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1 Introduction and discussion

Dimensional reductions of M-theory on compact eight-dimensional manifolds result in
three-dimensional effective theories with various amounts of supersymmetry. These re-
ductions are both of conceptual as well as phenomenological interest. A phenomenological
investigation might be carried out when applying the M-theory to F-theory limit in order to
lift the three-dimensional theories to four space-time dimensions for a certain class of eight-
dimensional manifolds [1]. From a phenomenological point of view, compactifications in
which the effective theory preserves only small amounts of supersymmetry are of particular
interest. For example, compactifications of M-theory and F-theory preserving four super-
charges allow for background fluxes that can induce a four-dimensional chiral spectrum.
A famous class of warped solutions with background fluxes was argued to exist in [2].
Global consistency, however, requires that, in a compact scenario with background fluxes,
higher-derivative terms in the eleven-dimensional action must also be included. It was
subsequently shown that there are indeed solutions that solve the higher-derivative field
equations [3]. More precisely, one finds that the internal background is a conformally
Kahler manifold with vanishing first Chern class, but a metric that is non-Ricci-flat even
when allowing for a conformal rescaling including the warp factor. This deviation is due
to the possible non-harmonicity of the third Chern-form in the leading order Ricci-flat
metric [4]. While a complete check of supersymmetry is still missing, it was shown in [4]



that a modification of the eleven-dimensional gravitino variations with higher curvature
terms based on [5, 6] vanishes on the warped background solutions. It was furthermore
argued, that the warped background admits a globally defined real two-form .J’ and complex
four-form . Separating the warp-factor, the Killing spinor equations translate into first
order differential constraints on these forms, with only for an exact one-form Wjs.!

In this paper we study the three-dimensional effective action arising when perturbing
the solutions considered in [3, 4] by a finite number of Kéhler deformations of the metric and
vector deformations of the M-theory three-form. More precisely, our starting point is the
bosonic part of the eleven-dimensional supergravity action of [10] corrected by the terms
fourth order in the Riemann curvature known since the works [11-17], and the higher-
derivative terms quadratic in the M-theory three-form found in [18]. Let us stress that
there are important terms of the structure (@@)233, where (' is the M-theory four-form
field-strength and R is the Riemann curvature tensor, that have not been fully determined.
They were argued to be given by a number of building blocks of index contractions [19]
with 4-point amplitudes only determining part of the numerical prefactors. We thus use an
expression with six unknown coefficients a;. Remarkably, four of these unknown coefficients,
denoted by as, ..., ag in the conventions of (2.10), actually do not affect our computation
and drop out in the dimensional reduction. For the remaining two coefficients we suggest in
section 4 the identification a1 = ao, leaving only one unknown constant. This last constant
a; might then be fixed by supersymmetry [20], and we find here that a; = 7 gives the very
elegant result (4.21) for the reduced action that is used in the supersymmetry analysis
of [20]. Clearly, the complete form of the (VG)2R? terms could also be determined by
considering amplitudes with 5 and more external legs.

Given the eleven-dimensional action with higher-derivative terms we systematically
construct the perturbed background order by order in a scale parameter o 6{}5\4, where
£y is the eleven-dimensional Planck length. At zeroth order in « the background is simply
a direct product of a Calabi-Yau fourfold without background fluxes and preserves four
supercharges. At higher order in « the fluxes and higher curvature terms need to be
included. The metric ansatz is modified and accordingly the mode expansion for Kéhler
structure perturbations of the metric and vector perturbations of the M-theory three-form
is described in terms of forms non-harmonic in the zeroth order Calabi-Yau metric. We
carefully keep track of all such modifications, but show that most of these modifications
eventually cancel in the final three-dimensional effective action. In fact, inserting the ansatz
into the higher-derivative action, we find that the kinetic terms for the deformations and
vectors in the three-dimensional effective theory can be expressed using a single higher-
curvature building block Z,,mnn = %(egegR(O)S)mﬁmﬁ, where R is the internal Riemann
tensor in the zeroth order Calabi-Yau metric, see (3.13) for the precise form of Z. Let us
note that Z,,mnn has the same symmetries as the Riemann tensor. It contracts with R
to the Hodge-dual of the fourth Chern-form, and contracting any of the index pairs with

LAt the two-derivative level eleven-dimensional supergravity on SU(4) structure manifolds has recently
been studied in [7].The fact that the metric is no longer Ricci flat when higher derivative couplings and
a/-corrections are taken into account is a classical result for Calabi-Yau manifolds without background
fluxes in string theory [8] and has been recently investigated for Spin(7) and G2 compactifications [9].



the metric one finds expressions in terms of the third Chern-form. The equivalent quantity
on a Calabi-Yau threefold was found to be important in [21]. It would be interesting to
examine if Z,mnn plays a special role in describing the topology of the compact eightfold.

In addition to the complications arising from reducing higher-derivative terms in the
action, a proper treatment of the warp-factor turns out to be crucial. Warped compacti-
fications of M-theory and Type IIB have been considered previously in [22-31], and were
argued to be crucial in a complete understanding of the M-theory to F-theory limit for min-
imally supersymmetric setups [32]. In this work we perform the crucial generalization to
include the higher-derivative terms, since warped compactifications with fluxes are incon-
sistent without these contributions. It turns out, that in this general case the modifications
of the warp-factor to the lower-dimensional effective theory are significantly more involved
then the ones discussed previously in the literature. Nevertheless we will be able to show
that the effective theory permits a non-trivial scaling symmetry induced by rescaling the
warp-factor by a field-dependent function. In a subsequent paper [20] we will argue that
the three-dimensional action carries the properties of a A/ = 2 supergravity theory and
extend the results of [33-35].

