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Abstract Lorentz symmetry breaking effects on relativis-
tic EPR (Einstein—Podolsky—Rosen) correlations are dis-
cussed. From the modified Maxwell theory coupled to grav-
ity, we establish a possible scenario of the Lorentz symmetry
violation and write an effective metric for the Minkowski
spacetime. Then we obtain the Wigner rotation angle via
the Fermi—Walker transport of spinors and consider the
WKB (Wentzel-Kramers—Brillouin) approximation in order
to study the influence of Lorentz symmetry breaking effects
on the relativistic EPR correlations.

1 Introduction

In special relativity, the Wigner rotation corresponds to the
product of two Lorentz boots in different directions which
gives rise to a boost preceded or followed by a rotation [1,2].
Besides, the Wigner rotation is characterized by leaving the
4-momentum of the particle unchanged and making a preces-
sion of the spins in the rest frame of the particles. One effect
associated with the Wigner rotation is the Thomas precession
[3,4]. Another effect associated with the Wigner rotation is
the precession of spins of the relativistic Einstein—Podolsky—
Rosen (EPR) correlation [5] with respect to the initial config-
uration of spins due to the action of Lorentz transformations.
This precession of spins yields an apparent deterioration of
the initial correlations between the spins and decreases the
degree of violation of the Bell inequality. In Refs. [6-10], it
is shown that there exists a decrease in the degree of the Bell
inequality, yielded by the relativistic motion of the particle
in the Minkowski spacetime. On the other hand, in curved
spacetime, the decrease in the degree of the Bell inequal-
ity is yielded by the relativistic motion of the particles, the
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gravitational field, and the position of the observers [11-15].
Other interesting studies of quantum entanglement in curved
spacetime have been made in Refs. [16-21].

A geometric approach was proposed by Borzeszkowski
and Mensky [22] in order to study the relativistic EPR cor-
relations in the presence of a gravitational field by applying
the parallel transport along the world lines of the particles.
However, Terashima and Ueda [12] showed that by taking
into account the accelerated motion of the particle and the
gravitational field, thus, the parallel transport cannot yield the
perfect direction of the relativistic EPR correlations. From
this perspective, a geometric approach based on the Fermi—
Walker transport has been proposed in Ref. [14] in order to
obtain the Wigner rotation angle and the precession of the
spins of a relativistic EPR correlation.

In this paper, we discuss the Lorentz symmetry breaking
effects on relativistic EPR correlations. We start by introduc-
ing the description of fermions in curved spacetime in the
presence of Lorentz symmetry breaking effects. The inter-
est in studying the violation of the Lorentz symmetry, for
instance, comes from the origin of the electron electric dipole
moment, which is not explained by the Standard Model of
particle physics. At present days, just experimental upper
bounds have been established [23]. From this perspective,
the necessity of investigating the physics beyond the Standard
Model has arisen. A possible way of dealing with a scenario
beyond the Standard Model is the extension of the mechanism
for spontaneous symmetry breaking through vector or tensor
fields, which implies that the Lorentz symmetry is violated.
The seminal work made by Kostelecky and Samuel [24] in
string theory, where it is shown that the Lorentz symmetry
is violated through a spontaneous symmetry breaking mech-
anism triggered by the appearance of nonvanishing vacuum
expectation values of nontrivial Lorentz tensors, is consid-
ered to be the starting point for building several models that
deal with the violation of the Lorentz symmetry. Such models
are considered to be effective theories whose analysis of the
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phenomenological aspect at low energies may provide infor-
mation and impose restrictions on the fundamental theory
which they stem from. In particular, a geometrical approach
to investigating the effects of the violation of the Lorentz
symmetry on photons was proposed in Refs. [25,26], where
the Lagrangian of the modified Maxwell theory coupled to
gravity is written in terms of an effective metric tensor. There-
fore, our first objective in this work is to extend the geomet-
rical approach proposed in Refs. [25,26] to a fermionic field
by modifying the Minkowski spacetime. Then, by establish-
ing a possible scenario of the Lorentz symmetry violation,
we wish to investigate the effects of the Lorentz violation
on a gedanken experiment with relativistic entangled parti-
cles. From a classical mechanical point of view, we obtain
the Wigner rotation angle via the Fermi—Walker transport of
spinors. Further, from a quantum mechanical point of view,
we consider the WKB approximation [27,28] and study the
influence of Lorentz symmetry breaking effects on the rela-
tivistic EPR correlations.

