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1 Introduction

Correlation functions of local operators in a CFT are the closest analogue of scattering
amplitudes and the presence of a gravity dual turns this analogy more concrete [1-3]. In
this case a correlation function in the CF'T corresponds to sending excitations into the bulk
of AdS and measure the out states. Another important property of a correlation function
is that it organizes the CFT data, i.e. dimension of operators and OPE coefficients into
non-trivial functions of the cross ratios,
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at323, w1323, (1)
for the specific case of four operators. The structure of the four point function is so restric-
tive that the CFT data contained in it cannot take arbitrary values. Moreover, different
configurations of the points will probe physics which is associated with certain singularities
of the correlation function. For example the leading contribution, in a correlation function,
when two points come close together is dominated by operators with low dimension. Other
limits of the four point functions include the Lorentzian OPE limit, the Regge limit and
the large spin limit [4-12]. In this note we will study a different kinematical regime, the



flat space limit, that explores the connection between correlation function and scattering
amplitudes [13-18]. Let us emphasize that the physical interpretation of this limit just
makes sense when there is a gravity dual.

The main result of this paper is the computation of stringy corrections to the four
point of a primary operator in N/ = 4 SYM defined by

O(z,y) = y'y’tr(¢"¢”7) () (1.2)

where the auxiliary variables y! satisfy y? = 0 and the fields ¢!, with I = 1...6, are scalar
fields of N/ = 4 SYM. This correlation function has the following structure

F(u,v)

2 .2
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(O(21,91)O(22,y2) O (w3, y3)O(z4,y1)) = GV + R (1.3)

where G is the tree level contribution and the other part contains the quantum correc-
tions. The factor R encodes the polarizations vectors y; and its specific form is given in
appendix A. It is convenient to perform the analysis in terms of Mellin amplitudes’
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Mp(s,t) = Mp(t,s) = Mp(s,4 —s—1). (1.5)

-

Without further delay let us write down our main result

Mp(s,t) = MEUGRA(S,IS) (1.6)
1 b 315¢ (2 + 24+ (4—s—1)2) +b
+ — (60C3+ -+ Gl ( ’) 2) + O3,
A2 N2 A2 A

where b1 and by are undetermined coefficients that cannot be fixed from the flat space limit

alone,
4
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is the supergravity result [19] and X is the 't Hooft coupling.? In fact, we show that the
3+n

A™"2" correction to M F(s,t) is a polynomial of maximum degree n and we are able to de-

termine all coefficients of degree n in s and t. To obtain this result we use three properties

of N =4 SYM:

e Analytic structure implied by OPE and dimension of unprotected operators in the
planar limit;

e Flat space limit of AdS and the relation between the 4 point function of the La-
grangian density and the Virasoro Shapiro scattering amplitude [20];

!The symmetry Mp(s,t) is inherited from F(u,v). Recall that F(u,v) satisfies F(u,v) = F(v,u) =
F(1/u,v/u)/u since R is symmetric regarding all points.

2More specifically X can be written in terms of the AdS radius and string length I, as A\ = %4.



e Relation between the four point function of the Lagrangian density and the one of
the operator O(z,y)

In section 2 we derive the result (1.6), in section 3 we use the data of the four point function
to derive stringy corrections to the anomalous dimension of double trace operators and in
section 4 we use the four point function to the computation of energy-energy correlators.

2 Lagrangian four-point function at strong coupling

In this section we shall study the four point function of the Lagrangian density of N' = 4
SYM which is on the same supermultiplet of O(z,y). The advantage of analyzing this object
is that the flat space limit has already been computed for this correlation function [9, 20]
and the four point function of the Lagrangian is related by supersymmetry [21, 22] to the
correlation function of O(z,y). The Mellin amplitude, M, (s,t), is defined by

8—s—t

(L(z1). . L(2g)) = /“" (ij;z ugq(jx%:)A‘(:U]\éigit)rz(S . t)rz<8 . s>r2<s+;— 8>
(2.1)
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where the integration runs parallel to the imaginary axis. Notice that the Mellin amplitude
Mg (s,t) should satisfy,

Mp(s,t) = Mg(t,s) = Mg(s,16 —s —t) (2.2)

since the correlation functon is invariant under permutation of the external points. In [21]
the correlator of Lagrangian density was related to the correlation function of the primary
operator O(zx,y). More concretely we have,

(L(x1)...L(x4)) = 82 S (u4H(u,v) + H(1/u,v/u) +u4/v4H(u/v,1/v)), (2.3)

L1234

where the function H (u,v) is related to F'(u,v) in (1.3) by a eight-order differential oper-
ator®

1 F
H(u,v) = 72D2U202D2(5;U) . D =ud?+ v+ (u+v—1)0,0, + 20, + 20,. (2.4)

The action of the differential operator (2.4) on the function F'(u, v) is mapped to a difference
equation in the Mellin representation,

6

Z Qap(8,t)Mp(s — 2a,t — 2b) (2.5)
a,b=0

and the functions g, (s, t) are given in appendix B. For example we can pick the super-
gravity result for F'(u,v) that was first computed in [19, 23, 24]

1

ME o) = e s’

(2.6)

