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ABSTRACT: We compute the N = 2 Rényi entanglement entropy of two intervals at equal
time in a circle, for the theory of a 2D compact complex free scalar at finite temperature.
This is carried out by performing functional integral on a genus 3 ramified cover of the
torus, wherein the quantum part of the integral is captured by the four point function
of twist fields on the worldsheet torus, and the classical piece is given by summing over
winding modes of the genus 3 surface onto the target space torus. The final result is given
in terms of a product of theta functions and certain multi-dimensional theta functions. We
demonstrate the T-duality invariance of the result. We also study its low temperature limit.
In the case in which the size of the intervals and of their separation are much smaller than
the whole system, our result is in exact agreement with the known result for two intervals
on an infinite system at zero temperature [5]. In the case in which the separation between
the two intervals is much smaller than the interval length, the leading thermal corrections
take the same universal form as proposed in [9, 10] for Rényi entanglement entropy of a

single interval.
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1 Introduction

Entanglement entropy is one the most unique quantity in quantum field theory and quan-
tum many body systems. It is defined as the von Neumann entropy of the reduced density
matrix of the subsystem. For dimension D = 2, one can use the tools of CFT, see [1] for
a review. Essentially, to obtain the entanglement entropy is equivalent to calculate the
partition function of certain CFTs on the higher genus Riemann surface. It is also known
as the replica trick [2]: consider now the system is in a pure state with density matrix
p = |®) (®|, for the subsystem A consisted of one or more intervals, the reduced density



matrix of is defined by p4 = Trp(p), where B is the complement of A. Then one can define
the N-th Rényi entropy

Sy = In Trp¥ (1.1)

1-N
The entanglement entropy is easily obtained by taking the limit

SEE :]{[13115]\;. (1.2)

From the path integral point of view, the calculation of Trp% is equivalent to find the
partition function on a N-sheet Riemann surface which glued together along B but leave
A cut open [1]

(1.3)

where Zn(A) is the partition function on the N-sheeted Riemann surface and the normal-
ization factor Z is just the original partition function

7 = Tre PH.

In the simplest context of non-compact free boson, the convenient way to calculate
Trp% is by employing the twist fields, which reduce the problem of how to find the higher
genus partition function to the problem of calculation the correlation function of the twist

fields [1]
N-1

Trp = [ (ow(w, ta)o—k(vr,01) ), (1.4)
k=0

where k£ = {0,1,--- ;N — 1}. Noted that the twist field o3 and the anti-twist field o_j
always appear in pairs to create the correct branch cuts. By using the twist fields, the
complexity of the world sheet is transferred to the target orbifold space, and one can used
the technique from orbifold theory [3, 4] to calculate the correlators of the twist fields.
For now, the entanglement entropy of two disjoint intervals on an infinite system at zero
temperature has been studied in [5, 6], and one interval on a circle at finite temperature
has been studied in [8, 10].

In this paper, we consider the compactified complex free boson on a circle at finite
temperature, and study the N = 2 Rényi entanglement entropy of two disjoint intervals. We
should remark that, in case of compactified boson, one should not use (1.4) directly, since
the different k-modes are actually correlated because of the compactification condition.
Thus we will take the strategy used in [3]: we separate the fundamental field into a classical
part and a quantum part, and require that only the classical part see the winding. Therefore
one can safely regard (1.4) as the quantum part, in that case we can borrow the results
in [4] to get the quantum part.

The classical part are obtained by summing over the independent winding modes.
Since for different k, the winding numbers are correlated, as a result, the independent
winding numbers should be summed are actually fewer than we have defined. For N = 2
and two intervals, there are only six independent integers. To be noticed, our method is
a little different from [5], in which there are zero modes because of double counting, but



after eliminating the zero mode divergence, they are actually the same. The summation
can be expressed as two Siegel theta functions, where for each one we have defined a 3 x 3
matrix (see equation (3.30)). We have to say, it is not obvious at all that the two matrix
are strictly positive definite and the relation I'"! = 4I" holds, so that we can represent the
results nicely as the product of Siegel theta functions. These properties of the two matrix
are highly non-trivial and they indeed represent the T-duality.

We further study the low temperature expansion. In order to check the consistency
with other’s results, we consider the large system limit, i.e., the subsystem is much smaller
than other scale of the system, and we find that the leading term is agreed with the Rényi
entanglement entropy of two disjoint intervals in an infinite system at zero temperature [5].
Further, by considering the separation is much smaller than the length of two intervals, we
show that the leading thermal correction is also in consistent with the result in [9, 10].

The organization of the paper is as follows. In section 2, we briefly review the method
how to calculate correlation function of twist fields. In section 3.1, we derive the N = 2
Rényi entropy. In section 4, we obtain the low temperature expansion. Finally, in section 5
we give our conclusions.

2 Conformal field theory of orbifold and twist fields

Following [4], we consider a free compactified complex boson living on a Euclidean torus

L= 8i7r / dzdz(0X0X + 0X0X), X(z+mp+iBmq) = X +27R(m + in) (2.1)
where p,q and m,n are integers, we also have set o/ = 2 in the convention of string
theory [7]. For simplicity, we assume the two compact radii are equal length. Suppose
that there are two disjoint intervals on the real axis, the replica method is essentially doing
the path integral on a IN-sheeted Riemann surface which are glued together along the two
intervals. If in each sheet labeled by ¢ there lives a replica field X the gluing simply means
that there is a symmetry among these replica fields

X(ze?™ ze7 ™) = X712, 2), (2.2)

where we have assumed that z = 0 is an end point of the intervals. After a redefinition of
the replica fields [5]

N

~ . ko~

X'=) eMVIXT 0< ki <N, (2.3)
Jj=1

the new fields X satisfy the monodromy condition
~ . . . ko~
Xi(ze¥™ ze™ ™) = 2™V X(2, 7). (2.4)

Note that the new field X? indeed lives on the original worldsheet torus with the presence
of twist fields, while the field X7, which will also be referred to as the replica field, lives on
the covering genus 3 Riemann surface.



As it was suggested in [1], this configuration is equivalent to put twist/antiwist pairs on
the original worldsheet at the ends of the intervals. For example, if we have two intervals la-
beled by [z1, 22| and [z3, z4], then there are four insertions {ox(z1), 0_x(22), 0k (23),0_k(24) }.
We also have the OPEs known as local monodromy condition given by [3]

0.X (2, 2)ox(w,@) ~ (2 —w) "W (w,@),

a,jf(z, Dop(w,®) ~ (z— w)—ff,;(w,a;), 25)
0:X (2, 2)0k(w, @)~ (25— @) N ir(w, @),

0:X (2,2)ox(w, @)~ (2 - @) 1"V (w,@),

where the various fields 7 on the right hand side are the exited twist operator which create
exited states in the twisted sector and 0 < k < N is an integer.

