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1 Introduction and preliminaries
Throughout this paper R, R*, and N represent the set of real numbers, the set of positive
real numbers, and the set of positive integers, respectively.

In 1922, Banach introduced the contraction mapping theorem which is famously known
as the Banach contraction principle. It is also known that Banach’s contraction principle
is one of the pivotal result of metric fixed point theory.

Banach contraction principle [1): If (X, d) is a complete metric space and 7: X — X isa
self-mapping such that

d(Tx, Ty) < ad(x,y),

for all x,y € X, where 0 < « <1, then T has a unique fixed point.

This theorem ensures the existence and uniqueness of fixed points of certain self-maps
of metric spaces, and it gives a useful constructive method to find those fixed points.

The traditional Banach contraction principle has been extended and generalized in wide
directions.

Now, we list some of the important generalizations of the Banach contraction principle
in the 19th century:

« In 1968, Kannan fixed point theorem [2]: If (X, d) is a complete metric space and

T :X — X is a self-mapping such that

d(Tx, Ty) < Bld(x, Tx) + d(y, Ty)),

for all x,y € X, where 0 < 8 < %, then T has a unique fixed point.
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« In 1971, Reich fixed point theorem [3]: If (X, d) is a complete metric space and
T : X — X is a self-mapping such that

d(Tx, Ty) < ad(x,y) + Bd(x, Tx) + yd(y, Ty),

for all x,y € X, where «, 8, y are non-negative constants witha + 8 + y <1,then T
has a unique fixed point.

« In 1971, Ciric fixed point theorem [4]: If (X, d) is a complete metric space and
T :X — X is a self-mapping such that

d(Tx, Ty) < ad(x,y) + Bd(x, Tx) + yd(y, Ty) + 8[d(x, Ty) + d(y, Tx)),

for all x,y € X, where «, 8, y, § are non-negative constants with @ + 8 + y + 25 <1,
then T has a unique fixed point.

The above named fixed point theorems are undoubtedly the most valuable theorems in
nonlinear phenomena. Many fixed point theorems concerning the above named theorems
and their generalizations have been given by several authors (for example, see [5-12]).

The Banach contraction principle appears everywhere in mathematics: Analysis, geom-
etry, statistics, graph theory, and logic programming are some of the fields in which the
Banach contraction principle and/or generalizations play an important role. In the litera-
ture, we can say that the elegant generalizations below are the standard generalizations of
the Banach contraction principle in 20th century.

In 2003, Kirk et al., generalized the Banach contraction principle by using cyclic map
and proved below fixed point theorem.

Theorem 1.1 [13] Let A and B be non-empty closed subsets of a complete metric space
(X,d) and T : AU B — A U B be a cyclic map (T is called a cyclic map iff T(A) C B and
T (B) C A). If there exists k € (0,1) such that

d(Tx, Ty) < kd(x,y)

forallx € Aandy € B, then T has a unique fixed point z. Moreover, z € AN B.

In 2012, Wardowski [14] introduced the F-contraction and generalized the Banach con-
traction principle in a new way.

F-contraction: Let F : R* — R be a mapping satisfying:

(F1) F is strictly increasing, i.e. for all &, 8 € R* such that a < 8, F(@) < F(B);

(F2) for each sequence {o,},cn of positive numbers lim,,_, » ¢, = O iff

lim,,_, o F(a,) = —00;

(F3) there exists k € (0,1) such that lim,_, o+ «*F(x) = 0.
A mapping T : X — X is said to be an F-contraction if there exists T > 0 such that for all
x,y€X,d(Tx, Ty) >0 = t + F(d(Tx, Ty)) < F(d(x,y)).

Theorem 1.2 [14] Let (X,d) be a complete metric space and let T : X — X be an F-
contraction, then T has a unique fixed point x* € X and for every xo € X a sequence
{T"x0}nen is convergent to x*.
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Very recently, Piri and Kumam [15] extended the result of Wardowski [14] by replacing

(F3) in the F-contraction with the following one:
(F3') F is continuous on (0, 00).