3Notice that [21] uses different notation, our F(u,v) is their F(u,v). See appendix A for more details.
Moreover, we redefined our differential operator by a constant factor such that it maps the SUGRA result
Mp(s,t) to Mc(s,t).



and check that (2.5) implies the supergravity result

3(t? + u?) — 6tu — 57(t +u) + 802  3(t?2 +u?) — 12(u +t) — 2tu

M7 (s,t) = 6N2(2 — s) * 3(4—s)
U2 2 ut —
43 ﬂ’;g;i; 204 o s)+ (s 0w (2.7)

which agrees with the previous computation [20, 25] and where u = 16 — s — t. In the
strong coupling limit it is natural to divide the 1/A corrections to the Mellin amplitude
from the supergravity approximation,

Me(s,) = MEVSRA(s 1) + M (s, 1) 28)
MF(s,t) = M%UGRA(‘S? t)+ Ml)%(& t). (2.9)

The OPE limit determines the singular behavior of a correlation function as two points
come close together. In this way, two operators external operators of the four point function
can be replaced by a sum of all operators that can couple to them. The contribution of
each operator to the four point function is determined by two numbers, the dimension and
the OPE coefficient. The contribution of each primary, and its conformal family, to the
four point function can be package in a function of the cross ratios, Ga j(u,v), usually
called conformal block,

A— m

(L)L () L) £a) = Y C‘@%i“ Loy ij o Im(v)
J.A 12 JA m=0 12

J—
2
234, (2.10)
34
where g,,(v) takes into account the contribution of a primary and all its conformal descen-
dants with the same twist defined as the dimension minus the spin.

The contribution of each primary operator to the four point function is given by poles
in the Mellin amplitude.? Notice that to recover the u dependence in (2.10) the Mellin
amplitude M in (2.1) should have poles in ¢

C12AC34AQm ()

M ~ .
(D)~ T AT T am)

(2.11)

where the function @,,(s) should be thought as the Mellin transform of g,,(v). Let us just
point out that the explicit poles coming from the I" functions correspond to the contribution
of double trace operators of the external fields that appear in the OPE [17, 20]. In particular
double poles are associated with Inwu terms that come from the anomalous dimension of
the double trace operators.

For example, the poles in the supergravity approximation (2.7) correspond to the
contribution of the stress energy tensor. The stringy correction to the Mellin amplitude
of the Lagrangian density, M Z\(s,t), does not contain poles. This follows from the large
anomalous dimension that single trace operators gain at strong coupling. The contribution
of this type of operators should be present as regular terms in the Mellin amplitude at

“See for instance formula (119) of [9].



each order in the 1/\ expansion. In position space this is related to the fact that these

operators are exponentially suppressed since the cross ratio u is small in the OPE limit.
In appendix A.2, we show that the 1/\ corrections to Mp(s,t) have to be regular

functions in s and ¢. The simplest regular function is a constant, thus using (2.5) we get

Mp(s,t) =c => M}(s,t) = % [504(t%u® + s%* + s*u?) + 4144(s* + % + )+ (2.12)
+ 17662(tu + st + su) — 54001 (s* + ¢* + u?)].

with u = 16 — s — t. The correlation function of four Lagrangians in N' = 4 SYM is related
to the scattering amplitude of four dilatons in superstring theory through the flat space
limit. This is the limit of the four point function that focus the interaction region in AdS
to be small, thus it only probes flat space physics. In [20, 26] it was shown that this leads
to the relation,

0 do e T
. ~1/2 ac e -
Jim a7 SR e (= Vi = VA ) (213)
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We should emphasize that this is a prediction/constraint for M, (s,t) and gives information
which is not easily accessible by other methods. From (2.8) we know that the corrections
to the Mellin amplitude do not have poles. The flat space limit relation (2.13) constraints
the 1/ corrections to be polynomial functions in s and ¢ at each fixed order in 1/A. The
flat space limit relation allows us to write the Mellin amplitude M (s,t) as

M (s,t) = MFUS™ (s,0) + Y A2 (5, 1) (2.14)
n=0
Mp(s,t) = MEUSRA (s, 6) + 3" A5 (s, ). (2.15)
n=0

with I,(s,t) and f,(s,t) polynomials of degree n.’

Let us emphasize that l4(s,t) was
completely determined, up to a constant, just from the relation between the four point
function of O and L, the regular behavior of the corrections to Mp(s,t) and the existence
of a flat space limit. In particular, the large s and ¢ behavior of (2.5) tells us that [,,(s, t)

satisfies

|
Toea(s,8) = lim =40, 4(bs, bt) = L9

b—00 m(s2 + t2 -+ St)2ﬁz(s7 t) (2.16)

where f,,(s,t) is defined by f,(s,t) = limy_oo b " fn(bs,bt). Each function l,(s,t) and
fn(s,t) inherit the symmetry properties of My (s,t) and Mp(s,t), i.e. l,(s,t) = ln(t,s) =
ln(S, 16—t — S) and fn(S,t) = fn(t7 3) = fn(374 —1— S)‘

°Tt will be clear in the following why Mr(s,t) has this form.