The structure of this paper is as follows: In Sect. 2, we
present a brief introduction to the modified Maxwell theory
coupled to gravity that allows us to obtain an effective metric
for a curved spacetime under Lorentz symmetry breaking
effects; in Sect. 3, we introduce the Fermi—Walker transport
of spinors and establish a fixed timelike 4-vector in which
we determine the scenario of the Lorentz symmetry. Then we
calculate the Wigner rotation angle; in Sect. 4, we discuss the
effects of the Lorentz-violation symmetry on the relativistic
EPR correlations and on the Bell inequality; in Sect. 5, we
present ours conclusions.

2 Geometrical approach

Due to the lack of a more fundamental theory that, for
instance, could explain the upper bounds established in
experiments for the electron electric dipole moment [23,29],
the necessity of investigating the physics beyond the Standard
Model has arisen in recent years. A possible way of dealing
with a scenario beyond the Standard Model was proposed
by Kostelecky and Samuel [24] in string theory, where there
exists an extension of the mechanism for the spontaneous
symmetry breaking via vector or tensor fields which implies
that the Lorentz symmetry is violated. These models that deal
with the physics beyond the Standard Model are considered
as effective theories and are called the Standard Model Exten-
sion (SME) [30]. In this framework, the effective Lagrangian
corresponds to the usual Lagrangian of the Standard Model
in which is added to the Standard Model operators a Lorentz-
violation tensor background. The effective Lagrangian is
written as an invariant under the Lorentz transformation of
coordinates in order to guarantee the observer independence
of physics. However, the physically relevant transformations
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are those that affect only the dynamical fields of the theory.
These changes are called particle transformations, whereas
the coordinate transformations (including the background
tensor) are called the observer transformations. In Refs. [31-
33], one can find a deep analysis of these concepts. Concern-
ing the experimental searches for the CPT/Lorentz-violation
signals, the generality of the SME has provided the basis
for many investigations. In the flat spacetime limit, empiri-
cal studies include muons [34—36], mesons [37-54], baryons
[55-68], photons [69—82], electrons [83—95], neutrinos [96—
106], and the Higgs sector [107]. The gravity sector has also
been explored in Refs. [108,109]. In Ref. [110], one can find
the current limits on the coefficients of the Lorentz sym-
metry violation. In recent years, Lorentz symmetry breaking
effects have been investigated in the hydrogen atom [111], on
the Rashba coupling [112,113], in a quantum ring [114], in
Weyl semi-metals [115], in tensor backgrounds [116,117],
in the quantum Hall effect [118], and geometric quantum
phases [119-121].

After the seminal work by Kostelecky and Mewes [70,
122], a great deal of works [25,26,30,31,70,108,109,116,
122-125] have discussed the extension of the Standard Model
in the even sector of SME by the following term: § =
_zlt f d*x Kupeq F° F4. In particular, the tensor Kgpcq
does not violate the CPT-symmetry. It is well known that
the violation of the CPT-symmetry implies that the Lorentz
invariance is violated [126], however, the reverse is not nec-
essarily true. The action S = —1 [d*x Kypeq FO F
breaks the Lorentz symmetry in the sense that the ten-
sor Kgpcq has a non-null vacuum expectation value. It is
worth mentioning that the properties of the tensor Kgpcq
are the same as the Riemann tensor, but it has an addi-
tional double-traceless condition. From Refs. [25,26,72], the
tensor K,pcq in terms of a traceless and symmetric matrix
Eab is Kapea = % (nac Kbd — Nad Ebc + Nbd ’zac - nbclzad)-
In addition, we can define a normalized parameter 4-vector
&% that satisfies the conditions: £,£¢ = 1 for the timelike
case and £, = —1 for the spacelike case; thus, we can

~ ~ cg .
decompose the tensor K,p as Kqzp = K (Eaéb - ’“bTSS‘>,

where k = %E“b &, &p. By following Refs. [26,72], we con-
sider the parameter « to be a spacetime independent param-
eter, where 0 < k¥ < 2. Recently, two interesting works
[25,26] have shown that the Lagrange density to the non-
birefringent modified Maxwell theory coupled to gravity can
be written in terms of an effective metric tensor g, (x)
as Looam = —/& (1 = 365 §%) 3 F™ (x) F*7 (x) &up
(x) gvo (x), where this effective metric tensor is given by
[25,26]

8up (X) = gup (x) — €&, 8p, (D

where the parameter € is defined as € = # and g"V g =

8E. However, the rules of lowering or raising of indices are
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defined by the original background metric g, (x) and its
inverse gV (x).