Let § denote the family of all functions F : R* — R which satisfy conditions (F1), (F2), and
(F3").

The authors of [15] generalized the standard F-contraction and proved a fixed point
result with the above new set-up.

The concept of weakly compatible maps was introduced by Jungck [16].

Definition 1.3 [16] Let (X, d) be a complete metric space and T, S be two mappings. Then
T and S are said to be weakly compatible if they commute at their coincidence point x, that
is, Tx = Sx implies TSx = STx.

The above concept is used to prove existence theorems in common fixed point theory.
However, the study of common fixed points of weakly compatible maps is very impressive.
In the literature one can find some interesting papers concerning cyclic contraction, F-
contraction and weakly compatible mapping (see for example [17-26]).

On the other hand, the standard metric space has been generalized in different ways:
see for example:

« the b-metric space by Bakhtin [27],

« the generalized metric space by Branciari [28],

« the multiplicative metric space by Bashirov et al. [29],

« the dislocated symmetric space by Sarma et al. [30],

« the quasi-symmetric space by Kumari et al. [31],

« the dislocated uniform space by Kumari et al. [32].

Apart from the above, we collected various definitions of such spaces. For more details,

the reader can refer to [18].

Definition 1.4 [18] Let X be a non-empty set and {d,, : « € (0,1]} a family of mappings d,,
of X x X into R*. Consider the following conditions for any x,7,z € X and s > 1:

(dy) the family of self distances are zero: d, (x,x) = 0;

(d2) the family of distances are symmetric: dy (%, y) = dy (¥, %);

(d3) the family of positive distances between distinct points: dy (%, y) = dy(y, %) = 0 implies
x=y;

(d4) forany « € (0,1] there exists 8 € (0, «] such that d, (x, 2) < s[dg(x,y) + dg(y,2)];

(ds) forany x,y € X, d,(x,y) is non-increasing and left continuous in «.

d, is called:
(i) the generating space of the b-quasi-metric family (shortly, the Gp,-family) if d,,
satisfies (d;) through (ds);
(ii) the generating space of the b-dislocated metric family (shortly, the Gp,-family) if d,,
satisfies (dy) through (ds);
(ili) the generating space of the b-dislocated-quasi-metric family (shortly, the
Gpaq-family) if d, satisfies (d3) through (ds).
Now we give some basic definitions of the generating space of a b-quasi-metric family.
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Definition 1.5 [18]

1. Let (X,d,) be a Gp,-family and let {x,} be a sequence in X. We say that {x,}

Gpq-converges to x in (X, dy) if lim,—, o do (%, %) = 0 for all « € (0,1].
In this case we write x,, — x.

2. Let(X,d,)be a Gp;-family and let A C X, x € X. We say that x is a Gy, -limit point
of A if there exists a sequence {x,} in A — {x} such that lim,,_, o x,, = x.

3. Asequence {x,} in a Gp,-family is called a Gp,-Cauchy sequence if given € > 0,
there exists 79 € N such that for all #, m > ng, we have d, (x,,x,,) < € or
1imy, - 00 A (X4, %) = 0 for all @ € (0,1].

4. A Gp;-family (X, d,) is called complete if every Gp,-Cauchy sequence in X is

Gpq-Convergent.

Remark 1.6 Every G;,-convergent sequence in a Gpg-family is G4-Cauchy.

A similar argument can be found in [33-36].

If we take s = 1 then generating space of b-quasi-metric family becomes generating space

of quasi-metric family as defined by Chang et al. [36].

Example 1.7 Let (X,d) be a metric space. If we put d,, instead of d for all @ € (0,1] and

%,y € X, then (X, d,) is a generating space of quasi-metric family.

In [34], the author proved that each generating space of quasi-metric family generates
a topology J4, whose base is the family of open balls. The ‘G,-family’ will play a very
predominant role in fixed point theory because the class of G,,-family is larger than the
generating space of quasi-metric family.

