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1 Introduction

Recently, there has been much progress in understanding the partition function of super-
symmetric Chern-Simons theories. The first of such theories was, of course, the N' = 6
supersymmetric one called ABJM theory [1], which has the gauge group U(N)gxU(N)_g
(with the subscripts denoting the Chern-Simons levels) and two pairs of bifundamental
matters between the two U(N) factors. This theory is the worldvolume theory of multiple
M2-branes placed on a background C*/Z;. Using the localization theorem, the partition
function Z;(N) on S? is reduced to a matrix model [2], where the resulting expression can
be interpreted in terms of the hidden supergroup U(N|N) [3]. After the perturbative terms
of the partition function Zj(NN) were summed to obtain an Airy function [4] following the
study of the large N behavior N 3 in [5, 6], the Fermi gas formalism was proposed [7],
where the Airy function is easily rederived in the disguise of a cubic polynomial in the
grand canonical ensemble. Switching to the grand potential Jy(p),

S etz 3z, e, (1)
n=-—o0o N=0

defined with the oscillatory terms, which originates from the trivial 27¢ shift of u, prop-
erly subtracted [8], we found that the grand potential has both perturbative and non-
perturbative contributions,

Te(1t) = TP () + T (ptegr), (1.2)



where the result is simplified using the redefined effective chemical potential peg = p +
O(e~2"). In addition to the perturbative part,

C
5 136 + Bt + A, (1.3)

I (per) = =

giving rise to the Airy function, we were able to study the non-perturbative effects ex-
plicitly [8-11], which turned out to be expressed in terms of the free energy of topological
strings on local P! x P! (s;, = 2j + 1, sgp = 2jr + 1),

'ueff Z Z JLJR (1'4)

JrL.Jrd= (dl d2
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Here the Kéahler parameters Telﬁ, Tgﬁ and the coupling constant gs are identified with the
chemical potential and the inverse level by

4Meff_7m. g :z
k’ 9 S kf’

(1.5)

Teff = 4/263 + i, Teff =
with the B-field effect +mi, and the overall integral coefficient N jdL jn 18 the BPS index. It
can be proved that Nj"L,jR is non-vanishing only when 2j7, + 2jr — 1 is even (see e.g. [11]).
It is then interesting to ask how the grand potential is constrained so that it reduces to
the free energy of topological strings. We are also interested in whether there are any
other theories that have the same topological string expression and whether there are any
expressions other than the topological one that can appear as the grand potential in the
supersymmetric Chern-Simons theories.

To answer these questions, some generalizations may be helpful. The ability to make
generalizations depends on the number of supersymmetries. Basically, the more supersym-
metries the theory possesses, the more solvable the theory is. The N/ = 3 supersymmetric
theories were constructed for all gauge groups and all matters. Among them, the EM
quiver gauge theories with the gauge group HM+1U( N)g, (having the vanishing total level
> o ka = 0) and pairs of the bifundamental matters cyclically connecting two adjacent fac-
tors U(N), and U(N),41 were proposed. It was found that when the levels are expressed
as kg = (k/2)(8q — Sa—1) with s, = £1, the theories have enhanced N' = 4 supersymme-
tries [12].

Two major examples of the generalizations are the orbifold ABJM theory and the
(¢,p) model. The (¢,p) model [13] is described by a quiver with ¢ sequential edges of
Sq¢ = +1 and p edges of s, = —1. In particular, it was exciting to find that the grand
potential of the (2,2) model takes the same topological string expression (1.4) with the
diagonal Gopakumar-Vafa invariant being that of the Ds del Pezzo geometry [14]. See [15]
for further intensive studies on general values of (¢, p).

In terms of the quiver diagram, the orbifold ABJM theory is an r-times repetition of
the original ABJM theory [16, 17]. In [18] (see also [19]) it was found that as long as the



new quiver is an r-times repetition of the original quiver, the grand potential of the new
theory J,ET] (1) is expressed in terms of that of the original theory JIE,” (1) by

= ¥ H (A2 f2ming). (1.6)

E n]—OJ_fi

More explicitly, for r = 2, we have

— + e
o= (e52) e (e52)

+1og[1+ZeJ,L”<W+2m>+J,£”<W2mn>J,£11<“2“>J,£1]<%”> A
n#0

Here, we usually project out some terms in the first line but we need to add the second
line to preserve the 27¢ shift symmetry. In this sense, we will often refer to the first line
with n = 0 as the untwisted sector and the second line with n # 0 as the twisted sectors
using the terminology of the string orbifold theory. This analogy works even for r > 2.
Although the expression (1.6) appears to contain infinite terms, the summation terminates
at a finite n for a fixed instanton number because the exponent of each twisted (n # 0)
sector always contains a decaying factor originating from the perturbative terms.