In recent years, a geometrical approach to study Lorentz
symmetry breaking effects has been proposed based on the
Kaluza—Klein theory, by considering the Lorentz-violating
tensor fields with expectation values along the extra direc-
tions [81,82,127]. Based on this perspective, our proposal
is to extend the geometric approximation that gives rise to
the effective metric tensor (1) to a fermionic field by mod-
ifying the Minkowski spacetime. In Refs. [25,26,128-130]
is discussed that the generalized second law of thermody-
namics would be violated by the modified Maxwell theory
and fermions in the presence of a black hole. However, if the
Minkowski spacetime is modified by the effects of a Lorentz
symmetry breaking background, therefore there is nothing,
from the viewpoint of first principles, that prohibits fields
and particles described by the Standard Model to feel the
anisotropies described by the effective metric tensor (1). Our
proposal is to analyze the spontaneous violation of Lorentz
symmetry as an effective theory that can suggest how to
move in the direction of a fundamental theory. Therefore, we
do not analyze limit situations where singularities appear,
such as the event horizon, because in fact we are not sure
that these are real situations in a more fundamental theory.
Observe that the way of building the effective metric in Eq.
(1) results from the decomposition of the tensor K pcq4 sug-
gested in Refs. [25,26], therefore our proposal is to extend
the geometric approximation that gives rise to the effective
metric tensor in Eq. (1) to a fermionic field by modifying the
Minkowski spacetime. By comparing with Refs. [72,131],
the background defined by the effective metric in Eq. (1) can
yield an analog effect of the tensor ¢, in the Dirac equation.
Both approaches suggest that the violation of the Lorentz
symmetry can be viewed in the Dirac equation through the
geometry of the spacetime, but they differ from each other in
the way of coupling the terms associated with the violation
of the Lorentz symmetry.

Thereby, the Dirac equation can be written in terms of the
effective metric tensor g, (x). Nevertheless, we do not work
with the Dirac equation directly, we deal with the wave func-
tion through the WKB approximation [27] and assume that
it is a solution to the Dirac equation in the spacetime back-
ground described by the effective metric tensor (1). There-
fore, by assuming that this extension is possible, the aim
of this work is to investigate the Lorentz symmetry break-
ing effects on relativistic EPR correlations in the Minkowski
spacetime. By establishing a possible scenario of the Lorentz
symmetry violation, we obtain the Wigner rotation angle via
the Fermi—Walker transport of spinors and also consider the
WKB approximation [27,28] in order to enable us to discuss
the influence of Lorentz symmetry breaking effects on the
relativistic EPR correlations.

3 Fermi—Walker transport of spinors and Wigner
rotation

In this section, we deal with spinors in curvilinear coordi-
nates, then an appropriate way of working is to use the mathe-
matical approach of spinors in curved spacetime since spinors
are defined locally and where spinors transform according to
the infinitesimal Lorentz transformations [132]. Therefore,
we need to build a local reference frame for the observers
through a noncoordinate basis defined as ge = ey (x) dx*,
where the components ez (x) are called tetrads and satisfy
the relation: g, (x) = el‘i (x) e{j (x) nap [132-134], where
nap = diag(4+ — ——) is the Minkowski tensor. Besides, the
tetrads have an inverse defined as dx** = e~ (x) 6%, and the
relations e% (x) e, (x) = 8; and eg (x) €& (x) = 8 are sat-
isfied. It is interesting to note that if a spinor is transported
from a point x of the spacetime to another point x” under the
action of external forces, but without torque, the law of trans-
port is given by the Fermi—Walker transport [4,135,136]. For
spinors, the Fermi—Walker transport is given by