Notice that since the flat space limit is sensitive just to the highest power of s and ¢
it is possible to extract all the coefficients of f,(s,t). In fact, as we show in appendix B.2,
we can rewrite the flat space limit in terms for Mp(s,t)

lim A%/2 /ioo dae®, (VAS VAT (217
A—00 ico 2mi b 200 T 2« .
_ 16 ra-9ra-pre+ 5
N2ST(S+T)T(1+ )T (1 + §)T(1 - *5)

This relation gives non-trivial information about Mp(s,t) and in particular was used to
derive (1.6). Let us pick our ansatz (2.15) and plug it in (2.17)

lim >\3/2/iOO do‘eaMF<\5‘S ﬁT) ~/ioo daea[_ 32

A—00 ioo 21 8 200 1 2« oo 2T 0 N2a3ST(S+T)

0,00 | C220(8%+ ST +T7)
-
408

" ] +0(83,13) (2.18)
where we used fo(s,t) = c0,0,0, fi(s,t) = c100 and fa(s,t) = 0272,0(32 +t2 4+ (4—s5—1)2)+
¢2,0,0. These polynomials were determined by requiring that they obey the crossing sym-
metry, in particular there is no degree one polynomial satisfying crossing. The coefficients
22,0 and cp o0 can be determined by expanding the right hand side of (2.17) in small S and
T and matching with (2.18). Let us emphasize that it is possible to extract all coefficients
of the polynomials fn(s, t) using this procedure.

Notice that this data was obtained using just the flat space limit and analytic properties
of Mellin amplitudes. A natural extension is the study of Regge limit of this four point
function and try to access more structure of this correlation function. Recently there
has been advances in the strong coupling computation of the relevant CFT data of this
regime [9, 27-29], namely the BFKL spin j(v).

3 Extracting CFT data

As emphasized in the introduction a four point function contains information about the
CF'T data, i.e. OPE coefficients and dimension of operators. These can be extracted using
the OPE limit once the explicit expression for the correlation function is known. The goal
of this section is to extract the CFT data from the four point function computed in the
previous section. These can be recovered from the OPE limit. A key role is played by
the conformal block that in the Lorentzian OPE, which corresponds to the limit of © — 0
while v is kept fixed, can be written as [30],

Ga, j(u,v) =u o3 Zu gm (v (3.1)

where the functions g,,(v) can be determined recursively from the Casimir equation and
encode the contribution of descendant operators with twist A — J + 2m.



One of the operators that will flow in the OPE are the double trace operators of the
externals fields, represented schematically as

L5, (x) = L(x)(0%) 0" .. 0" L(x). (3.2)
The dimension of this operator has the following form
v(J,m, ) 1
AL:?,M :2Ag+2m+J—I—T+O ~1 ) (3.3)

The anomalous dimension  can be thought as the gravitational binding energy of a two
particle state with angular momentum J [31]. The anomalous dimension v(.J,m, A) can be
read by studying the Inu piece of the correlation function. In the Mellin representation of
the four point function the Inu, associated with the anomalous dimension of the double
trace operators terms, is generated by the explicit double poles of I' functions in (2.1).

Unprotected operators gain a large anomalous dimension as was remarked before,
for example the dimension of the Konishi operator is given by Ax = 2AV/4 4 2/ A4 4
O(A"Y/2) [32]. So these operators give subleading contribution, in the Lorentzian OPE
limit, compared to the double trace of the previous paragraph.

In terms of Mellin amplitudes we can say that the poles associated with these operators
run off to infinity and appear as regular terms in the Mellin amplitude. A similar example
appears in the Virasoro Shapiro scattering amplitude in type II superstring theory

TS  SU ST> r(1—9ra-<9)ra -«

s T  UJri+29ra+2)r(1+«l)’
where S = —(p1 +p3)%, T = —(p1 + p2)?, U = —S — T, G the 10-dimensional Newton
constant and o is the square of the string length. At finite o/ the amplitude has an infinite

(3.4)

T(S,T) = 87Gy <

number of poles corresponding to particles being exchanged. However in the limit o/ — 0
these poles disappear. The reason is that the mass of the exchanged particles behaves as
m? ~ (o )_1, check (9) of [9] where this analysis is made for particles lying on the leading
Regge trajectory.

Notice that several operators will give sensibly the same contribution to the four point
function, for example operators with higher twist. Thus it is hard to disentangle the
CFT data from each of these unprotected operators. However we can speculate about the
coupling dependence of the OPE coefficients. According to (2.11) an unprotected operator,

with dimension A & cA/*4+O(A/*) and spin J, will have a Mellin amplitude of the form,°

M(s,t) ~ i C128C318Qum(s) i C12AC34AQ g (8)

~ 3.5
t—(A—J+2m) Y (3:5)

m=0 m=0
where @ ., (s) are polynomials of maximum degree J in s for any m, they are usually called
Mack polynomials. Thus we conclude that the OPE coefficient of the Konishi operator for
example has to decrease at least as fast as CogCsyx = A5/ 4 otherwise this would not be

consistent” with the fact that corrections to the Mellin amplitude start with A\=3/2.

6See for instance references [9, 33-35] to read more about the structure of the Mellin amplitude.
"The weak point of this argument is that it assumes that there is no cancellation of the operators
contributing to the four point function.



