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Abstract

In this paper, some series of new intuitionistic fuzzy averaging aggregation operators
has been presented under the intuitionistic fuzzy sets environment. For this, some
shortcoming of the existing operators are firstly highlighted and then new operational
law, by considering the hesitation degree between the membership functions, has
been proposed to overcome these. Based on these new operation laws, some new
averaging aggregation operators namely, intuitionistic fuzzy Hamacher interactive
weighted averaging, ordered weighted averaging and hybrid weighted averaging
operators, labeled as IFHIWA, IFHIOWA and IFHIHWA respectively has been proposed.
Furthermore, some desirable properties such as idempotency, boundedness, homo-
geneity etc. are studied. Finally, a multi-criteria decision making method has been
presented based on proposed operators for selecting the best alternative. A compara-
tive concelebration between the proposed operators and the existing operators are
investigated in detail.

Keywords: MCDM, Intuitionistic fuzzy set, Aggregation operator,
Hamacher operation laws

Background

MCDM is one of the process for finding the optimal alternative from the set of feasible
alternatives according to some criteria. Traditionally, it has been generally assumed that
all the information which access the alternative in terms of criteria and their correspond-
ing weights are expressed in the form of crisp numbers. But in day-today life, uncertain-
ties play a crucial role in the decision making process. Due to complexities of the system,
the decision maker may give their preferences corresponding to each alternative to some
certain degree. However, it is obvious that much knowledge in the real world is fuzzy
rather than precise and thus their corresponding analysis contains a lot of uncertainties
and hence does not give the correct information to the practicing. Such kind of situa-
tions is suitably expressed with intuitionistic fuzzy sets (IFSs) (Attanassov 1986) rather
than exact numerical values. These days IFSs are one of the most permissible theories
to handle the uncertainties and impreciseness in the data than the crisp or probability
theory (Garg 2013, 2016a, d; Garg et al. 2014; He et al. 2014b; Li and Nan 2009; Wan
et al. 2016a; Xu 2007a, b; Yu 2015a). In the field of MCDM, the primary objective is of the
information aggregation process. For this, Yager (1988) proposed the ordered weighted
average (OWA) operator by giving some weights to all the inputs according to their
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ranking positions. Based on its pioneer work, many extensions have been appearing over
it and applied it to solve the problems of multi-criteria decision making problems. For
instance, Xu and Yager (2006) developed some geometric and Xu (2007a) proposed aver-
aging aggregation operators on IFSs environment including weighted, ordered weighted
and hybrid weighted operators. Zhao et al. (2010) combined Xu and Yager’s operators
and developed their corresponding generalized aggregation operators. Xia and Xu (2010)
proposed a series of intuitionistic fuzzy point aggregation operators based on the general-
ized aggregation operators (Zhao et al. 2010). He et al. (2014a) proposed an operations
based on the principle of probability membership, non-membership and probability het-
erogenous functions operators. Wang and Liu (2011) and Wang and Liu (2012) proposed
some geometric as well as averaging aggregation operator based on weighted and ordered
weighted operators for different IFNs under Einstein operations. Zhao and Wei (2013)
extended their aggregation operators by using the hybrid average and geometric opera-
tors. Apart from them, the various authors have addressed the problem of MCDM by
using the different aggregation operators (Fei 2015; Garg 2015, 20164, b, c, e; Garg et al.
2015; Liu 2014; Li and Ren 2015; Li and Wan 2014; Li 2014; Nan et al. 2016; Robinson and
Amirtharaj 2015; Wan and Dong 2015; Wan et al. 2016a, b; Wang and Liu 2011; Xu and
Yager 2006; Yu 2013a, b, 2015b; Yu and Shi 2015; Zhou et al. 2012).

It has been observed from the above aggregator operators that they have some draw-
backs. For example, if there is an IFS whose at least one grade of non-membership func-
tion is zero, then the aggregated IFSs corresponding to the aggregator operators as
described by Liu (2014), Wang and Liu (2011, 2013), Xu (2007a), Zhang and Yu (2014),
Zhao et al. (2014) etc., have a zero degree of non-membership. This means that the role
of the other grades of non-zero non-membership functions does not play any dominant
role during the aggregation process. Similarly, if there is at least one degree of mem-
bership function to be zero then their corresponding IFSs obtained through geometric
aggregator operators have a zero degree of membership functions. In other words, we
can say that the effects of the other grades of either membership or non-membership
on a corresponding geometric or an averaging aggregator operator does not play any
significant role during the aggregation process. Further, it has been observed from above
operators that the grades of overall membership (non-membership) functions are inde-
pendent of their corresponding grades of non-membership (membership) functions.
Thus, under such circumstances, the results corresponding to these operators are unde-
sirable and hence does not give the reasonable preference order of the alternative.

Thus the objective of this manuscript is to present some new averaging aggregation
operators under the IFSs environment. For this, some new operational laws on IFSs has
been defined by considering the degree of hesitation between the grades of membership
functions. Based on it, some series of different averaging aggregating operators includ-
ing weighted average, ordered weighted averaging and hybrid weighted averaging have
been proposed. It has been observed from these operators that the existing operators can
be deduce from the proposed operators by giving a parameters to be a special numbers.
Finally, a MCDM method based on these proposed aggregation operators are presented
to show the applicability, utility and validity of the proposed ones. From the studies, it has
been concluded that it can properly handle the shortcoming of the existing work and hence
give an alternative way to finding the best alternative using an aggregation operators.
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Preliminaries

Intuitionistic fuzzy set

An intuitionistic fuzzy set (IFS) A in a finite universe of discourse X = {x1,x3,...,%,}is
given by (Attanassov 1986)

A = {{x, na(x),va(®)) | x € X} (D

where pa,va : X —> [0, 1], respectively, be the membership and non-membership
degree of the element x to the set A with the conditions 0 < pa(x),va(x) <1, and
1A(x) +vqa(x) < 1 For convenience, the pair A = (u4,v4) is called an intuitionistic
fuzzy number (IFN) (Xu 2007a). Based on it, a score and accuracy function is defined as
S(A) = ua —va and H(A) = ua + vy, respectively. In order to compare two two IFNs,
A1 = (u1,v1)and Ay = {9, v2), an order relation between them are summarized as fol-
lows (Wang et al. 2009; Xu 2007a).