The paper is organized as follows. In section 2 we review the eleven-dimensional
effective action of M-theory including higher-derivative terms. We then introduce the con-
sidered warped solutions that admit an eight-dimensional compact internal manifold and
background fluxes and comment on the supersymmetry conditions. The considered pertur-
bations of the background solutions are introduced in section 3 and consist of vector modes
of the M-theory three-form and Kahler structure deformations. We also discuss the field-
dependence of the warp-factor. The dimensional reduction yielding a three-dimensional
effective action is carried out in section 4, where we present the results for the kinetic
terms and Chern-Simons terms. A summary of our conventions and a number of useful
identities are supplemented in appendix A. More details on the dimensional reduction of
the higher derivative terms can be found in appendix B.

2 Eleven-dimensional action and compactifying solutions

In this section we introduce the eleven-dimensional action including the known higher-
derivative terms that will then be used in the dimensional reduction. The individual terms
are discussed in subsection 2.1, with details and conventions supplemented in appendix A.
The eleven-dimensional theory admits a warped solution with a compact eight-dimensional
space and background fluxes as we recall in subsection 2.2.

2.1 The eleven-dimensional action with higher-derivative terms

Our starting point will be the eleven-dimensional supergravity action that arises as the
low energy limit of M-theory. At the two-derivative level the action is the long-known
N = 1 supergravity action first worked out in [10]. Recall that the dynamical fields of
this supergravity theory arrange in an ' = 1 gravity multiplet, with bosonic fields being
the eleven-dimensional metric gy and a three-form C v np with field strength G’Q MNP =



G[Qé vnp)- In the following we will indicate eleven-dimensional quantities with a hat. The
action for these bosonic fields is given by

1 . 1. o 1.
S<°>:2/ R¥l— -G N%G — —-CANGAG], (2.1)

2KT, 2 6
where R is the Ricci scalar evaluated with conventions introduced in appendix A.

In order to find globally consistent solutions with internal background fluxes for G
one has to include higher-derivative corrections to the theory as we recall below. Terms
that are up to eighth order in derivatives and are quadratic in G will be crucial in this
discussion. To systematically display the results we introduce the dimensionful parameter

2
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ot = (2m)i32255 ° (2.2)

These bosonic terms have been worked out in [11-18], such that the action takes the form

§=59+aS%) + a5 . + a2ség Gyee T O(G3a?) 4+ 0(a?), (2.3)
with eight-derivative terms given by
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SWGPR? = %/SB(VG) R*%1. (2.6)

The terms at higher order in G and o will not be needed in what follows as their contribution
is higher order in o when evaluated on the ansatz we will make.

Let us now discuss the various couplings in (2.4)—(2.6) in more detail. In (2.4) we make
the definitions

. 1 . 1 .
Xg= — TrR* — = (TrR?)? .
8 m(ﬂ% H rR)), (2.7)
where R is the eleven-dimensional curvature two-from RM,, = %RMN PdeP A dz@, and
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where €717 is the eleven-dimensional totally anti-symmetric epsilon tensor and tg is given
explicitly in (A.3) in appendix A. Using €17 and tg the explicit form for the terms in (2.5)
is given by

er1enGPR = et Mgy G2 g, GNN a RYNS g RV 0 RN g

f oo A9D3 AMy..Msi AN ANs  RiRs ANN £ N5 N HN7 N,
tstsGR® = tg P tsny . NeG My Ry R G Py R v, R v BT g - (2.9)



Finally, we need to introduce the tensor §%1"'N18 appearing in (2.6). Unfortunately, the
precise form of $1g is not known. However, one can fix significant parts of it following [19].
In order to express these parts we use the basis B;, i = 1,...,24 of [19], that labels all
unrelated index contractions in §15(VG)2R2. The B; are explicitly given in (A.4). The
result can then be expressed in terms of a 4-point amplitude contribution A and a linear
combination of six contributions Z; which do not affect the 4-point amplitude as

. 20252 AN1.Nis f A 2 A s oA
518(VG)"R* = 814 "Ry, . Ny BN Ny VNgG Ny N3 VN G Ny Ny = A+ ZanZn.
n

(2.10)

The combinations A and Z,, are then given in terms of the basis elements as

A = —24B5 — 48 Bs — 24B19 — 6B12 — 12B13 + 12B14 + 8 B1g — 4B2o + B2z + 4Bas + Bay
Z1 =48B1 + 48 B2 — 48B3 + 36 B4 + 96 Bg + 48 B7 — 48 Bs + 96 B1g
+12B12 4+ 24B13 — 12B14 + 8B15 + 8B16 — 16B17 + 6 B1g + 2B22 + Boa
Z9 = —48B1 — 48By — 24B4 — 24B5 + 48B¢ — 48 Bg — 24Bg — T2B19p — 24B13 + 24B14 — Bogy + 4Bos3 ,
Z3 =12B1 + 12Bs — 24B3 + 9B4 + 48 Bs + 24B7 — 24Bg + 24 B1o
+6B12 + 6B13 +4B15 —4B17 + 3B1g + 2B21,
Zy=12B1 +12By — 12B3 + 9B, + 24B¢ + 12B7 — 12Bg + 24B1o + 3B12 + 6B13 + 4B15 — 4B17 + 2B2o ,
Zs =4Bs — 8B — 487 + 4Bg — B1s — 2B14 + 4Bss,
Z5= By +2B11. (2.11)

We will show in this work that the terms Z3 to Zg vanish both on the considered background

solution and their perturbed cousins to the order in o we are considering. This implies that
the coefficients as-ag are irrelevant for our analysis. For the remaining a1, as are suggested
to be fixed to a; = as = 7 as explained in detail in section 4. In the next subsection we
discuss the solutions in more detail.

