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ABSTRACT: We consider the generation of the hierarchical charged lepton spectrum and
anarchic neutrino masses and mixing angles in warped extra dimensional models with
Randall-Sundrum metric. We have classified all possible cases giving rise to realistic spec-
tra for both Dirac and Majorana neutrinos. An anarchic neutrino spectrum requires a
convenient bulk symmetry broken by boundary conditions on both UV and IR branes.
We have in particular considered the case of Majorana neutrinos with a continuous bulk
symmetry. To avoid unwanted massless extra gauge bosons the 4D group should be empty.
If the 4D coset is not vanishing it can provide a Wilson Line description of the neutrino
Majorana mass matrix. We have studied an example based on the bulk gauge group
U3)r@U(3)x ®; U(1)gi with the Wilson Line in SO(3) s satisfying all required conditions.
A x?-fit to experimental data exhibits 95% CL region in the parameter space with no fine-
tuning. As a consequence of the symmetries of the theory there is no tree-level induced
lepton flavor violation and so one-loop processes are consistent with experimental data for
KK-modes about a few TeV. The model is easily generalizable to models with IR deformed
metrics with similar conclusions.
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1 Introduction

A five-dimensional (5D) spacetime with a single warped extra dimension (WED) [1], and
two branes localized respectively in the ultra-violet (UV) and infra-red (IR) regions, is an
extensively explored alternative to supersymmetry as a possible solution to the Standard
Model (SM) gauge hierarchy problem, provided that the Higgs field is sufficiently localized
towards the IR boundary. Moreover this theory has, by means of the AdS/CFT correspon-
dence, a description in terms of a dual four-dimensional (4D) strongly coupled theory by
which 5D fields localized towards the IR boundary correspond to composite states in the
dual theory while fields localized towards the UV brane correspond to elementary ones.
While both, supersymmetric and WED theories, can accommodate a Higgs boson with a
mass around 125 GeV, as that found by the recent LHC Higgs searches, its couplings to the
different SM fields depend to a large extent on the different models. The comparison with
experimental results must however wait until more accurate data on the different Higgs
decay channels become available.

On the other hand WED theories can successfully accommodate a solution to the
flavor problem if all SM fields propagate in the bulk of the fifth dimension with light
(heavy) fermion profiles leaning towards the UV (IR) boundary which are then mostly
elementary (composite) states. This program has been very successfully applied to the



quark sector in WED theories both for an AdS metric [2, 3], as in the original Randall-
Sundrum (RS) model, and for asymptotically AdS (or IR deformed) metrics [4-7]. The
reason of this success is that both the quark spectrum (in the up and down sectors) and the
CKM mixing angles are hierarchical, a situation which can be readily described for order
unity 5D Yukawa couplings if the various quark flavors are differently localized along the
fifth dimension. In fact quark localization, and thus its 4D Yukawa coupling (determined
by its overlapping with the Higgs profile), is controlled by their 5D Dirac mass ¢ such
that for different values of ¢ (mainly in the left-handed doublet and right-handed singlet
up sectors) we obtain hierarchically different values of the corresponding quark masses
and small mixing angles. Moreover due to their different localizations the quark flavors
couple differently to KK modes of gauge bosons (e.g. gluinos) thus generating dimension-
six flavor changing neutral current (FCNC) operators. While these flavor violations are
suppressed by the so-called RS-GIM mechanism [8-10] the KK masses have to be heavier
than ~ 20TeV to suppress FCNC processes in the RS theory [6, 11] while this bound can
be lowered to 4-5 TeV in the case of IR deformed metrics [5, 6].

While most of the flavor literature in WED has been devoted to the quark sector, the
lepton sector has also been extensively explored [12-30, 32]. In fact the lepton sector is
qualitatively different from the quark sector as the charged lepton spectrum is hierarchical
while the neutrino spectrum and PMNS mixing angles are mostly anarchical [33]. So while
different lepton localization is still useful to describe the charged lepton spectrum it is not
that much in order to describe the spectrum and mixing angles in the neutrino sector.
Another characteristic feature of the lepton sector is the neutrino nature, i.e. Dirac versus
Majorana, which is obviously related to the possibility of lepton number violation in the
bulk and/or the branes of the 5D theory. In fact the presence (or absence) of lepton number
violation is mostly related to the existence of (possibly gauged because of the AdS/CFT
correspondence) symmetries in the bulk and the boundaries and will be the main feature
of WED theories aiming to describe the theory of leptons. Moreover the different lepton
flavor localization generates, by the tree-level exchange of KK modes of electroweak gauge
bosons, lepton flavor violation (LFV) as dimension-six operators corresponding to processes
as it — 3e and p — e conversion, or in loop-diagrams from exchanged KK modes of charged
leptons, neutrinos and the Higgs boson, in processes as y — e7y. Actually there is a tension
between LFV in tree-level processes, which puts lower bounds on the Yukawa elements (the
larger the Yukawas the more localized towards the UV brane the leptons and the more
effective the RS-GIM mechanism), and the one-loop processes which put upper bounds on
the Yukawa entries (the smaller the Yukawas the smaller the one-loop results as they are
proportional to chirality-flipping mass insertions) [20].

In this paper we will construct a WED theory of leptons where the spectrum of charged
leptons is hierarchical while the spectrum and mixing angles in the neutrino sector are
anarchical. We will separately review the cases where 4D neutrinos are Dirac and Majorana
fermions and we will consider, and independently classify, all possibilities with special
emphasis in those cases where fermion localization can successfully lead to realistic neutrino
spectra. The former case (Dirac neutrinos) is similar to the description of the quark sector
while the case of Majorana neutrinos is done by computing the coefficient of the dimension-



five Weinberg operator obtained by integrating out the right-handed neutrinos in the 5D
diagram H/¢; — H{; where right-handed neutrinos are exchanged in the s-channel. This
integration is the 5D equivalent of the seesaw mechanism in 5D theories. The general result
(both for Dirac and Majorana neutrinos) is that if the WED theory solves the Mp/TeV
hierarchy, a realistic anarchic neutrino spectrum strongly motivates the presence of a 5D
symmetry which ensures that c@ = ¢y and CJN = ¢y for Vi, j, where cé and C7N are the 5D
Dirac masses for lepton doublets ¢; and right-handed neutrinos AV;. Moreover we have found
for the Majorana case that if lepton number is broken in the bulk of the fifth dimension
(whether or not it is broken in the UV and/or IR brane) it is not possible to accommodate
the spectrum of light neutrinos and charged leptons simultaneously. Otherwise if lepton
number is conserved in the bulk a realistic neutrino sector can be obtained if the theory is
such that lepton number is violated in the UV brane, as originally proposed in [16].

The remainder of this paper is devoted to proposing a symmetry which ensures the
degenerate spectrum and large mixing angles for the neutrino sector. We will work out the
case of a continuous gauge symmetry G in the bulk broken to the subgroup Hy (H7) on the
UV (IR) brane by boundary conditions. This symmetry guarantees the required structure
on the 5D Dirac masses as well as the required Yukawa matrices for the different sectors,
while in the 4D theory no massless gauge zero mode remains. Furthermore for the case of
Majorana neutrinos we have proposed a Wilson Line (WL) model as the origin of the Upning
matrix which is generated by a background value along the coset K = KyN K; where Kj; is
the coset G/H;. Using O(1) values of the 5D Yukawas we have made a fit to the parameters
which control the WL and shown the 95% CL regions in the WL parameters which exhibit
no fine-tuning in the determination of the anarchic mixing angles and neutrino masses.
Our model can incorporate both a regular hierarchy and an inverted hierarchy of neutrino
masses. Finally we have considered in our model the issue of LFV. As a matter of fact,
due to the structure of the Yukawas and 5D masses imposed by the symmetry, there is no
contribution to tree-level processes as pu — 3e and therefore there is no tension between
tree-level and loop induced processes as 1 — e7y. In fact the latter can be comfortably below
experimental bounds for KK masses around 2-3 TeV and the IR Yukawa couplings of O(1).