D a 1 v v a
Iz Cn (x) = ) [, (x) UY (x) — Uy (x) a” (0)] € (x).
(2
dx”

where % is the covariant derivative, U” (x) = ‘7 is the
4-velocity, a¥ (x) = U* (x) V, U" (x) is the 4-acceleration
(V,, are the components of the covariant derivative) and 7 is
the proper time of a particle. The Fermi—Walker transport was
introduced in the quantum mechanical context by Anandan
[28] through the WKB approximation [27], where the wave
packet can be Fermi—Walker transported from an initial point
x to a final point x’ if a particle is moving in an accelerated
path, but no torque exists. In the present work, we propose to
modify the operator that determines this evolution of the wave
packet in order to work with the spinorial algebra. Hence,
the modified operator that gives rise to the Fermi—Walker
transport of a spinor is given by [14,15]

= ﬁexp <l— / Quab (x) nab dx”) , 3)

ap

4

where P denotes the path ordering operator, £ =
£{ye, ¥*] is the (spinorial) generator of the Lorentz
transformations, y¢ are the Dirac matrices defined in the
Minkowski spacetime [132,137]. The y* matrices are related
to the y“ matrices via y* = el (x) y¢ [132]. Besides, the
object €2, 45 (x) given in Eq. (3) is defined as Qﬂab x) =
a)M’l p (X) + rlf » (x) and it is called a connection 1-form
or the spin connection [12,134]. This connection 1-form
can be obtained by solving the Maurer—Cartan structure
equations in the absence of torsion d6% + ) A 6> =
0 [134]. Besides, the term rlf » (x) was introduced by
Anandan [28] and it arises from the action of external

@ Springer
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forces on the wave function. It is defined as ru" p (X)) =
% [e% (x) ep (x) — €%, (x) epy (x)] and it can give rise
to quantum effects such as the arising of geometric quantum
phases associated with the Thomas precession [28].

In what follows, let us write the Minkowski spacetime in
cylindrical coordinates, ds? = ¢? dr? — dp? — p2dp? — dz?,
in order to study quantum effects associated with Lorentz
symmetry breaking effects in the geometrical picture given
by the effective metric tensor (1). Let us proceed with the
choice of the local reference frame for the observers as being
6 = cdt, ol = dp, 02 = p dep, and 63 = dz, and let
us consider the normalized parameter 4-vector &, to be a
timelike 4-vector given by

£, =(1,0,0,0). “

In this case, we see that the condition &, (x) §* (x) =
const established in Refs. [25,26,123] is satisfied, and the
effective metric becomes

ds® = (1 —€) 2 dt*> —dp? — p?dy? — dz°. (5)

The local reference frame of the observers related to the effec-
tive metric given in Eq. (5) can be defined as

@Ozc\/l—edt; ®3 = dz.

(6)

6l =dp; O =p dg;

By solving the Cartan structure equations in the absence
of torsion, de + wg AG =0 [134], we obtain the
non-null components of the connection 1-form: w(p21 (x) =
—a)(plz x)=1.

Henceforth, let us consider a circular motion with p =
const and z = 0; thus, we can deal with the systemin (2 4 1)
dimensions. The components of the 4-velocity are given by

—¢
U' (x) = - coshé, U?(x) = csinh &,
—¢€
(7
where tanhé = % v o= (1”_/’6) ili_(f’ and the proper time
of the particle is T = J% ﬁ. Moreover, the only
non-null component of the 4-acceleration is a” (x) =

2/lze sinh? &. Hence, the components of the connection
1-form rM“b (x) are (with respect to (2 + 1) dimensions):
rtol x) =1, 10 x) = % sinhZE and r(plz x) =
- ¢21 (x) = —n+/1 — € sinh? &, and the non-null compo-
nents of M“ , (x) are

sinh? &;

Qtol (x) = =%, 10 (x) = : (1/0_ .