2.2 Compactifying warped solutions with background fluxes

In the following we will review the warped solutions following [3, 4]. The starting point
are the field equations derived from the action (2.3). These have a solution with an eleven-
dimensional metric background

dg? = 2@ (e*QO‘ZW(Q)ana:“dx” + 26a2w(2)gmﬁdymdyﬁ) + 0(a?), (2.12)
where 7, is the three-dimensional Minkowski metric and
mis = G+ @ gimn + O(a%). (2.13)

In the following we will denote the internal compact manifold by Y. Here ®® and W® are
scalar function on the internal space. ®® represents an eleven-dimensional Weyl rescaling
that will be given in terms of the internal space Riemann tensor below. W® is known
as the warp-factor and generally cannot be given explicitly, but rather is constraint by a

differential equation (2.20) known as the warp-factor equation. In order to give the expan-

(0).

sion (2.13) we note that at zeroth order in « the background is a direct product and g, is

a Ricci flat metric. In fact, supersymmetry of the background at lowest order in o demands



that the metric g\or must be that of a Calabi-Yau fourfold. We therefore can introduce
complex indices, which here and in the following always refer to the zeroth order com-
plex structure on the internal manifold. On a Calabi-Yau fourfold there exists a nowhere
vanishing covariantly constant Kéahler form J® and holomorphic (4, 0)-form Q® satisfying

dJ© =dQ® =0, (2.14)

In what follows we will work in conventions in which the internal space indices are raised

).

and lowered with the lowest order internal space metric g,,;.

The background also includes a flux for the four-form given by

émﬁr@ = aGE’rlz)ﬁrg + O(O‘3) ) Gmnrs = aGls + O(ag) )
Gw/pm = ijpame—i%aQW(Q) + 0(043) . (2.15)
In order that the eleven-dimensional field equations are solved to order a? by this back-
ground the flux G® must be self-dual in the lowest-order metric g'oy,. This condition allows
(2,2) and (4,0) + (0,4) components of the flux with respect to the lowest order complex
structure.

The analysis of the higher derivative equations of motion fixes the value of the eleven-
dimensional Weyl rescaling ®® in terms of the lowest order metric g\ as

512
3

where céo) is the third Chern form built from g

P = Z, Z =+(JONeY), (2.16)

)

0) - .
. As ¢y is a closed real six-form on a

Kahler manifold we may write
) = HOc +i0"0"F, (2.17)

where H® indicates the projection to the harmonic part associated with the metric gl
Using this decomposition we note that the scalar Z is given by

1
7 = O (JO A O (0) ZAO@ O (7O A JO A FY 218
The higher-derivative Einstein equations then fix the metric correction to be
o = T680) I F F=+OJOANJONF). (2.19)

This implies that the metric gmmn introduced in (2.13) is still K&hler and that the internal
part of the eleven-dimensional metric (2.12) is conformally Ké&hler. The field equations for
the M-theory three-form C and the external space Einstein equations then constrain the
warp-factor W® to satisfy

1
dfde3 W™ 4 o?SGY A GY 482207 Xy + O(a®) = 0. (2.20)

With these expressions one can demonstrate that all eleven-dimensional equations of motion
are indeed satisfied [3, 4]. For a compact Y the warp-factor equation (2.20) implies the
global consistency condition

1 x(Ya)
(1) 1 —
3951 /4 GY NG o1 (2.21)



where y(Yy) = —4! fy4 Xg is the Euler number of Y,. Using self-duality of the fluxes
G one thus realizes that in higher-derivative terms cannot be consistently ignored if one
allows for a background flux. The somewhat unusual numerical factor in (2.21) stems from
our normalization of G with o and can be removed when moving to quantized fluxes

Gﬂux — 1 feley
326./2 )

Let us close this section with a short discussion on supersymmetry. It should be
stressed that the full supersymmetric completion of the action (2.3) is not known and
neither have the supersymmetry variations of the fermions been written down. In [4] a
proposal was made for the gravitino variations including order a?-terms based on [5, 6].
It was shown to be compatible with the Einstein equations. At linear order in « the
supersymmetry variations were unchanged and the condition on the flux is the vanishing

of the (4,0) + (0, 4)-component of G| i.e.

Glanrs =0, (2.22)
and the primitivity condition
G AT =0. (2.23)

It was also argued in [4] that the presented solution for the metric is compatible with the
proposed Killing spinor equations at order a. Since we will not bring the three-dimensional
effective action into standard N = 2 form, the discussion of supersymmetry will not be
crucial in this work.

3 Perturbations of the background

In subsection 2.2 we have reviewed a supersymmetric background with an internal compact
space that is conformally Kahler. We will now examine a set of deformations that preserve
the Kéhler condition but change the chosen Kéahler structure. Our whole discussion will
be carried out at fixed complex structure, i.e. there are no complex structure deformations
that will be switched on. In the following, the complex structure is chosen such that
the supersymmetry condition (2.22) on the flux is satisfied. At lowest order in « the
Kéhler structure deformations are known to combine with vectors arising from the M-
theory three-form C into three-dimensional A" = 2 multiplets, as discussed e.g. in [36, 37].
We therefore need to study vectors arising from C taking into account higher a-corrections
in subsection 3.1. The real scalars v’ that correspond to the deformations of the Kihler
structure will be introduced in subsection 3.2. In this latter subsection we will also study the
variations of the warp-factor equation with respect to the Kéhler structure deformations.

3.1 Vector modes from the M-theory three-form

Let us first examine the vector which arises in perturbations of the M-theory three-form
C. These correspond to a extra terms in the expansion of G of the form

8G = F' AW, (3.1)



where F' = dA" and so provides the field strength for a three-dimensional vector A%, and
wg") are two-forms on the internal manifold. The tensor gauge symmetry of G translates
to the U(1) gauge symmetry of the A’ in the three-dimensional effective theory.

(v)

i

In order to make the meaning of (3.1) precise, we need to specify the two-forms w
Therefore, as with the background fields studied in subsection 2.2, we consider the expan-
sion of wZ@ to order o? as

w = w4 2P (3.2)

By making use of the Bianchi identity dG = 0 in the absence of localized sources we see
that dw "™ = dw{¥®) = 0. The standard analysis of the lowest order reduction shows that
only the harmonic part of wéO)m contributes in the effective action and therefore we may
pick w”™ to be harmonic. On a Calabi-Yau fourfold this implies that w{”™ is a (1,1)-
form and one has i = 1,...,dim(H%!(Y})), where H1!(Y}) is the (1,1)-form cohomology
of Y, whose dimension is independent of the metric chosen on Yj.

