμ and ν̄μ focusing beams with 3:2–2.5:2.5 beam
ratio. This improvement is significant especially for the mass
hierarchy determination, lifting the highest sensitivities in the
T2KK (both 2.5◦ and 3.0◦ OAB at the SK) and T2KO exper-
iments. The lowest sensitivities are improved in the T2KK
experiment with 2.5◦ OAB at the SK, while the improvement
is not so evident in the other experiments. The T2KK experi-
ment allows us to determine the mass hierarchy and measure
the leptonic CP phase simultaneously. The T2KO experiment
also has the sensitivity to the CP phase measurement, while
its physics potential for the mass hierarchy determination is
not as good as that of the T2KK experiment.
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Appendix A: Signal cross sections

We parameterize the CCQE cross sections for oxygen nuclei
after imposing the selection criteria (2.10) as follows:

σ̂
CCQE
νO (Eν) = σCCQE

ν (Eν)

×
{

αν

1+(βν/Eν )8 (0.2 ≤ Eν < 0.8 GeV),

cν
0 + cν

1Eν + cν
2E

2
ν + cν

3E
3
ν (0.8 ≤ Eν ≤ 5 GeV),

(A.1)

Table 4 The parameters for the parameterization, Eq. (A.1), of the
oxygen CCQE cross sections after imposing the CCQE selection crite-
ria (2.10)

CCQE-O α β c0 c1 c2 c3

νμ = νe 0.998 0.284 1.02 −0.0323 0.00413 0

ν̄μ = ν̄e 0.733 0.275 0.718 0.0253 0.00990 0.00107

where ν denotes νμ, νe, ν̄μ and ν̄e, and σ
CCQE
ν is for the

CCQE cross sections for a water target without any cuts
[55]; Eν is in GeV units. The parameters αν, βν and cν’s
are summarized in Table 4.

The hydrogen CCQE cross sections can be parameterized
as

σ̂
CCQE
ν̄μ/eH

(Eν) = σ
CCQE
ν̄μ/e

(Eν)

×
⎧
⎨

⎩

0.324 − 0.116Eν (0.2 ≤ Eν < 0.8 GeV),

0.271 − 0.0580Eν

+0.0172E2
ν − 0.00169E3

ν (0.8 ≤ Eν ≤ 5 GeV).

(A.2)

Note that only anti-neutrinos interact with hydrogens via the
CCQE interactions.

The non-CCQE signal cross sections, σ̂
nonCCQE
νZ (Eν), are

the total cross sections of all the non-CCQE events that satisfy
the CCQE selection criteria (2.10) and can be parameterized
for the ν–O and ν̄–O interactions as

σ̂
nonCCQE
νO (Eν) = σCCQE

ν (Eν)

×
{

αν

1+(βν/Eν )5 (0.2 ≤ Eν < 1.1 GeV),

cν
0 + cν

1Eν+cν
2E

2
ν + cν

3E
3
ν (1.1 ≤ Eν ≤ 5 GeV),

(A.3)

and for the ν–H and ν̄–H interactions as

σ̂
nonCCQE
νμ/eH

(Eν) = σCCQE
ν (Eν)

×
{

αν

1+(βν/Eν )5 (0.2 ≤ Eν < 1.1 GeV),

cν
0 + cν

1Eν+cν
2E

2
ν + cν

3E
3
ν (1.1 ≤ Eν ≤ 5 GeV),

(A.4a)

σ̂
nonCCQE
ν̄μ/eH

(Eν) = σ
CCQE
ν̄ (Eν)

×
{

αν̄

1+(βν̄/Eν )10 (0.2 ≤ Eν < 0.6 GeV),

cν̄
0+cν̄

1Eν+cν̄
2E

2
ν+cν̄

3E
3
ν (0.6 ≤ Eν ≤ 5 GeV).