Q) = -2, ()= -1 (1 +VT—¢ sinh2§> . ®)

@ Springer

Returning to the operator (3) that gives rise to the Fermi—
Walker transport of a spinor, we see that the Dirac matrices
y“ are given in (2 + 1) dimensions [138,139]: yo = o3,
y! = io!, and y%2 = io?; the matrices 0¥ are the Pauli
matrices and satisfy the relation (ai ol +olo! ) = 26,
Therefore, the operator (3) is written as

& Ty _ ! (ry B,.T . B
DZCXp(lE>=Z;<E> =COSE+ZESIHE,

n=0
9
where T" and I'? are matrices defined in the form
— 10
r=(" "M}, =g . (10)
n —n 01

The parameters written in the matrices above are n; =
® sinh & cosh& and n, = & [1 + /1T — € sinh? E], and the
parameter § established in Egs. (9) and (10) is

B = :i:dD\/[l N g sinhzé]z —sinh2 & cosh?E. (11)

The angle § given in Eq. (11) is the angle of the Wigner
rotation in the Minkowski spacetime under the influence of
Lorentz symmetry breaking effects obtained via the Fermi—
Walker transport of a spinor. In the present case, we have
established a particular background of the violation of the
Lorentz symmetry defined by a fixed timelike 4-vector (4).
Note that the Wigner rotation angle depends on the parameter
& related to the accelerated motion of the particles, the posi-
tion of the observers and the Lorentz symmetry violation
background. In particular, the effects of the Lorentz sym-
metry violation background on the Wigner rotation can be
viewed through the presence of the parameter € in Eq. (11).
On the other hand, by taking ¢ = 0 in Eq. (11), the effects
of the Lorentz symmetry violation vanish and we recover the
Wigner rotation angle in the Minkowski spacetime which is
defined by the accelerated motion of the particles, the posi-
tion of the observers [12].

4 Relativistic EPR correlations and Bell’s inequality

Now, let us deal with the Fermi—Walker transport of spinors
in (2 + 1) dimensions in the context of the quantum the-
ory. Since classical paths cannot be established in a quan-
tum system, we perform the WKB approximation in order to
introduce a geometric approach yielded by the Fermi—Walker
transport operator given in Eq. (9). We study relativistic EPR
correlations in a general relativity background. Let us begin
by writing the relativistic EPR quantum states in a general
relativity background as given in Ref. [12]:
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1
|wi) = E [[p% o). 45 x) [P (), Ls x)
+[p% (), 4; x)|pe (), 1w
|¢i) = % [|pL ), 15 x)|p% (%), 15 x)

£ |pl ), s x)|pt ), s x)] (12)

where p? (x) is defined in the local reference frame of
the observers, x denotes the position of the observers, and
o =1, | denotes the spins of the particles. Hence, by defini-
tion, each state above transforms under local Lorentz trans-
formations in the spin-1/2 representation at each local refer-
ence frame of the observers.

By considering an EPR source and two observers on the
plane defined by p = const and z = 0, where their positions
are given by the azimuthal angles ¢ = 0 and ¢ = +P,
respectively, hence, before the emission of the EPR pair of
particles from the source in opposite directions in the circular
motion, the initial states of the particle are described by

1
G {[P5 0. 119 =0)[p2 (0), | ¢ =0)

—[pL 0,1 9 =0)[p" (0),1; ¢ =0)}, (13)

where the 4-momentum of each particle in the local reference
frame is given by p4 (0) = mc (coshé, 0, 0, £sinh &),
and the spins are parallel to the 1-axis of the local reference
frame as in Ref. [12].

After the emission of the relativistic EPR pair of particles,
we consider the WKB approximation in order to describe the
Fermi—Walker transport of the quantum state (13) from the
initial point ¢ = 0 to the final points ¢ = +® where the
observers are placed. Note that the operator (9) acts on each
spin state of the particle, therefore we label Ei = cos g +
i % sin g; thus, the operator C:]+ = COos g +i L sin % acts on
the spin states of the particle with momentum p¢, while the
operator E_ =cos g—i % sin g acts on the spin states of the
particle with momentum p“. Let us consider the observers
to be in the rest frame of the particles given in Eq. (6), then,
after applying the Fermi—Walker transport on the quantum
state (13), we obtain the following quantum state in the points
¢ = =@ where the observers are placed:

[¢) =cosB W‘)—i cosh & sin g |1//+)
+i sinh& sin g |p7). (14)

V)=

Observe that the Fermi—Walker transport operator (9) acts
on the spinors, that is, on the spin states, thus, the quan-
tum state of the correlated particles obtained in Eq. (14) is
analogous to the quantum states obtained in Ref. [13] via
infinitesimal Lorentz transformations (applied at each point
of the spacetime from ¢ = 0to ¢ = +=®) in the sense that the
spins of the relativistic correlated particles in the initial EPR
correlation undergo a precession that depends on the angle 3,

while the 4-momentum of the particles remains unchanged
in the local reference frame of the observers [28]. However,
we can see that the final state of the relativistic correlated par-
ticles is given by the superposition of the states |1ﬁ‘>, Iﬂ+>
and |¢+> and depends on the angle of the Wigner rotation g
and the parameter &, which differs from the state obtained
in Ref. [13]. Moreover, no spurious effects from arbitrary
rotations of the local axes exist, since the Fermi—Walker ref-
erence frame is built in such a way that the local axes do not
rotate.