Motivated by the above facts, in this paper, we introduce the concept of a cyclic com-
patible contraction and prove related fixed point theorems in the generating space of a

b-quasi-metric family.

2 Main results

Definition 2.1 Let A and B be non-empty subsets of the generating space of a b-quasi-
metric family (X, d,). Suppose S and T are cyclic mappings from A U B to A U B such that
SX C TX and for some x € A there exists a y € (0,1) in such way that

dy (Sz"x, Sy) <ydy (Sz"_lx, Ty)
forallm e Nand y € A. Then S, T are called cyclic compatible contractions.

Theorem 2.2 Let A and B be non-empty closed subsets of a complete Gyy-family (X,d,).
Suppose:

1. S, T:AUB— AUB bea cyclic compatible contraction.

2. TX is a closed subset of X.
Then S and T have a point of coincidence in A N B. Moreover, if S and T are weakly com-
patible, then S and T have a unique common fixed point in A N B.
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Proof Letx =x € A be an arbitrary point. Since S(X) C T(X), we may choose x; € X such
that

SJC() = Txl. (1)

Hence we can define the sequence {x,} in X by Sx,, = Tx,.; for n € NU{0}. Then {x,,} € A
and {x,,_1} € B.
We have

Ao (%21, %2141) = Ao (T2, T2041)
= do(Sx2n-1, Sx20)
= do (%20, Sx2p-1)
= do (S %0, Sx241)
< ydo (S %0, To2n-1)
= ydo(Txon, Txon-1)

= )/da (%205 X2n-1)-
Similarly,

Ao (%2141, %2142) = Ao (Tx2041, T2n42)
= do (S %0, Sx241)
< ydy (S %0, Tonn)
= ydo(Txon, Txons1)

= yda (me x2n+l)'
Inductively, for each n € N, we get
da (xm xn+1) = ynda (xO: xl)'

Now we claim {x,} is a Cauchy sequence. According to the definition of a G,-family, we
have

Aoy (s %) < 8[dp (s Xs1) + A (Kis1s Xom) |
= 5dg (X, Xne1) + SAg (i1, %m)
< 8dg (X, Xpe1) + S Ap (Kns1s Xns2) + A (Kiss Xpaz) + -+
< sy"dg(x0, 1) + 8>y dg (x0,%1) + 8y 2dg (w0, x1) + - - -
= sy”[l +sy +(sy)? 4 ]d,g(xo,xl)

sy”
1-sy

< dg(x0,%1).
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Since 0 < y <1, letting n — 0o, we get d, (x,, x,,) — O for all @ € (0,1]. Therefore {x,} is a

Cauchy sequence in X. Since X is complete, there is a sequence {T?"x,} in A and {T?"Lx,}

is in B such that both converge to some 7 in X. Since A and B are closed in X, n € ANB.
Since TX is closed, there exists u in X such that

Tu=n. (2)

From the above argument and (2), there exist sequences {S>""lxy} in A and {$?"2x,} in B
such that both converge to 7.

Consider d,(5*"xy, Su) < yd,(S*"2xy, Tu).

By letting n — o0, dy (0, Su) < ydo(n, Tu).

This yields d, (n, Su) = 0. Thus

n =Su. 3)

From (2) and (3), it follows that Tu = Su = . Thus 7 is a point of coincidence for S and 7.
From the weak compatibility, we get

Sn=Tn. (4)

Now our aim is to prove Tn = .
Consider

do(Tn,m) = lim do(Sn, S %)
<y lim do(S*" %0, T)
n—00
=ydo(n, Tn). (5)

This yields (1 — y)dy(n, Tn) < 0.
Therefore d,(n, Tn) = 0.
Thus n = Ty.
From (4), we get S = Tn =1.
Hence 7 is a common fixed point of S and 7.
To prove uniqueness, let us suppose that n; and 7, are two fixed points of S and 7.
Then Sny = Ty = m and Snp = Ty = 1. Consider

Sanl

da(nlr 7)2) = nll>r§o dot( xO!SUZ)

<y lim dy (S 2x0, T»)

= Vda('h, T’]Z)
= Vda('h, ’72)~ (6)

Thus (1 - y)da(n1,m2) < 0.