The plan of this article is as follows. In section 2 we have considered the case of
conserved lepton number, i.e. Dirac neutrinos. In section 3 the case of Majorana neutrinos
is worked out in detail. The 5D propagator for right-handed neutrinos at zero-momentum
is computed and a general expression for the coefficient of the 4D Weinberg operator
explicitly given in the presence of lepton number violation in the bulk and in the branes
for an arbitrary number of right handed neutrinos. In section 3.1 this general result where
lepton number is violated in the bulk (and the UV and IR branes) of the fifth dimension
is applied for simplicity to the case of only one generation of 5D right-handed neutrinos as
(unlike in the 4D theories) the three left-handed neutrinos can receive Majorana masses by
the 5D seesaw mechanism. However, as we have previously noticed, this case is unrealistic
if one wants to describe the neutrino spectrum without introducing new scales, as the
neutrino masses turn out to be too small. In section 3.2 we have considered the case of
an arbitrary number of right-handed neutrinos where lepton number is conserved in the
bulk, and violated on the IR and UV branes. In this case the leading contribution from



the previous case vanishes and the subleading correction can provide realistic values of the
neutrino spectrum without any fine-tuning. As noticed above, describing the degenerate
spectrum and large mixings of the neutrino data requires a symmetry. In section 4 we have
worked out a particular gauge symmetry in the bulk, consistent with an anarchic structure
for the neutrino spectrum and mixing angles. The bulk gauge symmetry is broken on the
branes by boundary conditions with no zero mode in the 4D theory and such that the
matrix diagonalizing the neutrino mass matrix, UpyNg, is determined by a Wilson Line
along the coset of the broken symmetry. In section 5 we have examined LF'V in the present
theory and shown that no tree-level LFV processes are generated as a consequence of the
underlying symmetry while loop level induced processes, such as 1 — e, are shown to give
mild constraints on KK masses and the 5D Yukawa couplings. Finally section 6 is devoted
to our conclusions. We present in appendix A details on the calculation of the general 5D
propagator of a right-handed neutrino in the presence of lepton number violation in the
bulk and the IR and UV branes. In appendix B we provide details of the 5D right-handed
neutrino propagator for an arbitrary number of right-handed neutrinos, for lepton number
conserved in the bulk and violated in the UV and IR branes.

2 Dirac neutrinos
Let us denote the background metric by

ds? = 6_2A77“l,d33“dx” + dy?, N = diag(—1,+1,4+1,+1). (2.1)
We will consider leptons as 5D Dirac fermions propagating in the bulk, with

ei(xay)v 81'('7"73/)’ M(mvy) (22)

denoting lepton doublets, singlets and right-handed (RH) neutrinos respectively. Here we
use ¢ to label the three generations of ¢; and &;, and the (a priori arbitrary) number of
copies of A;. The kinetic Lagrangian for an arbitrary metric [6] reads’

Lyin = Z /dy (734 (iYL @Y + ibrPYr) + e A (=PRbr + 24" Prpp +he)] (2.3)
Y=l N ,E
and parametrize the 5D mass Lagrangian as
Emass = - Z /dy 874Ac¢ M(y) &RwL + h.c. (2'4)
Y= N ,E

with constants ¢, = (—cg, cnr, ce) and M(y) a function with the dimension of mass. Al-
though everything can be easily worked out for arbitrary metric A(y) and mass profile
M (y), we will for the sake of simplicity specialize to the AdS case A(y) = ky and constant

!We are using a notation where the left-handed components of the 4D SU(2)r, doublets are described
by £1 while the right-handed components of the 4D neutrino and lepton singlets are described by Ng and
ERr, respectively.



mass profile M (y) = k. With appropriate boundary conditions there are then zero modes
with profiles

(2—cy)ky (1=2cy)kyr _ q
), _ € ¢
= Ny = 2.
f’lﬁx (y> N;/Q ) P (1 — 2Cw)]€ ( 5)

for ¢, = (1, Er, Ngr while the wave functions for the opposite chiralities (¢r, Er, N1)
vanish identically.

We will now consider a 5D Yukawa interaction between a bulk Higgs field H (z,y) and
the leptons in eq. (2.2) as?

Lo = / dy e~ 2z, ) Yar(y) N'(,) - H (2, ) + hec. (2.6)

where H = iooH* and Yy is a matrix of 5D Yukawa couplings that can have both bulk
and brane contributions

Yar(y) = Y7 + YA o(y) + Y 6(y — 1) - (2.7)

The Higgs boson zero mode profile is given by

eQ(a—l)kyl

h(o)(y)zi Nh:m-

: (2.8)
N/

where a > 2 in the RS metric to solve the hierarchy problem. After integration over y one
can write the neutrino mass matrix as

v
\/ NuNiNY,

We will be using the fact that LH leptons should typically be leaning towards the UV

.. Y1 i P
mi = / (YVi)ij elomcimen)ky (2.9)
0

brane in order to satisfy electroweak precision constraints, which implies c} > % We will
also make the reasonable assumption that

a>ch+chy

as a is constrained to be a > 2 as we stated above. We will compute the neutrino mass
matrix (2.9) separately for the cases of bulk and brane Yukawa couplings.
The neutrino mass matrix for bulk Yukawa coupling is given by

. | edi—1/2e0 =12 (G 1/2
ij o ij €t eN (_/\/’ > / )
m;] =vY {662_1/2 (< 1/2) (2.10)
N
where
e=e M ~1071 (2.11)

20f course there is a similar Yukawa interaction with charged leptons obtained from eq. (2.6) by Y (y) —
Ye(y), N(z,y) = E(x,y) and H(z,y) — H(z,y), by which zero modes of charged leptons get a mass after
electroweak symmetry breaking.



in order to solve the hierarchy problem between k& ~ Mp and the TeV scale, and

\/Q(a— D)1 — 26| |1 — 26|

Y, = -
“ a—c@—c}\/

()i (2.12)

To avoid suppressing the 7 mass too much we need ¢*~1/2 > m_ /my ~ 1072 (leading
to ¢ < 0.63) and therefore the case cpr < 1/2 in eq. (2.10) is unrealistic. On the other
hand the case cyr > 1/2 in eq. (2.10) can easily describe the spectrum of neutrino masses
provided that ¢y 2 5/6. However the neutrino spectrum predicted by eq. (2.10) should be
hierarchical unless some bulk symmetry (see section 4) forces ¢ = ¢, and cj\/ = ¢y for Vi,
which would render it anarchic as described by experimental data.

In the case of an IR brane Yukawa couplings Yjr = Y}; 6(y — 1) the result in eq. (2.10)
applies, except that

Yy = y/2(a — D1 — 26| [1 = 24| (V)i (2.13)

while for the case of a UV Yukawa coupling Yy = Y/e/ 0(y) we get

iy [ eat (c] > 1/2)
ij ij _ N
m;) = oY {ealel/chv (& <1/2) (2.14)

where

Yy = y/2(a — D1 — 26| [1 = 24| (V)i (2.15)

At first this result seems promising as it is independent of the 02 and hence allows for large
mixing angles.®> However, even for cyr > 1/2 this gives too small neutrino masses unless we
consider € > 107'2, which implies k£ < 10! GeV < Mp, in which case we do not solve the
grand hierarchy problem (as in little RS models [35]). As we only focus on theories solving
the Planck/TeV hierarchy we will disregard this class of scenarios.

To summarize the case of Dirac neutrinos, its mass matrix and mixing angles can be
realistically described by different localization of leptonic fields in the bulk of AdS space
provided there is a symmetry imposing cé = ¢y and Cj\/ = ¢y for Vi and both ¢, cpr > 1/2.
We will come back to the issue of the bulk symmetry later on in this paper.

3 Majorana neutrinos

The kinetic Lagrangian for one generation of RH neutrinos is given by eq. (2.3). It is
invariant under an SU(2)z global symmetry under which the neutrino transforms as a
doublet with components NV = (N, Ng), N = (Ng,~Nz).4 Only N = N will
couple to Higgs and leptons, and hence SU(2),r will be broken down to lepton number
L = U(1) o generated by o®. The most general bulk mass term can be written in SU(2) s

3Tt was previously noted that for ¢y + ¢¢ > a the UV Yukawa couplings are naturally dominating over
the IR ones, leading to flavor blindness of the 4D Yukawa couplings [24].
4This is sometimes referred to as a symplectic Majorana, spinor.



covariant form as N'®) - ;; N'U) with 7 a real three-vector [34] which also breaks SU(2) .
Without loss of generality we will choose p'= (car, 0, cpr), leading to

Lonass = /6_4ky M(y) (—CN/\_/RNL +h.c. + %CM[NL/\/’L — NpNg + h.C.]) . (3.1)

Clearly cp conserves L, while ¢j; breaks it. Further breaking of IL can be introduced via
the boundary conditions (BC), to be specified below. For the sake of generality, in eq. (3.1)
we have allowed the bulk masses to depend on y. In the following we will only consider the
constant case M = k, while the generic case for arbitrary M (y) and A(y) is worked out
in appendix A.