(i) IfS(A1) > S(A)then A1 > As.
(i) IFS(A;) = S(Ay) then

o IfH(A1) > H(Ay)then A; > Ay;
o IfH(A]) = H(Ay)then A} = A,.

t-norm and t-conorm

t-norm (7) and t-conorm (T*) operations are widely used for finding the various arith-
metic operations in the IFSs environment. For instance, Xu (2007a) defined the algebraic
product, sum, scalar and power operations for three IFNs o = (i, v), o1 = (1, v1) and
ay = (i, v2) and 4 > 0 be a real number, by using t-norm (T'(x,y) = xy) and t-cornorm
(T*(x,y) = x + y — xy) as follows

e a1 @ay=(1—(1—pu)d— u2),v1v2)

o o1 ®ay = (uiug, 1 — (1 —v1)(1 —v2))

c o= (1= wh)

ot =(uh1—1—-0)h

On the other hand, if we define T'(x,y) = #y)(l—y) and T*(x,y) = fc_:rxyy then the
operations on IFN are known as Einstein t-norm and t-conorm respectively which are
defined as below (Wang and Liu 2012)

< M2 V1 + V2 >
. 051 ®a2: 5
1+0—pu)A— ) 14+ vy
< p1 + 2 VU2 >
4 al®a2: ’
T+ ppr 1+ @ =v)(d =)

1+ w* =1 - 20
. ia: N ) B
A+ w4+ A= w* 2=+t

o 2” A4+v)—Q1Q -
S\ Q-4 pt A+ )+ (1 - )
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Hamacher (1978) proposed a more generalized t-norm and t-conorm by defin-

W{xﬂ—w) and T*(x,y) = W respectively. It is clear

from these operations that when y = 1 then they will reduce to algebraic t-norm and

ing as T'(x,y) =

t-cornorm T'(x,y) =xy and T*(x,y) =x +y —xy. Similarly when y =2, they will
reduce to Einstein t-norm and t-cornorm respectively as T'(x,y) = m and

T*(x,y) = 1 + xy Thus, based on these operations, Hamacher sum and product opera-

tions are defined for two IFNs o1 and o5 as

<,U«1+M2—M1/1«2—(1—)/)M1M2 V1V >
¢ 01 @ Oy = )
1= = y)uipue Y+ A —=y)(v1+v2 —vivo)
< U2 %] +V2—V1V2—(1—J/)V1V2>
¢ 01 ® Oy = )
y + @A —y)(1 + pa — p1p2) 1—(1 =y

and their corresponding aggregation operators have been proposed by Liu (2014) for
different IFNs «/’s by using weight vector w = (w1, w3, .. ., a),,)T ofa;(i =1,2,...,n)and
w; >0and ) !  w; = las

(i) The intuitionistic fuzzy Hamacher weighted averaging (IFHWA) operator

IFHWA (a1,a9,...,0,) = 0101 D wray D -+ - D w,oy
_ H?:l(l + (= Dp)® — H:'q:l(l — i)
B < L+ (= Dpd@ + (v = DL, A = pp’
y T v
[TL A+ = DA —v)@i + (v = DT, v >
(i)  The intuitionistic fuzzy Hamacher ordered weighted averaging (IFHOWA) operator

IFHOWA(ay, g, . . ., 0) = ws1)s1) D Ws2)%s2) D - - - D W (m) s ()
_ < [T L+ (v — Dusa)® — TTimi QA — ps)™
[T A+ (v = Dusa)® + (v — DT (4 — ps)®
y = Vg)(ti)
1+ = DA = v + (v = DI vsh
where (8(1),8(2),...,8(n)) is a permutation of (1,2, ..., #n) such that asi—1) > a5
foralli=1,2,...,n
(i)  The intuitionistic fuzzy Hamacher hybrid averaging (IFHHA) operator

IFHHA (ctq, a2, . ..,05) = wo'(l)do'(l) (o) a)g(z)dg(z) b---P a)o'(n)do'(n)
= < [T+ = Do) = TTim A = o)™
i+ (y — 1)%@)@' + (0 = DI A = o)

14 Hz 1 a(z)
:l 1(1 + (V - 1)(1 - Va(t)))wl + ()/ - 1) Hz 1 O’(t)

where &g (;) is the ith largest of the weighted intuitionistic fuzzy values ¢;
(i = nwiay, i =1,2,...,n).

The above operations are very concise and have been widely used by the various
authors (He et al. 2014a, b; Liu 2014; Wang and Liu 2012; Xu 2007a; Zhao et al. 2010),
but the above operations have several drawbacks. Few of them have listed as below.
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Example 1 Let a1 = (0.72,0), ag = (0.55,0.35), a3 = (0.23,0.72), g = (0.33,0.58) be
four IFNs and @ = (0.2,0.3,0.4,0.1)7 is the standardized weight vector corresponding to
these IFNs. By utilizing the IFHWA operator to aggregate all these numbers correspond-
ing to y = 1 we get IFHWA(1, a2, 3, 04) = (0.4720,0) and for y = 2, we get IFHWA
(a1, 02, a3, 4) = (0.4582, 0). From these results it has been seen that the degree of non-
membership is zero and is independent of the parameter y. Furthermore, this degree is
independent of the degree of other non-membership (those which are nonzero in «;s)
and hence these plays an insignificant role during the aggregation process.

Example 2 Let o7 =(0.23,0.35), oy =(045,0.23), o3 =(0.65,0.17) and o4 =
(0.50,0.20) be four IFNs and w = (0.2,0.3,0.4, O.I)T is the standardized weight vec-
tor of these numbers. Then based on IFHWA operator we get the aggregated IFNs are
(0.5137,0.2186) by taking y = 1 and (0.5060, 0.2196) when y = 2. On the other hand, if
we replace ay and a3 IFNs with 8y = (0.32,0.23) and 83 = (0.37,0.17) then their corre-
sponding aggregated IFN become (0.3443,0.2186) when y = 1and (0.3422,0.2196) when
y = 2. Hence, it has been seen that the degree of non-membership values of aggregated
IEN becomes independent of the change of the degree of membership values. Therefore,
it is inconsistent and hence does not give a correct information to the decision maker.

Therefore, the existing operators, as proposed by Liu (2014) are invalid to rank the
alternative and hence there is a need to pay more attention on these issues.

Some improved weighted averaging aggregator operators
In this section, we have define some improved aggregation operator by using an
improved operational laws defined as below.

Definition 1 Leta = (u,v)and a; = {11, v1), @2 = {2, v2) be three IFNs and / > 0 be
a real number then some basic arithmetic operations between them have been defined
by using Hamacher norms as follows

[T L+ (v — Dl = [T (1 — )
[, 0+ — Dl + (v = DT 4 — )
y T — ) — y [Ty [ — e — i) >
[T2 1+ (v — Dl + (7 = DT, — )

14 H%:l(l —Vv)—y HiZ:l [1— i — v

2 M+ —Dul+ @ - DI —v)
[, 1+ — Dv] =12, —w) >
2 I+ —Dul+ - DI d—w

(i) M:< 1+ — D) —[1 - u) Y[l —ult =yl —p— vl >
1+ —Dul+ @ -DA—pw* [+ —Dul+ @ - DL —p)

@ a1®az=<

() o1 ®ay= <

(iv) ai=< yl—vf =yl —p—v) [+ -] —[1—v) >
+@ -+ @ —DA—v [+ —Duf+ @ -1 -v]
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Weighted average aggregation operator

Definition 2 Let 2 is the set of IFNs o; = (usv),(i=1,2,...,n) and w =
o= (w1, wy,...,0.)T be its weight vector such that w; > 0 and Z;’zl w; =1, and
IFHIWA : 2" — 2, if

IFHIWA (a1, a9, ...,0,) = o101 D wyay D - - - D w0y,

then IFHIWA is called an intuitionistic fuzzy Hamacher interactive weighting averaging

operator.

Theorem 1 Leto; = (u;,v;), i = 1,2,...,n) be the collection of IFNs, then

H:'q:l(l + = Du)® — H;’zl(l — )
LA+ (= Dup)@ + (y — DA — pp)@’
y{H?:1(1 — ) =TT (A — i — ”i)wi} @)
P4y = Dp)@ 4 (y — DL, (1 — )@

IFHIWA (01,009, .. .,0y) = <

Proof Whenn = 1then w = w1 = 1, and hence

A+ (y —Dupt — A — pp)?
A+ @y — Dp) + (= DA — p)V’
y{d—p)t — Q- —v)'}

A+ @y —-Dudt+ ¢ — DA — p)!