Because the insertions of twist fields, the net-twist-zero loops surrounding different
subsets of insertions may not be equivalent. Actually, in the most general cases, the
number of independent closed loops is L — 2 4+ 2g, where L is the number of twist fields
and g is genus of the Riemann surface [4]. The shifts of X along each loop give the global
monodromy condition

A, X 57{ dz0, X +7{ dz0:X = v, (2.6)
where ~y, label the closed loops and v, are the shifts which encode the winding number.
2.1 Quantum part of the correlation function
As mentioned earlier, it is convenient to separate X into a classical part and a quantum part

X = Xt X
requiring that only the classical part can see the winding

A»YXqu = fdzazXqu(Z, 5) + %dzazXqu(Z7 2) = 0’
i ) ) (2.7)
A Xy = ?{dzasz(z, Z) + fdzang(z, Z) = .

We first calculate the quantum part of the partition function by inserting a stress tensor
in the correlation function of twist fields. It is known that the twist fields is primary and
its OPEs with stress tensor is given by

hi 1
50i + 0.0 (2.8)

T(z)oi(w) ~ =)

From the Ward identity, one can derive a differential equation of Z,

0,110 2y, = lim [z~ 2) (T(2)) ~

2=z z— zj

(2.9)

where h; = %%(1 - %) is the conformal dimension of the twist operator and ((T'(z))) is

defined as one point function of stress tensor in the presence of twist fields.



So the main problem now is how to construct 7'(z). We start with the Green’s function:

co) = <_8ZX8W)%HO'Z(ZZ)>
9= wia) = gy

(2.10)

Taking into account the global monodromy condition (2.6), one should introduce another
auxiliary Green’s function

(—0: X0, X [Tos(2))

h(Z,w;z;) = , 2.11
B8 = ) =
which is non-singular as w — z. Then (T'(z;z;)) can be obtained by taking a limit
(T (a0 = lim |g(zwi) ~ (212)
z2))) = lim 1g(z,w; 2 ) :

These Green’s functions can be constructed by the so called cut abelian differentials [4].
On the torus, it is enough to use the local monodromy and the double period condition to
construct the basis of cut abelian differentials. The local monodromy is given by

(z —w)~2 if z > w,
9(z,w; ) < (2 — 2) AR/ if 5 2 (2.13)
(w — z) " ki/N if w, — z;.
and
zZ— 7z —ki/N if 2 — z;
h(z,w; z;) (z-2) e (2.14)
(w—z) /N if b — 2.

In case of two pairs of twist/antitwist insertions on the torus, such as
{ok(z1),0_k(22),0%(23),0_k(24)}, one can define the four cut abelian differentials:

w!(z) = H V(2 — zi)*(lf%)ﬁl(z — 2ay — Y1)01(2 — 2ay),
i=1
4 N
w?(z) = H D1(z — 2) "N (2 — zay — Y1)01(2 — 24y ),
o (2.15)
kg
w(2) = Hﬁl(z —2;)  NO1(z — zp, — Y2)01(2 — 28,),
i=1
4 N
wh(z) = Hﬁl(z —2;) N0 (2 — 28, — Y2)01 (2 — 23,).
i=1

where 0 < k; < N are integers. Y7 and Y3 can be determined by requiring that w’(z) are
doubly periodic. Their values are given by

4 4

2 2
Yl—z(l—f;)zi—;zm, n—zj‘;zi—;% (2.16)

i=1 i=1



The points {za,, 2a,} is & subset of the four twist insertions. To make the first two cut
differentials linear independent, one need to be careful not to choose the subset in which
Y1 = 0. This is the only constrains for choosing {za,, za, }. Indeed the first two functions
span the space of cut differentials [4], which can be used to construct (9,X) and (9;X). For
the similar reason, (9:X) and (9.X) can be represented by the linear combinations of @°(Z%)
and w*(2). Generally, there are no constraints of how to choose k;s. However, in order to
create the correct branch cuts, one should fix {k1, k2, k3, ks4} to be {k, N — k,k, N — k} for
any 0 < k < N, i.e., the twist and antitwist fields should appear in pairs.

By using the cut abelian differentials (2.15), one can fix the Green’s function up to

some non-singular functions:

2
9(z,w) = gs(z,0) = Y Agjw! (w)uw'(2),
. =1 (2.17)
h(zZ,w) ==Y Bjw'(w)w’(2).
j=3

The four function A;;w/(w), Bj;w'(w) can be determined up to normalization by imposing
the global monodromy conditions

7{ dzg(z,w) —}—?{ dzh(z,w) = 0. (2.18)
These equations (2.18) can be solved by introducing the cut period matrix W¢ defined by

Wi qu{ dzw'(z), i=1,2
. (2.19)
wi :j[ dzw’(2), j=3,4,
where 7y, represent the independent closed loops. In this paper, we consider four twist
insertions on the worldsheet torus. Thus there are four independent net-twist-zero loops,
we can chosen them as described in figure 1.
After solving the equations (2.18), the Green’s function can be written as

2 4
zs) = (1) = S i) YW dyg (),
=1 a=1 a
\ , (2.20)
hzw) = = Y wi) S0V ¢ dyg (),
7j=3 a=1 a
where the singular part gs(z,w) is given by [4]
4 4 / 2
_ 05 oy [_9(0)
9s(z,w) gﬁl(z 2i) N gﬁl(w 2i) ™ [191(2—00) P(z,w). (2.21)

However the exact form of P(z,w) turns out to be irrelevant in the end.



Figure 1. Four independent closed loops.

In general, the period matrix W is a 4 x 4 matrix. As long as the two twist fields don’t
coincide, W should be non-degenerate. Therefore, by using equation (2.9) and integrat-
ing (2.12), one can get the quantum part [4]

un(k‘, N) = f(’l', k‘)’ det W|_1191(Y1)1§1 (Y2)19341§12

X [19121914?9231934]_%(1_%) (7913)_(1_%)(1_%)(1924)_%% (2.22)
X [612514523534}_%(1_%) (524)_(1_%)(1_%)(913)_%%7

where we have denote ¥1(z; — zj) by ¥;;. Note that f(7,k) is an unfixed function came
from the integration of the differential equation.