Aspointed outin Refs. [12,13], the states of the relativistic
correlated particles after undergoing a Wigner rotation sug-
gests that the initial spin anticorrelations given in Eq. (13)
are broken if the observers measure the spin in the direction
of the 1-axis. Actually, the quantum state (14) shows that the
direction of the spin measurements in which the observers
can make at the points ¢ = £® must be rotated about the
3-axis of the local reference frame of observers through the
angles ¥, respectively. This means that, by knowing the
relativistic effects that stem from the acceleration of the par-
ticles and the background of the Lorentz symmetry violation,
we can recover the initial spin anticorrelations given in Eq.
(13) by rotating the spin axis of the measurement through the
angles I about the 3-axis of the local reference frame of
the observers at ¢ = +®.

Let us analyze the violation of the Bell inequality in
this system. The particles are moving in a circular motion
on the plane defined by p = const and z = 0. Suppose
that the first observer is placed in ¢ = +® and measures
the component of the spin through the observables a and

a’, while the second observer is placed in ¢ = —® and
measures the component of the spin through the observ-

~ ~ R 1,3
ables b and b'. These operators are defined as @ = < :/%" ,

a = "3\75”1 ,b=03,and b =o', By following Ref. [140],
the maximum violation of the Bell inequality can be given by
'<& 13> + <&’ l;> + <?1 13’> - <Ez’ 13’> < 24/2. Thereby, by tak-
ing the quantum state given in Eq. (14), we obtain

(ab)+(a'b)+(ab) - (a'¥)

=22 ’coshzé sin? B — 1‘. (15)

We can see in Eq. (15) that the violation of the Bell inequal-
ity depends on the angle of the Wigner rotation 8 given in
Eq. (11) and the parameter &£. Observe that the violation of
the Bell inequality obtained from the quantum state of the
correlated particles (14), given by the Fermi—Walker trans-
port of spinors, is different from that obtained in Ref. [13].
This dependence on the angle 8 and the parameter £ means
that the degree of violation of the Bell inequality decreases
by making the spin measurements on the 1-axis of the local
reference frame of the observers at ¢ = +®. This result

@ Springer
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stems from the relativistic effects of the Lorentz symmetry
violation background and the accelerated motion of the cor-
related particles in the plane defined by z = 0 and p = const.
However, by rotating the spin axes of measurements through
the angles I8 about the 3-axis of the local reference frame
of the observers at ¢ = +®, we can recover both the initial
spin anticorrelations and the maximum violation of the Bell
inequality.

5 Conclusions

From the description of fermions in a curved spacetime
in the presence of Lorentz symmetry breaking effects, we
have established a possible scenario of the Lorentz symme-
try violation in the Minkowski spacetime and obtained the
Wigner rotation angle by using the Fermi—Walker transport
of spinors. We have seen that the angle of the Wigner rotation
is determined by the accelerated motion of the particle, the
position of the observers and the Lorentz symmetry violation
background. We have also discussed a possible application of
this study in relativistic EPR correlations by using the WKB
approximation, where a precession of the spins of the corre-
lated particles and the decrease in the degree of the violation
of the Bell inequality are observed by making the spin mea-
surements on the 1-axis in local frame of the observers. How-
ever, we have seen that by knowing the relativistic effects, we
can recover the initial spin anticorrelations and the maximum
violation of the Bell inequality by correcting the direction of
the spin axis in terms of the Wigner rotation angle. Although
experiments with relativistic spin-1/2 particles are very hard
to perform, the present study suggests that experiments with
relativistic EPR correlations could be a possible way of test-
ing the violation of the Lorentz symmetry in the Minkowski
spacetime as well as in a scenario of general relativity.
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