In this paper, we will further explore generalizations of the ABJM theory. Although
the progress is guided by the number of supersymmetries, as we have already mentioned,
there remains a theory with a large number of supersymmetries for which the discussion
of its non-perturbative effects is still missing: the N' = 5 orientifold ABJM theory [20,
21]. This theory can be realized in a type IIB setup as the worldvolume theory of a
brane system by adding an O3~ -plane in parallel with the original D3-branes used to
realize the ABJM theory. In the dual M-theory description, this theory describes multiple
M2-branes in M-theory on a D-type orbifold [20, 21]. Again, after the supersymmetric
localization, the partition function is reduced to a matrix model. Instead of the previous
interpretation in terms of the supergroup U(N|N) for the ABJM theory, this theory can
be interpreted in terms of the supergroup OSp(2N|2N). Hereafter, we will call this theory
the orthosymplectic (OSp) theory.

We follow the recent progress in establishing the Fermi gas formalism and compute
exact values of the partition function Zj(N) for various values of k and N. Surprisingly,
when we compare the resultant grand potential with that of the ABJM theory, we encounter
the same structure as (1.6). Namely, we find that the grand potential of the OSp theory is
related to that of the ABJM theory by

TSRy = AP 9y —og 2, (1.8)
Here J,, OSp(2 ]( ) is the grand potential of a duplicate OSp theory in the sense of (1.7), while

ABJM
7PN = s
JABJM()

is the grand potential of the original ABJM theory. Since we

already know , this relation almost fixes the grand potential of the OSp theory.



Figure 1. Schematic relation between the grand potential of the OSp theory and that of the ABJM
theory.

In this sense, we claim that the partition function of the OSp theory on S? is solved. See
figure 1 for a schematic expression and section 2.5 for further explanation.

The organization of this paper is as follows. In the next section, we will study the OSp
matrix model in full detail, first presenting the Fermi gas formalism and then analyzing it.
Then, we conclude with some discussion on future directions. The appendix is devoted to
the integration formulas necessary for the analysis of the OSp matrix model.

2  OSp matrix model

Let us start our analysis of the partition function of the OSp theory. This theory was
proposed in [20, 21] and possesses the enhanced A" = 5 supersymmetries. The gauge group
of the theory is O(2N)xUSp(2N), whose Chern-Simons levels are k and k/2, respectively,
in the convention of [22].} According to [22], k must be an even integer.

After applying the localization technique [2], the partition function on S is given by?

DN,u DNy Vo Vs
Zi(N) = L 2.1
W) = [ ST (21)
with the integration originating from the tree-level contribution
dp; ik 2 dv; _ik 2
D,u,-: 4‘:64#%’ Dyj:T;e EEREN (2.2)

and the measure originating from the one-loop contributions of the vector multiplets and
the hypermultiplets

Vo = H<2 sinh 12]> (2 sinh 22]> ,

1<j

N Vi — U 2 Vi + Vj 2 N 2
Vsp:H<2sinh 5 J) <2sinh2j> [[(2sinhv;)°,

i<j J

!Note that the parameter k appearing in [20] is different from k in this paper, k"¢ = 2kT-ELP

, owing
to the difference in the normalization of the trace.

2We assume that the level k is positive. For negative k, we can simply consider its complex conjugate.



=TI (2eom ™52 ) (2o ™52 ) (23)

i?j
Note that the integration measure is closely related to the invariant measure of

OSp(2N|2N) in the same way that the integration measure of the ABJM theory is re-
lated to U(N|N).

2.1 Fermi gas formalism

Now let us propose a Fermi gas formalism for the OSp matrix model. The Fermi gas
formalism for this matrix model was first studied in [23] and many important tools have
already been given in [24].