Hence n; =1, since 0 <y <1.

If we put s =1 in the above theorem, we obtain the following corollary in the generating
space of a quasi-metric family. d
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Corollary 2.3 Let A and B be non-empty closed subsets of a complete G,-family (X,d,).
Suppose:

1. S, T:AUB— AUB are cyclic compatible contractions.

2. TX isa closed subset of X.
Then S and T have a point of coincidence in A N B. Moreover, if S and T are weakly com-
patible, then S and T have a unique common fixed point in A N B.

If we write d instead of d, in the above theorem, we obtain the following corollary in a

complete b-metric space.

Corollary 2.4 Let A and B be non-empty closed subsets of a complete b-metric space (X, d).
Suppose:

1. S, T:AUB— AUB are cyclic compatible contractions.

2. TXisa closed subset of X.
Then S and T have a point of coincidence in A N B. Moreover, if S and T are weakly com-
patible, then S and T have a unique common fixed point in A N B.

Example 2.5 Let X = [0,20] and A = B =(0,20] and define d : X x X — R* by d(x,y) =
(x —)%. Then (X, d) is a b-metric space with s = 2 which is not a metric space as d(0, 3) %
d(0,1) + d(1,3). Define S, T : AUB — A U B as follows:

0, ifxe{0}U (4 20],
5 ifO0<x<4,

Sx =

and

0, ifx=0,
Tx=1x+10, ifO<x<4,
x—2, ifd<x<20.

Fix any x € [4,20]. By taking y = %, we have Sx = S2x = $3x = - - - = §"x = 0 for all # and for

1
3
every y € (4,20], we have

0, ifye(4,20],
Sy=15, ifye(0,4],

0, ify=0,

y-2, ifye(4,20],
Ty=314, ify=4,
0, ify=0,

d(0,0)=0 ifye (4,20]U{0},

d(S*x, Sy) =
( ?) d0,5)=25 ify=4,

Page 7 of 18
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and

d(o;y— 2) = (2 _y)2 lf)’ € (47 20])
d(8*"'x, Ty) = { d(0,14) = 196 ify=4,
d(0,0)=0 ify=0.

Thus the cyclic compatible contraction condition (S*"x, Sy) < yd(S*'~'x, Ty), for each n €
N and for each y € [0, 20], is satisfied for y = % Thus by Corollary 2.4, S and T have the
unique common fixed point. In fact, ‘0’ is the unique common fixed point for S and 7.

If we puts = 1 and d instead of d,, in the above theorem, we obtain the following corollary

in a complete metric space.

Corollary 2.6 Let A and B be non-empty closed subsets of a complete metric space (X, d).
Suppose:

1. S, T:AUB— AU B are cyclic compatible contractions.

2. TX isa closed subset of X.
Then S and T have a point of coincidence in A N B. Moreover, if S and T are weakly com-
patible, then S and T have a unique common fixed point in AN B.

Example 2.7 Let X = [0,1] = A = B and define d: X x X — R* by d(x,y) = |x — y|. Then
(X,d) is a metric space. Define S, T: AU B — A U B as follows:

0, if0 <x<0.3,
0.3, if03<x<l,

Tx =

and Sx = 0.3 if 0 <x < 1. Clearly S(X) C T(X).