The expansion in modes reads for an arbitrary number of RH neutrinos

n)a n (n)
Ni(z,y) NIS ) (z,y) N (z) faa(y)
= = _ 3.2
(Nfé(w, y)) Z (N;"”(x, ) Z N @) £3) &2
where the 4D Majorana spinor (N (z), N (z)) has the 4D Majorana mass m,,. At this

point we are only considering one generation of RH neutrinos and so the label a will be
removed. Defining new wave functions

@) = D), (3.3)
we can rewrite the Dirac equation as
2ky pn) rn
(my ™™ £ e k)fNL,R = (en k£ 0y) fir, 1 - (3.4)
In order to obtain the BC, notice that variation of the action eq. (2.3) leads to Nz,(0) =
Nr(y1) = 0. Including a 4D Majorana mass term for the non-vanishing field Ny,

Lya = [% NeNR + h.c.] - [6_4’“?“ %J\_/'R/\_f}z + h.c. (3.5)

y=0 y=y1

(where we are considering real dimensionless numbers n;) the BC’s change to
NL(0) + noNg(0) =0,  Niz(y1) + niNg(y1) =0. (3.6)

Clearly generic brane masses again violate L. It is important to notice that besides n; =0
also n; = oo conserve L.°

In the general case of several generations of RH neutrinos we can always work in a basis
where the bulk Dirac masses are diagonal. However the Majorana masses will, in general,
be non-diagonal except if there is a bulk symmetry implying diagonal masses. Moreover in
this work we will always impose reality of both bulk and brane mass (as well as Yukawa)
matrices. We will consider the 5D Yukawa interaction between a bulk Higgs field H(z,y),

®As pointed out in ref. [34] the most general BC can again be parametrized by two SU(2)y unit vectors
§;. The L-conserving BC’s correspond to the choices 3; = (0,0, £1).

SComplex entries would introduce additional CP violating phases which we are not considering in this
work.
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Figure 1. Diagram contributing to the Weinberg operator in the effective Lagrangian.

the leptons £*(z,y) and Ny RH neutrinos” N%(z,y) as in eq. (2.6) and will integrate out
the whole tower of RH neutrinos as in figure 1, giving rise to the 4D effective operator

Ly = cd |89z )-ff<0>(x)] [ffT@)(x).e;(O)(x)] thee. (3.7)

where we denote by H () and Egn) () the normalized 4D modes of the Higgs and leptons
doublets. To proceed we calculate the 5D propagator at zero momentum,

I WG W)
N,
GHrly,y) = ——H— (3.8)
n mn
a quantity which is expected to vanish whenever L is a good symmetry of the theory. Then
the coefficient cW, with mass dimension —1, is given by

= [ dydy Yi#(y) YiE() O (y) h® <>f€1<>f Vy) Glu(y,y)  (3.9)

where () (y) and ZZ(O) (y) are given in egs. (2.8) and (2.5), respectively, and the neutrino
mass matrix by
mid = C%UQ (3.10)

In the following we will investigate the implications for lepton physics in two particularly
interesting cases. In section 3.1 the general case of cpy # 0 will be studied, while in
section 3.2 we will consider ¢y = 0.

3.1 The general case cy; # 0

Let us first study the case where L is violated in the bulk (and possibly on the branes).
As it turns out one only needs to introduce one generation of 5D RH neutrinos to give
Majorana masses to the three left-handed neutrinos. The propagator (3.8) is then given by

e [eo sinh (e, Q) — ¢y cosh(c, Q)] [c1 sinh(e, Qar) + ¢, cosh(e, Qar)]
s (cocr — ¢2) sinh(c, Q1) + cu(co — 1) cosh(e, Q1)

Grr(y,Y) = (3.11)

where we have defined ¢, = 1/cj2\/+c?v[, ¢i = eyng + en as well as Q, = kmin(y,y'),
Quv = ky1 — kmax(y,y’) and Q1 = ky;. Details of the calculation for Grr can be found
in appendix A (see also ref. [32]).

"Since for the time being we are keeping the number of RH neutrinos Ny arbitrary we will label them
with indices a, b as opposed to i, j, ... which is used for the three generations of charged leptons.



For a bulk Yukawa coupling Y/ (y) = Yj\l? the coefficient of the Weinberg operator (3.7)
can then be written as

C% _ Kz‘jeil |: Qij(cy)_i_f;‘j(cy)eafrcy +f8j(cy)€a¢+aj
+ £ (=) + ' (cn)e e + £ (fc,,)eaﬁ“j“@] (3.12)

where we have defined

5{(@) = —2¢,(c1 + ) (a;i + ¢)(a; + ) (ai +aj +co — ¢) (3.13)
ij‘(cl,) = 4612,(611' + aj)(a,,; + cl)(aj + ¢p) (3.14)
5 (c) = 2¢(co — ) (ai — e)(aj —cy)(a; + aj + 1+ ¢) (3.15)

with a; = a — c},

ey(a—1) [(co —¢))(e1 4 ¢)) = (co+ )y — CV)62C,,]—1

K =
J cy (ai +aj)(a; — cv)(aj — c)

Yiy; (3.16)

and

v (2% . 1)6202—1 (Yj\l?)z (3.17)
' (1—ea 1y (a;i+e) ‘

The leading term will be provided by the term proportional to fs(c,), resulting in

di 2(a — Depre ! (a; + a;+c1+c¢)
w (Cl -+ CU) (ai + aj)

YiY; (3.18)

Notice that generically (for arbitrary values of the constants a;) the rank of the matrix ey
is equal to three [r(cy) = 3] and, unlike in the 4D seesaw mechanism, one does not need to
introduce several RH neutrinos to ensure that no more than one LH neutrino is massless.

Using the fact that LH leptons should typically be leaning towards the UV brane
(¢} > 1) and assuming Y# = O(1)/Vk, one can estimate from (3.17) and (3.18) the order
of magnitude of the neutrino mass matrix as

mid ~ O(1)9 Zzecé%—l ~ ¢cita-110M ey (3.19)
Assuming now that c@ = ¢y (Vi) to describe the large neutrino mixing and using the bound
€2~ > 107* imposed from the 7-mass we are led to the condition m, > 10MeV, in
flagrant conflict with experimental data on neutrino masses.® In the next section we will
work out the particular case ¢y = 0 where the behaviour (3.19) appears modified by an
extra suppression factor and one can then overcome the above problem and decouple the
behavior of the neutrino mass matrix from that of the charged leptons.

80f course this case has another flaw. If ¢; = ¢, (Vi) it turns out that the rank of the matrix cw is
r(ew) = 1 [as it can easily be checked from eq. (3.18)] and the two light neutrinos are massless. This
problem could be fixed if the symmetry enforcing equality of all ¢} is approximate and ¢} ~ ¢,. However
this case is unrealistic anyway as we have noticed because the third generation neutrino is too heavy and
we will disregard it.



For an IR localized Yukawa coupling Y/ (y) = Y/\lf 0(y — y1) and using Grr(y1,y1) =
ey /(e1 + ¢,) the coefficient of the Weinberg operator (3.7) can then be written as

i 2(a — 1)CM€_1

_ YY; 3.20
“w (c1+¢) J ( )

where

(2¢} — 1)e2ei1

Yi = i
(1 _ 6202_1)

(V)i (3.21)

so that we obtain similar conclusions to the case of a bulk Yukawa coupling. Similarly, for
a UV localized Yukawa coupling Yy (y) = Y\ 6(y) and using Grr(0,0) = car/(cy — ¢o) one

can write ( ) .
» 2(a — 1)epre _
5=y 22
Ciyy e —co) € f (3.22)
where
(20@ —1) 0
Y, = L (V) 3.23
A () (3.23)

which gives too small values for the neutrino mass mlyj Also notice that in the case where
Yukawa couplings are exclusively localized towards one of the branes, r(cy) = 1 and the
comments in footnote 8 do apply.