Using the Cauchy determinant formula

ot 1 ::[qu(zsnﬂlﬁ;;ﬁ)(zgnhfﬁtﬁl)I]KU(gsnﬂlﬁ:fzxzshﬂlKé;i)
2(cosh j1; + cosh ;) [1; ;(2cosh #57) (2 cosh & Lothi ’
(2.4)
we can rewrite the partition function (2.1) as
DN DNy T],(2sinh v;)? 1 1
Z,(N) = pD7v]L2sinhv)” o det .
N! NI 2(cosh p; + coshv;) 2(cosh v; + cosh ;)
(2.5)
After expanding the determinant and rescaling the integration variables, we obtain
AL YRy R | 2 —
N! Am)N- - k:cosh’“#—cosh”
cESN
i 2 v\?1
x e~ axk”" | sinh 2.6
( k) kcoshg—i-cosh% (26)

Recall that to rewrite the partition function of the ABJM matrix model into that of
a Fermi gas system [7], the phase space operators ¢ and p satisfying [q, p] = ¢h and the
coordinate eigenstate |u) normalized by (u|v) = 27(u — v) were introduced. Using them,
we were able to express the entries of the determinant as

1 11
v) =+

2 cosh g k 2 cosh “276”

(il (2.7)

with the identification h = 2wk. To deal with the extra factor of the hyperbolic sine
functions, the use of the following reflection operator and projectors was proposed in [23]:

du -~ 1+R
— [ i-ul, Ba= 5 (2.8)
Then, using
I, 1 cosh 4 cosh & I 1 sinh 4 sinh 2
(il slv) = -2 (4] =) = - — 2 (2.9)
2 cosh b P k cosh &= + cosh £ 2 cosh 2 k cosh i + cosh



we can rewrite the partition function (2.6) as

N, N .
2 =57 X 07 [ gt TLmle o), (210)
ceSN i=1

where the Hamiltonian is given by

i i 2 g\ ! I q i 2 Ily
e = e2nt (sinh) - (sinh > e 2r1 — (2.11)
k 2cosh123 k 2COShg

Note that R and (2 cosh g)*l are commutative. This is why the expressions in (2.9) make

sense. The two projectors appearing in (2.11) are redundant. We can always combine
them, but let us rewrite (2.11) as

~

~\ —1 ~
= i~ 1 ~ i~ 1l
et = em® (sinh q) = (sinh q>H+e_2hq2 S (2.12)
k 2cosh§ k 2cosh123

The Hamiltonian looks considerably more difficult than that in the original ABJM the-
ory. However, a key observation for studying this Hamiltonian has already been proposed
in [24]. From the Baker-Campbell-Hausdorff formula, we can show

<sinh Z) (2 cosh;)) + (2 cosh ]2)> <sinh Z) =0. (2.13)

Naively, it appears that using (2.13) we can cancel the unwanted hyperbolic sine functions
to obtain —1 in the Hamiltonian (2.12). It is not, however, as simple. When we consider
the cancellation, the following remaining term appears:

-1 . ) .
1 1 1 h &%
| (sinn § ) (s d) 4 = @iy
k 2cosh § k 2cosh § k sinh i

After combining (2.14) with the projector ﬁ+, the © and v dependences decouple,

~\ —1 —~
.. q 1 ( q> 1 ~ 1 1 v
sinh — — | sinh = | + — |1, |v) = ———+— cosh —. 2.15
<H’[< k) 2cosh § k 2cosh & +) k 2 cosh 4 2k ( )

Since the right-hand side can be expressed as

1 ) _
cosh — = (il _|0)(0] cosh %M, (2.16)

1
k 2 cosh 4 2k M2coshg
with (0| being the p = 0 eigenstate
@) = Vi(p =0, (2.17)

which is normalized such that

010y =1, (0| cosh %|o> =1, (2.18)



after the cancellation we end up with two projectors,

~

-1 ~ .
. q 1 ( q>A I, [ ~ q
sinh — — | sinh = JII. = — —~ {1 —]0){0| cosh —|. 2.19
< /f) 2cosh & k)" 2cosh § 0)(0l 2k (2.19)