(A.4b)

The parameters αv, βv and cv are summarized in Table 5.
We find that those parameterizations reproduce well the

results of Nuance for Eν ≤ 5 GeV.
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Table 5 Same as Table 4 but for
the non-CCQE
neutrino–nucleus interactions,
Eqs. (A.3) and (A.4)

α β c0 c1 c2 c3

nonCCQE-O

νμ 0.418 0.820 0.0429 0.355 −0.0767 0.00608

νe 0.434 0.764 0.0318 −0.403 −0.0921 0.00753

ν̄μ 0.232 0.747 −0.0433 0.291 −0.0648 0.00524

ν̄e 0.242 0.688 −0.0289 0.301 −0.0691 0.00571

nonCCQE-H

νμ 0.0396 0.676 0.0184 0.0230 −0.00669 0.000674

νe 0.0422 0.637 0.0286 0.0127 −0.00262 0.000183

ν̄μ 0.0213 0.484 0.0259 −0.00877 0.00274 −0.000271

ν̄e 0.0238 0.463 0.0244 −0.00538 0.00152 −0.000142

Appendix B: Smearing functions SX
ν̄αZ

(Eν, Erec)

In this appendix, we show our parameterizations of the
smearing functions, SX

ν̄α Z
(Eν, Erec), which map the incom-

ing anti-neutrino energy, Eν , onto the reconstructed energy,
Erec, for the charged-current (CC) events. Smearing func-
tions for neutrinos was already constructed in Ref. [22].
The superscript X denotes the event type, X = CCQE for
the charged-current quasi-elastic (CCQE) events or X =
non-CCQE for the other CC events that pass the CCQE
selection criteria of Eq. (2.10). The subscript ν̄α and Z
denote an incoming anti-neutrino (ν̄μ and ν̄e) and a target
nucleus, respectively. These functions take account of the
Fermi motion of target nucleons inside an oxygen nucleus
and the finite detector resolutions for muons and electrons
in a water Čerenkov detector and valid in the region of
0.3 GeV ≤ Eν ≤ 5.0 GeV for 0.4 GeV ≤ Erec ≤ 6.0 GeV.

B.1 CCQE events

B.1.1 16O interaction

The Erec distributions of the anti-neutrino induced CCQE
events via interactions with oxygen nuclei, which are gener-
ated byNuance v.3.504 package [40], can be parameterized
by three Gaussians,

SCCQE
ν̄αO

(Eν, Erec) = 1

Aα(Eν)

3∑

n=1

rα
n (Eν)

× exp

{
− (Erec − Eν + δEα

n (Eν))
2

2(σα
n (Eν))2

}
. (B.1)

Here the incoming anti-neutrino energy, Eν , and Erec are in
MeV units. Each function is normalized by

Aα(Eν) = √
2π

3∑

n=1

rα
n (Eν)σ

α
n (Eν). (B.2)

For the ν̄μ case, the weight factors rα
n , variances σα

n , and
the energy shifts δEα

n , are functions of the dimensionless
parameter, z ≡ Eν/(1000 MeV), and expressed as

rμ
1 = 3.20 − 2.16 z + 0.562 z2 − 0.0504 z3,

rμ
2 = 2.05 − 1.52 z + 0.406 z2 − 0.0360 z3,

rμ
3 = 0.110 − 0.0828 z + 0.0224 z2 − 0.00198 z3, (B.3)

σ
μ
1 = 11.3 + 27.4 z − 1.01 z2,

σ
μ
2 = 36.0 + 49.0 z − 3.31 z2,

σ
μ
3 = −18.0 + 241 z − 56.8 z2 + 4.85 z3, (B.4)

δEμ
1 = 43.5 − 9.64 z + 2.86 z2 − 0.229 z3,

δEμ
2 = 28.1 − 2.89 z − 0.482 z2,

δEμ
3 = −4.84 − 5.34 z − 1.59 z2. (B.5)

The variances and the energy-shift terms δEμ
n are given in

units of MeV.
For the ν̄e case, we find

re1 = 1,

re2 = 0.586 − 0.258 z + 0.122 z2 − 0.0137 z3,

re3 = 0.0140 − 0.00131 z + 0.00502 z2, (B.6)

σ e
1 = 23.3 + 25.8 z − 1.54 z2,

σ e
2 = 53.8 + 46.5 z − 2.79 z2,

σ e
3 = 12.5 + 250 z − 66.1 z2 + 6.43 z3, (B.7)

δEe
1 = 42.9 − 11.0 z + 4.42 z2 − 0.382 z3,

δEe
2 = 27.3 − 6.43 z,

δEe
3 = −176 + 178 z − 86.5 z2 + 15.5 z3 − 1.04 z4. (B.8)