To summarize the case where L is broken in the bulk, i.e. ¢py # 0: i) For the case of
Yukawas in the bulk and/or localized on the IR boundary, the predicted neutrino masses
are in the MeV range and therefore excluded by experimental data. ii) On the contrary
for Yukawas localized on the UV boundary the predicted neutrino masses are smaller than
experimental data by many orders of magnitude. We will see that these problems can be
solved if the theory conserves lepton number in the bulk but breaks it on the branes.

3.2 The case c); =0

If the 5D theory conserves lepton number L, ¢py = 0 and the bulk Majorana mass term
vanishes. In this case considering an arbitrary number Ny of RH Majorana neutrinos one
obtains the RR-propagator matrix as

-1
Grr(y,y) = e~ NM (e_cNkylnle_CNkyl - n0> emN kY (3.24)
where cj? = 5"1’05’\/ and n% are arbitrary (symmetric, dimensionless) brane Majorana mass
matrices appearing in eq. (3.5).
For a bulk Yukawa coupling Yy (y) = YAI? we write the coefficient c% of the Weinberg
operator, eq. (3.7), as
Cw = Y (GCN ni eN — no)_l YT (325)

where

Yia:

5 eChte—1 _ ga—l \/2(a — 1)(262 — 1) (326)

a—g 1— 21

,10,



There are different regimes, depending on the values of the numbers cyr, ¢, and a.
For 2 < a < ¢y + ¢ we obtain a neutrino mass scale that is suppressed at least as
my, ~ 0221/l < 10734 eV and hence® we are lead to consider the case car + ¢ < a. In
this case assuming that the left-handed leptons lean towards the UV boundary and ¢y > 0

one can simplify the expression for ¢y as
ey =—-Yn, YTt (3.27)

and the neutrino Majorana mass matrix

2 :
mi ~ 0(1)4 :76 €t ¢ (ng) le (3.28)
contains an extra suppression factor €V (ng)~leN with respect to the ¢y # 0 case,
eq. (3.19), which makes (3.28) consistent with the charged lepton spectrum [16].

For Yukawa couplings localized on the IR, Yi/(y) = Y\ d(y — v1), or UV, Yy (y) =
Y 0(y), boundaries the result (3.27) for the coefficients c% hold with the corresponding
respective definitions

a i 2(a — 1)(201' — 1)

Y, = YL envtal \/ - 5262{1 (3.29)
1 [2(a—1)(2¢5 —1)

Yig = Y2 @1 \/ — 626;1 (3.30)

We see that the case of an IR localized Yukawa coupling gives a similar expression for the
neutrino mass as the bulk Yukawas coupling, as in the previous cases, while a UV localized
Yukawa coupling provides unrealistic results which translate into too small values of the
neutrino mass.

To summarize this section we can see that the cases of a bulk or IR localized Yukawa
coupling matrix (Y;,) can provide a convenient description of the Majorana neutrino mass
matrix. However the largeness of the neutrino mixing angles requires that cé = ¢y and
ctr = cn for Vi,a, which requires a (gauge) bulk symmetry as we will discuss in the
next section. In that case the general theorem on rank of matrix product implies that
r(ew) < min{r(ng'),r(Y)} which in turn implies that to give masses to the three LH
neutrinos we need Ny > 3 and moreover 7(ny ') > 3 and 7(Y) = 3 (i.e. full rank), as in
the cases we will consider in section 4 where we will fix Ny = 3.

4 Flavor from Wilson lines

As we have seen in the previous sections the anarchic neutrino spectrum requires (unlike the
hierarchical quark structure) a symmetry in the bulk. One possibility is that this symmetry
is gauged in 5D. According to the AdS/CFT correspondence a 5D local symmetry implies

9In fact it has been pointed out in ref. [24] that this case could be potentially interesting to explain the
anarchic structure in the neutrino sector. However, as already noted there in warped space the Majorana
case is unrealistic due to too large suppression of the neutrino mass scale.
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the existence of an exact (or spontaneously broken) global symmetry of the 4D dual theory.
Moreover, this symmetry is expected to be rather large in order to ensure degeneracy
amongst the various Dirac bulk masses, but needs to be broken to a sufficiently small
subgroup at the boundaries in order to allow for nontrivial Yukawa couplings. There will
thus in general be a nontrivial coset in which some of the fifth components of the gauge
fields, As, can acquire VEVs. Hence, it is natural to ask if the mixing in the lepton sector
could come from nontrivial Wilson lines or, equivalently, nonzero VEVs for As.

If we start with a group G in the bulk and break it to subgroups Hy and H; at the
boundaries, the theory has zero modes for A, € HyNH; = H and A5 € KoNK; = K with
K; = G/H;. The profiles for the latter are given by

As(y) = fe*rv (4.1)
where 6 is a matrix in the above coset. Each coset is spanned by the generators
K;={T e G|trTH; =0} (4.2)

where we denote by G (H;) the Lie algebra of G (H;). This is a system of dim H; linear
equations defining a dim G — dim H; linear subspace. K = Ky N K is the space of possible
zero modes for As.

The zero mode for As has no potential at tree level and all configurations are degen-
erate, but can get a VEV through radiative corrections although here we will not specify
the possible dynamics leading to different configurations. One can transform away As by
a gauge transformation.

Aly) =i / " As) (4.3)

The bulk action is left unchanged because of gauge invariance, provided we also transform
all fields charged under . This changes the UV BC of all fields transforming under the
gauge group. In particular one has to make the replacement

¥(0) — e (0), Ag=A0) =16 /O " e2ky (4.4)

taken in the appropriate representation. The UV boundary condition for the RH neutrinos
in eq. (3.6) correspondingly changes as

ng — e_iAOnge_iAg . (4.5)

4.1 Choice of gauge group

We will consider the case of three generations of right handed neutrinos. The free 5D
action, including bulk kinetic terms, is invariant under U(3)s ® U(3); ® U(3)nr. The bulk
gauge group G should be a subgroup of the latter. In choosing G' one should take into
account the following requirements:

e (G needs to be large enough such that the breaking G — H allows for nontrivial
Wilson lines.
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e In general, the larger GG, the more the theory will be protected from FCNC.
e ( should ensure degeneracy of the ¢y, but allow for non-degenerate cg.

e (G should not be so large such that the breaking G — H leaves over unwanted zero
modes for A, (4D gauge symmetries).

Since we would like to avoid hierarchical mixing, a natural choice is to take G to in-
clude U(3), and to write a Wilson line to rotate RH neutrinos, we should also have
G D U@3)a.'% As for the charged leptons we would like to be able to write different
cgi, so there should not be any nonabelian transformation on the charged leptons. A com-
mon charged lepton mass term will leave U(3)¢ unbroken while different masses will break
it to ®;U(1)g: C U(3)g. The maximal group that allows to generate different charged
lepton masses is thus ®;U(1)g:.
To summarize the simplest bulk gauge group is

G =U3),®UB)x @ Ul)gs (4.6)

where i = 1,2,3 runs over the number of generations. In the following we are denoting
the U(3)y generators by A (o = 0...8) where A* are Gell-Mann matrices (normalized to
$) for @ =1...8 and A\° = diag(1,1,1)/v6. The last factor ®;U(1)¢: can be normalized
such that it is spanned by {3, A2, /\2}. The first and second factors are consistent with
constant (in generation space) ¢y and car while the last one introduces differents cgi as it
is required to describe the charged lepton spectrum. On the other hand bulk Yukawas and
the bulk Majorana mass vanish

Y=Y =cy=0. (4.7)
On the IR boundary the group G can be broken to
Hy = ®iU(1)preqny = A+ A7+ A%, A2+ A0+ AR, A2+ A0+ A%} (4.8)
i.e. “Lepton family number” which is consistent with diagonal Yukawas
Y/\I/z'j = Yy 0ij, Yslz‘j =Yg, 0y (4.9)

and forbids a Majorana mass (n; = 0). Finally on the UV boundary the gauge group Hy is
largely arbitrary. To allow for a Majorana mass ng it should not contain U(1)r, but it can
in general contain a subgroup of SU(3)s. Possible choices are SO(3)ar, U(1)ar € SU(3)ar or
even completely broken U(3)ar. For definiteness we will choose here the second possibility
with the generator being )\le. The part of G acting on the doublets and charged leptons
may be left unbroken to avoid additional Wilson line moduli in those sectors. We thus take
the surviving group to be