Let us next turn to wl@("). We first note that wgo)(v) can be redefined to absorb the
(2) (v)

harmonic part of w; This implies that wf”v) must be exact and as it is a real two-form
on a Kihler manifold the d9-lemma implies that it can be obtained by a @9 of a scalar

pg‘”. In other words, one can write
O — @, ,0)(v) @) — 9 70 )
w; Y =H%w, ™ w;, " =0"0"p". (3.3)

The scalars piv) parametrizes our ignorance in incorporating the higher-derivative cor-
rections in the ansatz for the three-dimensional vector perturbations. Strictly speak-
ing the indices ¢ on the pgw and hence wl@(v) and wév) are not restricted to the range
1,...,dim(H>'(Y})) as before. However, as we will see in the explicit derivation of the

effective action, all piv) actually drop out of the final expression and therefore cannot yield
(v)

additional dynamical fields. Interestingly, there is also a particular choice p;”’ one could

(v)

imagine, where w;" is harmonic with respect to the full internal space metric (2.12).

3.2 Kaihler structure deformations and the warp-factor

We now turn to the study of Kahler structure deformations of the conformally Ké&hler
metric in (2.12). In order to do that, we introduce variations

SGmn = i0v'w) | (3.4)
where g7 is the Kihler metric given in (2.13). The §v® correspond to scalars in the three-
dimensional effective theory, while the wl(?nﬁ is a set of two-forms on Yj. Despite the misuse
of notation, the field-range of the index i is not yet restricted. The key point is to consider

only wéj)nﬁ that preserve the Kéhler condition. As before we can expand the forms wgs) in
« as

wz(S) = wz('O)(S) + 04200;2)(5) ) (3.5)
Preserving the Kéhler condition requires that we impose dwio) = dwgz) = 0. As before,

we recall that at zeroth order in the parameter o the fluctuations dv° are the well-known
Kihler structure deformations of the Calabi-Yau metric g\0- and the w§0>(s> can be chosen to



be harmonic (1,1)-forms with ¢ = 1,..., dim(H ! (Y})). We may then make a redefinition
to absorb the harmonic part of w{”® so that w”® = Iy, We may then redefine
the dv* such that the lowest order harmonic (1,1)-forms match those used in the vector
case

WO = OO = %@) . (3.6)

i i

Importantly the range of the index on the p;5> is once again a priori not restricted and there
(s)

could be many more dv* than harmonic forms. However, we will again see that all the 0;
as well as F' appearing in (2.19) do not appear in the three-dimensional effective action.
This implies that one can equally consider deformations of the form

Sgl = iéviw;%ﬁ , (3.7)
while making sure that all other quantities in the ansatz that are built from gfﬁ}ﬁ shift
accordingly. It will be also convenient to define scalars v’ containing the background value
of g% by setting

i + 09mn = 10wy (3.8)

rmn

There are two main complications that arise when discussing the Ké&hler structure
deformations in a warped flux compactification. Firstly, they will in general not all be
massless. Secondly, a change of Kahler structure will induce a shift in the warp-factor.
The first of these points is seen at linear order in . When the shift (3.7) is made we see
that the primitivity condition G A J©© = 0 given in (2.23) is not preserved by the full set
of fluctuations. This means that for constant 6v’ the field equations do not remain solved
and so the full range of §v* no longer represent massless moduli of the background. Instead
the set of massless dv* now becomes those that satisfy

Sv'w” AGW = 0. (3.9)

These terms are responsible for the well known potential terms studied in the Calabi-Yau
fourfold reductions with fluxes in [36, 37]. That this result for the potential is not effected
by the higher-order corrections that result from higher-curvature terms is due to the fact
that the supersymmetry conditions receive no linear modification in « and the potential is
the square of this supersymmetry constraint.

Let us now focus on the warp-factor. Going to second order in « we find that in
addition to (2.15) the fluctuations dv* must also preserve the warp factor equation (2.20).
In order that this equation is preserved by the fluctuations we must now take the warp-
factor to depend both on the internal space position and also the fields dv* such that W® =
W® (y™ v'). When we perturb the background we will then find that the derivatives of
W® with respect to v?, denoted by 9;W®, appear in these equations. We will only deduce
the effective action for the fluctuations dv* up to second order in v’ and therefore it will
suffice to consider W® to be described by the truncated Taylor series

. 1 o
W™, ') = WO+ oW 50" + 20,0, |sv's07 (3.10)



where W ®| indicates the restriction of W® to the point in moduli space where dv* = 0.
Demanding that (2.20) is invariant up to second order in §v® we find that at first order in
dv* one has to impose

vOmgOT (g oW | —iw) W 4w grma WP — i2048w,” % Zpsps) =0, (3.11)

mn

while at second order one constrains

VOGO (gD 8,0,W | — 2iw) 9 WP| =20 W s WO+ wOT w0 g0 W (3.12)

+ w2 g WP — 4096w, W " Zinirs — 2048w W Znrs + 6114Yjmn) = 0.

In these variational constraints we have defined

Dninis = % ;g)mmlmlmngm?)ms 7(10%””1_11nﬂ_LZnM_L?)R(O)fnlﬂhfnm R(Om2manzng p(0)Mmamsnzns ,
' (3.13)
and
Yijmn = %ngﬁmlmlm2m2m3m3 eilofzmmmmnsﬁsV(o)nwgo)mlmlV(o)fnwﬁo)mnlR(o)QOQﬁsz(o)rm3m3n3n3 :
(3.14)

The observation that both equations (3.11) and (3.12) can be represented as total deriva-
tives in the internal space reflects the topological nature of the terms appearing in (2.20).

It turns out that the tensor Z,mnn given in (3.13) plays a central role in the following
and is related to the key topological quantities on Yj. It satisfies the identities

Zmimna = Lnimmn = Lminin VO Zimnn = VO™ Ziinn = 0. (3.15)
It is related to the third Chern-form 0(30) via
Znin, = 12 mmn” = %(*(O)céo))mm,
7 =27, = x(JO N, () ANw?) = =270 "™ (3.16)
and yields the fourth Chern-form cf) by contraction with the Riemann tensor as
Zymina RO = O (3.17)
We note that Y5 is also related to Z,mnn upon integration as

/ Yijm™ #© 1 = 2 / (i Zmaw """ WO 4 22 marsw W) 5O 1 (3.18)
v, 6 Jy, J J

where the right hand side represents the same linear combination that will be relevant
in (B.6). We will see in the next section that the three-dimensional effective action con-
tains the various contractions of Z,,mn7. Interestingly, the analog quantity on Calabi-Yau
threefolds has played a key role in the analysis of [21].