3.1 Anomalous dimension of double trace operators

The goal of this subsection is to determine stringy corrections to the anomalous dimension
v(J,m, A) of the double trace operators. We will employ the same methods used in the
computation of the leading term of ~, see section 6.1.1 of [36]. To check the normalization
of our four point function we will compute the OPE coefficient of two Lagrangians and
the stress energy tensor and compare with result predicted from Ward identity [37]. To
compute this we just need to know the expression for Q2 ,,(s) since the stress energy tensor

has spin two
45P;9 2(s — 8)

223 —m)L(3 4 m)
with P, j(s,t) defined in (166) of [9].% Recall the conformal Ward identity imposes that
the OPE coefficient in this case should be given by

. 32
S

Q2,m(s) =

(3.6)

(3.7)

From the conformal block decomposition (2.10) it can be seen that we need to determine the
leading order OPE coefficient of the double trace operators before we are able to compute
the anomalous dimension ~(J,m, \). For simplicity we will focus on the case with m = 0.
The OPE coefficients can be determined from the disconnected diagrams of the four point
function of £(z). In [35] these OPE coefficients were determined for any value dimension of
the external operators and space time dimension, in this particular case the leading order
OPE coefficients are

2
Cﬁ

2N+ 1)6D2(J + 4) O( 1 ) 538)

LL5, 9r'(2J +7) N2

for J even integer, notice that odd spins do not contribute since the external operators
are all the same. Following our analysis of the conformal block decomposition (2.10) the
anomalous dimension with m = 0 will give a contribution to the four point function of the

form A -
u~flnu
ToONZ ZC?;L;L%’O’Y(J,O, A)go(v). (3.9)
J=0
The function go(v) is related to the Mack polynomial @ jo(s), see for instance (117) and
(119) of [9]. Using the explicit expression for Qo(s) and its orthogonality condition® we
obtain a formula relating the Mellin amplitude to the anomalous dimension of double trace

operators,

0o gt t 8 —t t
v(J,0, ) :—/ ,M£(8,t)F2<2> F2<> 3F2<—J,J+7,2;4,4; 1). (3.10)

ico 2Tt 2

In fact, this is just the limit of As — A of (172) of [36] with the appropriate shifts in the
Mellin integration variables. Let us compute the first correction in A=3/2 to the anomalous

8Notice that the Mellin variables of [9] are different from the conventions used in this note by a simple
shift.
9Check formula (123) of [9].



dimension. The first stringy correction to M,(8,t) is completely determined from the flat
space limit,

Me(8,1) = MSUGRA (g ) 4 S0 = 8)((E = 8)t +76) + 21920)G5 O( 1

AN /\2) (3.11)

For integer J, the hypergeometric function is a polynomial in ¢, so the integral (3.10) is of
Mellin Barnes type,

o dt t t t t ['(a+c)l'(a+d)I(b+c)'(b+d)
r b+ - )I'(c—<- |'(d—< ) =2 .
/ioo2m < 2) ( +2> (C 2) ( 2> T(a+b+c+td)
(3.12)
Notice that we can absorb the first correction in 1/A of the Mellin amplitude in the I'

functions,
8 — 480C3c; (8 +2i—t t+2i 8 —t t
M, (8,12 r? r r (-
oo () ()] - e (e (255 ) ()
(3.13)

with ¢g = 1370, c; = —504, co = 21. The hypergeometric, for positive integer spin J, is

expressed in terms of a finite sum of I" functions that are easily absorbed in the integrand
of (3.10)

__52222%%9@ D) + T4 + )0 (4 + 20)D(4 + i + k)
== N3/2N2D(k + 1)T(k + 4)T'(8 + 2i + k)

397440C3 _
e for J =0

(7,0, A) (3.14)

A—3/2

587520(3 .
TIIND3/Z for J =2

483845 .
TIBNDSTE for J =4

0 J#0,2,4

\

The anomalous dimension of the double trace operators vanishes for spin greater than 4.
To understand this property consider a scalar field, ¢ (z), with dimension 4 living in AdS
with an interaction term of the form
Sint=¢ / dX [a1 VAVEYVAVEYVOVPYVOVPY + a; VAVEYVAVC v EVLyvETLy)
AdSs
+ a3 VAVEVOypvAV By vy Ly, (3.15)

with g being a small parameter. The first correction to the four point function of
is Witten diagram corresponding to a contact interaction. Moreover, it is possible!” to
choose the values of a; such that the corresponding Mellin amplitude would be the same
as M g(s, t). The number of derivatives in Sjy tells that there no anomalous dimension for
double trace operators with spin greater than 4.

10WWe do not give the values here because they are not very illuminating.



Figure 1. The physical picture is the following: excite the vacuum with the state Oy and then mea-
sure the flow of energy or R charge with the detector standing in the direction 77 and 7’ at infinity.

The anomalous dimension v can be thought as the gravitational binding energy of a
two particle state with angular momentum J [31]. Thus, the minus sign of the anomalous
dimension means that the correction to the supergravity result is also attractive.

Recently the anomalous dimension for double trace operators of this same four point
function were studied [38] but in the limit of 1 < m.

4 Event shapes in N/ =4 SYM

The supermultiplet that contains O(x) has in its components the R-current and the stress
energy tensor. The special feature about this super multiplet is that the four point function
of any of its components can be obtained, in principle, from the correlation function of its
lowest component, the scalar primary operator O(x).