IFHIWA(01) = w101 = (1, v1) = <

Thus, results hold for # = 1. Assume that result holds for n = £, i.e.,
i (L4 & = D) — [T, A4 — w)®
i=1 14 Mi i=1 i)
[T+ (& = D@ + (v = DT, A — po)e
y {5 = ™ =TT, (= i — ) | >
LA+ = D) + (v = DT (A — po®

By using the operational laws as given in Definition 1 for n = k + 1 we have

IFHIWA (a1, g, . . ., 0) = <
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k+1
IFHIWA (01,09, . . ., Ogy1) = @ w;a; = IFHIWA(o1, 02, ..., 0t5) @ 0p410k41
i=1

_ < 10+ & = D™ = [T, (1 — )
0+ = D™ + (v — DT, A4 — e’
{1 = ) =TT, (1 — i = v }
LA+ (= D@+ (= DI, A — e >

1+ (7 — D)+ — (1 — pgp)*
(L+ (Y — Dpgs )@+ + (y — DA — pgey)kHt’

Y{ = D) — (1 = pgegr — Vi) 41}
(14 (¥ = Dy )41 4+ (y = DA — )

_ < [T+ (¢ — Do — [T A — woy®
T A+ (= D@ + (v — 1) Hk“(l — )@

P {1 1 — 0 =TI @ = i — v } >
[T A+ @ —Dp)® + (v = DI A = e

Hence complete the proof. O

Lemmal (Xu2007a) Leto; = (i, vi),w; > O0fori=1,2,...,nand i, w; = 1, then

n n

w:
Hotl.‘ < g w;;
i=1 i=1

with equality holds if and only if o1 = a2 = -+ = ay

Corollary 1 Let o, (i = 1,2,...,n) be a collections of IFNs then the operators IFHWA
and IFHIWA have the following relation:

IFHIWA (a1, 09, . .., 0) < IFHWA(0t, 09, . .., 0ty)

Proof Let IFHIWA(ay,az,...,a,) = (uh,Vvh) = and IFHWA(ay,ao,...,a,) =
(M Vo) = &, and @ = (w1, w2, . .., w,) T be its corresponding weight vectors then

[Ta+@ —Du”+ @ =D]Ja = pwd® <Y i+ — D) + (v — 1)

i=1 i=1 i=1

n
> wil—p) =y
i=1

and

Page 7 of 27
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o AT A = e =TT A — = v)™
IS A+ & = Drd® + (& = DTS A — p)®

n n
= [Ja—wo® = TTA - ui— vy
i=1 i=1

y I1ie, V?)i

Z = n ; 7 w; — Va
Hi:l(l +@—-DA—-v))® +(y -1 Hi:l V;
Thus, Vb > v, where equality holds if and only if wi=py=---=pu, and
Vi =V) ="+ =Vu
Therefore,

S(P) = pb, —vE < g — vg = S(a)
If S(a?) < S(«) then for every w, we have
IFHIWA (a1, a9, . ..,0,) < IFHWA (01, a0, . ..,0)

If S(a?) = S(a) ie. uh — VvE = juq — vg then by the condition vE > vy, we have b = g
and V& = vy, thus the accuracy function H(of) = /Lﬁ +1h = e + Vo = H(). Thus in
this case, from the definition of score function, it follows that

IFHIWA (a1, a9, . ..,0,) = IFHWA (01, oo, . .., 0)
Hence,
IFHIWA (aq, a9, . . ., a) < IFHWA (01,09, . ..,0,)

where that equality holds if and only if o} =g = -+ - = oy, O
From this corollary it has been concluded that the proposed IFHIWA operator shows
the decision maker’s more optimistic attitude than the existing IFHWA operator (Liu
2014) in aggregation process.

Example 3 Let o = (0.1,0.7), s = (0.4,0.3),3 = (0.6,0.1) and a4 = (0.2,0.5) be
four IFNs and @ = (0.2,0.3,0.1,0.4) % be the weight vector of a/s, i.e. 1 = 0.1, uy = 0.4,
u3 = 0.6, ug = 0.2,v; = 0.7,v9 = 0.3,v3 = 0.1, v4 = 0.5; then for y = 2, we have

[T, (4 )@ =TT, — )™
[T, (4 )@ + [T, — e
2 [T (= ) =TT (= i = v } >

IFHIWA( (01, g, a3, 0t4) = <

T (4 )@ + [Ty (@ = o
/12712 —0.7010 2 x (0.7010 — 0.2766)
B < 1.2712+0.7010"  1.2712 + 0.7010 >
= (0.2891,0.4304)
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4 . 4 ,
IFHWA (ay, a, a3, a4) = < 221(1 + Mi)wl‘ — Hfl(l — Mi)wf,
[T 4 )@ + T (1 — )@
2 H?:l v >
1@ = v+ T ()
1.2712 — 0.7010 2 x 0.3906
- < 1.2712 + 0.7010" 1.5497 + O.3906>
— (0.2891, 0.4026)

n . n .
IFWA(r, an, 05,08 = (1= T]_ = wo T 00™)
= (0.2990, 0.3906)

Thus, it has been concluded that
SUFHIWA) < SUFHWA) < SUIFWA)

Theorem 2 Ifo; = (uj, vi)bean IFNs,i = 1,2, ..., n, then the aggregated value by using
IFHIWA operator is also an IFN i.e.

IFHIWA (ay, ap, . . .,ay) € IFN

Proof Since «; = (i, v;) be an IFNs for i = 1,2,...,n, then by definition of IFN, we
have

0<p,v,<1 and wu;i+v;<l1
Take, IFHIWA (a1, . . ., Q) = {ILIEHIWA, VIEHIWA ), We have

H;l:l(l + (¥ — Du)® — H:lzl(l — 1)
14+ (= Dup)? + (y — DA — u)@
1 y [T, (4 — )™

[To Q4+ —Dup?+(y —1) E(l — )@

n .
<1-] |l.:1(1 —p)” <1
Also

1+ = Dui = A=) & [Ja+ ¢ =D = [Ja —up™ =0
i=1 i=1
H:"l:l(l +(y — D)™ — H?=1(1 — W)
LA+ (=D + (v = DT (4 — )@

> 0.

Thus 0 < uirgrwa < 1. On the other hand,
y{ITe (4 — ) =TT (4 — i — v)@ }
LA+ (= D)@+ (y — DT — )
- y T, — i)
T L+ (r = D)@ + (v — DT (L — )@
n .
= Hi:l(l —p)¥ <1 |'. of Lemma 1
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Also

[Ta—up® =JJa —mi—vp =0
i=1 i=1
VI (@ — ) =TTy (4 — i — v)™ }
LA+ —Dud®+ (y — DI A — p)@ —

Thus 0 < virgrwa < L
Finally,

y [T — i — v

[To A+ = Du)® + (r =D [TA = i)

i=1

IFHIWA + VIFHIWA = 1 —

n .
<1- Hi:l(l — i — ) <1

Hence, IFHIWA € [0, 1]. Therefore, the aggregated IFN obtained by IFHIWA operator is
again an IFN. ]

Example 4 If we apply the proposed IFHIWA operator on Example 1 then correspond-
ing to y = 1, we get the aggregated IFNs as I[FHIWA(a1, o, a3, ®s) = (0.4720,0.4358)
while for y =2 we have IFHIWA (a1, oo, a3, a4) = (0.4582,0.4473). Therefore, it has
been seen that there is a non-zero degree of non-membership of the overall aggregated
IFNs even if at least one of their corresponding grades of IFNs is zero. Thus, the others
grades of non-membership function of IFNs play a dominant role during the aggregation

process in the proposed operator.