Using (2.19), we can rewrite the Hamiltonian as

5 o I ~ 7] i I
eH = _em@ T [1 —10){0[ cosh q] el (2.20)
2cosh § 2k 2cosh §
Hence the grand canonical partition function
0 o~
Er(z) = > 2N Zp(N) = det(1 + ze ™), (2.21)
N=0
can be expressed as
i I i I
Ep(z) =det| 1— ze~ 2l +_eand’ a
2cosh & 2cosh £
—~ ~ -1
~ q i 11 i 2 Il
x (0] cosh L [ 1 — ze~ 28—+ _ezm@® _—F+ | oy, (2.22)
2k 2cosh § 2cosh §
if we use the formula
det(l —2X(1— |Y><17|)) = det(1 — 2X) x (Y](1 — 2X)"1y), (2.23)

for a general operator X and states |Y), (Y| normalized as (YY) = 1.

Before ending this subsection, we note that there is another way of rewriting the
partition function (2.6) as the form (2.10). Namely, instead of (2.11) we can define a
different Hamiltonian by exchanging the projectors in (2.11),

ﬁ/ i ~2 /q\ -1 ﬁ+ a\ i 2 ﬁ_
e =e2nrl (sinh > — (sinh ) e 2rd =, (2.24)
k 2 cosh % k 2 cosh g

to obtain the same expression (2.6) via (2.10). However, one may notice that the expres-
sion (2.24) is not as helpful as (2.11) since the singularity of the matrix elements (ple ™' |
(due to the presence of a hyperbolic sine function in the denominator) is not cancelled by
the projectors. In the following, we employ the Hamiltonian given by (2.11).

2.2 Even-parity determinant
In this subsection we explain the computation of the determinant in (2.22). After a simi-

larity transformation,

i 1 I
eﬁp2: +

2cosh § ’ 2cosh§ QCosthCOSh’;

(2.25)



we find that the determinant is rewritten as

det (1 — ze 2l 5 H+h 1?)\62%‘1‘/1\2 5 HJL A> = det(1 — 2p4), (2.26)
cosh & cosh £

with the density matrix

—~ 1 1I 1
Py = - =. (2.27)
\/QCosh%2COSh§ \/2cosh 4

The matrix element of the density matrix p4 (u, v) = (u|p+|v) is simply the even-parity one

=3 v
1 cosh o cosh % 1

/5 cosh & cosh £ + cosh ¥ | /2 cosh %’

which has already been introduced in [24]. The only difference is that, owing to the

p+ (1, v) = (2.28)

| =

extra minus sign appearing in (2.19), the Fermi statistics is changed into the Bose
statistics (2.26). See [9] for the appearance of the Bose statistics in the TBA equations.

As was already noted in [8], similarly to the original density matrix of the ABJM
theory, we can rewrite this density matrix in the form

_ E(pE®W)
p+(p,v) = M) £ M) (2.29)
with B
Blu) = —<SM% ) = Beosh X (2.30)

k

\/2cosh §

This expression implies that we can compute the powers of the density matrix pt simply
by selecting one vector F and repeatedly multiplying it by the density matrix p4,

= LB (T E) ()

Pt (pu,v) = (—1 . 2.31
Hon) = 2 " ) — ) 23
Then, the determinant (2.26) is obtained from p’} (i, v) as
det (1 — zp3) = exp —iﬁtrﬁ” trﬁ”:/dyp”(u v) (2.32)
* Lo + oY) '

2.3 Matrix elements

Next, let us turn to the new term in (2.22). As in the previous subsection, we perform the
similarity transformation and rewrite each order of z as

~ G| i 1
<0|cosh% el a

Lo 1 ~ 7 s 1 a, |
_erd’ | 10) = (0] cosh Lezn?” | =+ | o=3P"|),
2cosh & 2cosh & 2k 2cosh £ 2cosh &



To study it, let us first compute the matrix elements

v 1 i, N2 i
— e oW — ok coshﬁ

2k /—ik 2k’

1 I, 1 1 cosh 4y cosh g

Olcosh Ly = [
(0| cosh YA ’M>_/27r cosh

tul 2 cosh g 2 cosh Lg vy = k 2 cosh £ cosh % + cosh ¥ ’
i 1 i
(v]e~ 217" |0) = ﬁeﬁ’ﬂ, (2.34)

where we have used 1
[~

Wl ) =

Using these formulas, we find that the matrix elements are given by

ez (=)? (2.35)

_ e o " . /du (0" E)(v)
0| cosh —e?2rP —~ ~| e 2?|0) = | ————""F(v), 2.36
(0 2k [2cosh32(:oshg 0 2 E(v) ) (2.36)
with B
e ik Vo o2
F _ h—e2r?". 2.
(v) - cosh o€ (2.37)

Note that in the computation of either the determinant using (2.31) in the previous subsec-
tion or the matrix elements using (2.36) in this subsection, our starting point is the same.
We can select one vector E and repeatedly multiply it by the density matrix p..