,10,



4 The three-dimensional effective action

In this section we derive the three-dimensional effective action for the scalar and vector
fields introduced in section 3. The kinetic terms for the Kéhler structure deformations and
vector fields will be discussed. In a flux background also Chern-Simons terms are induced
and will be included in our analysis.? We also study a non-trivial field-dependent scaling
symmetry of the kinetic terms, which involves a rescaling of the warp-factor. Some of the
technical details of the performed reduction are supplemented in appendix B.

Having identified the background of eleven-dimensional action in section 2 and a set
of perturbations in section 3 we are now in a position to derive the three-dimensional
effective action using a dimensional reduction. To systematically approach this task we
will consider an expansion up to second order in the scalar fluctuations dv? and vectors A’
Furthermore, we will restrict our analysis to terms with only two external space derivatives
and only retain terms up to order a?.

For the convenience of the reader we begin by summarising the full ansatz that we will
use in the reduction. The perturbed eleven-dimensional metric takes the form

d52 — o= 2P (Z140:2|6v'+ 58,0, 2|50 507 [e—zoﬂ(wm [+0;W ®) |svi+ 10,0, () |6vi6vj)guydxudxu

2w W50t L. W @) [§visvi .
+ 2% (W 4-0,W 2 |5v* + 50,0, W 2 |§v 60])(9§2>ﬁ+w(0) dv' (41)

i mn
- . | o _ .
+ @200 (F| + piY 60" + 0, F|5v" + iﬁiajF\évzévJ))dymdy”} + 0(a®) + O(5v*)
while the perturbed M-theory four-form field strength is given by

G =aGW + F' AW + a?F' A 90p)Y

(2

+ 31 A de 3 WIHOWEI0v430.0,W 00 1 0(0?) + O(003).  (4.2)

The rather involved form of this ansatz reflects the fact that the quantities present are
expanded in both a and §v’. Recall that the symbol | means evaluation at §v’ = 0, 9; are
derivatives with respect to v', and 0,,, Op are space-time derivatives in the lowest-order
complex structure of the internal manifold.

The quantities Z|, 0;Z|, 0;0;Z| are directly evaluated by using the definition of Z
given in (3.16). Similarly one proceeds with the derivatives of F' = %(J A J A F) given
in (2.19). In contrast, since the warp-factor W® is only known as a solution to the warp-
factor equation (2.20) one would have to apply (3.11) and (3.12) to determine 9;W | and
0;0;W®|. Tt turns out to be sufficient, however, to keep ;W | and 9;0;WW | throughout
the analysis. Remarkably, we will find that all contributions involving 9;0;W®| precisely
cancel, while the first derivatives 9;/W®| appear in the correct way to ensure the presence of
a v'-dependent scaling symmetry involving the warp-factor. Before turning to the deriva-
tion, let us also note that one may include compensators in the effective action along the
lines of the discussion presented in [24, 27, 40]. However these do not change the effective
action at the studied order.

2Note that these terms are topological in nature and key in the study of chiral F-theory spectra and
anomalies [38, 39].
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In this subsection we only discuss the kinetic terms that are present in the reduction.
The reduction process is quite lengthy and makes use of the intermediate results listed in
appendix B. One inserts the ansatz (4.1), (4.2) into the eleven-dimensional action (2.3). The
dimensional reduction requires numerous partial integrations and uses multiple Schouten
and Bianchi identities, which was only possible by using a computer algorithm. Our goal
was to represent all three-dimensional terms using the higher-curvature tensor Z,,mna
introduced in (3.13). Combining all terms of the computation we find the action

Skin = S + aSEd + a? St (4.3)

in >’

where at zeroth order one has

S = L / QOR %1+ dsv* A *dévj/ 1wf%nw(0)"m — Wi MO ) %0 1
m 2,‘4,11 Ms Yy 2 J J

1 . .
+ S B ARE / Wi Wi 1] (4.4)
Yy
while at first order one finds the Chern-Simons terms
1 , . 1
Ses =5 — Oi; AT NF, 0, = a/ w” AW NG, (4.5)
2511 J My 2 Jy, " J

and at second order

Sgr)‘ = b / [Q(z)R * 14 dév’ A xdév? /
M3y

(3@ W®|uOm +3W<2)( © |, ©7m 7w(o>mw(o>n)
2K11 v,

2 Wima 7 im Jjn

— T68Zuwly) "W)™ + 30721 Zimnw V"Wl + 3072 Zmmrsw O™ w “””) SO

+ FiA«F7 / ((gw(” + 256Z> O @i 1 192(~7 + a1)iZmaw O WO
Yy

Wima J
+ 384(1 + al)zmmwgommu;;mﬁ) *(© 1} . (4.6)
Here we have abbreviated

0O = / [1 + i0v w4 511’61)]( ©_yOnm _ w@)mw@”)} *© 1
Yy

imn="j m in
. .. /3
Qe = / [3W(2)+35Uz(3iW(2)|+iw£Sr)sz(2))+5U]5UZ<281‘8J‘W(2)|
Ya

B, W | 4 SW (w0 w;g;mw;;gn))] AO1 @)
A few comments are in order. Firstly, we show in appendix B that among all the terms
in (2.10) only A, Z; an Z, contribute, while Z3 to Zs vanish identically. This implies
that the result should depend on two unknown parameters a, az that appear in (2.10). It
turns out that for the choice a; = a9 the result simplifies significantly and only depends
on Zmmnn as is equally true for the reduction of all other term in the eleven-dimensional
action (2.3). We therefore have chosen a; = ag in (4.6). Secondly, we note that, as already
mentioned before, the scalar functions F, p®; and p™); have totally dropped out of this
expression. This justifies the use of dim(H!(Y})) deformations §v* and vectors A’
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The action (4.6) still depends on 0;0;W®, however, only through the coefficient of the
three-dimensional Einstein-Hilbert term. We now wish to Weyl rescale this action to bring
it to the Einstein frame and show that this dependence actually drops. From (A.5) one
finds that one needs to redefine the external metric by g, — gl’w =Q~?g,, for