This feature can be explored to compute physical observables such as energy-energy
or charge-charge correlators [39-41] defined as

<D1 (nl) e Dl(nl)>q = Ut_o% /d4xeiq‘r<0\(’)(x, y)D1 (nl) e .Dl(nl)(’)((), yl+2)|0>w (4.1)

where D;(n;) is interpreted as detector that measures the flow of either charge or energy
and oot is just normalization that is obtained for the case where there are no detectors.
The subscript W in the correlation function is to remark that the operators are not time-
ordered. The physical picture is the following, we excite the vacuum with a particular
operator O and measure the flow of energy/charge at infinity with the our detectors D;(n;).
The detectors can be defined in terms of stress energy tensor T, and R-current (J,)5 () as

QF (i) = [ dtlim, o 12 (o) (¢, ril)
D (i) = . (4.2)
5 (ﬁ) = fOOO dt llm’,‘_ﬂx) T'QniTOi (t7 ’f’ﬁ)

where A and B are R-charge indices. Since the energy density £ is on the same supermul-
tiplet as O(x,y) this observable can be rewritten in terms of F'(u,v) for the special case of

~10 -



two calorimeters'! [39)],

O ' S S € N o 0
EEMD), = G ot 42 * 7 Fgmyan) ~ (43)

1 —d+io0 dt 7Tt2 (t _ 2)2 Py 1+% —d+i00
= T 10944 dsM t 4.4
.;E(Z) 102474 /—6—1'00 (27”')2 sm(g) (1 — Z) /;5_1‘00 S F(37 ) ( )

where n and n’ are polarization null vectors encoding the direction of the calorimeter and
q is a momentum vector. The integration runs parallel to the imaginary with Re(s+t) > 2
and Re(s),Re(t) < 2. Here 6 measures the angle between the two calorimeters at infin-
ity in the center of mass frame. The goal of this section is to explore the consequences
of the strong coupling expansion of the four point function (1.6) in the computation of
energy-energy and charge charge correlation.

The leading order result for F(z) using MEYCRA (s 1) is given by,

23

SUGRA _
7 (2) = Tomane

(4.5)

which agrees with [39-42].'2 Let us proceed and write the % corrections to the function
F(z) in terms of f,(s,t),

1 —d0+ico 1y 7Tt2(t _ 2)2 z 1+L  —f+ioco 3 2 f (s t)
>\ —2 n\°»
= - d A n
Fz) 102474 /5%0 (27m1)2  sin(Tt) (1 — z) / ; A nZ:;) 3

D) d—1i00
(4.6)
where we have introduced the superscript to denote that it just contains the 1/ corrections.

Since the correction of order A~ 2 is just a constant the integral in s is divergent. This is
not unexpected!® since we have obtained f,(s,t) using the flat space limit which assumes
that s is of order v/A\. However in the computation of energy-energy correlators we are
integrating over s up to infinity. So to obtain a sensible result we should re-sum all orders
in s and then do the integral. This comes naturally by changing variables to x = s/ VA,

Py - 1 /—6+ioo dt m2(t—2)2%( = 1+§/—5+ioodxzfn /\mt
102474 s ioe (2m0)2 sin(%E) \1-z 5—i ot

D) d—1i00
(4.7)

In appendix C, we re-sum the first order,

S LDy ey vonh (1.9
n=0

" According to (6.10,6.11) and table 3 of [41] the charge-charge correlators for the channels 20’ and 84
can be obtained easily from the energy-energy correlators.

2There is a different normalization of the operators compared to [39-41].

13The computation of this observable involve an integration over the detectors working time. It had
already been noticed [39, 42] that there could be an order of limits issue in doing the perturbative expansion
before or after the integration over the detectors working time.
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which will contribute to the next-to-leading to the event shape function F(z). From the
results (C.9) we conclude that,

23 472 9 _3

Let us be more concrete about the corrections to the event shape function. The polynomial
fn(s,t) has the generic form,

fn(57 t) = kn,0,0sn + Sn_l (k'n,l,Ot + k'n,l,l) + Sn_2(]€n,270t2 + k‘n’zylt + k‘n’2,2) +... (4.10)

with kj,; ; constants and where the ... represent subleading terms in s. Let us point out
that k, ;0 can be determined from the flat space limit. Thus we conclude that the next
orders of the event shape are given by,

F(2) 2 (1 n uo,le(z)> n u10Q2(2) +u1,1Q1(2) o2

~ 16742 A \2
1 [ odt wtt(E—2)2 2 \T2
423Qn(2) = = | — 4.11
642°Cn(2) 2 ) 2mi Sin(%t) <1 —z> (4.11)

where the coefficients u; o can be determined, in principle, using the flat space limit result. ™
The polynomials @, (z) satisfy the recursion relation

(1-32)

Qn(2) = 2(1 = 2)2Q;,1(2) + 22 = 32)Qn(2),  Qo(2) = ~—

(4.12)

Notice that the @, (z) when integrated from 0 to 1 give zero, so the event shape function
satisfies automatically the conservation of energy,

1
F(z), 1
/0 3 dz = 16222 (4.13)

valid for all \.

5 Conclusions and discussion

In this work we have determined completely the first stringy correction to the four point
function of operators O(x,y) and L£(x). To this end we have used three properties of these
correlation functions: large anomalous dimension of unprotected single trace operators, the
relation between correlation functions of O(x,y) and £(z) and the flat space limit.