Hy = U(3); ® U(1) 1, @ U(L)g: (4.10)

10An even more minimal choice would be U(3)e1nr.
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This leads to zero UV brane Yukawa couplings
Yy =Y2=0 (4.11)
while the Majorana mass matrix ng has to fulfill
noAk + (M%) 1m0 =0. (4.12)
in order to be Hy invariant. One can easily check that H = Hy N H; = @ while
K = {,\%475»677} (4.13)

In this case and using the previously obtained structure of Yukawas and Majorana
masses one can write

cw = —YTeiAOTnaleiAOY (4.14)

where the Yukawa coupling is given by

1 [2(a—1)(2¢,— 1)
Yij = Yy evte! \/ — (4.15)

A more minimal option is G = U(3)4n ®; U(1)g: with the boundary groups being
Hy = U(1)4n®;U(1)% and H, given by (4.8). Still H = @ and K is spanned by {Aﬁf)\‘r}ﬁ’?}.
In this case Y/{? is nonzero and proportional to the unit matrix while eq. (4.12) holds for
)\} 4 being a generator of SU(3)g4 . As we have seen in the previous sections that bulk
and IR Yukawas provide similar contributions to the neutrino mass matrix, while UV
Yukawas lead to subleading contributions, the phenomenology of both models should be
very similar.

Let us finally comment that other choices of the subgroup of U(3) s in Hy would lead to
different class of models, with different coset spaces K and different Majorana mass matrices
ng. In particular the choice SO(3)x C Hp leads to ng = nj diag(1,1,1) and K = {A\1*6}
while the choice of U(3), completely broken @ C Hy leads to ng = diag(ng, n3,n3) and
IC = {ALb2456.71 - As a working example we will analyze in the next section the case where
U(1) Ay © Hy but keeping in mind that other cases are possible and could give rise to a
different phenomenology.

4.2 A Wilson line model for Uppng
The most general solution to eq. (4.12) is given by
no = diag (ng, —n, ng ) (4.16)

with n(l) and ng arbitrary numbers. Complex entries will result in additional phases in the
PMNS matrix and for simplicity we will take n(l)’?’ to be real. For the same reason we will
only consider the subspace

{Aﬁ’”} CK (4.17)
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which coincides with the generators of the group SO(3)x C SU(3)n and leads to a real

WL.1 For convenience we define the ratio

ny

y3 =20 (4.18)
g

such that the inverse matrix appearing in eq. (4.14) is proportional to

The Yukawa matrix is diagonal because of the symmetry H; in eq. (4.8), and can be

nyt o diag ( (4.19)

paremetrized as
Y diag(ylv Y2, 1)7 (420)

where we have factored out a global constant and have then normalized its last entry to 1.
On the other hand using the fact that the coset K O SO(3)x we can choose the Wilson
Line along SO(3) as:

0 —bsi byi
Ao(be) = | bsi 0 —byi (4.21)
—byi byi 0

which is a linear combination of the generators Ag 57 of SU(3) which span SO(3) C SU(3),
where b; are real parameters. The parameters b; are thus periodic variables, and without
loss of generality we can take them to satisfy >, b? < 7. We can now compute the WL
e as a matrix with entries depending on the parameters by which in the following we
will denote as

U (by,) = eholbr), (4.22)

We can now use eq. (4.14) to write the neutrino mass matrix as
: 7 : Y3 Y3 - .

my, (bg, i) o diag(y1,y2,1) - UT (by) - diag (5, 5 1) -U(by) - diag(y1.y2,1)  (4.23)
where the dot indicates matrix product. The proportionality constant is given (up to
O(1) numbers) by e2¢¢~1+2¢x 92 /e k which, using the value of ¢, required to fix the 7 mass,
becomes ~ €2°¥10%eV. Thus the proportionality constant is entirely controlled by ¢y and
will be consider as a free parameter of the theory.

Once we have determined the neutrino mass matrix (4.23) we want to fit the exper-
imental data consisting of the mass engenvalues m;(bg, yx) and the mixing angles of the
matrix which diagonalizes the mass matrix. We parametrize the mixing angles as

c12€13 512€13 513
U(bk,yr) = | —s12023 — c12813523 C12C23 — S12513823 13523 (4.24)
512523 — €12513C23 —S12513C23 — C12523 C13C23

HOf course the question on which one of the As field directions will acquire a VEV is a dynamical
problem which should be attacked by considering the one-loop Coleman-Weinberg potential, by applying
for instance the general methods of ref. [36] to warped space. As field directions along K are flat at the
tree-level (as we are considering here) and a full one-loop analysis is outside the scope of the present paper
we will just assume in the rest of this section that only <A§’5‘7) # 0 and evaluate the region in the parameter
space allowed by experimental data. If the field directions (Ag’G) turn out to acquire a VEV then the rest
of this section could be easily modified to cope with it.

,15,



where we have neglected C'P violation in the leptonic sector (as there are no experimental
data on it) and we are using the notation s;;(by, yx) = sin6;;(bg, yx) for ij = 13, 23 and
12. For the mixing angles we will use the following experimental values [37]

(573)exp = 0.023 £ 0.004

(539)exp = 0.312+0.016

523)exp = 0.52 £ 0.06 4.25
23 p

For the neutrino mass eigenvalues, for both normal (|mi| < |ma| < |ms|) or inverted
(|mg| < |m1| < |mz|) ordering, the experimental data require

2 2 Am?2
p=2 M =20 20,0312 £ 0.0018 (4.26)
lm3 — mj| Am3

where Am? = (2.327512) x 1072 eV? and Am2 = (7.50 £ 0.20) x 107° eV? are the at-
mospheric and solar neutrino squared mass differences respectively. The reason we only
consider here the ratio r is that the overall normalization of the mass matrix can easily be
adjusted to account for the correct absolute neutrino mass scale. We now want to diago-
nalize the neutrino mass (4.23) and make a fit to the mass eigenvalues and mixing angles
by means of the x? function

s2. _ (s2 S N2
Xz(bkayk) _ Z ( z](bkyykA)SQ ( z])exp> + < (bk;»yg)r exp) (427)

ij ij

Notice that there is a qualitative difference between the parameters b, and y; as the
former define the Wilson Line and should arise from some bulk dynamics while the latter are
external parameters which should be O(1) as dictated by the anarchy assumption. Notice
also that in the case where the Yukawa matrix is proportional to the identity (i.e. y3 =
y2 = 1) then r = 0. In that case the best (very bad) fit corresponds to U (by, yx) = UpMmNs
which happens for (87,53,59) = (0.83,0.10,0.62) and x2. = 276. A better fit requires
departure from 1 of y; and/or ys to cope with the experimental value of the r-parameter.

A very simple example is the case where the Yukawa and Majorana mass matrices are
such that y; ~ 1. Consider for instance the case where y; = (0.90,0.95,0.90) such that
X2 == 0 for b = (0.84,0.11,0.62). In this case the neutrino mass spectrum at the best fit
value is given by m; ~ (0.022,0.024,0.055) eV which has a normal hierarchy. In figure 2
the 95% CL and 99% CL regions are shown in the (b1, bs) plane for b3 = b9 (left panel),
in the (by, b3) plane for by = b} (middle panel) and in the (b1, b3) plane for by = b9 (right
panel). Different plots in figure 2 are useful to measure the available region in the space
(b1, ba, bs) which is consistent with experimental data and with fixed values of Yukawas and
Majorana mass matrix entries.