2.2 Classical part of the correlation function

The classical contribution can be obtained by finding the normalized classical solution and
then substituting back into the action
1 ~ ~ ~ ~
S = ﬁ d2z(8zXcl82Xcl + 82X0182Xd). (2.23)
The classical solutions can be written as the linear combination of the abelian differentials
0, X (2, 2) = a;w'(z), i=1,2,
2 Xa(z 2) = aw’(z) (2.24)
aZXcl(Za 2) = ble}J(Z), ] = 334

Plugging (2.24) into the global monodromy condition (2.6), we get four linear equations
with four unknowns

7{ dz0,X +7{ dz0: Xy = va, (a=1,2,3,4). (2.25)
Ya

a

The solutions are given by

ai= W1 v,  bj=W 1), ", (2.26)



Then the action can be written as

1 1\ @,
S = 167”&'% (W 1)i1 (W 1)i2

b b

(w',w'?) + (W), (W, (W w?)| - (2.27)

where i1,i9 € {1,2} and j1,72 € {3,4}. We have also defined the inner product of the cut
differentials:
(w', w') = 2/ w AW, w' = w(2)dz. (2.28)
R

The inner product can be calculated by using Stokes theorem. A detailed calculation can
be found in the appendix A. The full partition function now is

N-1
Z(N) =Y <H Zgu(k, N)e—SczW)) (2.29)

v,0 k=0

Note that the summation has been moved out of the product because different k-modes
are correlated.

3 N = 2 Rényi entropy

In this section we calculate the N = 2 Rényi entanglement entropy of two intervals on a
circle at finite temperature, which is the most simple case one can have. Notice that in terms
of the replica fields X, the New field X is defined for different k accordingly. For k = 0,

X0=Xx%4 x! (3.1)
while for £k =1
X' =Xx%-x1 (3.2)

The action for the new field X is changed to

S(X,X) = 16% / 2 2(0. X g0: X1 + 02X 00, X ) (3.3)

We calculate the contribution from different k separately and then multiply them together,
after that we sum over the winding number to get the total partition function.

3.1 k=0

For k = 0, the twist fields are trivial, thus the quantum part can be treated as the corre-
lation function of identity operators, which is just the partition function of free boson on

the torus [15],
1

[ fln(r)|*

Now we consider the summation of winding mode. For k = 0, the classical solution of 0.X

Z9,(7) (3.4)

is just a double periodic holomorphic function, so it should be a constant

0XY = ¢, 0XY = co. (3.5)



The solutions (3.5) should be normalized by imposing the global monodromy condition

0X%dz+ [ 0X%dz =1
7 71 (36)

0X%dz+ [ 0X%dz = us,
3 3

where u; and u3 are denoted by
uy = 2rR(m{ + ing + m] +inj)

3.7
uz = 2 R(mj + ing +m3 +in?). 8.7)

Noted that the superscript {1,3} label the different loops, the subscript {0,1} label the
different replica and {m,n} come from the real and imaginary part accordingly. These
equations can be easily solved by

iﬁul — us . iﬂul + us

253 2T 2inp (3.8)

Cc1 =

Then plugging into the classical action (2.23), one can get the classical contribution
\iﬁul — U3’2 + ’i/Bul + ’LL3|2
320w (3.9)

. T — T —
:—27r1<m" 2em 40" -:-n”),

Sgl(ulvu?)) =

where m” = {m{, mi, m3, m3}, n” = {nf,ni,nd,n3} and the matrix = is given by
B500
iRZ|BB0O
87'('2 0 0 ? ?
00 37
3.2 k=1

3.2.1 Quantum part for k =1

Let’s now consider the case of kK = 1. We assign the two intervals the same length z, the
distance between them is given by y, and all the twist operators lie on the real cycle of the
torus, as shown in figure 6. As a consequence, there are only two independent cut abelian
differentials

4
_ T —2x — T — 2 —
wl(z)znﬁl(Z—Zi) 1/2791<Z—$—2y>191<z—x—y—2y>

i=1

_ Vi(z — T+ Y29, (2 — T — 412 )
O1(z =5 +z+ §)Y2 (2 = § - — §)1/2 ’ (3.11)
4 .
WQ(Z)—E%(Z—%) 1/2791<Z 7r—22:c—y>191<z_2x_y_7T—221:—y)
_ - F a0 F a2 Wit
P (z W+%)1/2?91(Z*%*%)1/2



We also define the period matrix in appendix B
The quantum part for £ = 1 can be calculated directly by using (2.22)

1 |z +y)| ()]
[ det W[ \/[91 (22 + y)[[01(y)]

where f(3) is an undetermined function came from the integration of 9, Zg,. We will fix it

(3.12)

Zgu = f(B)

later by factorizing the total partition function on the torus partition function of compact
free boson.

3.2.2 Classical part for £ =1

Given (3.11), one can expand the cut differential as
0.X4(2,2) = aw'(z), i=1,2
0:XY(2,2) = biw'(2), i=1,2.

The coefficients can be determined by solving the global monodromy condition
Achl = jgdzaszcl(z, Z) + y{dzaszd(z, Z) = vg. (3.13)

Before solving the equations, we need to be sure that the cut period matrix is non-
degenerate. This is true as long as the two insertions of twist field don’t collide, i.e.,
x # 0 and y # 0, which can be checked numerically. Substituting the solutions back into
the action, we get

1 _ -
Sa = o= Tr[M- WG (W T, (3.14)

where W~! and W~! is the inverse of the cut period matrix and its conjugation, M is
defined by My, = v,7p, G is given by the inner product of w?
G = (W', w?), (3.15)

where 4,7 € {1,2,3,4}. Since we put all the twist insertions on the real cycle, giving the
bilinear relation A.4, one can show that G is a block diagonal matrix

H 0
6 (1), 310
where
H= (3.17)
AW Wt 4 iyt I(W W3+ W W32+ 4 (W W+ W )
(WP Ws '+ W W32+ 4 (W2 Wy + o' W) AW 2 W52 + i, 2 W, 2 '

In case of N = 2, W! are either pure imaginary or real. This feature make it much sim-
pler for lattice summation. We introduce eight arbitrary real functions {a,b,c,d, e, f,g,h}
and denote the cut period matrix by

ah a h
fag f g

ib ic —1b —ic

W' = (3.18)

id ie —id —ie

~10 -



After some algebra, the (3.14) can be divided into two parts, the first half is
1

o (Alv1]? 4+ B(v192 + v211) + Clva?) (3.19)

Sc}l(vla U2) =

where A, B, C are given by

B i_W22W31 + Wo' Ws?