Example 5 1f we apply the proposed IFHIWA operator to aggregate the different IFNs
as given in Example 2 then we get aggregated IFN are (0.5137,0.2196) when y = 1 and
(0.5060,0.2231) when y = 2. On the other hand, if we apply proposed aggregated opera-
tor on modified IFNs then we get IFHIWA (a1, B2, B3, ®a) = (0.3443,0.2257) for y =1
and (0.3422,0.2264) for y = 2. Thus, the change of membership function will affect on
the degree of non-membership functions and is non-zero. Therefore, there is a proper
interaction between the degree of membership and non-membership functions and
hence the results are consistent and more practical than the existing operators results.

Now, based on Theorem 1, we have some properties of the proposed IFHIWA opera-
tor for a collection of IFNs o; = {1, 1), (i = 1,2,...,n) and @ = (w1, w2, . . ., wu) L is the
associated weighted vector satisfying w; € [0, 1]and Z?Zl w; = 1.

Property 1 (Idempotency) Ifo; = oo = (o, vo) for all i, then
IFHIWA (a1, a9, . . ., 0p) = 0

Proof Since o; = a9 = (o, v0)(i =1,2,...,n) and Z;’:l w; = 1, so by Theorem 1, we
have
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LA+ (y = Dpo)® — [T, (A — o)™
[T A+ (v — Dupo)® + (v — DT (1 — po)®’
YT A = 1) = TTi, (4 — o — v0)“ }
LA+ (= Do)+ (y — DI A — po)®

- < (L+ (y = Dpo) == — (1 — po)==1

IFHIWA(a1, a3, .. .,0,) = <

L+ (r — Do) =1 + (y — (1 — po) =i @0
y {1 = po) T — (1 = o — vy =i}
(L4 (¥ = Do) =19 + (y = (1 — pao)2=im1
=< (L+ (¥ = Dpro) = (1 = o)
1+ (7 = Dpo) + (7 = DA — o)’
y{d —po) — (A — po — vo)} >
(I+ (v = Dpo) + (v — DA — o)

= (10, Vo)
= 0{0

O

Property 2 (Boundedness) Let o~ = (min;(u;), max;(v;)) and ob = (max;(i;),
min;(v;)) then

o~ < IFHIWA(a1,09,...,a,) <ot

Proof Let f(x) = ,x € [0,1]then f, x) = m < 0; thus, flx) is decreasing

1—x
1+(y—1x
function. Sinceft;min < i < Mimavforalli = 1,2,.. ., nthen f (imax) <f (1) <f(Wimin)

1_,U«i,max < 1—p; < 1_Ni,min
(y—Dtimax — 1+(—Dui — 1+ =D iimin
n

the associated weighted vector satisfying w; € [0,1]and > ; w; = 1, then for all i, we have

( 1 — i max )wi < ( 1—py )wi < ( 1 — imin )wi
1+ - l)ﬂi,max AL+ (Y = Duy T\ 1+ (¥ = Diimin

,for all i. Let w = (w1, wa, ..., w,)7 is

for all i, i.e. T
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Thus,

2 e ) e 2
i1 \ L+ (= Ditimax S\ (=D i\ = Ditimin
vt ) 200 (g )
< <1+<y —yl)m,max> = H(V_DH <1+<y—ﬂl>u>w

< (o Lm0
1+ (y — Ditimin

| /\

N (1 + (- l)ﬂi,min) < 1

1 - 1—pi \”

b (1 )
i

< (1 + (- l)ﬂi,max>

14

14
< 1+ (Y — Ditimin < 1— o = 14 (y — 1)Mimax
i
Lo -0 ()
i
14

< (Y — Ditimin <
1—p

1 —1 n om0

T =Dl (1 O - Dus

ot < [T+ (r — D)@ =TT, (4 — )™
PSR A4 (r — D@ + (y — D T (1 — )@

>wi —1 = (y — Dptimax

= Mimax 3)

On the other hand, let g(y) = o522,y € [0,1] then g'() = —y/((y — 1)*? < 0

so g(y) is decreasing function on (0,1]. Since 1 — pimax <1 — i <1 — Uimin
for all i then g(1— ptymin) <g(1—p) <g(1 = pimax) Pe. Lol ltimn)
y=(y=DA—pi) Y= =D (A —imax) _ ’ .
= D) = DU Hime) for all i=1,2,...,n Let w = (w1, w2,...,wy)
the associated weighted vector satisfying w; € [0,1] and >/ ; w; = 1, then for all i, we

have

(V -y —-DHd - Mi,min))wi < (V -y -DA- ,Uvi))wi < (V - (y-DA- Mz’,max))wi
(y = DA — Wimin) - y —DA — up) (y = DA — pimax)
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Thus,

- (y ~(—D(- m,mm)>‘”" _T (y ~(—D(- m))“”
e (y — DA — timin) T (y — 1A — w)

12

S (v — (=D - m,max>>‘”f
=11 ( & = D — im0
y = (r = DA = timin) _ H (y ~(y=Dba- m))”’f
(v = DA — fimin) (v — DA — )
< y—(@-DA- Mi,max)
o (¥ — DA — timax)

y ? J/—(V—l)(l—m))’”" y
+1
¢ oova <11 ( - D — ) = =D — im0

i=1

i=1
N (y —DA - ﬂi,max) < 1 - < (y —a - Mi,min)
y " (y—(y—l)(l—ui))’+1_ y
U DA - )
< 1= fimax < y (; Do\ @ <1 — Wimin
e (Y= DvT L
Also

1-—- Mimax — Vimin = 1—pi—v;<1-— Mimin — Vi,max

1 — f4imax — Vimin < 1—p;—v; < 1 — fimin — Vimax

< = =
1 — imin 1— 1 — fimax
o 1- Mimax — Vi,min < ﬁ (1 — M — Vi>wi < 1 — pimin — Vimax
1 — imin i 1— 1 — fimax
o —Mimax T Mimin + Vimax <1- ﬁ <1 L Vi>wi < —Mimin T Mimax T Vimax
1 — imax Pl 1— 1 — iimin
1— i —vi\“
alm Slererwl
& — i min + Vi < L~
Mimax + Mimin + Vimax < o-1) H’? < 1+ (y —Du; )a)z - 1)
I\ - DA - )

< —Mimin + Himax F Cimin

P 0 — ) — Tl = =)

n — N — 7 o, = Vimin 4)
1L+ (v = Dpp)@ + (v = D[4 — p®

< Vimax = 1—[

Take fimin = min;(i;), Mmax = MaX;(i;), Vmin = mMin;(v;) and vmax = max;(v;). Let
IFHIWA(a1, @9, . ..,0,) = & = (g, Vo) then Egs. (3) and (4) are transformed into
Mmin = Mo = Wmax>»  Vmax = Vo = Vmin-