Fix any x € [0,1]. By taking y = 1, we have Sx = §?x = S®x = --- = §"x = 0.3 for all # and

for every y € [0,1], we have

0, if0<y<0.3,
0.3, if03<y<],

Ty =

and Sy=03if0 <y <1.
d(5%"x,Sy) = d(0.3,0.3) =0if 0 <y <1and

d(0.3,0)=0.3 if0<y<0.3,

d(SZ”’lx, Ty) =
d(0.3,0.3)=0 if03<y<Ll
Hence the cyclic compatible contraction condition d(5%*"x, Sy) < yd(S**x, Ty), for each
n € N and for each y € [0, 1], is satisfied for y = % Thus by Corollary 2.6, S and T have the
unique common fixed point. In fact ‘0.3’ is the unique common fixed point for S and 7T

Theorem 2.8 Let (X,d,) be a complete gy,-family and A, B be non-empty closed subsets
of (X,dy). Suppose S and T are cyclic mappings from AU B to AU B such that the range of
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T contains the range of S. TX is closed in subsets of X. For some x € A and y € (0, %), there

exists

Ao (S" %, Ty) + dy (S" Ly, Tx) }
’ 2

o =wx,y) € {da(Tx, Ty), do (8", Tx), do (S 'y, T9)

such that d,(S"x,Sy) < yw forne Nandy e A. Then S and T have a point of coincidence
in AU B. Moreover, if S and T are weakly compatible, then S and T have a unique common
fixed point in AN B.

Proof Let xp = x € X be fixed. As S(X) C T(X), we may choose x; € X such that
Sxo = Txl. (7)

Hence we can define the sequence {x,,} in X by Sx,, = Tx,;;1 = T"" %y = x,,41 for n € NU{0}.

Consider

Ay (%2,%1) = do(Txo, T1)
= dy (Sx1, Sxo)

<yo, (8)

where

Ao (8%%1, Txo) + d (S°x0, Tx1) }

w e {da(Txl» TX()), da (Soxly Txl)y dD( (Soxo, TxO), 9

do (%1,%0) + do (%0, %1) }
2

= {da(xl;xo):da(xlrxl)rda(xOJxO)r
= {do(x1,%0)}.
Therefore,
do (%2, %1) < yda(%1,%0).
Similarly,

Ao (%3,%2) = do (T3, Txo)
= dot (SxZ’ le)

<yo, 9)

where

dy (8%, Tx1) + doy (S, Tixz) }
2

w € {doz(TxZ; Txl); da (Soxb sz), dot (Soxl; Txl);

= {da(xZ:xl);da(x2;x2)rdot(x1,xl)rdoz(xZ:xl)}

= dy (%2, %1).
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Then, from (9), we get

Ao (%3,%2) < ydy(%2,%1)

< y2dy (%1, %0).
Hence for each # € N, by using induction, we get
da (T””xo, Tnxo) < ]/ndoz (xlr xO); (10)

for all @ € (0,1].
Now we prove that {x,} is a Cauchy sequence.
From the definition of the generating space of a b-quasi-metric family, we get

Aoy (s Xm) < S[dp (s K1) + dp (Ki1s o) |
< 8dg (X, Xpe1) + S Ag (Kns1s Xns2) + S A (Kiss Xpaz) + -+
< (sp" B Vel (1, %0)
= sy"(l +Sy + (sy)2 4. )da(xl,xo)

sy”
<
1-sy

de (%1, %0).

Letting n — 00, since sy < 1, limy,_, o dy (%4, x,,) — 0 for all @ € (0,1], which shows that
{x,,} is a Cauchy sequence in X. Since X is complete, there is a sequence {T?*"x¢} in A and
{T?*'x,} is in B such that both converge to some 7 in X. This implies n € AN B, as A and
B are closed subsets of X.

Since TX is closed, there exists u in X such that

Tu=n. (11)

As SX C TX, and from the above, we get sequences {S*"1x(} in A and {S?"~2x,} in B such
that both converge to 7.
Consider

do(Sp,m) = dy (TZM, Tﬂ)

<ydo(Ti, T 1)

= yda (1, 1)
-0,
do(Sp, T) = 0.
This yields
Su=Tu. 12)

From (11) and (12), S = T = 1.
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Thus 7 is a point of coincidence of S and T'. From the weak compatibility, we have
Sn="Tn. (13)
Now we claim that 7 is a common fixed point of S and 7,
Sn=Tn=n.
First we claim that Sy = 5. Consider,

doz(Sn; n = da(Tzrb TTI)
<ydy(Tn,n)

=ydy(Sn,n).