WAL — 2
i—2W12W31 + 2W W% + W Wyt — Wl Wy

—4W12W21 + 4W11W22
: ~W2W,t + Wt
—2W12W21 + 2W11W22'

The parameterization of the shifts v, are given as follows. In case of N = 2, the ramified

B =

(3.20)

covering surface is rather simple, see figure 2. Therefore we don’t need to introduce a
complicated target space as did in [1, 5]. Taking into account the definition (3.2), the four
shift vectors can be written as

v = 27 R [(m§ — m3) + i(ng —ny)]
vy = 27 R [(m3 — m?) +i(n3 — n?
2 =208 [t i) 08 ) 1
v3 =21 R [(my — m3) +i(ng — ny)]
vy = 27 R [(mg — m1) + i(ng — n})]

Notice that the superscript {1,2,3,4} label the different loops and the subscript {0, 1}
label the different replica. The {m,n} represent the real and imaginary part accordingly.
However, as we mentioned before, the different winding modes of £ = 0 and &k = 1 are
actually correlated. In case of k = 0, the shift vectors corresponding to 2 and ~4 are
trivial, i.e., equals to zero, this actually is a constraint condition

2 _ 2 2 _
mg= —my, Ng= —1y (3 22)
4 4 4 4 '
mg = —my, Ng= —Njy.

We should impose these constraints into the summation, as a result, the number of inde-
pendent integers is reduced, which is 12 rather than 16. It is reasonable by noticing that
the covering surface exactly has genus g = 3, as show in figure 2. Therefore the inde-
pendent winding modes of a single scalar should be parameterized by 3 complex vectors,
or 6 real winding numbers. Here we have used a different approach comparing to [5], in
which they used the orbifold method: the world sheet remains simple but the target space
becomes a complicated orbifold. We reported their method in the appendix D. The only
difference between the two methods is that there is a zero mode in the orbifold approach,
after absolving the zero mode divergence into the normalization constant, the two methods
actually agree with each other. We are going to use the parameterization (3.21) and (3.22),
as we will see, there is no zero mode.

Putting (3.19), (3.21) and (3.22) all together, we find that the first half of the classical
action for the field X! which only depends on v1, vo, is

SL(vi,v9) = —2mi(m? - Q-m +nT - Q-n), (3.23)

- 11 -



>

Figure 2. The N = 2 covering surface with two cuts gluing together.

where m = {m},m},m2} € Z3, n = {n},n},n3} € Z3 and Q is a symmetry matrix

2 [A A 2B
2B —2B 4C

The second half of the classical action for the field X', which only depends on vs, v4,
can be found by the same way, and is given by

52 (v3,v4) = —2mi (m’T A m n’) , (3.25)

I — f3 3 4 3 0 — [p3 »3 4 3
where m’ = {mg, m3,mg} € Z°, n' = {ny,n3,ng} € Z° and

L[ A —A 2B

/ lR / / /
o= | -4 A 2B (3.26)

2B' —2B' 4C"

The matrix elements A’, B’ and C’ given below

Wi Wil2w,t — w2
—W32W41 +W31W42
B _ i—2W12W31 + 2W W2 + W2, — Rt 2
—AW32 W, 4+ 4Ws 2
o —WtWst 4+ Wl 2 .
—2W32 W, 4 25t 2

(3.27)

3.3 Results
3.3.1 Lattice summation

Substituting all the intermediate results into (2.29), now we can do the lattice summation

Ze = Z e~ Sa(uus) g =S5 (v1,v2) =% (v3,04) (3.28)

V1,V2,V3,V4,U1,U3

- 12 —



After some algebra, we find

2 2
. iR? s 0T iR2 v, s
ch _ Z eQﬂ'lmT~ T LIm Z e27r1m A Tem , (329)
mezZ3 m/€Z3
where

A+ —A+pB 2B A+ § —A+4 2B
P=|-A+8 A+B8 —2B|,I'=|-A+4 A+ —2B (3.30)

2B —2B  4C 2B’ —2B"  4C’

The matrix I" and I are symmetric and real, most importantly, they are positive definite.
Although it is hard to prove analytically, it can be easily checked numerically. Thus, by
using Siegel theta function, the classical part (3.29) can be written as

'RQ 2 'R2 2
Zg=0(0"=r) ofo=1") . (3.31)
4 4
It is worth to mention that the dimension of I' and I is 3, which is exactly the genus of
the N = 2 ramified covering surface of the torus with two cuts, see figure 2.
Given the equations (3.4), (3.12) and (3.31), one can obtain the total partition function

Z:Zguzguzd
f(B) 1 U1 (2 + y)||V1 ()| ( iR? )2 ( iR? ,)2 (3.32)
= o(o—1) e(o—r
BIn(B)I* [det W \/[9(2z + y)[[91(y)] | 4 | 4 7

where f(3) need to be fixed. This can be done by analyzing the behavior of Z in the limit
of z — 0.

We already know that the conformal dimension of the twist field for N = 21is (1/8,1/8).
As one pair of twist and antitwist fields come together, they should factor onto the identity
operator according to the OPE:

01221, 21)01 ja(22, 22) ~ (21 — 22) "V (21 — 22) TV (22, 22). (3.33)

However it is not clear that, the complete genus 3 partition function should behave the
same way at @ — 0 as described by the above OPE. Here we assume that in the small =
limit, the leading singular behavior for the partition function nonetheless coincides with
that of the OPE, and fix f(8) by demanding
lim Z ~ Z—g, (3.34)
z—0 X
where Zj, is the partition function of the compact complex free scalar on the torus given
by [15]

2

R? 1 T RYm7 — m/|?
A . — -
' 2 exp ( 2Im(7) )

m,m/’

1 iBR2\? 282
= (07 ) w(0%)

(3.35)
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where in the last line of (3.35) we have assumed 7 = i is pure imaginary and resummed
over m/.

To get the leading singular term, we start by expanding the elements of period matrix
with respect to z, the general form of the contour integrals can be expressed by

Wil = W% =74 0(2?),

Wy = —2y+22(F(y, 8)+G(y, B) log(z))+O(z?),

Wo? = =2y —2x(F(y, B)+G(y, B) log(x)) +O(z?),

Wil = —ifm + iH(y, B)x + O(x2), Ws? = —ifr—iH (y, B)x+0(w2),
Wil =iJ(y, B)z + O(z?), Wi = —iJ(y,B)z + O(z?). (3.36)

where F,G, H, I are regular when = — 0. The only subtlety of the definition (3.36) is the
logarithmic singularity in the contour integral over v,. It should not be surprised though,
because when z — 0, the branch cut disappear and the loop 2 get pinched. This sudden
change implies that the derivative of the W2'?) with respect to x at = 0 will not converge,
more precisely, it diverges like log(z). This behavior of divergence is studied in detail in
appendix C. One can also find similar examples in the logarithmic conformal field theory,
see for example [12, 13].