So, S(@) = pta = Vo < fmax — Vmax = S(a™) and
S(&) = g — Vo = Mmin — Vmin = S(@7). If S(a) < S(@™) and S(a) > S(@™) then by
order relation between two IFNs, we have

o~ < IFHIWA (a1, 00, ..., a,) <ot
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Table 1 Comparison with IFHIOWA and existing operators

y=1 y=2 y=3
IFOWA Proposed IFHOWA Proposed IFHOWA (Liu  Proposed
(Xu 2007a) (Wang 2014)

and Liu 2012)

IFN - (0.1865,0.2555) (0.1865,0.2570) (0.1836,0.2561) (0.1836,0.2579) (0.1812,0.2564) (0.1812,0.2586)
Score  0.0690 —0.0705 —0.0726 —0.0743 —0.0752 —-0.0774

Property 3 (Monotonicity) If o; and B, (i = 1,2,...,n) be two collections of IFNs such
that o; < B;for all i, then

IFHIWA (a1, 09, . .., 0) < IFHIWA(B1, B2, - - .» Bu)

Proof Proof of this property is similar to above, so we omit here. (]

Property 4 (Shift-invariance) If B = (ug, vg) be another IFN, then

IFHIWA (a1 ® B0z ® B, .. .oty ® B) = IFHIWA (a1, 03 - . ., an) ® B

Proof As aj, f€IFNs, so

A+ —DupA+( —Dup) — A — u)(d — pnp)
A+ @ —Du)A+ @ —Dup) + (r = DA — pu) 1 — pp)’
y[A = p)@ —pg) — (A — pi —v)(1 — g — vp)]
A+ =Du)A+ ¥ —Dug) + (¥ = DA — u)(A — up)

Oli€9,3=<

Therefore,

IFHIWA(a1 ® B,as ® B, ..., 0, ® B)
_ < P+ (= D)@+ (7 — Dup)® — [T (A — p) (A — )™
[T (A + (y = D)@+ (v — Dug)® + (r = DT (A = p) @ — pp)®’
YT (@ = 1)@ = )@ =TTy (A = i — v (L — pp — vp)) ™} >

LA+ = D)@+ (v — Dup)® + (v — DI (4 — ) (1 — pp))®
B < [T (A + (v = Du)® (A + (y — Dup)® — [T (A — ) (1 — pp)™
LA+ = Dud@Q+ (= Dup)® + (v — DT (1 — u)® (1 — pg)’
PAITL (= )™ (A — pp)™ = T2y (0 — s = ) (1 — pip — vp) '} >
[T A+ (v = Dud)® @+ (v — D)@ + (v — DI (1 — p)@i(1 — pp)®
_ < {IT2 0+ & = D) J A+ (v = Dpg) = {TT71 (@ — ) } (L = i)
{ITZ 0+ (@ = D)@ A+ (v — Dup) + (v — DT (4 — )@ A — up)’

Yy ({TT (= )@ A = pp) — {1 @ — i — v J (1 — g — vp)) >

{TTZ A+ (v = D)@ }A+ (v — Dup) + (v — D{ITm1 A — m)@ F(1 — pp)
= IFHIWA(a1,02...,0,) ® B
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Property 5 (Homogeneity) If B > 0 be a real number, then

IFHIWA(Bay, Baa, . . ., Ba,) = BIFHIWA(ay, a2 ..., 0,)

Proof Since o; = (1, v;)be an IFNs fori = 1,2,. .., n. Therefore, for 8 > 0, we have

goy = ( A+ =D’ — - )’ v [ — )P — A — i —v)f]
U\ =D+ (= DA = )P A+ (= D) + (= DA = )P

Therefore,

IFHIWA(Bay, Baa, . . ., Bay)
_ < [T LA+ (7 = D) P12 = [T LA — pp)P)
[T QA+ (r — DudPlen + (v — DT 1A — wo)fler’
y{IT [ — P12 — [T (A — pi — v)P)”r} >
[T [+ (v = DudPlen + (v = D [T [ = ppPe
B < (I, (L + (& — D)™’ — (T, — up™)”
NI A+ & = D) + (v = DT, A — m@)?
P{ (I = ) = ([T 1 = i = )}
(I A+ (v = D)’ + (v = DT, - ;mwf)ﬂ>
_ ﬂ< [T+ (=D =TT, — n)™
[T+ (y — D@ + (v — DI A — )™’
I (1 — ) =TT (= i — )™} >
LA+ (= D) + (v = DI, — p)@
= BIFHIWA(o1,a2,...,0,)

Hence,
IFHIWA(Bay, . . ., Ba,) = BIFHIWA(ay,. . ., o)
O

Property 6 Let o; = (lig;» Vo;) and B = (g, vg,)(i = 1,2,...,n) be two collections of
IFNs, then

IFHIWA(or @ 1,02 @ Boy - . . 0tn ® Bp) = IFHIWA (a1, s . . ., ay) ® IEHIWA(B1, Bo - - ., Br)

Proof As a; = (le;s Vo;) and B = (ug,, vg,)(i = 1,2,...,n) be two collections of IFNs,
then

I+ = Dupe) A+ (¥ — Dug) — (1 — pg,) (1 — up;)
1+ —Due) A+ (v — Dupg) + (¥ = DA — pa) A — pup)’
V{(l - ,U«a,')(l - /’Lﬂi) -(1- Ma; — vai)(l — Mg — vﬂt)}
A+ —Dueg)A+ (¥ —Dug) + (y — DA — ) — pg,)

%®&=<
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Therefore,

IFHIWA(o1 @ 1,02 @ B2, - > 00 © )

_ < TTE 0+ (v — Dpg)) A+ (v — Dpp)]® = TT 1A — pe ) (1 — )]
A+ = Dpe) @+ (v — Dug)]® + (v — DI (A — pa) (@ — pp)1

P ATTLA LA = ) (= )1 =TT (L — ptay — ve)(1 = pig, = vg)1”'} >

TUAA+ = Dpe) A+ (y — Dupp)@ + (v = DT [0 — pe) (A — pp)]e
= < T2+ (& = Dite) Ty A+ (r = Datg)or = [Ty (4 = pa)” Ty (A = 1)
[T A+ (7 = Dia)® [T L+ (7 = Dug)® + (v — DT (1 — pa)@ [T (1 — )@
V{H:;l(l — Ha)” H?:l 1 —pp)” — 1_[7=l(1 — Koy — Vo)™ H?:l(l — KB — Vﬂz)mi}
[T A+ = D) [T (4 (& — Dug)® + (v — DT (4 — pap)® T[Ty (1 — )@
_ < T+ 7 = Dita)® — [Ty (4 — pa)™
Mo A+ — Dpa)® + (v = DI A — pa)®’
YA Q= e)® =TTy (1 = phey — va) } >
[TA+ @ —Dpe)? + (v = 1) [TA — pe)®

i=1 i=1
® < [T+ @ = Dpg)” = [T A — pp)®”
[To A+ (y — Dpg)® + (v — DT, 4 — g’
V{HLI 1 —pp)” — H?:l 1 —pp — Vﬁf)w’}
i@+ (r = Dpg)® + (v — DT A — pp)®
= [FHIWA(ay, a2 .. .,0,) @ IFHIWA(B1, B2 - - ., Bn)