In the last step of the computation, we must perform integrations of the form

ni+ng

/dzxe 2 Y(cosh Gv)(sinh G2v)vP i .

edrk

(@ F 1) (er — 1) ! (2.38)

for non-negative integers ni, ng, my, mo and p. For the integration, we first apply the
partial fraction decomposition to make either nj or ns equal to zero. For the case of non-
vanishing no, we can shift the integration variable v by mi so that the integration reduces
to the case of non-vanishing n;. Finally, all we have to consider is the integration of

WP
I:Z‘L:p — /dye v e47rky2' (2.39)
e
The integration formulas for I,,"" are given in appendix A.

2.4 Numerical results

Using the Fermi gas formalism we have established, we find the first few exact values of the
partition function Z;(N) via (2.21). We first observe that the complex phase is given by

Ze(N) _ (N
Z@ ~ (240

for integral k. We have computed up to Npax = 7,8,4,7,3,7,3,3for k =1,2,3,4,5,6,8,12,
respectively, and we list the first few exact values in table 1.3

SFormulas for N = 1,2 and a general value k have been given by Tomoki Nosaka. We have checked their
consistency with table 1. We are grateful to him for sharing his results with us.



1Z(1)] =
121(4)] =
1Z(1)] =
1Z(4)] =
1Z(1)] =

125(3)] =

1Z5(4)] =
1Z4(1)| =
1Z4(4)] =
125(1)] =
125(3)] =
1Z6(1)] =
126(3)] =
1Z5(1)] =
128(3)] =
Z12(1)] =

|Z12(3)] =

1 —2+7 —2v2+ (8 = 5v/2)7
—= |Z1(2)| = , 1Z23)] = :
44/2 647 5127
36 — 41 + (—25 + 161/2) 7>

819272 ’

1 —8 + 72 —8 — 321 + 1172
16’ 22(2)] 51272 |2203)] 819272 ’

192 — 56072 — 38473 + 17774

157286474 ’
3v2-2V3 6+ (3 —2V6)r
’ ‘Z3(2)| = )
24 1927
54v/2 4 60v/3 + (40 — 135v/2 + 54+/3)7

138247
1188 + 36(9 + 10v/6)m + (—4721 + 240\/5 + 8644/3 + 972v/6) 72

167

66355272 '
1 10 — 72 78 — 12172 + 3673
|Z4(2)] 102472 |Z4(3)| 1474563 ,

876 — 414872 — 20167 + 105374

1887436874 ’

—54+2vV5++5 —10+ (5445 —4v5+ 5

Z5(2
20\/§ ) | 5( )‘ 3207

250 + 60v/5 + /5 + (625 + 52v/2 — 100y/5 — 641/10 — 150/5 + /5)7

3200027

—3+2V3 —216 + (209 — 108+/3)7?

s %)= 414722 ’
(1944 — 4752+/3) + 14407 + (—9171 + 5398+/3) 72

597196872 ’
-2+ 36 — 4m + (=25 + 16v/2)7?
» 128(2)] = 5 ,
647 81927
—600 4 3247 + (2242 + 2016+/2)7w? + (1431 — 144+/2)73

471859273 ’

9 — /37 702 — 12v/37 4 (—1561 + 864v/3) 7>

Z12(2)| =
B @) 24883272 ’
17982 — 2106+/37m — 27(4585 + 864+/3) 72 + (45684 + 3679/3)7>

32248627273

)

Table 1. Exact values of the partition function |Z;(N)| of the OSp theory.