Fortunately this kind of singularity will not appear in the partition function. As it
was suggested in [4], the classical contribution will cancel the logarithmic singularity in the
quantum part if one performs Poisson resummation of the terms in S, which vanishes like
1/log(zx). In appendix C, we show this calculation explicitly. We also find that the exact
form of F,G and H are actually irrelevant for the leading singular term. In the end f(5)
can be fixed as

F(B) = e R%91(0) " n(iB)| ™, (3.37)
where we have absorbed other coefficients into c,.
Finally, the partition function Z becomes

PR L 1@+ pln@] o iR Y o (o)
4= O B 0)InGB)F [det W] ml@ﬁy)”m”@(o' 1 F) @<0l 7 F) - (3.38)

Noticed that this result is only valid for the square torus with 7 = i3, for more general

moduli, one should not expect such simplification. This is the main result of the paper.
To obtain Tr(p’Y), Z should be normalize with the original partition function

Z

Zy = Tr(pX) = -3, (3.39)
b
Then the N = 2 Rényi entropy is
1 1 (91 (z + y)|[91(2)]
S = —log(c,) — log
(€n) (519’1(0) |det W /19122 + y)[[91(y)]
— log (O(0]iR’T'/4)?0(0[iR?T’ /4)?) + 4log (193 (oyif)) (3.40)

+ 4log (193 (0\ 1652)) ,

— 14 —
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Figure 3. In the left we set y = 0.001. In the right we set = 0.1.

3.0

This expression can be evaluated numerically for any x # 0 and y # 0. We plot (3.40) as

a function of  and y in figure 3

3.3.2 T-duality

It is important to check the T-duality of (3.32). Let’s first draw out the R dependent part

of the partition function
F(R) = R°O(0[iR?T/4)*O(0|iR*T’ /4)?,
To condense the expression, we introduce the two functions
Dig = Wi'Wo? — Wo'Wi%, Dyy = W' Wy? — W' W52

The key observation is that A, B,C and A’, B’,C’ have a relation

D3y, D3y _, D3y
A=-2"2C'" B=""B,C=-
D12 D12 2D12

and the following identity exists:

Al

D34 1
2D1, (B2 — AC)

These lead to an important relation

=1.

Aar-t=r.
It is also known that Siegel theta function obeys the modular transformation [14]
0(0]Q) = ©(0] — Q1) det (i) /%
Therefore we have
il
R

i 4 302 n—1/2
Plugging into the equation (3.41)

iR? \? 1 2 n—1

O(0[iR*T’/4) = @(oy ;r"l) det(R21"/2)~1/?

4

which is manifestly T-dual invariant R? < Rz

~15 —

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)



-20F

=251

Figure 4. We have set z =1, y = 0.1 and R = 1.5.

4 Low temperature expansion

To see the temperature dependence of the Rényi entropy more clearly, we plot it in fig-
ure 4. It shows a zero temperature limit as expected. In order to find out what the low
temperature limit is, we would like to expand the partition function (3.39) with respect to
g = e P, The following expansion are useful:

91(z,9) ~ 2sin(2)¢"/* + O(¢)
(2, q) ~ 2cos(2)g"/* + O(¢?) (4.1)
93(2,q) ~ 1+ 2cos(2)q + O(¢%).

In the limit 8 — oo, only the contour integral over the thermal cycle diverges as —ifm, but
all the other elements of the period matrix are finite, this can be seen by numerical evalu-
ation or Taylor expansion of the integrand according to ¢ = e ™. Hence we can introduce
a general form of the leading term of the period matrix in the low temperature limit

7+ 0(q?) 7+ 0(¢?) 7+ 0(¢?) 7+ O(¢?)
W~ A +0(¢?) for +0(¢?) fAim+0(¢?) for +0(¢?)
7(ig1 —if) + O(¢?) n(iga — iB) + O(¢?) w(—ig1 +iB) + O(¢*) w(—ig2 + i) + O(¢?) |’
Z'hlﬂ' + O(q2) ’L'h27l' + O(q2) —ihl’ﬂ' + O(q2) —ihg’f(’ + O(q2)

(4.2)
where f(2), g1(2) and hy(y) are some functions of = and y.
For convenience, we rewrite the partition function (3.39) into its manifested T-dual
invariant form

. R2 i
Zy = 1 |91 (x + y)||91(z)]  OOfET)*O(0]5T)? (4.3)
B1(0) | det W[ det T'[ /19 (22 + y)[[91(y)] 03(0] 252 )*95(0] 254
After some algebra, we get
lim B det W||detT"| = 321 (f1 — f2)% (4.4)
B—00
Now we expand the Siegel theta function in the large [ limit. Given the form of I' matrix
fe91—f1g2 + 28 —f291+ /192 —291+2g2+fohi—f1ho
i, fag e 201205 ottt fih
_ —J291 192 291—J192 gi1—zg2—j2n1 112
I'= fi—Ffe = T 26 2(f1—f2) ) (4.5)
—291+2g2+foh1—fihe 291—2g2—fohi+f1ho 92(h1—ha)
2(f1—f2) 2(f1—f2) fi—fz
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one can see that the leading contribution of the summation
i _
@(oyRQr) = Y et (4.6)
mi,m2,m3

comes from m; = my = 0, and the next leading term comes from m? + m3 = 1. For
simplicity, we also assuming that R? > 2, then the expansion of Siegel theta function is
approximately