Another different case is provided by fixed values of by in which case we can evaluate
the available region in the space y;, which is consistent with experimental data. We will
now provide two simple examples yielding, respectively, a normal and inverted hierarchical
neutrino spectrum. We first consider the case by = 0.7 (k = 1,2, 3) such that x2, =~ 1.3
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Figure 2. 95% CL (inside the inner ellipse) and 99% CL (inside the outer ellipse) for y, =
(0.90,0.95,0.90) in the plane (by,bz) with b3 = b9 [left panel], (ba,b3) with by = b9 [middle panel]
and (by, b3) with by = b9 [right panel].
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Figure 3. 95% CL (inside the inner ellipse) and 99% CL (inside the outer ellipse) for by = 0.7 in
the plane (ya,y3) with y1 = 39 [left panel], (y1,y3) with y2 = 9 [middle panel] and (y;,y2) with
y3 = 49 [right panel].

for yg = (0.30,0.66, —0.53). In this case the neutrino spectrum at the best fit value is given
by m; ~ (0.004,0.010,0.050) eV which has a normal hierarchy but more hierarchical than
the previous example. In figure 3 the 95% CL and 99% CL regions are shown in the (y2,y3)
plane for y; = 39 (left panel), in the (y1,y3) plane for yo = 39 (middle panel) and in the
(y1,y2) plane for y3 = ¥ (right panel). A second example yields an inverted hierarchical
spectrum. In this case we are considering by = 0.4 (k = 1,2,3) such that x2, =~ 2 for
y? = (0.60,0.63, —5.5). In this case the neutrino spectrum at the best fit value is given by
m; =~ (0.057,0.058,0.031) eV which exhibits an inverted hierarchy. In figure 4 the 95% CL
and 99% CL regions are equally shown in the (y2,y3) plane for y; = y{ (left panel), in the
(y1,y3) plane for y2 = y9 (middle panel) and in the (y1,y2) plane for y3 = y§ (right panel).

Finally let us comment on the size of the angles b; necessary to accommodate the
observed neutrino data. The values of the b; we used in the fit are somewhat small (but
not excessively so) compared to the full available parameter space ) _, b? < m, and one could
be concerned about fine tuning. However we do not believe that there is a deep reason for
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Figure 4. 95% CL (inside the inner ellipse) and 99% CL (inside the outer ellipse) for by = 0.4 in
the plane (ya,y3) with y1 = 39 [left panel], (y1,y3) with y2 = 9 [middle panel] and (y1,y2) with
ys = y§ [right panel].

that. There are in fact many choices of parameters which yield a good fit, some of which
at larger b;. However our approach of fitting does not allow for an honest estimation of the
fine tuning, since the angles b; are dynamical variables. The only way to really assess the
fine tuning is to compute the Coleman Weinberg potential, find the minimum as a function
of the parameters (5D Yukawas and 5D masses), and compute the sensitivity with respect
to these parameters.

5 Lepton flavor violation and phenomenology

Warped/composite models explaining lepton masses and mixings are usually subject to se-
vere constraints from lepton flavor violating processes. These can be mediated at tree level
by the exchange of KK modes of electroweak gauge bosons (1 — 3e, 1—e conversion) as well
as via loop diagrams (1 — e) that also involve the KK states of charged leptons, neutrinos
and the Higgs boson. The simplest models, either with Dirac or Majorana neutrinos, are
required to have KK scales in the 10 TeV region for O(1) Yukawa couplings [13, 15, 20].12
Moreover there is a tension between the tree-level and one-loop induced processes [20]:
while tree level mediated FCNC’s benefit from large 5D Yukawa couplings (allowing the
zero modes to be more UV localized/elementary, and hence to decouple from the gauge
KK modes), loop contributions to p — ey naturally grow with the Yukawa coupling. Var-
ious authors have thus tried to build models that reduce lepton flavor violation (LFV) via
the introduction of either discrete [23] or continuous lepton flavor symmetries [21].1% The
model developed in section 4 has a large symmetry and can hence naturally suppress LFV
processes. In fact the entire composite sector is completely symmetric under lepton family
number since its bulk-to IR breaking is given by U(3),@U(3)a®; U(1)gi = @;U(1)piygi s

12We caution the reader that the quoted numbers have to be taken with a grain of salt. Scanning over
the O(1) 5D Yukawa couplings typically results in a broad distribution of allowed KK scales, as has been
shown for instance in the case of the quark flavor violation [6]. Allowing for a moderate fine tuning can
significantly reduce the bounds.

13 We also would like to mention the possibility to reduce the bounds in the context of soft-wall models [27].
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(a) (b)
Figure 5. Diagrams contributing to g — e7y. The solid line represents a fermion which is either
a charged lepton (a) or a neutrino (b), and the dashed line represents a boson which is either a
neutral Higgs or Z (a) or a charged (KK) Higgs or W (b).

and only the elementary sector (UV brane boundary conditions) breaks it. Since however
the Higgs field is highly composite the elementary (UV brane localized) Yukawa interac-
tions are completely negligible. As a consequence the charged lepton Yukawa couplings
are simultaneously diagonal with the bulk masses for doublets (¢;), singlets (cg) and RH
neutrinos (cyr). On the other hand the UV BC for the RH neutrinos breaks this symmetry
and introduces the Lepton mixing. This can be seen in various ways:

e The UV boundary conditions are aligned with the bulk masses and IR brane Yukawas
(no, Yar and cpr are all diagonal), and the breaking results from a nonzero VEV of
As, the Hosotani breaking of the U(3), symmetry.

e The VEV for As is zero, Yy and cy are diagonal, but the Majorana brane mass
(the UV boundary conditions for the RH neutrinos) becomes non diagonal, ny ' —
ur ng U,

e The VEV for Aj is zero, ng and cyr are both diagonal, while Yy becomes non-diagonal,
Yy — UYy.

These interpretations are related by a 5D gauge transformation and are completely
equivalent.

In all three cases, cg, cr, and Yg are diagonal. As a direct consequence, the mass and
interaction eigenstates of the charged leptons are identical, all couplings to electroweak
KK gauge bosons preserve flavor, and there are no tree-level mediated FCNC’s.

As far as the one-loop contributions to u — ey are concerned, there are two types of
diagrams, depicted in figure 5, depending on whether electric charge flows along a fermion
line (a) or a boson line (b). Diagrams of type (a) never contribute in our model since all
couplings and masses are simultaneously diagonal (no rotations on the charged fermions
are ever necessary). To understand the contribution from diagram (b) it is most convenient
to work in the mass-insertion approximation and evaluate it in the basis of diagonal ng
where all flavor violation is encoded in Y)s (third point of view above). Effectively we are
expanding the diagram in powers of the 5D Yukawa coupling. The leading contribution
from these diagrams have one or three Yukawa induced mass insertions [29], however it
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Figure 6. The leading diagram contributing to p — ey in the mass insertion approximation.

is easy to convince oneself that the diagrams with one insertion always involve Yg. The
leading diagram with three Yukawa insertions is depicted in figure 6 and leads to the
bound [29]

T 2
an(3 eV) <0.015 (5.1)
TMKK

where Y, is the typical size of the 5D Yukawa (in units of k) and a ~ O(5%). Hence
realistic KK scales of ~ 2 —3TeV can easily be accommodated with Y, ~ 0.4 —0.5. Notice
that, due to the absence of tree level FCNC’s there is no lower bound on Y.

Having shown the promising features of the proposed model in lepton flavor violating
processes, we would like to close this section with some thoughts on the phenomenology of
the additional states in the new gauge sector. The lightest new vector resonances in our
model arise from fields with Neumann BC in the UV and Dirichlet BC in the IR (+— fields).
Such fields have a light state of mass m%ﬁ ~ 0.24 ke~ kY1, In contrast, the lightest states
of the —+ fields have ml’%][\é ~ 2.4 ke %Y1 while those of —— fields have m%?( ~ 3.8ke v,
On the other hand, since leptons are near UV localized, the coupling of the new vector
resonances to e, p and 7 is dictated by their UV boundary conditions. Only KK modes of
gauge fields with Neumann BC in the UV will have a significant coupling to leptons. For
the light +— state given above this coupling is approximately 0.17 g,, where g, = g3” k1/2
and « runs over the various factors of the bulk gauge group. For the electroweak gauge
bosons the 5D gauge coupling is fixed in order to correctly reproduce the vector boson
masses. However in the case of the lepton flavor gauge fields there is no such constraint
and we can treat g2 or equivalently g, as free parameters.