Hence,
IFHIWA (o1 @ B1, 02 @ By - . .0ty D Bn) = IFHIWA(ar1, oz . . ., ) ® IFHIWA(B1, Ba - . ., Br)
O

Property 7 Let a; = (i, vi)(i = 1,2,...,n), B = (ug,vg) be an IFNs and If n > 0 be

any real number, then

IFHIWA (a1 @ B,noay @ B, ..., noy, @ B) = nIFHIWA (a1, a2 ...,0,) © B

Proof By using the Properties 1, 5 and 6, we get the required proof, so it is omitted
here. O

Ordered weighted averaging operator

Definition 3 Suppose there is a family of IFNs «; = (u;,v;) for i =1,2,...,n and
IFHIOWA : 2" — 2, if

IFHIOWA(ay, . . .,0y) = w1051 D - - - © wuttsm)

where o = (w1, w3...,w,)T is the weight vector associated with IFHIOWA,
(6(1),8(2),...,8(n)) is a permutation of (1,2,3,...,n) such that asi—1) > a5 for any
i. Then IFHIOWA is called intuitionistic fuzzy Hamacher interactive ordered weighted

averaging operator.
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Theorem 3 Let o; = (u;,vi), (i = 1,2,...,n) be the collection of IFNs, then based on
IFHIOWA operator, the aggregated IFN can be expressed as

IFHIOWA(a1,a, ..., y)
_ < [T+ (v — Dusa)® =TT — ps))®
[T+ (r — Dps)® + (v — DI A — po)®
YIITo @ = ms)® =TT (A = sy — vs)™) > (5)
[T+ (v — Dpsa)® + (v — D [Timg (1 — psy)@

Especially,v; =1 — p;fori =1,2,...,nie all o; are reduced to p;, respectively then Eq.

(5) is reduced to the following form

IFHIOWA(a1,a,...,0,)
= < [T+ (v — Dpsa)® — T A — msa)®
I+ (v = Dusa)® + (v — DT (1 — ps@)®
LA+ & = Dpse)® =TT (A = ps@)™ >
[T+ — Dpsa)® + (v — DT (1 — psa)®

which becomes a fuzzy OWA operator of dimension # to aggregate fuzzy information.

Proof 'The proof is similar to Theorem 1. O

Corollary 2 The IFHIOWA operator and IFHOWA operator have the following relation
for a collections of IFNs o;(i = 1,2,...,n)

IFHIOWA(w1, . ..,0,) < IFHOWA(u1, ..., 0y)

As similar to those of the IFHIWA operator, the IFHIOWA operator has some proper-
ties as follows.

Property 8 Let o;={(u;,vi)(i=12,...,n) be a collection of IFNs and
®= (01, w,...,0,)7 be the weighting vector associated with IFHIOWA operator,
w; €[0,1,i=1,2,...,nand Z:’:I w; = 1 then we have the following.

(i) Idempotency: Ifall a; are equal i.e., o; = o for all i, then IFHIOWA(ay, . . ., 0y) = o
(i)  Boundedness:

Qmin < IFHIOWA (a1, a2, ...,0;) < Omax

where dmin = minf{ay, oo, . . ., 0y} and omax = max{o, o, . .., @y}
(i)  Monotonicity: If a; and By (i = 1,2, ..., n) be two IFNs such that a; < B; for all i,
then

IFHIOWA(ay, . . .,a,) < IFHIOWA(B1,. .., Bn)
(iv)  Shift-invariance: If 8 = (ug, vg) be another IEN, then
IFHIOWA(a1 ® B,as ®BD ... Doy, @ B) = IFHIOWA(ay,az,...,0,) @ B

(v)  Homogeneity: If > 0 be a real number, then
IFHIOWA(Baa, Bata, . . ., Bay) = BIFHIOWA (a1, 00 . . ., o)
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Proof The proof is similar to IFHIWA properties, so we omit.

Example 6 Let o7 = (0.22,0.23), ap = (0.04,0.35) and o3 = (0.25,0.23) be three IFNs
and o = (0.25,0.50,0.25)T be the position weighted vector then based on their score
functions, we get their ordering as a3 > a1 > ay and hence as(1) = a3, as2) = @1 and
as(3) = ag. Then for different value of y, the aggregated IFNs by the proposed and exist-
ing operators are summarized in Table 1.

Thus, it is clear from these results that
IFHIOWA (a1, a2, a3) < IFHOWA(a1,a9,a3) < IFOWA(a1,as,as)

Hybrid weighted averaging operator

Definition 4 Suppose there is a family of IFNs, o; = (i, vi), (i =1,2,...,n) and
IFHIHWA : 2" — £, if

IFHIHWA(a1, . . .,0y) = 01051) @ 02052) @ - - - B Wplo (n)

where w = (w1, wy, ..., a),,)T is the weighted vector associated with IFHIHWA,
w = (W1, Wa, ..., W) is the weight vector of «; such that w; € [0, 1], Z?:l w; = L. Let ¢;is
the ith largest of the weighted IFNs &;(= nw;a;,i = 1,2,...,n), n is the number of IFNs
and (0(1),0(2),...,0(n)) is a permutation of (1,2, ...,n), such that &, ;1) > ds() for
any i, then, function IFHIHWA is called intuitionistic fuzzy Hamacher interactive hybrid
weighted averaging operator.

From the Definition 4, it has been concluded that

It firstly weights the IFNs «; by the associated weights w;(i = 1,2,...,n) and mul-
tiplies these values by a balancing coefficient # and hence get the weighted IFNs
a;, =nmwie;(i =1,2,...,n).

o It reorders the weighted arguments in descending order (&y (1), %5 (2)s - - -» o (m))
where &, () is the ith largest of ¢;(i = 1,2, ..., n).

« It weights these ordered weighted IFNs ¢4 by the IFHIWA weights
w;i(i =1,2,...,n)and then aggregates all these values into a collective one.

Theorem 4 Leto; = {u;,v;)bean IFNs, (i = 1,2, ..., n) then by IFTHIHWA operator, the
aggregated IFN becomes

IFHIHWA (o1, a0, . .., 0y)
_ < 1+ = D)™ — [T Q= o)™
NI A+ & = Dite@)® + (v = DT A — fio@)®’
VTS A = o) =TT (A = flo@) = Vo)) >
1+ (y = Dio@)® + (v = DT A = o)™
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The proof is similar to Theorem 1, so it is omitted here.

Corollary 3 The [IFHIHWA and IFHWA operators satisfies the following inequality

IEFHIHWA (a1, 02, . . ., 0ty) < IFHWA (o, a2, - . . oty)

for a collections of IFNs wj’s.
Similar to those of the IFHIWA and IFHIOWA operators, the IFHIHWA operator has
also follows the same properties as described in Property 8.