The form of this corrections, in terms of Mellin amplitudes, are given by polynomials
of s and t. In this work we have shown how to determine all coefficients that appear in the
leading order polynomial at each perturbative order (C.3).

Let us point out that the flat space limit alone is not sufficient to fully determine the
first non-zero correction to the four point functions of the Lagrangian density. For instance

1We tried to compute the coefficient u1,0 and we have obtained infinity. This may happen because the
integral over the detector working time does not commute with the perturbative expansion around strong
coupling.
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it was crucial to use the relation between the four point function of O(z,y) and L(x) to
obtain (2.14) and (2.15).

We have used the information obtained to compute the first stringy correction to the
anomalous dimension of double trace operators of two Lagrangians. We have also obtained
the first stringy correction to energy-energy correlation, which matched with a previous
computation for this physical observable.

The stringy corrections to the four point function are polynomial functions in s and t.
This suggests that they correspond to Witten diagrams with contact interactions [20]. In
fact this is nothing surprising, in flat space superstring theory, the stringy corrections to
the scattering amplitude of four dilatons is obtained also from contact interactions. After
summing all contributions one obtains the Virasoro-Shapiro scattering amplitude. It would
be nice to fix all coefficients that cannot be determined from the flat space limit, sum all
stringy corrections and obtain an analogous expression to the Virasoro-Shapiro scattering
amplitude.
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A Four point function of O(z,y)

The goal of this appendix is to analyze the four point function of O(z,y) using just the
structure of (1.3) and the strong coupling behavior of the dimension of operators that can
flow in the OPE. The four point function (1.3) can be decomposed in six different R-charge
channels,

P (yi)Ar(u, v)
(x%2)2(:r§4)2

where r labels the differents representations r = 20020 =1 ® 156 20 H 84 ¢ 105  175.
This particular four point function has received considerably amount of attention in the

<O($1> yl)O(l'Q, y2)0(l‘3, y3)0(334’ y4)> = Z

r

(A1)

last years. At weak coupling it is known up to six loops in terms of integrals [43] and in
terms of polylogarithms is known up to three loops [44—46]. At strong coupling it has been
computed to leading order [19, 23].
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A.1 SU(4) channels

The function R that contains the polarizations in the four point function of the scalar

primary operator O(zx,y) is given by,

2 2.2 .9, 9
R_Q(N —1) Y12Y23Y34Y41 1 2 2 2 2 2 2
T (4r2)t 75 5 5 (T13%a4 — T1aT34 — T14723)

n L1oT33L34L Y

2.2 .9 9
Y12Y24Y43Y31 /1 2 2 2 2 2 2
2.2 .2 92 (90149323 — T12%34 — 96139624)
L1oL24%y3L31

2.2 9,9
Y13Y32Y24Y41 / 2 2 2 2 2 2
ot (t1aw3y — 13234 — ¥14253)
L13L32T24T 41

4 .4 4,4 4 4
Y12Y34 Y13Y24 Y14Y23 A2
t5 st 5 5 T3 3 ) (A.2)
LT3y  Ti3Toy  Ti4T23

The projectors used to decomposed the four point function into each channel are

y2 CU2 Y12Y34 Y12Y34
P = %034 , P15 = 1 (y2ay13—y23y14) , Pao = 10 (3y24y13+3y23Y14 — Y12Y34)
o y%3y34 + y%sy%4 y%2y§4 2y14Y24Y23Y13  Y12934(Y24913 + Y23Y14)
Psy = + — —
3 30 3 6
YUy UV | ViaWha | 2y1ay2ayesyiz  2y12y34 (Y2413 + Y23y14)
Pios = + + -
6 60 3 15
Yisyss — Y3syia  Y12Y34(Y24Y13 — Y23Y14)
Py75 = 5 - 1 : (A.3)

so the amplitudes A, (u,v) in (A.1) are written as

u?(1+0?) n u(u+10(v+1)) N 2u (u? —8u(v+1)+10(v(v+4)+1)) F(u,v)

A =1
BT 150(N2 — 1) 150 ’
Aoe u?(v? — 1)  2u(l—v)  2u(v—1)(u—2(v+1))F(u,0)
BT 0002 50(N2? — 1) 50 ’
w?(1+0?)  w(u+10(v+1 w (u? — 5u(v+1) + 10(v — 1)?) F(u,v
o= PO (100 1) (o B+ ) 100 = D) )
20v 30v(N? —1) 15v
Aoy — u?(1 + v?) B u? B u?(u —3(v + 1)) F(u,v)
T T 2002 100(N? — 1) 50 ’
u? (1402 u? 2u3 F (u,v w?(v?—=1) 2u?(v—1)F(u,v
o R0 L2OF) 0o 22 DF(u)

2002 50(N2—1) 5v 2002 + 5v
A.2 Symmetry and analyticity properties of the Mellin amplitude MFp(s,t)

The factor R is permutation symmetric and has weight one at each point, so it must satisfy,
F(u,v) = F(v,u) = F(1/u,v/u) /u. (A.5)