,10,




After finding these exact values of the partition function, we can read off the pertur-
bative and non-perturbative coefficients of the grand potential Ji(u) (1.1) by numerical
fitting. As in the analysis [25] of the ABJ theory [20, 21], the partition function has a sim-
ple phase dependence (2.40) and we define the grand potential Ji(u) by taking absolute
values. Details of the numerical fitting can be found in [26], which we only explain briefly

in the following. We make an ansatz for the grand potential Ji(u) = J,gpert)(/x,) + J,gnp) (1),

er C n —a
T = o+ Bt Ay I () = Y fulwe ™, (241)

with polynomials f, (1), and find the best fit for the coefficients of the polynomials f,(u) by
comparing the absolute values of the partition function |Z;(N)| in table 1 with the inverse
transformation of (1.1),

27

400t du
| Zk(N)| = / e N, (2.42)
—001
Then, the perturbative coefficients are found to be given by

1 5 k 1
COSP _ BOSP _ AOSp — 7(A?BJM — log 2), (2.43)

k w2k Tk T 12k 487 Tk 2
while the non-perturbative coefficients are summarized in table 2. It is interesting to
observe that when k& = 1, J{) Sp (1) coincides with the grand potential constructed from
det(1 + zpy) in [24, 27].
If we compare the results in table 2 with those of the ABJM theory, we can make the
following observations.

e For the perturbative part, the coefficients in the two theories are related by
ABJM ABIJM 2~ ABIM ABJM
. Bj; + =0}, /4 Ay

— log 2
2 2 ’ 2 ’

OSp OSp OSp _
e The non-perturbative part consists of exponents e~ FH and e~k (m,¢ € N). These
two exponents are identified as the worldsheet instanton and the membrane instanton,

respectively, from their k-dependences.

e Compared with the membrane instanton of the ABJM theory, where the exponents
are e 2 we also encounter odd powers of e # for the OSp theory. However, the
coefficients of these terms are quite simple,?

1+ 2v2e M + 4e=21

OSp (odd MB OSp (odd MB
JOSP (0dd NB) () p (odd MB) (

1
k=1,3mod 8 = ~Jk=57mod8 — g% /2ot 1 de—2n
OSp (0dd MB), \ __ 40Sp (odd MB), \ 1. 1+de™”
Jy=2mods (1) = ~J =6 mods (1) = ] log 1 den’
OSp (odd MB
JkEé)H(l(C))dll ‘() =o0. (2.45)

e The coefficient polynomials of e =2/ proportional to 72 are the same for the OSp
theory and the ABJM theory except for an extra relative factor 2(—1)*.

*Owing to the coincidence noted above, J,?:Slp (odd MB) (p) in (2.45) has already appeared in [27]. Although

the results for £ = 7 mod 8 are missing and we only have one result for £ = 1,2,3,5,6 mod 8, we believe
that our formula (2.45) is a natural extrapolation.

— 11 —



Jl(np)

JQ(HP) —

Jinp) —

J5(np) —

Jénp) —

JS(HP) —

np)

64

1 4 _ 242 +u/2—|—1/8} _ 16 _ _
wo_ e 3/L+|: 4p e 5,u+ e i
Vo) 3v2 w2 5v2 V2
13p% + p/8 4+ 9/64 ] ey 256 . 1024
+ |- +2 by ——e H — ——e #
[ 2 9v/2 11v2
3682 — T6u/3 + 77/36 } 19 4096 4, 16384 . 16
+ —32|e P ——¢ Py ——e P+ 0O(e ),
{ 372 13v2 15v/2 ( )
2
. [_Qu +u2+ 1/2] o 16 16 - [ 13u? +u/24+9/16 2}34“
™ s
2 152 4
+@e*5ﬂ+ 3684 52u/3 + 77/9 L 39| o—6u , 4096 096 T O(e=5),
5 32
2
= Lefu _ leféu + Zem5m 4 e 3K [2/‘ +tu/2 1/8 _ 8] e 4 _ 16 e oH
V2 3 2 32 32 9 5v/2