Decision making approach using proposed operators

MCDM problem is one of the fast and challenging method for every decision maker for
finding the best alternative among the set of feasible one. For this, let {X1,X>, ..., X,}
be a set of # different alternatives which have been evaluate under the set of m different
criteria {G1, Gy, ..., Gy} by the decision maker(s). Assume that the decision maker(s)
give their preferences in terms of IFNs «;; = (u, vy), (i =1,2,...,mj=1,2,...,m),
where w;; and v;; represents the degree that the alternative X; satisfies and doesn't satis-
fies the attribute G; given by the decision maker respectively such that 0 < u;;, v <1
and u;; + v < 1. Hence, MCDM problem can be concisely expressed in an intuitionistic
fuzzy decision matrix D = (&tj)nxm = {Iij» Vij)uxm- Various steps used in the proposed
methodology for MCDM are explained as follows:

Step 1: Obtain the normalized intuitionistic fuzzy decision matrix. In this step, if there
are different types of criteria namely benefit (B) and cost (C) then we may trans-
form the rating values of B into C by using the following normalization formula:

C. 7
v={ar jee ®
where of; is the complement of o

Step 2: Aggregated assessment of alternatives. Based on the decision matrix, as obtained
from step 1, the overall aggregated value of alternative X;, (i = 1,2, ..., n) under
the different choices of criteria Gj is obtained by using IFHIWA or IFHIOWA or
IFHIHWA operator and get the overall value r;.

Step 3: Compare each alternative: Based on the overall assessment of each alternative r;,
a score value of each index are computed.

Step 4: Ranking the alternative: Rank the alternative X;(i = 1,2, ..., n) according to the
descending value of their score values and hence select the most desirable alter-

native.
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lllustrative example

The above mentioned approach has been illustrated through a case study on multiple

criteria decision making problem. For this, assume that a certain company has a sum of

money and they want to invest it somewhere. After carefully looking in the market sce-

nario they have decided to invest the money in the following three companies.

e Xx1is a car company,

+ xyisafood company, and

+ x3is a computer company.

according to the following four major criteria:

+ Gq: The risk analysis,

o Gy The growth analysis,

+ Gs: The social-political impact analysis,

o Gy The environmental impact analysis and

+ Gz The development of the society.

The weight vector corresponding to each criteria is given by the committee as
» = (0.1117,0.2365, 0.3036, 0.2365,0.1117)%. Assume that these alternatives are being
assessed by the decision makers and give their preferences in the form of the IFNs.

Then following are the step as followed by the proposed approach for accessing the best

company.

By IFHIWA operator

Step 1:

Step 2:

As, it has been observed that there are different types of criteria so the prefer-
ences corresponding to each alternative x; i =1,2,3 w.rt. each criteria Gj,
j=1,2,3,4,5 are obtained in the form of normalized intuitionistic fuzzy deci-
sion matrix D = (@) = (i, Vij)3x5,i = 1,2,3;j = 1,2,3,4, 5 as given below.

Gl G2 G3 G4 GB
z1 [(0.2,0.5) (0.4,0.2) (0.5,0.4) (0.3,0.3) (0.7,0.1)
D(rij) = x5 [(0.2,0.7) (0.6,0.3) (0.4,0.3) (0.4,0.4) (0.6,0.1) (7

zs 1(0.2,0.7) (0.5,0.3) (0.4,0.5) (0.3,0.4) (0.6,0.2)

Utilize the IFHIWA operator corresponding to y = 2 to compute the overall
assessment of each alternative as
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r1 = IFHIWA(r11, 112, 113, 14, '15)
(1.2)01117 (1 402365 (1 5103036 () 3102365 () 701117 _

B (0.8)0'1117 (0.6)0'2365 (0.5)0.3036 (0'7)0.2365 (0'3)0,1117
(1'2)0.1117 (1‘4)0.2365 (1'5)043036 (1'3)0.2365 (1'7)0.1117_1_ ’
(0.8)0'1117 (0.6)0'2365 (0.5)0.3036 (0.7)0.2365 (0'3)0.1117

(1'2)0.1117(1’4)0‘2365 (1.5)0‘3036 (1‘3)0‘2365 (1.7)0.1117_’_
(0.8)0’1117 (0.6)0'2365 (0.5)0.3036 (0‘7)0‘2365 (0‘3)0‘1117

— (0.4298,0.3317)
ry = IFHIWA(r21, 122, 23, 124, 125)

(1.2)0'1117(1.6)0'2365 (1.4)0.3036 (1'4)0.2365 (1.6)0'1117 _
(0.8)0'1117 (0.4)0‘2365 (0.6) 0.3036 (0.6)0'2365 (0'4)0.1117

- < (1'2)0.1117 (1.6)0‘2365 (1.4)0.3036 (1'4)0.2365 (1.6)0'1117+ ’
(0.8)0'1 117 (0.4)0‘2365 (0.6) 0.3036 (0.6)0‘2365 (0.4)0.1 117

(0'3)()‘1117 (0'4)0.2365 (0 1)0‘3036 (0.4)0‘2365 (0.2)0.1117 } >

2{ (0.8)0'1117 (0.4)0.2365 (0.6)0'3036 (0.6)0'2365 (0'4)0.1117 _

(1'2)0.1117 (1.6)0'2365 (1'4)0.3036(1‘4)0.2365 (1.6)0'1117+

(0.8)01117 () 4)0:2365 () 6103036 () 5)0.2365 () 401117
= (0.4564, 0.3557)
r3 = IFHIWA(r31, 32,33, 134, '35)

(1'2)0.1117 (1’5)0.2365 (1.4)0‘3036 (1.3)0‘2365 (1.6)0‘1117—

B (0.8)0'1117 (0.5)0.2365 (0.6)0'3036 (0.7)0‘2365 (0'4)0.1117
- (1.2)0.1117 (1'5)0.2365 (1.4)0.3036 (1'3)0.2365 (1.6)0'1117—{— ’

(0.8)%1117 (0 5)0:2365 () )0-3036 () 7)0.2365 () 401117
9 { (0.8)01117 (502365 () )0:3036 () 7)0.2365 () 401117 _

(0'1)0.1117 (0'1)0.2365 (0'3)0.3036 (0‘2)0.2365 (0'3)0.1117 } >

(1.2)0.1117 (1.5)0.2365 (1.4)0'3036(1.3)0'2365(1.6)0‘1117+
(0.8)0‘1117 (0.5)0.2365 (0.6)0'3036 (0'7)02365 (0'4)0‘1117
= (0.4068, 0.4267)

(0'1)0.1117 (0'2)0.2365 (0’1)0‘3036 (0.3)0‘2365 (0‘2)0‘1117 } >

Step 3: The scores values corresponding to each r;(i = 1,2, 3,4, 5) is.
S(r1) =0.0981; S(rp) =0.1007; S(r3) = —0.0199

Step 4: Since Sy > S1 > S3 thus we have xp > x1 > x3. Hence, the best financial strat-
egy is x7 i.e. to invest in the food company.