This symmetry is translated in terms of Mellin amplitudes as (1.5). Each amplitude in (A.1)
can be written in terms of the Mellin amplitude Mp(s,t) given in (1.4). Imposing that
absence of poles in the Mellin amplitudes corresponding to the amplitudes A, would not
lead to constraints on Mp(s,t). Let us study how these constraints come about by analyzing
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the channel 105 of the four point function. Following the notation of [9] we write the Mellin
amplitude of the channel 105 as

0 dsdt (s 4—t —5 s+t
A105:/' Wut/% <+t>/2M105(5,t)r2<2)F2<2>r2< ) (A.6)

with Mys(s,t) given by

(t = 4)°(t — 62 Mp(d + 5,1 — 4)
40 '
The absence of poles in Mios5(s,t) allows Mp(s,t) to have double poles at ¢ =0 and ¢t = 2,

Mios(s,t) = (A.7)

l.e.

h(s,t)

Mp(s,t) = = A8
r(s) = g (A8)

with h(s,t) a regular function in s and ¢. However we now that Mp(s,t) satisfies,
Mp(s,t) = Mp(t,s) = Mp(s,4—t—s). (A.9)

Notice that Mp(s,t) cannot have poles, otherwise it is not possible to satisfy
Mp(s,t 2(s — 2)%h(s,t

F(37 ) _ 3 (8 ) (87 ) — 1 (AlO)

Mp(t,s)  t2(t —2)2h(t, s)

Thus we conclude that the absence of poles in the channel Mjo; implies that Mp(s,t) is a
meromorphic function of s and t. In particular this is useful to study the 1/ corrections
to the four point function.

B Dilaton four point function from F(u,v)

The goal of this section is derive the relation between F'(u,v) and the four point function
of Lagrangians. We will use egs (1.3), (2.23), (3.1) of [21]. The dilaton can be written in
terms of fields L* and L,

LY+ L =F,F" +.... (B.1)
Then we just have to use,
_ _ 1
13724

together with the fact that a four point function with unequal number of fields LT and L~
gives zero. Using this we get (2.3).

B.1 Relation between Mellin amplitudes

In this appendix we show the precise form of the relation between M)(s,t) and M (s, ).
The prescription to obtain (2.5) is simple, just act with the differential operator defined
by (2.3)—(2.4) and then simplify using the symmetries of Mp(s,t) to obtain

6

Z Qap(8,t)Mp(s — 2a,t — 2b) (B.3)
a,b=0
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where the non-zero polynomials g, (s, t) are given by

Go0(s.t) = (s 11— 27 (s +t—4)2(s+1—6)2(s+1—8), qou(s, ) = L=O)s+t=10)g00(s,1)

(s+t—2)2
qo2(s,t) = (s+t—6)(s+1—8)*(t(t —2)(t — 4)(t — 6) + 2(3(t — 14)t + 148)(s + ¢ — 12)(s + ¢ — 10))
qo3(s,t) =4(t —8)* (s +t —8)*(s*(8 —t) — 35°(12 — t)(8 — t) — 2((t — 8)*
(108 — (16 — t)t) — 25(868 — (262 — (27 — t)t))))
go,a(s,t) = (t — 8)*(t — 10)*(38592 — 11120s + 11485 — 52s° + s* — 16000t + 33765t — 216571
+ 453t + 2716t — 3845t + 125°t% — 220t° + 16st° 4 7t*)
4(s+t—10)go0(s, 14 —s—1t)
6—1t ’
qr1(s,t) =4(104 + 3s(t —6) — 18¢)(12 — s — £)(10 — s — t)(8 — s — t)*(6 — s — 1)*
qi2(s,t) = —4(8 — s — t)* (1397760 — 6047365 + 932965 — 6160s” + 1485" — 768512t
+ 2989125t — 399605t + 22005t — 425t 4+ 167200t> — 567765t + 617651
— 2525t + 3sMt? — 18208t° 4 5184st® — 408s°t® + 95°t® + 1016t* — 230st* + 10s°t*
4(6 — s)qo,0(s,14 — s — t)
6—t
q1,3(s,t) = 4(8 — 1)?(1256448 — 6179205 + 1158565 — 10464s° + 4605 — 85 — 620032t + 2642885t
— 409365°t 4 28725°t — 905t 4 s°t + 1292481° — 46488st” + 55845°t° — 2645°t> + 4s5't°
— 14624t% + 43205t — 3685°t® 4 95°t® 4+ 904t* — 210st* + 105°t* — 24¢° + 45t°)
qi,a(s,t) = 4(10 — t)*(8 — t)*(6 — t)(t — 4)(184 — 485 + 3s° — 18t + 3st)

qo,5(8,t) = q0,6(8,t) = qo,0(—6,1)