25 16, 12 _20 64 _ 13p +p/8+9/64 887 _ 256
el U N Ry 1 _ - 8 4 277 =9
*36° 5¢ 0 Al +[ 377 Tl oS
_% —28u+@(e—%u)’
2u? +p+1/2 ey [ 13p% + p/449/16 + o g-an
272 212
184u2 — T64/3 + 77/18
o |8 TO/S T TS gy ot 1 ooy,
32
_5+3\/56_%”_L6_“+5+7\/ s 5= 5-3V5 _ R
10 V2 20 15 3v2
2
+5_31\/5€—%‘*u+ 27+ p/2+1/8  145V5 6_4#+485—91\/56_%“
40 5m2 10 150
16 5,  170+263V5 s, Y
_ b S O Iz
+5ﬁe 7% e 34 0(e 5 M),
1 2 _ 1 4 2u2+,u+1/2 8 o 25 _s 16 _3
_ 3K _ H _ 3H . F — H - 3K _ H
3¢ 7 ¢ +263+[ 32 9]¢ 36" 3¢
12 1w 13p2 +p/4+9/16  88] _,, 947 1, 256 4 _16
+€6 3,u_|_|:_ 32 +§ e #+@6 3'“—?6 #—FO(B 3“)7
2 2V/2 2u? 1/2 8v/2 32v/2
Bt B [ o W i
2
— /3¢~ 3u_ze—§u+96 %u_w\/ge—%u_,_ 2p +”+1/2+E 20
672 9
ISV g e,

21

Table 2. Non-perturbative terms of the grand potential J,gnp)(u) of the OSp theory.
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2.5 From OSp to ABJM

In the previous subsection, we found an explicit expression for the grand potential for
k=1,2,3,4,5,6,8,12 and made several observations on the exponents and the coefficients.

These observations suggest that the argument -+ 7i/2 should be considered.? In fact,
it is not difficult to find that

JkOSp(pert) <# + 7;Z> + JkOSp(pert) (/«L . 7;) _ J];ABJM(pert) (N) ~log2, (246)

and notice that, when generalizing the above equation non-perturbatively, the extra non-
perturbative e~ terms with odd ¢ on the left-hand side cancel among themselves.

As reviewed in the introduction, the analysis in [18] implies that the grand potential
has an intricate constraint and, in particular, it is not appropriate to consider only the sum
of two terms such as in the above equation. Instead, we can study the duplicate quiver
using (1.7). Surprisingly, we find that the result correctly reproduces the grand potential
of the ABJM theory as in (1.8),

J’?Sp[Q] (1) = J:BJMU] (1/2) — log 2, (2.47)

including the non-perturbative terms. For a comparison, see appendix A in [10].

Since the partition function of the ABJM theory is known, from this observation, we
can solve the whole non-perturbative expansion except for the e~ terms with odd /.
Combining this with the observation (2.45), we claim that we have solved the partition
function of the OSp theory for all integers k.

Note that, since in [18] the formula (1.7) is derived under the assumption Z;(N) > 0,
it must be applied with care to the OSp theory because of the phase factor (2.40). Because
of this phase factor and the rescaling by a factor of 2, the relation (2.47) does not literally
mean that the grand potential of the duplicate OSp theory is the same as that of the ABJM
theory. Instead, the grand partition function of the duplicate OSp theory is

o ; i — 1 i
PIE B IDY Z;?Spuv)e“N] = S ()VZENENEN, (248
N=0 N=0 N=0

which is not that of the ABJM theory. See figures 9-13 in [8] for comparison. Then, it is
natural to ask the meaning of .J ,? Sel2 (). Using (2.47), we can show

oo 2] . 0o
Z CJJ?SP A (p+2min) _ Z Z?BJM(2N)6'MN, (249)
n=-—00 N=0

indicating that Jk,o Spl2l (u) is indeed the grand potential of the duplicate OSp theory if we

define it by dropping the phase factor in (2.48) as before.

SWe are grateful to Tomoki Nosaka for valuable discussions on this point.
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3 Summary and discussion

We have studied the partition function of the OSp theory, which is the N' = 5 supersym-
metric orthosymplectic Chern-Simons theory with the gauge group O(2N)xUSp(2N). Its
non-perturbative structure was clarified by considering the duplication of the quiver.

We list a few technical issues that remain unresolved in solving the OSp theory, and
then discuss some future directions.

First, the WKB expansion of the OSp theory is missing. We directly proceeded to the
evaluation of the partition function but it is desirable to also study the WKB expansion
to obtain a full understanding of the membrane instantons. For example, we do not know
how the odd membrane instantons behave for non-integral k.