This implies
(1= y)da(Sn,n) <0.

Sincel1-y >0, dy(Sn,n) = 0.
Thus

Sn=n. (14)

From (13) and (14), Sy =Tn =1n.
In order to prove uniqueness, suppose that 7; and 7, are two common fixed points of §
and T.

That is, Sy = Tny = n; and Sy, = Ty = n;. Then consider

do (N1, m2) = do (S, Sm)
= do (T?m, Tny)
<yd,(Tm,n2)

= yda(nli 772)'
This implies (1 — y)d,(m,12) = 0. Hence n; = n5. O

If we put s =1 in the above theorem, we obtain the following corollary in the generating
space of a quasi-metric family.

Corollary 2.9 Let (X,d,) be a complete g,-family and A, B be non-empty closed subsets of
(X,dy). Suppose S and T are cyclic mappings from A U B to A U B such that the range of
T contains the range of S. TX is closed in subsets of X. For some x € A and y € (0,1), there
exists

d,(§" %, T3 d,(S" 1y, T)
w=wxy) e {da(Tx, Ty),d, (S”_lx, Tx),da (S”_ly, Ty), (8", Ty) + do(S" "y x)}

2
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such that d,(8"x,Sy) < yw forne Nandy € A. Then S and T have a point of coincidence
in AU B. Moreover, if S and T are weakly compatible, then S and T have a unique common
fixed point in AN B.

If we write d instead of d,, in the above theorem, we obtain the following corollary in a
complete b-metric space.

Corollary 2.10 Let (X,d) be a complete b-metric space and A, B be non-empty closed sub-
sets of (X, d). Suppose S and T be cyclic mappings from AU B to A U B such that the range
of T contains the range of S. TX is closed in subsets of X. For some x € A and y € (0, %),
there exists

d(S"x, Ty) + d(S" 'y, T:
o=owxy) e {d(Tx, Ty),d(S"‘lx, Tx),d(S”_ly, Ty), (5" = y); "5 T }
such that d(S"x,Sy) < yw forn e Nand y € A. Then S and T have a point of coincidence in
A U B. Moreover, if S and T are weakly compatible, then S and T have a unique common

fixed point in AN B.

If we puts = 1 and d instead of d,, in the above theorem, we obtain the following corollary
in a complete metric space.

Corollary 2.11 Let (X,d) be a complete metric space and A, B be non-empty closed subsets
of (X,d). Suppose S and T are cyclic mappings from AU B to A U B such that the range of
T contains the range of S. TX is closed in subsets of X. For some x € A and y € (0,1), there

exists

n-1 T n-1 T
w=ok7y) e {d(Tx, Ty), d(S" %, Tx),d(S" 'y, Ty), A8 % By) + dS™ y, Tx) }

2

such that d(S"x,Sy) < yw forn e Nand y € A. Then S and T have a point of coincidence in
AU B. Moreover, if S and T are weakly compatible, then S and T have a unique common
fixed point in AN B.

Theorem 2,12 Let (X,d,) be a complete Gy,-family and A, B are non-empty closed subsets
of (X,dy). Suppose S and T are cyclic mappings from AU B to AU B such that SX C TX.
Assume F :R* — R is a mapping satisfying the following conditions:

Fy) F isstrictly increasing,
Fy) InfF = —o0,

F3) F is continuous on (0,00),

— o~ o~ o~

E4) for some x € A there exists T > 0 such that
dy(Tx, Ty) >0 = 71T+ ]:(da (S”x, Sy)) < f(da (S”_lx, Ty)),

forneN,yeA.