An obvious question is whether these fields could contribute significantly to electroweak
precision observables at LEP. As the new gauge sector does not couple to the Higgs field
we can safely neglect its contributions to the S and 7" parameters and focus on LEP2 cross
section measurements at high energies (i.e. above the mass poles of W and Z). Since the
present model does not have new gauge fields of ++ type, and the —— and —+ fields
have negligible couplings to leptons, the only fields of concern are of the +— type, in
particular the light mode mentioned above. Focusing on operators involving only electrons
and positrons, the only +— fields that contribute are (Afja - Aia)/ﬁ with o = 0, 3, 8.
Using the exact expression for the sum over the +— KK tower [40], one obtains the following
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four-electron operators

1
16
Similar flavour-preserving operators are generated involving p and 7. Present bounds on

c (ke M) =2 (goery™er, — g Erer)? (5.2)

lepton contact interactions can be found in refs. [37, 38]. These are based on an effective
Lagrangian of the form

L= A2 (nLrecy"er eryuer + nrr €rRY"er €rVueRr + 2NLR €LY €L ERVuER) (5.3)

where 7,,» = £1,0. Ref. [38] gives separate bounds for the cases

nrrR =1MLr =0, 1L =—1 A >10.3 TeV (5.4)
ner =nLr =0, nrr = —1 A >10.2 TeV (5.5)
NLL =NMRR = —NLR = —1 A >16.5 TeV (5.6)

Fixing a typical IR scale ke %1 = 1.25TeV (yielding 3 TeV SM resonances) we can then
place bounds on the g, in several limiting cases

ge < ge ge < 1.2 (5.7)
g < ge ge < 1.2 (5.8)
Je = ge ge < 0.76 (5.9)

Although direct detection of the lightest +— states at LHC seems impossible due to the
absence of direct couplings to colored states, prospects at future linear colliders are much
better. Indeed, in case LHC finds resonances of SM gauge bosons, it can be expected that
the mass of the lightest +— state be within the reach of the ILC with /s = 500 GeV.

Another interesting question is the phenomenology of the scalars corresponding to the
stabilized Wilson line moduli A5. Such states have loop suppressed masses and can hence
show up close to the electroweak scale.!> However, it is important to realize that in warped
space they have negligible couplings to leptons (besides possibly the 7), as they possess
strongly IR localized profiles. Tree level production of such particles at a future linear
collider should then proceed via fusion of the new gauge bosons (in complete analogy to
vector boson fusion production of the Higgs boson in the SM), while decays to 7’s will be
strongly enhanced with respect to p’s and €’s. A detailed study of signatures of these new
light degrees of freedom at lepton colliders is beyond the scope of the present paper and is
left for future work.

Finally, an interesting feature are loop effects such as contributions to the muon anoma-
lous magnetic moment. These are generated via lepton flavor conserving penguin diagrams
and have recently been computed for warped models in ref. [41]. Given that the EW
KK contributions are somewhere close to the observed deviation and that leptonic gauge
couplings can be close to the weak ones, it would be interesting to perform a detailed study.

MFor simplicity we take a single gauge coupling for U(3), and U(1)% respectively. Moreover, since
ce, cer > 1/2 we can very well approximate the electrons by UV localized fields and one obtains
ST (0)/mit 17 = 91 /2 k* which is almost entirely saturated by the lightest mode.

15The analogy of 5D composite Higgs models is evident. In fact the phenomenology resembles that of a
pseudo Goldstone Higgs coupling only to leptons and heavy vector resonances.

— 21 —



6 Conclusion

Warped extra dimensional models provide an elegant theory of flavor by using the fact
that a 5D Dirac mass localizes its fermion zero mode along the extra dimension in such
a way that different localization for different fermions (i.e. different 5D masses cf) can
account for the experimentally observed spectrum and mixing angles. Moreover FCNC
higher dimensional operators involving light fermions (i.e. fermions localized towards the
UV brane, ¢y > 1/2) and generated by exchange of gauge boson KK-modes are protected
by the so-called RS-GIM mechanism as massive KK-modes are leaning towards the IR
brane. This mechanism which can account for hierarchical masses and mixing angles is
very appropriate for describing the mass spectrum and mixing angles (described by the
CKM matrix) in the quark sector if the constants c; are different in the left-handed quark
doublet ¢,; and right-handed up quark singlet ¢, sectors, while they are very degenerate
in the right-handed down quark singlet ¢4, sector, which suggests some protection by a
flavor symmetry in the quark sector similar to that proposed in the present paper in the
leptonic sector.

However in the lepton sector the situation is different as the charged lepton masses
are hierarchical while neutrino masses and mixing angles (described by the PMNS matrix)
follow an anarchic pattern. The localization mechanism does not work unless a fine-tuning
on 5D masses is done, or it is implemented in a natural way by the symmetries of the
theory. Moreover, unlike in the quark system, the nature of neutrinos, i.e. Dirac versus
Majorana, is not yet unveiled by experiments and both situations should be considered in
model building.

In the first part of the paper we have made a systematic review of the calculation of
the neutrino mass matrix, both in the Dirac and Majorana cases, so that we can classify
all possible cases which could give rise to realistic spectra and mixing angles. Similarly to
what happens in 4D if lepton number is conserved in the bulk and in both branes neutrinos
are Dirac fermions, while otherwise they are Majorana particles. For the case of Majorana
neutrinos we have integrated out the 5D right-handed Majorana neutrinos in the process
¢;H — (;H, a procedure similar to the seesaw mechanism in 4D. In all cases the Yukawa
matrix Y coupling the left-handed doublets ¢; with the right-handed neutrinos N; can be
a 5D (bulk) one and/or localized in either brane. Similarly lepton number can be violated
in the bulk and/or in either brane. In both cases, Dirac or Majorana, the hierarchical
charged lepton spectrum should be implemented by a pattern in the corresponding 5D
masses ci. Moreover a realistic spectrum and mixing angle pattern for neutrinos requires:

e For both Dirac and Majorana neutrinos:

— A bulk symmetry implementing that c}} = ¢y and cJN = ¢y independently on 1, j.

— A Yukawa matrix Yy with non-vanishing components along the bulk and/or
the IR brane. A UV localized Yukawa matrix alone would provide too small
neutrino masses.
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e For Majorana neutrinos: lepton number should not be violated in the bulk. Otherwise
the charged lepton spectrum whould lead to a too heavy neutrino spectrum. Lepton
number violating effects are thus dominated by those from the UV brane.

In the second part of the paper we have constructed a simple model leading to the
above required pattern for 5D masses, Yukawa couplings and lepton number violation. In
short what we need is a bulk gauge group G broken by boundary conditions to the subgroup
Hy (Hp) on the UV (IR) brane such that:

e The space of zero modes for Aj, i.e. the coset space K = KoN Ky (K; = G/H;), is
non-vanishing, to allow for non-trivial Wilson lines.

e The space of zero modes for A, is null, i.e. H = H N H; = @ to avoid unwanted
massless non-SM gauge bosons.

For nontrivial K one can still gauge away Ay leading to misaligned BC for the RH neutrino
at the two branes. The Majorana mass matrix will then depend on the WL and leads to
nontrivial mixing. A priori the background (As) is a flat direction at tree-level (a classical
modulus) which will however be dynamically determined at one-loop by the Coleman-
Weinberg effective potential (the Hosotani mechanism). This will then result in a dynamical
determination of the Majorana neutrino mass matrix. Computing the one-loop radiative
corrections is to a large extent model dependent and it is outside the scope of the present
paper. Here we try to stress the general features of the proposed mechanism while we
postpone a study of a model dynamically implementing the neutrino mass matrix for
further studies.

Without trying to classify all possible models we have proposed a model with G =
UB)e@UB)n @ U(1)gi, Hi = @;U(1)(p4g4nr: and Ho = U(3), ®U(1)/\}v ®; U(1)gi which
leads to lepton number violation on the UV brane (with a particular pattern) and diagonal
IR localized Yukawa matrices Y and Yg, although we point out that other choices could do
a similar job. In this particular example the non-trivial coset contains SO(3)x C SU(3)nr
and, for diagonal UV localized Majorana mass matrix and unit Yukawa matrix Yy, it can
be identified with the three angles of the PMNS rotation. Fitting also the neutrino mass
spectrum requires a diagonal (non-unit) matrix Yy and the Wilson line depart from the
PMNS angles. We have quantified the available region for the Wilson line parameters and
found that for a 95% CL region in the fit there is no fine-tuning.