Secondly, we have followed the standard method to obtain the non-perturbative ex-
pansion of the grand potential and substituted the results into the repetition formula (1.7)
to find the relation (1.8) between the OSp theory and the ABJM theory. However, it would
be interesting to attempt to prove the relation directly from the density matrix in (2.11). A
direct proof would lead to more general relations between the families of orientifold theories
and those of original theories.

Here we have only studied the partition function of the OSp theory with equal ranks.
As in the ABJM theory, it would be interesting to study the BPS Wilson loop in the theory
and/or the ABJ deformation O(2N;)xUSp(2N2). A particularly interesting question is
when the BPS Wilson loop reduces to the character of the OSp(2N1|2N2) supergroup
in the localization. For the OSp character, we hope that the formalism in [25, 28] will
directly apply to the OSp theory. Using this formalism, among others, we hope to establish
whether our relation between the OSp theory and the ABJM theory (1.8) holds for the ABJ
deformation. Also, it will be interesting to study the OSp theory in terms of topological
string theory as in the ABJM theory. For example, study from the viewpoint of the dual
spectral problem [29-32] may also be worthwhile. We would like to pursue these directions
following our previous attempts [33, 34].

Technically, the Fermi gas Hamiltonians in the OSp matrix model and the ﬁ—type
quiver matrix model [35, 36] are similar. It would be interesting to determine the relation
between the two Hamiltonians.

Let us now return to our original question of the constraint on the partition function.
Partition functions in physical theories often have a certain kind of modular invariance.
The most standard example is, of course, the one-loop string worldsheet partition function,
which is expressed by modular invariant combinations of theta functions. Owing to the
constraints imposed by the modular invariance, we cannot construct a new theory simply
by projecting out some excitation modes. In addition to the untwisted sector, which is
obtained simply from the orbifold or orientifold projection, we need to add twisted sectors
to recover the broken modular invariance.

Similarly, the expression for the supersymmetric Chern-Simons theory is considered
to be strongly constrained. In parallel to the worldsheet partition function we have called
the n = 0 part in (1.7) the untwisted sector and the n # 0 part the twisted sector. This
similarity led us to (2.47) from (2.46). However, we do not have a clear picture of the
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modular invariance behind the constraint. A study of the modular invariance in five-
dimensional partition functions [37] or in multiple sine functions [38] may increase our
understanding of the matrix model studied in this work.
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A Integrals

To compute the grand potential at each order of z exactly, we need to evaluate the integrals
I,"P given by (2.39). Using integration by parts, we easily obtain the recursive formula

I = 2mik(p — V)IMP~2 — wi(2kn — m) I[P~ 4 2mikn 5, (A1)

which reduces the evaluation of I,,"* to those with lower p. Hence, in the following, we can
concentrate on the evaluation of I, 0,

A.1 0Oddk

For the evaluation of I with even m, we first rewrite the integrand using

1 e +1
= . A2
(6” + 1)77, (6” + l)n—l-l ( )

Then, we find that the e” term is simply the same integral with the integration contour
inversed and shifted by 27ik,

eV ek i 2 ezt i 2
d _— 47rkV = — d _— my . A3
L e [ et (4.3)

Hence, we can evaluate the integration by extracting the residues between R and R — 27ik,

k

I:;n,() — 97 Z ReS_(Ql_l)m'
=1

e e Ad
RSV A

If m is odd, on the other hand, the same technique of reversing and shifting by 2mwik

leads to
m k m
(—e¥ + 1e2t” i o , e2k” i 2
/RdV(eV_‘_l)nHeél‘rrkV = -2 E Res_(gl_l)m W€4ﬂky , (A5)
=1
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which implies the following recursive formula for n:

k

1 .
[0 = SI = mi ) S Res_oruy
=1

e3k” i 2
We‘lﬂk . (AG)

This reduces the evaluation of I7"" to that of " ’O, which can be easily performed to give
10 = 2nvik e’ (A7)
A.2 Even k

When k is even, it turns out that we only need to evaluate integrals of the form

2m+1

[ v = e, (4.8)
2

Therefore, it is sufficient to evaluate I, 0 with odd m. We apply the same technique and
obtain
C%V i 2

AR
(ev+1)

k
I:ln,[) = —2m Z Res_(gl_l)m-
=1

(A.9)
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