B.1.2 Proton interaction

The Erec distributions of the ν̄μ induced CCQE events via
interactions with protons can be parameterized by up to two
Gaussians,
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SCCQE
ν̄μH

(Eν, Erec) = 1

Aα(Eν)

[
rα

1 (Eν)

× exp

{
− (Erec − Eν + δEα

1 (Eν))
2

2(σα
1 (Eν))2

}

+ rα
2 (Eν) exp

{
− (Erec − Eν + δEα

2 (Eν))
2

2(σα
2 (Eν))2

}

×�( z − 0.7)

]
, (B.9)

where � is a step function. The weight factors rα
n , variances

σα
n (MeV) and energy shifts δEα

n (MeV) are expressed as

rμ
1 = 1,

rμ
2 = 0.106, (B.10)

σ
μ
1 = 3.20 + 25.5 z,

σ
μ
2 = −3.73 + 52.7 z, (B.11)

δEμ
1 = 0.00,

δEμ
2 = 11.6 − 17.0 z. (B.12)

For the ν̄e case, the Erec distributions are parameterized
by up to three Gaussians,

SCCQE
ν̄eH

(Eν, Erec)

= 1

Aα(Eν)

[
rα

1 (Eν) exp

{
− (Erec − Eν + δEα

1 (Eν))
2

2(σα
1 (Eν))2

}

(B.13)

+ rα
2 (Eν) exp

{
− (Erec − Eν + δEα

2 (Eν))
2

2(σα
2 (Eν))2

}

(B.14)

+ rα
3 (Eν) exp

{
− (Erec − Eν + δEα

3 (Eν))
2

2(σα
3 (Eν))2

}
�( z − 1.0)

]
.

(B.15)

The weight factors, variances σα
n (MeV), and energy shifts

δEα
n (MeV) are

re1 = 1,

re2 = 4.47(e0.114 z−2.59 − e−0.698 z−2.36),

re3 = 0.00532 e0.620 z, (B.16)

σ e
1 = 268(e−0.0225 z − e−0.135 z−0.0470),

σ e
2 = 297(1 − e−0.235 z),

σ e
3 = 4.41(e0.0584 z+4.27 − e−0.489 z+4.47), (B.17)

δEe
1 = 18.3

1 + 34.0 e−1.02 z
,

δEe
2 = −7.26 − 5.66 z,

δEe
3 = 665(e−0.261 z+0.0811 − e−0.107 z). (B.18)

B.2 Non-CCQE events

B.2.1 16O interaction

The Erec distributions of the anti-neutrino induced non-
CCQE events via interactions with oxygen nuclei can be
parameterized by up to four Gaussians,

SnonCCQE
ν̄αO

(Eν , Erec) = 1

Aα(Eν)

×
[
rα

1 (Eν) exp

{
− (Erec − Eν + δEα

1 (Eν))
2

2(σα
1 (Eν))2

}

+ rα
2 (Eν) exp

{
− (Erec − Eν + δEα

2 (Eν))
2

2(σα
2 (Eν))2

}
�( z − 0.7)

+ rα
3 (Eν) exp

{
− (Erec − Eν + δEα

3 (Eν))
2

2(σα
3 (Eν))2

}
�( z − 1.0)

+ rα
4 (Eν) exp

{
− (Erec − Eν + δEα

4 (Eν))
2

2(σα
4 (Eν))2

}
�(1.5 − z)

]
.

(B.19)

Each function is normalized as in Eq. (B.2). The fourth Gaus-
sian takes into account the effects of the event selection cut.

For the ν̄μ case, the weight factors rα
n , variances σα

n (MeV)
and energy shifts δEα

n (MeV) are

rμ
1 = 1,

rμ
2 = 0.325 − 0.0652 z + 0.0142 z2,

rμ
3 = 0.0804 − 0.00176 z + 0.00194 z2,

rμ
4 = −0.326 + 0.229 z, (B.20)

σ
μ
1 = 70.3 + 13.9 z,

σ
μ
2 = 114 + 40.1 z,

σ
μ
3 = 452(e0.0105 z − e−1.67 z+1.98),

σ
μ
4 = 111(e−1.67 z − e−323 z), (B.21)