Then S and T have a point of coincidence in A N B. Moreover, if S and T are weakly
compatible then S and T have a unique common fixed point in A N B.
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Proof Fix x € A. Since SX C TX, we may choose xy = x € X such that Sxy = Tx;.
Hence define the sequence {x,} in X by Sx,, = Tx,,1 = T""\xy = x,,,1 for n € NU {0}.
If xo = Txy, the proofis complete. So we assume that xy # Txo. This yields d, (xo, Txo) > 0.

Hence from (F4), we get

F (do(2,21)) = F (do (Sx1, Sx0))
< f( (S X1, Tx0>)
= ]-'(a,’a(xl,xo)) —-T. (15)

Similarly,

.7:( x;;,xz)) f(da sz,le )

F(do (S%2, Tar) ) -

| /\

do(%2,%1)) — T

do(%1,%0)) — 2 (16)

7
7

Inductively, for each n € N, we get
-F(da (xn+1¢xn)) < »F(da (xl;xo)) —nrt. (17)
By applying n — oo, we get

lim Fd (T %0, T"x0) = —

n—00

From (F,), we have

lim d (T""'%0, T"%0) =0, i.e. lim dy(¥u41,%,) = 0. (18)
n— 00

n—00

Now we prove that {x,} is a Cauchy sequence. Suppose, to the contrary, that {x,} is not a
Cauchy sequence. Then there exist § > 0 and sequences {1(n)}32; and {y(n)}52; of natural
numbers such that # is the smaller index for which n(n) > ¥ (#) > n, and

5
Ao (Ennys Xy(m) =8 and  dy (Xy(m-1, %y m) < . (19)

forall » e Nand « € (0,1].
By using the definition of a Gp,-family and (19), we get

8 =< dot (xn(n); xy/(n)) = S[dﬂ (xn(n)’xn(n)—l) + dﬂ (xn(n)—lr x\//(n))]

< 8d g (Xy(nys Xnm)-1) + 8. (20)
By taking # — oo in the above inequality and using (18), we obtain

5 < da(x,,(,,),xv,(,,)) <. (21)
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From the sandwich theorem and (21), we get
Jim d (90, %y ) = 8. (22)
From (18), there exists # € N such that
Ao (X(n), Ty () < S and  dy (%y (-1, Ty (n) < i, (23)
4s 452
for all » € N and « € (0,1].

Now, we claim that d (T, (), Txy ) > 0.
Arguing by contradiction, there exists m > n such that

da(xn(m)ﬂ»xl//(m)d) =0. (24)
From (19), (23), and (24),
8 < doz (xn(m)’ xl//(m)) < S[dﬂ (xn(m): xn(m)+1) + dﬂ (xn(m)Jrlyxl//(m))]

< Sdﬁ (xn(m)rxn(m)H) + S2d}3 (xr](m)+1’x1//(m)+1) + S2d;3 (xlll(m)+1;x¢/(m))

= 5 g (xy(my> Tyom) + 5 A nmyats Xy (my+1) + S Ap (B my 1 %y (om)

5 , 8
<s—+0+s"—
4s 452
)
_o 25
. (25)
This contradicts the argument that
dot (xr](m)+1: xl//(m)+1) =0.
Thus
Ao Xpmys1s X mys1) > 0, i do(Txy(mys Ty (my) > 0 Vi > n.
From the assumption of the theorem, we have
T+ F(do(Txnomy Ty my)) < F(de®ngmys Xymy)),  forallm e N. (26)

From the hypothesis of the theorem, (22), and (26), we get T + F(8) < F ().

This is a contradiction. Hence {x,};°; is a Cauchy sequence. By completeness of (X, d,),
there is a sequence {T?"x,} in A and {T?"x,} in B such that both converge to some u in
X for all @ € (0,1]. Since A and B are closed subsets of X, u € A U B.