1 2m ho—hy m2 5 us M 2+>\m +M 747#5
®<0|R2F> Ze B2 Fi—Fa 3_|_4€ R2 Z ( f1—7F2 fi—r2 )+O(e R2 )

m3 m3

2i 1
_193<O| 25) 1+47i156 mUER w0 o ®) | ()
R U5(0] 3% g)

where we have defined

291 — 295 — - 1
)\ = 29129 f2h1+f1h2’ ho =l _ 1 (4.8)
fi—fo fi—-fo B
With these results, the partition function is approximately
cn sin(z + y)|| sin(z 21 R%1\?
R SR LTI (T )ﬁ3<0, 3
3278 (/1 — 12)2 /[sin(2 + y)[[sin(y)] 25 25
. 4.9
193(W|ﬁ%) _ = (f291—/192) 3 ~ 3 ( )
w1y ¢ T e R +O(e” i )|
193@\@;)
where f1, fo and g1, go are given as following
o f __2/7721“1 & Veos(z +y/2)y/cos(z + y/2)
! +y Veos(z —x —y/2)y/cos(z + x + y/2)
"y 2/77211 dz\/cos(z—x—y/2)\/cos(z+m+y/2)
2= —
Ty Veos(z — y/2)y/cos(z + y/2) (4.10)

o —ifr . \/cos(z —y/2) \/cos(z +y/2) _ ]

o /0 ‘ [\/Cos(z_;C_y/Q)\/cos(z+$+y/2) 1

o —ifm . Veos(z —x —y/2)\/eos(z + 2 +y/2) _ ]
92 /0 ‘ [ Veos(z — y/2)/cos(z + y/2) ik

and h; and hse can be defined similarly as f; and fo except for different contour. It is

interesting to notice that, the contour integrals along the canonical cycles of the torus drop
out in the leading term, they however reappear in the sub-leading terms.
4.1 Large system limit

Now we focus on the leading term which only depends on f; — fo and he — hq:

1
— fo=— dz(wh(z) — w?(z
fimh= g f G0l —wiE)

hi — hg = i dz(w'(2) — w?(2)).

1 Y4

(4.11)
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To condense the notations, let’s define
w(z) = w'(z 4+ 7/2) —w?(z + 7/2)
B D1(z—=01(z+ %) —V1(z— § —2)1(2+ § + ) (4.12)
= 191(2 _ %)1/2191(2 n %)1/2191(2 _ % _ x)1/2191(z + % +33)1/2'

In the large § limit, w(z) becomes

sin(z — §)sin(z + §) —sin(z — § — x)sin(z + § + z)

O(¢®) (413
sin(z — 4)1/2sin(z + 4)1/2sin(z — 4 — 2)Y/2sin(z + ¥ + )1/ TOW) 1y

w(z) =

To compare the leading term of (4.9) with the earlier results in [5], we further consider
the infinite system limit: * < 7 and y < 7, i.e., the length of the subsystem and their
separation are much smaller than that of the whole system. In this way the contour integral
can be further simplified

fi—fe= i?{z dzw(z)

B 17{ . (@ +y)o | (4.14)
T/, (z—%)1/2(24-%)1/2(,2—%—x)l/Q(z—i-%—i-x)l/?
This integral is easily calculated giving
?{ @b 1 _ 2miF jo(1 — 1)
n EDPEDPRE ) PE T ) (1.15)
j{ & 1 _ 27iFY s (r)
DG G- e+ E o @ty)

where we have defined

L JrCmr Ty (19

Thus we have
f1 — fg = 21F1/2<1 — 7’):(}

4.17
ha — h1 = 2iF} j5(7), (417
and
A—1 — FI/Q(T) (4 18)
Frp(l =) '
At last, the leading term of (4.9) can be written as
(x4 y)z 1 < 2 1)2 ( .R21>2
VA = Cp % Oli—= %) Oi——=
? |22/ 2z +y)y | Fip(1—1)? ’ |R26 30 2 B
ot m e (0ed) #(079)
=cp —3| 0li—= Y3 Oli—
oG+ Frp g \Twe?) P\ o
- : 4.19

:Z:_‘_y 1 < | 2 ~>2 ( ‘R2 ~>2
=cp V3| 0li— V3| 0i—
‘ | 2y/(2z + )y | Fry(r)? ’ |IRZB 3O 2 g

[ ' 19?,(01;25)193(0;1@25)] ’

:Cn

r+y
/22 + y)y 93(B)
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where we have used the equality [5]
Fya(r) = 95(5). (4.20)
One can see that the result (4.19) is agreed with [5] for the N = 2 case.

4.2 Universal thermal corrections in the limit of small seperation

As one can see that the thermal corrections in the expansion (4.9) is very complicated. In
order to compare it with the results for a single interval case [10], we consider a special
case that the length of the two intervals are much bigger than the separation, i.e., z > y.
For further convenience, we also change the variable w = €'??, so the integral (4.10) can be

written as

—ely 2
1+2
7rf1:i/ dw V1 20 cos(y) +w
e wy/1+ 2wcos(2x + y) + w2

rfy = i/_eiy dw\/l + 2w cos(2z + y) + w?
—e—iy wy/1 + 2w cos(y) + w2

101 1+2 2
S / dwl V1 +2weos(y) +w
21 Jy w | /1 + 2wcos(2z + y) + w?
10 1
TGy = / dw—
21 J; w

V14 2wcos(2x + y) + w? 1]
Since there are no pinching divergences in these integrals, we can safely Taylor expand the

] (4.21)

V1 + 2w cos(y) + w?

integrand with respect to y, and after that we do the integration, we find

mfi~0+0(y°), mfa ~ 2y +O(y”)
1+ cos(2x (4.22)
Tg1 = log (2()> —tan(z)y + O(y%), mgo = xy + O(y°).
Then we get
— 1 1 2
fog1 — frg2 —log< + cos( 33)) 7 (4.23)
fi—f T 2
On the other hand, 1/ B diverges as y — 0. Using the expansion
¥3(2,q) ~ 1+ 4cos(22)q + O(¢?), (4.24)
the first oder of the thermal correction is approximately
Da( A 201 )
3(2R2 |2 21,8) _% (f23]‘1—}292)67%f8 N 8(3%1(@( 1+C025(21))67%5
U3(0| 5z %
3017 3) 1 (4.25)
N 8<1 + COS(2$)> ﬁg,%/g.
2
By using the identity
1 + cos(2x) 9 sin(2z) \ 2
—_— = = 4.26
2 cos” () 2sin(z) ) 7 (4.26)
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the first order thermal correction of the partition function is just

2
sin(2z) \ #7 _2ng
4.2
8(251n(x)> «r (4:27)

which is the same results for a single interval in case of N =2 [9, 10], where 2z is just the
total length of the intervals.

5 Conclusion

In this paper we calculate the N = 2 Rényi entanglement entropies of two intervals on
a circle at finite temperature (3.40). We also obtain the low temperature expansion up
to the second order with respect to e_%ﬁ . A non-trivial check is made by taking the
large system limit and the leading term is agreed with the Rényi entanglement entropy
of two intervals in an infinite system at zero temperature [5]. Furthermore, when we take
the small separation limit y < z, the low temperature expansion also gives the correct
universal thermal corrections for a single interval.