δEμ
1 = 355,

δEμ
2 = 539

1 + 1.53 e−2.76 z ,

δEμ
3 = 850 + 32 z,

δEμ
4 = −214 + 998 z. (B.22)

For the ν̄e case, we find

re1 = 1,

re2 = 0.143 + 0.0605 z,

re3 = −0.0459 + 0.105 z − 0.0134 z2,

re4 = 0, (B.23)

σ e
1 = 72.9 + 12.8 z,

σ e
2 = 105 + 40.2 z,

σ e
3 = 147 + 92.7 z, (B.24)

δEe
1 = 348 + 0.352 z,
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δEe
2 = 443

1 − 0.434 e−0.902 z
,

δEe
3 = 753 + 17.6 z. (B.25)

B.2.2 Proton interaction

The Erec distributions of the ν̄μ induced non-CCQE events
via interactions with protons can be parameterized by up to
four Gaussians,

SnonCCQE
ν̄μH

(Eν, Erec) = 1

Aα(Eν)

×
[
rα

1 (Eν) exp

{
− (Erec − Eν + δEα

1 (Eν))
2

2(σα
1 (Eν))2

}

+ rα
2 (Eν) exp

{
− (Erec − Eν + δEα

2 (Eν))
2

2(σα
2 (Eν))2

}

+ rα
3 (Eν) exp

{
− (Erec − Eν + δEα

3 (Eν))
2

2(σα
3 (Eν))2

}

+ rα
4 (Eν) exp

{
− (Erec − Eν + δEα

4 (Eν))
2

2(σα
4 (Eν))2

}
�(z − 1.0)

]
.

(B.26)

The function is normalized as in Eq. (B.2). The fourth Gaus-
sian parameterizes the long low-energy tail of the distribu-
tion. The weight factors rα

n , variances σα
n (MeV) and energy

shifts δEα
n (MeV) are

rμ
1 = e−0.442 z + 7.84e−2.90 z,

rμ
2 = 1.7e−0.912 z,

rμ
3 = 0.893e−1.53 z,

rμ
4 = 0.0624(e−0.352 z − e−0.434 z+0.0365), (B.27)

σ
μ
1 = 18.0 + 22.8 z,

σ
μ
2 = 8.61 + 13.5 z,

σ
μ
3 = 31.5 + 46.6 z − 6.27 z2,

σ
μ
4 = −498 + 763 z − 203 z2 + 18.7 z3, (B.28)

δEμ
1 = 212 + 3.81 z − 0.536 z2,

δEμ
2 = 202 − 1.63 z,

δEμ
3 = 284 − 6.23 z + 16.1 z2,

δEμ
4 = 655 + 35 z. (B.29)

For the ν̄e case, Erec distributions are also parameterized
by up to four Gaussians,

SnonCCQE
ν̄eH

(Eν, Erec) = 1

Aα(Eν)

×
[
rα

1 (Eν) exp

{
− (Erec − Eν + δEα

1 (Eν))
2

2(σα
1 (Eν))2

}

+ rα
2 (Eν) exp

{
− (Erec − Eν + δEα

2 (Eν))
2

2(σα
2 (Eν))2

}

+ rα
3 (Eν) exp

{
− (Erec − Eν + δEα

3 (Eν))
2

2(σα
3 (Eν))2

}

+ rα
4 (Eν) exp

{
− (Erec − Eν+δEα

4 (Eν))
2

2(σα
4 (Eν))2

}
�(z−1.5)

]
.

(B.30)

The weight factors, variances σα
n (MeV), and energy shifts

δEα
n (MeV) are

re1 = 1 + 6.60 e−1.51 z,

re2 = 2.27 e−2.76 z + 0.507 e−0.247 z,

re3 = 0.0117 e0.196 z + 0.375 e−3.88 z,

re4 = 0.0122 e0.003 z, (B.31)

σ e
1 = 17.0 + 23.9 z − 1.16 z2,

σ e
2 = 29.5 + 46.2 z − 1.70 z2,

σ e
3 = −162 + 345 z − 42.6 z2,

σ e
4 = 62.6 e0.651 z, (B.32)

δEe
1 = 206,

δEe
2 = 272 − 3.13 e0.682 z,

δEe
3 = 210 + 387 z − 60 z2,

δEe
4 = −1.43 × 103 + 1.66 × 103 z − 118 z2. (B.33)
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