Q=00 4+a20® . (4.8)

Performing the Weyl rescaling we find that the kinetic terms displayed in (4.4) and (4.6)
become

1 , 1 1 _
SO — - Rx 1+ dov' A xddv’ / 2,0 (0)nm ©m ,Omn ) L (©0)
kin 2/?11 Ms - v v VO Vi 2wzmnwj + wzm w]n

+ F'A *szo/ W lonm , ©) 1] (4.9)
Yy

imn-="j

and

1 , 1
Sin =5 [dMW*dW( / ( 90 W ey ™ + W”Iw‘0 AT (4.10)
Ms 0JYy

2K11 imn=j

— T68Zwi) "W 4 30720 Zmnw,” "M wyy + 3072mew;°>ﬁmw;°>§’”) 01

1

@) 4 (0)  (O)nm (0)

Y W |1 / Wimat; * 1>
0 Yy

+FA *Fj <V0 / (( W+ 2562) 0 s £ 192(=T + a1)i Zmnw)” W\
Yy

3
+ 384(1 + al)Zmnrswwmm ](0)5’"> 1+ §W<2)’ *© 1/ ;%nwj(o)nm *© 1)} ’
Ya 7

where here we have introduced the zeroth-order volume
Vo :/ 071, (4.11)
Yy

The warp-factor dependence can be nicely captured by introducing the warped volume
and warped metric

2717 (2) 1 217 (2)
Vw = g e3WH 0 1 GVJV = 3w w” A *<0)w;0>’ (4.12)
4

which at zeroth order in a reduce to Vy and G;; = ﬁ fy4 wéo) A *<°>w;0). We also introduce

9
KY =iV wm 4 5(12 RWP| %1, (4.13)
Yy

which at lowest order simply reduces to K; = iVyw\ )™ = % fy4 W AN TJONJO N JO,
With these definitions one rewrites the action (4.3) for all kinetic terms into the form

1 : .
Siin = . /M {R « 1= (G} + VP K[V KV )dv' A xdv? — VG FP AxFT + 0 A" N F
3

,13,



2
. e _ — _
—dv' A *vaV—O / (7682@23%;23”—3072izmﬁw§0>"%§§>5—30722mmw§°)”’“w;°>”) +© 1
Ya

(256200000 +192(=T + 01)iZumacs "

imn=j

+ F'A *Fjazvo/
Ya

+ 384(1 + al)Zmﬁrng(O)ﬁmwj(’O)gT) *(0) 1:| ’ (414)
where we have replaced dév’ directly with dv’. Expanding to order o one indeed recovers
the above result.

It is interesting to observe that the three-dimensional effective action permits a scaling
symmetry involving the rescaling of the warp-factor. We begin by noting that the eleven-
dimensional background ansatz given in subsection 2.2 has a symmetry under which

W® 5 W@ 4 A® , Imin — e—azA(Q)gmﬁa Juv — €2a2A(2)guV7 (4‘15)
for A® = A@(z#). This can be extended to a symmetry of the perturbed background (4.1)
and (4.2) by requiring that

vl — em Ay (4.16)

This then implies that
dv — e A gy _ g2y QAP dv? | (4.17)

if we further restrict A® = A® (v?). When the reduction is performed this the becomes a
symmetry of the effective action before the Weyl rescaling to move to the Einstein frame
is performed. When the rescaling is performed the value of 2 in g,, — gfw = Q%9

transforms as Q — e~ so that the rescaled metric does not transform. The final
form of the effective action coming from the dimensional reduction is then invariant under

the symmetry
W — W® + A® vl = e @Ayt (4.18)

We note that the 9;WW® terms in the §v* kinetic terms are key to ensuring the symmetry of
the action for A® as a function of v*, as they covariantize the derivatives which appear in the
reduction. Indeed, this symmetry can be made manifest by introducing a covariant deriva-
tive for v*. Furthermore we note that if we make the choice a; = 7 then using the definitions,

1 ,
G =GJJ + 2562/ Z x© 1/ W ™ @ 1
VO Yy Yy

256~ Zw” O™ 412 Z 50t PO | O
Vo Y, 4 J J %

1 )
K = Ki+ao? / [3'(3W<2’ —1282)J O A JO AT N w” —1536 Zmpw, ™ =@ 1]
Y, .
Vr =Vw + a2256/ Z 91, Dv' = dv' + o*vidv’ | 9, WP O 1, (4.19)
Yy Ya

— 14 —



the action takes the simple form?

1 . . . ) ) .
Skin = Gy /M [Rﬂ_(g;’;w;?ch K1) Dv' AxDv! —VEGLF AxFI+0;; AIAF'| . (4.21)
3

Where now it is clear that under (4.18)
g}; — eMZA(”gZ;, Vr — e_O‘QA(Q)VT, KF - kI, Dv— e_O‘QA(Q)Dvi, (4.22)
so that the action (4.21) is invariant.
Finally, let us briefly discuss the potential of the three-dimensional effective theory. It
is well-known that it contains a flux-dependent part given by [36, 37]

2
Spot = Oé/ *1/ (G(l) AxGH — GW A C;(l))7 (423)
4/‘4]11 Ms Yy

in which the internal Hodge star is evaluated in the perturbed zeroth-order metric (3.8)
which sees the full v*. This term is responsible for imposing self-duality of G™ in the vac-
uum. With our restriction to Kahler deformations this implies that G remains primitive
with respect to the perturbed metric (3.8) for massless fluctuations, i.e. the ones satisfy-
ing (3.9). We can easily see that warping or higher-curvature corrections which multiply
this result will yield corrections that are higher than order o and thus cannot be reliably
analyzed using our ansatz. Furthermore, we propose that at order a? there are no terms
added to (4.23) that are only dependent on the warping and internal space higher-curvature
terms, as the background we analyse is invariant under the perturbations we consider as
long as G remains self-dual. This will be demonstrated in [20].