As we have seen, the quantum part of the partition function is essentially the four point
function of twist fields. The very interesting thing about the twist fields is that they create
branch cuts on the Riemann surface. This is why we encounter some subtle logarithmic
term in the quantum part as we colliding the twist/antitwist pairs of operators. However
this logarithmic behavior doesn’t show in the two point function [8, 10], this implies that
when we calculating the four point function, there are actually two independent conformal
block depending on the choice of internal channel in the OPE, i.e., the different screening
contours which will get pinched or not. Fortunately, for compact boson this logarithmic
singularity is canceled by the classical contribution in the end. Nevertheless this logarithmic
behavior is interesting for their own sake, which deserves further study.
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A Inner products of cut abelian differentials

The inner product are defined by
(w', w?) = i/ w AW, w' = w'(2)dz. (A1)
R

Following the same strategy in [11], where it was used to prove Riemann bilinear relation,

one can show that the inner product can be calculated by doing contour integral along the

l

edges of the shadow region as depicted in figure 5. Since w' is a holomorphic one form on

—90 —



AB

Figure 5. We have chosen a convenient contour which encircle all the branch points and cuts.
Also the path C, are closed related to the basis of loops 7.

the region II, one can always find a holomorphic function f! such that w! = df'. By Stoke’s
theorem, the inner product can be written as a contour integral on the boundaries

%(wi,wj): 8Hfiwj:/wi/wj—/wi/wj
e L s L
o Jo e Jos ar Jos
1_€2Trk/N/ /Cle 1_627rk/N/ /CQWJ
+1—€27rk/N/03wi/C3wj

Given the relation fc3 + fc2 + fCl =0 and

/01__7{4’ /02__]472, (A.3)

the inner product for £k = 1, N = 2 can be presented by the elements of cut period matrix
(W', w?) = —i(WIW§ — W) + % (ij‘vg - ng‘vj) . (A.4)
It is easy to verify that this inner product is hermitian.

B Definition of contour integrals
The convention of theta functions we used is the same as [14]:
V1 (2]7) = V1(z,q)

=2 i(—l)”q(”ﬂﬂ)2 sin((2n 4+ 1)z). (B-1)
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Figure 6. The two branch cuts.

where ¢ = €™, The theta function are quasi-periodic
91 (2 + (m + nr)m|r) = (=1) g7 e 22, (2)7). (B.2)

For simplicity, we put the branch points on the real axis, see figure 6. The contour
integral is defined as follows. Since the closed loop circling the four twist insertion is
trivial, so that the integral along (21, 22) and (23, z4) will cancel each other. Then Wj can

21 z3 ™
W@ (z,y) = (/ dz+/ dz+/ dz>w1(2’(2)- (B.3)
0 22 Z4

Since the theta function ¥1(z) is an odd function, and if 7 is pure imaginary, ¥z, q) is

be written as

always real on the real line, which indicate that the integral W} and W? are real.
To do the contour integral around 72, we chose the branch to be (—m, 7). Then

. z3
Wi = § dwie) = @ - [ @) (B.4)
V2 z

2

While long the B-cycle ~s, if we let 7 = if8 to be pure imaginary, the contour integral
can be written as

—igm
W31(2) 27{ dzw1(2)(z) :/ w'@ dz (B.5)
V3 0

The contour integral W41 @

are given by similarly
Wil =e % 2isin <Z7r) (—1)71/2 /22 Azt (21 — 2) "Y1 (2 — 20) Y201 (2 — 23) Y201 (2 — 24)7V/2
Z1
W,2=e % 2isin <zﬂ') (fl)l/z/Zdeﬁl(zl —2) V200 (2= 20) V201 (2—23) V201 (2—24)Y? (B.6)
zZ1
The other element of period matrix can be obtained by doing conjugation.

C x — 0 limit of contour integral

In the following we will study the behavior of the contour integral as x — 0. The most
important thing is to convince ourself that there is a logarithmic divergence of W5 when
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the loop 9 get pinched. Noted that, in the limit x — 0, it is not helpful to expanded the
integrand of W5'®) with respect to x, because we expect that the derivative of the integral
is not regular at « = 0. Therefore we should change the strategy. Since the singularity
only depends on how close the two branch points get when pinching the contour, i.e.,
the singularity should not depends on y, thus it is enough to study the singularity by
considering a much simpler case that y is very small. By using the approximation that

V1(2) ~ 2 (C.1)

when z is small, the integral Ws' can be simplified:

+y/2 \/Z—%—x\/z—l—%—i—a:
1
Wh N(—Q)/ dz
—y/2 z—4\/z+%

1 \/ —2?“3—1 u—i—%ﬂﬁ—i—l
=— du
yf_l Vi—Tvut1

1 sin(6) — % —1,/sin(0) + %x +1 (C2)
2y/ dsin(0) \/ - \/ ,
0 V/sin(0) — 1,/sin(0) + 1

w/2 1
= -2 2 dO, /1 — ———— sin?46
(y + :E)/O \/ TESTE sin
1

=20y + 235)E<

(1+2x/y)2>

where E(m) is the second kind of elliptic integral defined by
w/2
E(m) = / dfv/1 — m2sin? 6. (C.3)
0
We can expand (C.2) with respect to z

Wal ~ =2y 4+ 2(—1 — 2log(2) — log(y) + log(z)) = 4+ O(z?), (C.4)

which gives us correct leading term and also confirms the existence of log(z) in the next
leading term. For bigger y, the integral will not be so simple as (C.4). Nevertheless, giving
the fact that the pinching process only depends on z, it is reasonable to assuming that the
general form of expansion at order O(z) should be like

2(F(y, 8) + Gy, B) log(x)). (C.5)

where F'(y, 5) and G(y, 5) can be easily evaluated numerically but we can’t find the an-
alytical form. Fortunately, F' and G will not appear in the partition function, as we will
show in the following.