By IFHIHWA operator
In order to aggregate these different IFNs by using IFHIHWA operator, the following
steps are utilize.
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Step 1: Use the normalized fuzzy decision matrix as given in Eq. (7).
Step 2: Compute the IFNs i;; = (5w;)r, where w; = (0.25,0.20,0.15,0.18, 0.22)T we get

11 = (0.1206,0.5958), 712 = (0.4,0.2), 713 = (0.6098,0.3075),
14 = (0.3470,0.2716), 15 = (0.6721,0.1099), 791 = (0.1206,0.7947),
o2 = (0.6,0.3), 793 = (0.5224,0.2281), 94 = (0.4462,0.3638),
5 = (0.5650,0.1099), 31 = (0.1206,0.7947), i3 = (0.5,0.3),
33 = (0.5224,0.3902), i34 = (0.3470,0.3638), i35 = (0.5650,0.2194)

Now, reorders these IFNs based on their score function, and get ordered

weighted IFNs 75 ;) as
Fean = (0.6721,0.1099),  iya12) = (0.6098,0.3075), iy (13) = (0.4000,0.2000),
P14y = (0.3470,0.2716), P 15) = (0.1206,0.5958), P21y = (0.5650,0.1099),
P (22) = (0.6000,0.3000), Py (23) = (0.5224,0.2281), P (2a) = (0.4462,0.3638),
Fo25) = (0.1206,0.7947),  Fy@31) = (0.5650,0.2194),  Fy32) = (0.5000,0.3000),
l”g(gg) (0 5224, 0.3902), rg(34) (0 3470, 0.3638), rg(35) = (0 1206, 0.7947)

Thus, finally utilize these ordered weighted IFNs and the weight vector w corre-
sponding to each criteria, the aggregated value have been obtained corresponding to
each alternative as

r1 = (0.4263,0.2820), ry = (0.4450,0.3574), rs = (0.4113,0.4005)

Step 3: The score values corresponding to above r; (i = 1,2,3,4) is
S(r1) =0.1443, S(rp) = 0.0876, S(r3) = 0.0108

Step 4: Thus, 1 > rp > r3 and their corresponding alternative order are x; > x2 > x3.
Therefore, the best company for investing the money is x; (car company).

Comparison with the existing methodologies

By Xu (2007a) approach

If we utilize IFWA (Xu 2007a) operator to aggregate these IFNs then we get their corre-
sponding aggregated values as

r1 = IFWA(r11, 112,713, 14, 1'15)

— < 1— (0.8)0'1117 (0.6)0‘2365 (0'5)0‘3036 (0'3)0.2365 (0'7)0.1117,

(0'5)0.1 117 (0.2)0.2365 (0.4)0.3036 (0‘3)0.2365 (. 1)0.1117 >

= (0.4373,0.2785)
ry = IFWA(ro1, 722, 123, 124, 725)

— <1 _ (0.8)0'1117 (0.4)0‘2365 (0.6)0‘3036 (0.6)0’2365 (0'4)0.1117,

(0'7)0.11 17 (0.3)0.2365 (0.3)0.3036 (0.4)0.2365 (0 1)0.1117 >

— (0.4620,0.3122)
r3 = IFWA(r31, 732,733,134, '35)

— < 1— (0.8)0’1117 (0.5)0.2365 (0.6)0'3036 (0'7)0.2365 (0'4)0.1117’

(0'7)0.11 17 (0'3)0.2365 (0'5)0.3036 (0'4)0‘2365 (0.2)0‘1117 >
= (0.4118,0.3940)
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and hence order relation is r; > ry > r3 which corresponds to x; > x > x3.

By Wang and Liu (2012) approach
If we utilize IFEWA (Wang and Liu 2012) operator to aggregate these IFNs then we get

their corresponding aggregated values

r1 = IFEWA(r11, 112, 713, 714, 1'15)
(1.2)01117 (1 402365 (] 5103036 () 3102365 (] 01117 _
(0.8)01117 (0,6)0:2365 (503036 () 7102365 () 3101117
= < (1.2)01117 (7 402365 (] 5103086 (] 3102365 1 701117 |’
(0.8)01117 ((),6)0:2365 () 5103036 () 7)0.2365 ) 301117
2(0.5)01117 ((0,2)0:2365 () 403036 () 3)0.2365 () 1)0.1117
(1.5)01117 (1 g)02365 1 03036 (1 702365 1 gy0.1117 >
(0.5)01117 () 2)0:2365 () 203036 () 3)0.2365 () 1101117
= (0.4298,0.2831)
ro = IFEWA(r21, 722,723,724, 725)
(1.2)01117 (1 )0:2365 (1 403086 (1 402365 (1 )0.1117_
< (0.8)01117 ((),4)0:2365 () 03036 () 5)0.2365 () 401117

(1'2)0.1117 (1.6)0'2365 (1.4)043036 (1'4)0.2365 (1.6)0'11174- ’
(0.8)0'1117 (0'4)0.2365 (0.6) 0.3036 (0.6)0'2365 (0'4)0.1117
2(0.7)0.1117 (0.3)0.2365 (0‘3)0.3036 (0'4)0.2365 (. 1)0.1117 >

(1.3)01117 (1 7)0.2365 (1 7/0.3036 (1 10.2365 (7 901117
(0.7)01117 (0 3)0.2365 (( 310.3036 () 402365 () 1101117
— (0.4564,0.3188)
r3 = IFHIWA(r31, 732,133, 34, 135)
(1.2)01117 (1 5)0:2365 (1 403036 (1 3)0.2365 (1 01117 _
(0.8)01117 () 5)0:2365 () 10306 () 7)0.2365 ) 401117
= < (1.2)01117 (1 5)0.2365 (1 403036 (1 3)0.2365 () 01117 |’
(0.8)01117 (0,5)0.2365 () 10.3036 (( 710.2365 () 4101117
2(0.7)01117 ((,3)0:2365 () 5103036 () 402365 () 901117
(1.3)01117 (1 7)0.2365 (1 503036 (1 102365 (7 g\01117 >
(0.7)01117 () 3)0:2365 () 5103036 () 40.2365 () 901117
= (0.4068, 0.4000)

and hence ranking of these alternatives are r; > ry > r3 and thus their corresponding

alternative ranking order are x1 > x2 > x3.

Sensitivity analysis

To analyze the effect of y on the most desirable alternatives on the given attributes, we
use the different values of y in the proposed approach to rank the alternatives. The cor-
responding score values and their ranking order are summarized in Table 2 along with
the results as obtained by Liu (2014) approach. From this table, it has been analyzed
that with the increase of the parameter y, their score values corresponding to each
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alternative is decrease which is in accordance with the results of as obtained from Liu
(2014) approach. The variations of the ranking of these three companies with respect to
the value of parameter y by the proposed IFHIWA and IFHIHWA operator are shown in
Figs. 1 and 2 respectively. Furthermore, it has been obtained that the score value of each
alternative by the proposed approach is less than the existing approach which shows the
optimistic attitude nature to the decision makers’ which validates the Corollary 1.

Conclusion

In this article, the objective of the work is to present some series of an averaging aggre-
gation operators by using hamacher operations. For this, firstly shortcoming of the vari-
ous existing operations and their corresponding aggregator operators is highlighted.
These shortcoming has been resolved by defining a new set of operational laws on the
intuitionistic fuzzy set environment by considering the degree of interaction or hesita-
tion between the grades of functions. Based on these laws, some series of an averaging
aggregation operators namely IFHIWA, IFHIOWA and IFHIHWA have been proposed.
The desirable properties corresponding to each operator has been discussed. It has been

Score values by IFHIWA and IFHWA operators
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observed from the operators that some existing operators IFWA and IFEWA are taken
as a special case of the proposed operators. These operators have been applied to solve
the MCDM problem for showing the substantiality and effectiveness of the approach.
From the proposed approach, it has been concluded that it contain almost all of arith-
metic aggregation operators for IFNs based on different y and hence proposed operators
are more general and flexible.
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