Let us close by noting that in a next step one has to bring the action into standard
N = 2 form and determine a kinetic potential and the correct N' = 2 coordinates. This
will be done in the second part of this paper [20].

A Conventions, definitions, and identities

In this work we denote the eleven-dimensional space indices by capital Latin letters
M,N,R = 0,...,10, the external ones by u,v = 0,1,2, and the internal complex ones
by m,n,p =1,...,4 and m,n,p = 1,...,4. Eleven-dimensional quantities for which the
indices are raised and lower with the total space metric carry a hat, for example the
M-theory three-form is denoted by G. Furthermore, the convention for the totally anti-
symmetric tensor in Lorentzian space in an orthonormal frame is €p12.. .10 = €912 = +1. The
epsilon tensor in d dimensions then satisfies

Mt Napep gy, = (=1)°(d = p)!pld™ gy - 8NPy, (A.1)

3Note that in making this match we have used that
/ dv' A *dvji/ Zcu§0> A *(0>w;0) = / dv' A >i<dvji2 AR 1/ wEO) A *(0)%(9)
M3 Vo Ya M3 Vo Ya Ya

. 1 . 1
dv' Axdv’ — [ Ww® A *(O)wj(.o) = / dv' Axdv’ — [ W () 1/ w® A *(O)w](.()) (4.20)
M3z 0 Jyy M3z 0 JYy Yy

which can be demonstrated by taking using integration by parts in the external space.
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where s = 0 if the metric has Riemannian signature and s = 1 for a Lorentzian metric.
We adopt the following conventions for the Christoffel symbols and Riemann tensor

1
ryn = §9RS(8M9NS + ONgMs — OsguN) , Run = R%yry,
RM yrs = OrTM gy —0sTM gy +TM g T g —TM 57T Ry, R = Rung"™, (A.2)

with equivalent definitions on the internal and external spaces.
The terms fsfsR* and f5isG2R3 in (2.4) and (2.5) require the definition

t"é\fl...Ng — i( -9 (gN1N3§N2N4gN5N7gN5N8 4 gN1N5gN2N6gN3N7gN4N8 + §N1N7§N2NBgN3N5§N4N6)

16
+8 (gN2ngN4N5gN6N7gN8N1 + gNstgNﬁN3gN4N7gN8N1 4 gNstgN6N7gN8ngN4N1)
— (N1 <~ NQ) — (N3 <~ N4) — (N5 <~ Ng) — (N7 <~ Ng)) . (AS)

In order to discuss the term §;3 appearing in (2.6) and (2.10) we introduce the basis

Bl - RN1N2N3N4EN5N6N7N8@N5GN1N7N8NQ@NséNzNAINGNQ )
Bl3 = RN1N2N3N4]%N5 M N6N3@N9GN2N6N7N8@N9éN4N5N7NS 3
By = RN1N2N3N4 RN5N6N7N8 @NE’ GNINSMNQ @NS GN2N4N6N9 )
Bl4 - EN1N2N3N4RN5 M N6N3 @NQGNQMMNSﬁNQGNSNGMNS 3
BB = RN1N2N3N4 RN5N6N7N8 @NS GN1N3N7N9 @Nﬁ GNQMNSNQ ;

> > N1 N3y7N2 YN =/ N5 YNy N7 NgN
Bis = Ry nonanva By v V2 G yongn V2GRS

» » v AYN3N4N7Ng 7 Ng AYNgN1NaNs
B4:RN1N2N3N4RN5N5N7NSVN9G A VAN C 7

Big = §N1N2N3N4}?N5N1 N6N3 @Nz GN4N7N8N9@N5GANGN7NSN9 )
Bs = éN1N2N3N4EN5N5N7N4@N1 GN2N3N8N9@N5GYN6N7N8N9 )
By7 = RN1N2N3N4EN5N1 N6N3 ﬁNz GN5N7N8N9$N4GN6N7N8N9 )
Bs = RN1N2N3N4]%N5N6N7N4@N1 CATYN2N‘5N8N9@Na'CAT”V()‘N7N8N9 )
Bis = RN1N2N3N4RN5N1 N6NS@NQGNSNGMNS@MC:N?MNBNQ ’
B? - RN1N2N3N4RN5N6N7N4@N1 CATYN2N5NgNg$N7Gd\rgNGNsNg ;
BlQ = RN1N2N3N4RN5N6N3N4@N9GN1N5N7N8@NQGN2N6N7NS ;
BS - EN1N2N3N4RN5N6N7N4@N1 éNstNSNQ@NQGN6N7N8N9 ;
By = RN1N2N3N4RN5N5N3N4@N1 GNS N7N8N9@N2CA;N6N7NSN9 )
By = RN1N2N3N4]?L)N5N6N7N4$N1 GN3N5N8N9§NGGN2N7N8N9 )
Ba = RN1N2N3N4RN5N5N3N4@N1 GNS N7N8N9@N(iGN2N7N8N9 )

» » Niv N3 N5N7Ng 7 Ng A YN1 N3 Ng N,
BIOZRN1N2N3N4RN5N6N7 4VN9G R VAR Cot ®,

» > N{N3N4sv7Nay A = N5 AYNg N7 Ng N,
Boo :RN1N2N3N4RN5 Y 2GN6N7N8NQV PG °,
» » Niv N1 N3N, = Ng A YN3 N5 N7 N,
B11 = Ry, nyNyng Bng ngne 4VN8G e,V oG
D D  NiN3N4i© AN = Ng AYN5Ng N7 N,
Ba3 = Ry, nyngny By 12 4VN9G % NeNoNg V oGNS
» » N4v7 N3 AYN5 N, = N7 /YNy N1 Ng N,
Bl2 :RN1N2N3N4RN5N6N7 VEGT GNSNQV TG o
» PN1Na N3Ny A = Ng /YN5 N7 Ng N,
Boy = Ry, nyngn, RT3 4VN5GN6N7N8NQV oG RE N (A-4)