In general the larger the bulk gauge group G the more protection against FCNC’s. We
have analyzed in the present model lepton flavor violation induced by tree-level exchange
of KK-modes (as p — 3e and p — e conversion) and one-loop (as u — ey) processes. As a
consequence of the fact that ce, ¢y and Yg are diagonal the mass and interaction eigenstates
for charged leptons coincide, all couplings to KK gauge bosons are flavor diagonal and there
are no tree-level lepton flavor violating processes. On the other hand lowering the rate of
the process u — ey below the experimental bound requires an upper bound on the typical
value of the entries of the matrix Y. In the absence of tree-level lepton flavor violating
processes the usual tension disappears and it is possible to find realistic values for the
loop-mediated processes for O(1) Yukawas and KK-masses about a few TeV.
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Interestingly enough the common value for the left-handed lepton doublet constant
¢ ~ 0.63 agrees (within 1o) with the common value of the right-handed down singlets
cdp =~ 0.65 [6] which might suggest an extension of the flavor symmetry to the quark
sector commuting with some unification group. However the difficulty in extending the
idea of breaking flavor symmetries and creating fermion mixing by Wilson lines can be
realized as follows. Quark mixing can only arise from the Yukawa structure, and the UV
brane Yukawa couplings are highly suppressed due to the large suppression of the Higgs
wave function there. Hence, if the flavor symmetry is broken only nonlocally, it will be
impossible to generate a sizable Cabbibo angle. For the same reason the present mechanism
is not applicable to generate Dirac neutrinos. The only way out would be a sufficiently
large breaking of the bulk flavor symmetries on the IR brane which would however lead to
completely different type of models (for models where bulk and brane flavor symmetries
are used in the quark sector see [42, 43]).

Finally we would like to point out that we have performed all calculations in the
present paper for an RS (AdS) 5D metric. However a similar study would also apply for IR
deformed metrics (as the soft-wall class of metrics [5, 44]) and we expect similar conclusions
to follow. In particular for brane localized Majorana masses and Yukawa couplings, as in
the example we have worked out, most of the results (except for normalization factors)
only depend on the total warp factor, which is metric independent while gauge breaking
arguments should hold in general metrics.
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A Calculating the propagator Ggrgr for cps # 0

In this section we give the derivation of expression (3.11). Using the equation of mo-
tion (3.4) and the definition of Grr

F(n) (n) ¢,
GRR:ZM’ (A1)

Mn

we can write

(Mp — 8,)M;; (Mp + 8,)Grr(y,v)
= (Mp — 9) My e S F A @) + e R ) () — My Grely,y)  (A2)
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Now note that the orthogonality and completeness relations are

AN W)] = deedly - ). (A.4)

Assuming that there are no zero modes one can use the completeness relations to write
[(Mp — 9,) My, (Mp + 8y) + My] Gre(y,y') = 6(y — /) (A.5)

Now we will make the simplifying assumption My (y) = eprM(y), Mp(y) = exM(y),
where M(y) is an arbitrary function. In other words, the 5D Dirac and Majorana masses
have the same y dependence. Then the general solution to eq. (A.5) is

G = 0% 4 70 (A.6)

where G< (G”) refers to the regime y < ¢/ (y > ¢/), Qy) = J¢ M and ¢, = (/X + 3, .
Continuity of Ggrr at 3/ gives

(ac — a>)ecVQ(y’) + (B« — /3>)67ch(?/) =0 (A7)
The jump condition for G’ gives

(ae — as)eRW) — (B — B )e QW) = M (A.8)

Cy
This can easily be solved to yield

Gip(y,y) = b M c,[Q)-QW)] 4 M er[Qy)-QW)] (A.9)

Cv Cv

1 , 1 ,
GER(yay/) - (b + 2> cﬂGCU[Q(y )_Q(y)] + (C — 2) Cﬂecu[Q(y)_Q(y )}

Cy Cy

The constants b and ¢ are determined from the BC’s at 0 and y;. Note they are functions
of y/. One can express the solutions in terms of

min(y,y’) Y1 U1
Qm = / M, Qn = / M, Q1=/M. (A.10)
0 max(y,y’) 0

Let us consider the most general BC’s, which we can write as

(coM + 8,)Grp(0) =0 (A.11)
(1M +0y)Grp(yr) =0

In the limit ¢; — 0o we recover the boundary condition where fr(y;) = 0 (here yo = 0).
Taking ¢; = ¢p however corresponds to fL(yZ) = 0 or in other words (Mp + ay)fR =.16

'%Some of these special cases have been investigated earlier [32].
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Applying the BC’s to (A.9) we find the integration constants

b= laote [(cl —c)e 9 — (¢ + cy)eCV(Qr?Q(y’))} (A.12)
2 N
— ECO — & Q1 _ _ CV(_Q1+2Q(?/I))
c = 5N [(cl +cy)e (c1 —ca)e }

N =2 [(cocl — c,%) sinh(e, Q1) + ¢u(co — c1) cosh(cl,Ql)]
and with these we get the final expression (3.11)

e [co sinh(c, Q) — ¢y cosh(c, Q)] [c1 sinh(e, Qar) + ¢, cosh(e, Qar)]
s (coer — ¢2) sinh(c, Q1) + ¢u(co — 1) cosh(e, Q1)

Grr(y,y) = (A.13)

To give a meaning to the variables ¢; we use the equation of motion (3.4) to eliminate fr
in the BC’s (3.6). This results in

(mneAni + (en + eymi) M+ By) fR(yi) =0 (A.14)

Applying this to the definition of the propagator (3.8) and using the completeness rela-
tion (A.4) we get
[(CMTLi +cenv)M + 8y} Grr(yi) =0 (A.15)

Comparing this to (A.11) we see that we can identify ¢; as a function of the numbers n; of
the boundary mass terms in (3.5).

¢ = cpyng + cn (A.16)

B Calculation of Grgr for n RH neutrinos and cj; = 0

In the case c)y = 0 and n right-handed neutrinos we get matrix equations. We will work in

the basis of diagonal cyr. The EOM (3.4) has one term less than in the general case, due

to the missing c¢js and indices are added to emphasize the matrix structure of cjl\l} = 6abcj’\/

and n?b.
mpe U = (%M £ 0,)fI° (B.1)
n® JL/R N Y)JR/L :
The BC’s are given by
FE i) + e i =0 (B.2)

fn)e
Multiplying the EOM (B.1) by f"T(y)and taking the sum over n we find

n

Fe R W)

D TR AP = (M £0y) 0= = (B3)
and using again the completeness relation one gets
On/rxO(y = y)0" = (ArM £ 0,)Gx)p, \ (y,Y) (B.4)

— 26 —



where we have used the definition

pn)b,
Gt y) = Zf’*’”(,)ri & (B.5)

n

Solving this first order differential equation yields for Grr
GHr(y:y) = e AWa(y) (B.6)

With Q(y fo dzM (z). In contrast to the case of ¢jr # 0 we do not have to worry about
Jump condltlons as there is no delta funcion in the equation for Grr. Multiplying the BC’s
by fR( ) ¢ and taking the sum over n results in a coupled equation for Gpr and Ggrpr
on the boundary

GLr(Wiv') +niGrr(yi,y') =0 (B.7)

So in order to find o we have to find Grp first. From the EOM (B.4) we find a differential
equation with a delta function. Therefore we have to solve it for the two cases y < 3 and
y > 9/ and connect the resulting function with the jump condition, found by integrating
the EOM around 3/. We can write

Grr(y,Y) = Girly, )0 —y) + GLr(y,¥)O(y —y), (B.8)

with the stepfunction

o -{mys w9
For the two cases y < ¢’ we can derive
G% = eNRW) BS (). (B.10)
From the jump condition
Gl (29— GEr" (v o) = 0 (B.11)

the relation for the constants 55 is found:
B = e NQW) 4 5>, (B.12)

With these expressions for Gpr and Grpr the BC’s become

etenQ(vi) (e*CNQ(y/)+5>@(y’ —y)+ 7Oy — y’)) + e NQW g =0 (B.13)
which can be solved on the two branes with yo = 0 and result in
o= (e—CNQ(y1)n1€—CNQ(y1) _ no) e~ NQW) (B.14)
Thus we find
Grr(y,y) = e NCW (e_CNQ(yl)nle_cNQ(yl) _ no) e NQWY, (B.15)

which in the case M (y) = ky results in eq. (3.24) in section 3.2.
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