As TX is closed, there exists z in X such that

Tz = u. (27)

Since Sx,, = Tx,,1 and by using the above argument, there exist sequences {S>""lxy} in A
and {S*"~2x,} in B such that both converge to u.
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This means
lim d,, (SZ”‘lxo, u) =0 and lim d, (Szn_zxo, u) =0, foralla € (0,1]. (28)
n—00 n— 00

Consider F(d,(S*xg,Sz2)) < F(d,(S*"2x9, T2)) — .
Letting n — oo and from (28), the hypothesis of the theorem, we get

lim F(do (S*" %0, Sz)) = —o0.

n—00

Hence again from the hypothesis of the theorem, we obtain

lim d, (Szn_lxo,Sz) =0, Vae€/(0,1].

n—00

This implies d,, (4, Sz) = 0. Thus,
u=_5z (29)

From (27) and (29), it follows that Tz = Sz = u. Thus u is a point of coincidence for Sand 7.
From the weakly compatibility definition, we get

Su=Tu. (30)

Now we claim that Tu = u.

From (F;) and (F4), T is continuous. Therefore,

do(Tu, u) = lin;o da(T(TZ"_lxo), TZ”_lxo) = lim da(TZ”xO, TZ”_lxo)
n—

n—0o0
=do(u, u)

= 0’
which yields
Tu = u. (31)

From (30) and (31), we get Su = Tu = u.

Hence u is a common fixed point of S and 7.

Now we prove the uniqueness of the common fixed point.

Let us assume that # and v are two common fixed points of S and T such that Su = Tu = u
and Sv=Tv=vbutu #v.

Hence d, (¢, v) > 0. From the assumption of the theorem, we get

F(do(u,v)) = F(do(Tu, Tv)) < T + F (do (Tu, Tv))
< F(do(u,v)).

This is a contradiction.
Hence u = v. This completes the proof of the theorem. d
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If we put s = 1 in the above theorem, we obtain the following corollary in the generating
space of a quasi-metric family.

Corollary 2.13 Let (X,d,) be a complete G,-family and A, B be non-empty closed subsets
of (X,dy). Suppose S and T be cyclic mappings from AU B to AU B such that SX C TX.
Assume F : R* — R is a mapping satisfying following conditions:

(F1) F is strictly increasing,
(Fz) Inf F = —o0,

(F3) F is continuous on (0,00),
(

F4) for some x € A there exists T > 0 such that
dy(T, Ty) >0 = T+ F(do(S"x, Sy)) < .F(da (S”_lx, Ty)),

forneN,yeA.

Then S and T have a point of coincidence in A N B. Moreover, if S and T are weakly

compatible then S and T have a unique common fixed point in A N B.

If we write d instead of d, in the above theorem, we obtain the following corollary in

complete b-metric space.

Corollary 2.14 Let (X,d) be a complete b-metric space and A, B be non-empty closed sub-
sets of (X, d). Suppose S and T be cyclic mappings from AU B to AU B such that SX C TX.
Assume F :R* — R is a mapping satisfying following conditions:

(Fy) F is strictly increasing,

(Fp) InfF = —o0,

(F3) F is continuous on (0, 00),

(F4) for some x € A there exists T > 0 such that

d(Tx, Ty) >0 = 1+ F(d(S"x,Sy)) < F(d(S" "%, 7)),

forneN,yeA.

Then S and T have a point of coincidence in A N B. Moreover, if S and T are weakly
compatible then S and T have a unique common fixed point in A N B.

If we put s = 1 and d instead of d,, in the above theorem, we obtain the following corollary
in a complete metric space.

Corollary 2.15 Let (X, d) be a complete metric space and A, B be non-empty closed subsets
of (X, d). Suppose S and T be cyclic mappings from AU B to AU B such that SX C TX. If
F :R* — R is a mapping satisfying the following conditions:

(F1) F is strictly increasing,
(F3) InfF =—-o0,

(F3) F is continuous on (0, 00),
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(F4) for some x € A there exists T > 0 such that
d(Tx,Ty)>0 = v+ F(d(S"x,5y)) < .F(d(S”_lx, Ty)),

forneN,yeA.

Then S and T have a point of coincidence in A N B. Moreover, if S and T are weakly
compatible then S and T have a unique common fixed point in A N B.
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