The contributions to §18(@G’)2R2 are then formed from the linear combinations described
in (2.10).
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We note that performing a Weyl rescaling of the three dimensional external metric

with g}, = Q2g,, one finds that
2
M3 M3

Finally we demonstrate that the 3d effective action may be simplified by using the

intersection structures

1
_ (0) (0) (0) (0) _ l _ l
Kijkl —/ w; /\OJ]- ANwp” ANwp, Kijk = Kijk:lv , Kij = §Kijk:lv v,
Yy
1 1 o
k l k.l
K; = gKijklvjv v Vo = EKijklv‘vJv v, (A.6)

B Results of the dimensional reduction

B.1 Two derivative terms

The reduction of the lowest order part of the action (2.3) gives the following contribution
to the Kinetic terms of the 3d theory

2
S(O)|km _ Rl 2(3W< )_ 7687) 1+25v1w(0)m+ (SUl(S’U] ( z(gr)an(O)nm wl(O)men )
2611 pm Yy ’

+ 3a%50' ;W P + 3ia2sviov! 0, WP wjy™ + §a2dvi5vj8i3jw(2)|
+ 1536a260° Zmnw(o)"m + 476802 Z6viw (O)m

+ 38402 Z6v 607w ¥ Onm 384a26vi6Uij£2mw;(2”] (01

Wimn J

1 ) . 2 1 A
+ /M ASvt A xdSvd A |:ea2(3W( )7768Z) <2wggrznw;0)nm _ wl(?rimwjnn)
3 fl

2%11

+ 37,0426( w® | w(0> m 4 3072 ZZmnOJ(O) nmw(o — 153602 7w (O)rn (0)n:| BORT

11 Fi A sFi 6042(3W(2)7256Z)w(0) L@am L (0)
2Kk11 2 Y4 mn=j

+ «

Fin A G“) Aw® /\w B.1
2:‘<611 /M3 Ya 2 ( )

It is interesting to note that in these terms the value of F, pgs) and pi-v) drop out of these
expressions as they contribute only internal space total derivatives to the 3d effective theory.

B.2 Eight derivative terms

Let us record the reduction of certain higher derivative terms which are used as interme-
diate results in deriving the effective action (4.3). These results were computed using the
mathematica package xAct and required the use of several internal space total derivative
and schouten identities.

1 . .
/ fsts R*1|win = )., d(W A kddv? / 384(Zw§$,1n (O L 4 Z st ™™ ;0)”) *(© 1,
Yy
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1
24

. 1 . _
é11é11 R %1 yin = o / Rx 1/ (7682 - 153657)12%@0)”7”) #(© 1
M3 Ya

1 ) . _ _
+— dov' Axdov? | 1536 Zpprsw” TP (0 1
2,%11 M Yy J

/ 3228C A Xgliin = 0. (B.2)
Ya

Similarly we note that the reduction of the GZR? terms uses the identities

~ o o 1 . .
- /t8t8G2R3§<1|kin = 2,£2384/ F* N\ xFJ / [sz(%nwjm)”m
11 M3 Y,

— 4iZpnpw” W — A s OO | O 1,

1 po 1 . . i )
- / 11611 G?R3#1 |ign = —5-1536 / F' A *FY / Zmnrswy "M w0 1. (B.3)
96 2"“11 Ms Yy

Finally reducing the (VG)2R? terms in (2.3) gives

A Ao ao 1 1 . ) _ -
/élg(VG)QRQ*lhdn: s / fF’/\*F]/ [—96(1+a2)w§°>m"w§°> "R CROTLIRY)
K Ms 2 v,

— 48 2+a1+a2) (O)mn (0)7‘7‘R<0 5s uR%O)mT RE?:LE+48(1+(11) (O)mn (0>T7‘R(0)57 SR<O>{7"ntR(O)*

s5tt

+48(1 4 az)w @O RO SROT RO _48(2 4 a1 + az)w VWO RS RO RO

sstt sstt

(

(

+24(1 + a1)w! (0)mn (0>rrR(0)sst 0>anfR$“_~_48(1+a2) (0)ymn (0)rrR 0)ss tpRO) uRiggw
(
(
(

448 ar — ) (O)mn (‘O)TTR(O)S R(O) t uRi()m)us —48(1+a ) (0)mn (O) TR(O)T‘7 R(O)ss uR(O)

trus

+48(1 + az)w! (0)mn (O)er(0>sf tRO) s up(0

trus

+48(1 + a1)w V™" w (0> TROT s )t u p(0)

trus

+96(1 + (12) (O)mn <0>TTR(O)SmnsR(O)rtsuR(Q)*748(1“”0/ ) (O)mn (0) T‘R(O)TS tR(O) u 'UR(O

trus umuTr

+48(1+a2) (O)mn 'O)FTR(O)nSrtR O) u qu(ﬁ,szr >k(O) 1 (B4)

Where we see directly that in the reduction Z3 = Z4 = Z5 = Z5 = 0. The result above
represents the only terms in the reduction result that can not be expressed in terms of
Zmmnn for arbitrary choice of the parameters a; and as. For this reason we now make the
choice a; = as which then allows the result to be rewritten as

A Ao 192(1
/élS(VG)QRQ’T‘l‘kin _ 1920+ a1)

52 Fi/\*Fj/ (zZmncu(0> (0)" +2Zmnrsw(0)"m (O)ST) MONN
K11 M3 Yy

(B.5)

Furthermore we note that if the basis (A.4) is reduced with and arbitrary set of coeffi-

cients and then we demand that the result can be expressed in terms of Z,,7.7, then only
a multiple of the linear combination

/ FZ A *FJ / (iZmﬁw,§0>me‘;O)ﬁf + 2Zmﬁrgw£0)ﬁmw;0)§r) () 1 s (BG)
M3 Yy

is produced.
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