—24t° +4st®), qus(s,t) =

%&t) = 87736320 — 544911365 + 13977472s> — 1927680s> + 154960s* — 7104s® + 148s°

— 54491136t + 312608005t — 72884645t 4 8965445°t — 629725 t + 2460s°t — 425°t
+ 13977472t — 72884645t> + 15045605°t> — 1582005°t% 4 9078s"¢* — 2705°¢> + 35°¢°
— 1927680t° 4 896544st° — 1582005t + 13288s°t® — 546> + 95°1> + 154960¢*
— 62972st* 4 9078s%t* — 546s7t* 4 125*¢* — 7104t° 4 2460st° — 2705*t° + 95°t° + 148¢°
— 425t% + 3528
q2.3(s,t) = —4(8 — t)?(73728 — 316805 + 75365> — 1504s> + 180s* — 8s” — 74688t + 282245t
— 415257t + 3925%¢ — 30s*t + st 4 24944t% — 8808st? + 1040s°t* — 485°t% + s*¢2
— 3312t + 1080st> — 1085°t® + 35t + 148t" — 42st* + 35%t")
q2.4(s,t) = (10 — £)%(8 — £)*(7104 — 2064s + 188s> — 125 + s* — 2960t + 840st — 60s°t
+ 296t° — 84st> + 65°%)
g3,3(s,t) = 4(8 — 5)*(8 — £)*(768 — 400s + 965> — 8s® — 400t + 88st — 125°t + s°¢
+96t> — 12st® — 8t° + st%)
@2(8t) = g2,3(t,8),  qa2(s,t) = qea(ts), @a(st) =aq2ts), g@i(st)=aqss)
qa,1(st) = qralt,s),  gsa(s,t) =qst8), qro(st)=qa(ts), go(st)=qoz2(ts)
@3,0(8t) = qo3(t,s),  qao(s,t) =qoa(t,s), a50(8t) =qos5(t,s), gs0(s,t) = qos(t,s)

B.2 Rewriting flat space limit in terms of Mg

The goal of this section is to express the flat space limit relation in terms of the Mellin
amplitude Mp(s,t). Notice that the Mellin amplitude Mp(s,t) satisfies

2 N2 00 (5VAS, BVAT)

(S? + ST +1T?)
dpl 1

lim
A—00
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I'(10+mn) ~

NG )f (S, T) f421n+45:r) (B.4)

~ (S%+ ST +T?)? Z
n=0

where we have used (2.16). So we can rewrite M, (s,t) in terms of Mp(s,t) in this limit,

2 2
™ Mz(ﬁf, VAT) _ (8 +S4TA+T )? - [ﬁgMF(ﬁ\fS BfT)} N (B.5)

The flat space limit is then written as,

($2+85T+1%)% A_3/2/_“” do e d [(ﬁ)gMF<M9,W>LI (B.6)

26 A—o00 i 2mi o dBt [\ a 2 2

_ L@ (T(S+T) | S(S+T) | ST \ D=5 - DI+ 5T

Now we try to replace the derivative in 8 by a derivative in terms of a. This is accomplished

by noticing that,

d g d* . d3 ¢ d? 5 d
with = = % Schematically we have d’ﬁg(@), thus we can trade derivatives in x by

derivatives in «. Using the identity'®

> da e[ d B " da , 3 (1
- | — gl E = o — B.8
/_mma[dﬂ‘*“’(aﬂﬁl /_mm”g(a) B

we obtain
da e VS VAT
o \3/2
)\h—>nolo)\ /_ 271 aGM < 200 ' 2« > (B.9)
_ 16 ra-9ra-pre+E)
WIS TR 00+ F -5

C Borel ressumation

In section 4 we postponed the summation of the leading contribution to the energy-energy
correlator. The goal of this section is to explain how to perform the Borel ressumation that
is necessary to extract the 1/X to the event shape (4.6). The starting point is the function
foo(z,t, A) defined by,

ot = 3 B0 ) roh) (1)
n=0

The % correction to the event shape F(z) comes from the integral over x of fo o(x). This
function is written in terms of the coefficients of the highest powers in s of f,(s,t) as

fooo(@ ch (C.2)

15\We assume that total derivatives give vanishing contributions in the integral.
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The coefficient of s in f,(s,t) can be read from (2.17),

P(G + n)C3+n

I N2 evenn, ¢, =0 oddn (C.3)

Cp =
where ¢, is the Riemann Zeta function. Notice that odd terms in ¢, vanish, so fooo(2) is
an even function. A direct substitution of the coefficients in the sum does not work since
the sum diverges. Let us define the Borel transform of both functions as,

oo

Bfsoolz) = ZO %z% (C.4)

The original series can be obtained by integrating against e™?,

fooo( / Bfsoo(zx)e *dz. (C.5)
The Borel transform of f ¢ is given by,
30 = [ (k+1)3 (k+1)3 ]
Bfw(z) = — C.6
fool2) NQk_O[(lJrk—;)G (I+k+2) (C6)

The integral in (4.7) can be rewritten as

/wo difooo /“’o dac/ BOeZdz[ (k+1)z3z N (k+1)3 6] )

iso 20 2mi (14+k-2)  (1+k+%)

where we have used that fo () is an even function to change the integration limits. To
change the order of integration we need to keep track where the pole in the z plane is

- Chl) N [ ) (C.8)

T x

In particular for large = the poles will accumulate near the origin and pinch the contour
and for this reason we introduce an +ie. The integral in (C.7) can then be written as,

/ 606‘2 / [ (k+1)3 N (k+1)3 ]
14+k— z(z—;'e)z)ﬁ (1 +k+ z(z—i—ze)ax)

]\?ki k+1)2 / f[i(ziie)_i(z%l—ie)]dz'

After doing the integral over z and taking the limit of € — 0 we obtain

I
20 N2 &= (I + 1)2

T (C.9)

12 1 /00 2ee *dz  2m?
24em N2
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