In [4], it was suggested that the classical contribution will cancel the logarithmic sin-
gularity in the quantum part. Given the general form of (3.36), let’s compute the classical

c 2 2 -2 2
Zu :@(o;”jr) @(o;”jr’) . (C.6)

contribution
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We first note that the matrix I' looks like

28 — Hy Hy _ 2(mH+Jy)
mF+Grlog(z) 7 F+Gr log(x) 4w F+4Gr log(x)
= ___Hy B— Hy 2(rH+Jy) (C.7)
7 F+Grlog(x) mF+Grlog(z) 4nF+4Gmlog(x) ’ ’
_ 2(mH+Jy) 2(rH+Jy) . J
4dr F+4Gm log(x) 4dr F+4Gm log(x) F+Glog(x)

One can use the formula (3.46) to do the trick of Poisson resummation

iR? 4, R? \ /2
By using (3.45), we find
. 2 c P2 2 2 —1
ool ) o 0 ) qet (B2
o) oo e (1) 9
Then the only term may contain logarithmic singularity is
_ _ F + Glog(z)
det Ldet(T) ™! ~ —
et (W)™ det(T) 3262722 (J (472F + Jy2) + 4m23G T log(z) + n2H? — 21 H Jy)
-1
(C.10)

™ 12872223372

One can see that the F, G and log(z) don’t appear in the end.
To find the residue of the leading singular term

lim Z ~ 2, (C.11)

z—0 T

we also need to calculate the leading contribution of

. 2 P2 2
i, iRe _,
oo o (o1 o

Given the form of T up to the order O(x)

B Jr3
I = 0 2 Thtss , (C.13)
_mH+Jy wH+Jy 4(—Hy+FrB+GnBlog(x))
Jn Jn JrB

the leading contribution is

3 e (;§<m%+m3>)r[

mi,ma2

R ?
e ~ Z exp < 2 (n? —|—n§)>] . (C.14)

4 B

ni,n2

After doing Poisson resummation of my and mo, Z, can be written as
R?p ? R?1 ?
- T -7
5 esn (5wt 1) || 5 o (5 k)

oo (i1 )| [ (27 (e e

ma2,n2

1632
T R2
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Hence the most singular term of the total partition function when x — 0 is

3 o (55 (i + )

mi,ni

VA

B 1 ety
BIn(B)|* 8J2x2R?B | /101 (22 + y)|[V1(y)]

1 f(B 9 (0 _R2 2 4
— $ﬁ2|77((iﬁ))|4 &]12(3)2 Z exp (27r (Bm% + TE))] , (C.16)

where J can be easily determined by expand the integrand with respect to x

Wy (=58 =548 oo

w(Z)_Hz(ﬁl(z_g_g) 191(2—’£+%’)> Foe (C.17)

v =1L (REZED i, o |
2\0i(z=5-5) -5+ -

then J can be found by picking up the residue
1 /Y (z—%_ ¥ Y(y—T L ¥
74(1(2 2 ?3)_ 12 7%+§)>x:in:im:. (C.18)
742 191(2’—5—5) 191(2’—5"1‘5)

Comparing (C.16) with Z2/x:

4

R* 1 TR m7 — m/|?
2 — e —————— —
%WWMWWWSzﬁd 2Tm(7) >’ (C.19)

m,m

f(B) should be fixed by

22 RS
T8 = GO marE:

(C.20)
D Calculate classical contribution by using orbifold

Generally, one consider the twist/antitwist pairs of insertions of twist fields for a given
ke {0,1,--- N — 1}. Following [3, 5], the shifts in the global monodromy condition lies
in the subset of a complicated lattice describe as

Ayn=Sq=7R Z ™IRN (1 in) 3 v, € (1 — 2R N)g, (D.1)

where £, € Ay n. The shift vectors vz, vy is given by
vy = (1 - 627rik/N)€2’ vy = (1 - 627rik/N)€4' (DQ)

For shift vectors v; and w3, which are corresponding to the two cycles of the torus, should
be parameterized by

v1 = &1, v3 = &3. (D.3)
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In the case of N =2 and k =1,
Ea =7R [(mg - mcll) + l(ng - n(f)] ) mga nga m(117 ntll € Z. (D4)
Then the first half of the classical action is given by

SL(vi, ) = —2mi(mT - Q-m+nT - Q- n), (D.5)

where m = {m}, m},m2, m3} € Z*, n = {n},n},n3,n?} € Z* and Q is a symmetry matrix
A —-A 2B -2B
iR*| -A A -2B 2B

Q=— . D.6

4 2B —2B 4C —4C (D-6)
—2B 2B —4C 4C

Similarly, the second part of classical action can be given by
52 (v3,v4) = —2mi <m'T T n’) , (D.7)

where m/' = {m3, m$, mg, mi} € Z*, n’ = {nd,n3, nd,n1} € Z* and
A A 2B 2B’
iR? | —A A" —2B' 2P
4 2B" —2B' 4C'" —4C’
—2B" 2B’ —4C" 4C’

O =

In the case of N = 2 and k = 0, there are no branch-point twist fields. Thus the
classical summation is the same as (3.9). Putting (D.5), (D.7) and (3.9) all together, the
instanton contribution of the partition function now is

2 2
Zl _ Z 627rimT~T~m Z 627rim’T~T’~m’ (D 9)
cl — ) .
mezZ4 m!€Z4
where
A+B —A+p3 2B -2B A+g —A+5 2B 2B
T_g —~A+pB A+p3 —2B 2B ’r’—ﬁ —A'+ g A+ g 2B 2B
4 2B —2B 4C —-4C |’ 4 2B’ —2B"  4C" —4C’
—2B 2B  —4C 4C 2B’ 2B"  —4C" 4C’

(D.10)
Clearly the third and the fourth row of T(Y’) are not independent. i.e, they are degenerate.
By introducing a matrix U

1000
0100

U= , D.11

0010 ( )
0011
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one can show that

A+B8 —A+pB 2B 0
iR? | —A+3 A+8 —2B0

U-T-U" = D.12
4 2B —2B 4C 0 ( )
0 0 0 0
Now we can introduce a regulator € > 0 as in [5], and define

A+pB —A+B8 2B 0

iR? | —A+p A+B —2BO
U.r, oot =2 - Q.. D.13
4 2B —2B 4C 0 ( )

0 0 0 €

We have the same relation for Y’. Since the upper left 3 x 3 block of €, is a Riemann
matrix and U is invertible, by using the identity of Siegel theta function [14]

S et Ten o021, = 0(0fU 27, - UT) = 0022, (D.14)
meZ4

one can easily see that

2 2
. imT.1.. im’T.Y o/
ch — hII(l) § 627r1m Tem § : 627r1m Y.-m
€E—
mezZ4 m/eZ4
, , (D.15)
. onT O . o/ T O 0!
— hl% § : 627r1m Qe-m E : e27r1m Ql-m
€E—r
mezZ* m’€Z4

We then divide the vector of integer m into m = m + K, where K is eigenvector of Q.(Q2)
with eigenvalue € and m is orthogonal to K. As a result, we separate out the zero mode
contribution which can be absorbed into the normalization. Thus one can see that (D.15)
is equal to (3.31) up to the normalization.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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