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field theories of scalars and spinors. We show that for n > 2 the Sp(2n) symmetry and
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currents with a scalar operator be that of free theory. This situation is analogous to the one
in conventional conformal field theories, where conservation of higher-spin currents implies

that the theories are free.
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1 Introduction

The Sp(2n) invariant description of massless bosonic and fermionic higher-spin fields [1-
24] is an elegant geometrical approach to study higher-spin gauge theories. The main
feature of this approach is that the theory is formulated in an extended space, sometimes
called hyperspace, which is parametrized by the n x n matrix valued coordinates X*? =



X5¢. These ™™V coordinates include, in addition to ordinary space-time coordinates ™

2
parameterizing either a D-dimensional Minkowski space or an anti-de-Sitter space (AdSp),
also [% — D] extra coordinates y. The fields depend on the both x- and y-coordinates

and obey free field equations [5] which are invariant under the transformations of the
Sp(2n) group. The analysis of these field equations for different n [5, 13] shows that
for n = 4,8 and 16 they generate the field equations and the Bianchi identities for an
infinite set of free conformal higher-spin curvatures in space-times of dimension D = 4,6
and 10, respectively.! The D-dimensional linearized higher-spin curvatures R (z) are
the components of a series expansion of hyperfields ®(z,y) in powers of y, schematically
(2,y) = D o2y Ris)(x)y®. The main hyperfields are a scalar b(X) and a fermion fo(X)
(X = (x,y)) transforming under the linear representation of GL(n) C Sp(2n). We will
somewhat loosely call f,(X) the spinor field since it contains half-integer spin curvatures
in the corresponding D-dimensional space-time and at y = 0 reduces to a spinor field.

The group Sp(2n) is often referred to as a generalised conformal group, since its struc-
ture closely reminds the structure of the conformal group and moreover the Sp(2n) group
contains a conformal group as a subgroup. This fact not only makes the Sp(2n) formu-
lation relevant to the study of conformal properties of higher-spin fields but is also useful
for better understanding the structure of Sp(2n)-invariant systems themselves, as we shall
see below.

A natural question to ask is whether Sp(2n)-invariant higher-spin systems admit in-
teractions. An unsuccessful attempt to obtain interacting Sp(2n)-invariant models was
undertaken in [12] in the framework of a generalized supergravity in tensorial superspaces.

Recently, it was shown [24] that in D = 4 models higher-spin current interactions
necessarily break Sp(8) group down to the four-dimensional conformal group SU(2,2).
However, this result, a priori, does not rule out other types of Sp(2n)-interactions, e.g.
of some order in higher-spin curvatures. Moreover, there might exist Sp(2n)-theories that
do not have any Lagrangian/equations of motion description at all, which is the case for
certain conventional conformal field theories.

One way of approaching the interaction problem generically is to use an analogy with
D-dimensional conformal field theories. One can make a statement whether a generic
D-dimensional conformal theory is free or interacting by looking at the structure of its
correlation functions. In this way, for instance, in [25] it was shown that under certain
assumptions about the content of D = 3 conformal theory, the presence in the theory of
a single conserved higher-spin current implies the existence of an infinite set of conserved
higher-spin currents whose correlators with the stress tensor are those of a free confor-
mal theory.

In all the examples of correlators in the Sp(2n)-invariant theories considered so far [11,
21, 22] generalized conformal weights of the fields in the correlators were not restricted to
their canonical values thus, in principle, leaving room for nontrivial interactions. In this
paper we will show that for n > 2 already the presence in the Sp(2n)-invariant theories of

The case of n = 2 corresponds to conventional D = 3 conformal theories of scalar and spin-half fields,
with Sp(4) ~ SO(2,3) being the 3D conformal group.



a conserved generalized stress tensor and/or of a conserved current associated with a rigid
internal symmetry (introduced in [6]) makes their correlators with a scalar operator to be
those of free theories. To arrive at this result, the correlation functions were constructed
solely under the requirement of their Sp(2n) invariance and current conservation properties,
without resorting to a specific form of the operators. The three-point functions turn out
to have a structure, whose generating functions were found earlier in [26-30] with the use
of a different approach.

Therefore, one concludes that for n > 2 the rigid Sp(2n) symmetry, together with the
conservation requirements, turn out to be too restrictive for the existence of the nontrivial
interactions of higher-spin fields already at the cubic level. This confirms and generalises
the result obtained in [24]. In order to allow for nontrivial interactions of these systems,
the rigid Sp(2n) invariance should be broken down to an appropriate subgroup.

Let us emphasise that our results apply to the systems with rigid Sp(2n) symmetry.
It would be very interesting to construct and study systems which posses a local Sp(2n)
invariance, and see if analogous obstructions for interactions apply also in these cases.

The paper is organised as follows. In section 2 we introduce a set up for the rest of
the paper. We review Sp(2n) transformations of the scalar field b(X) and the spinor field
fa(X) and their free field equations. We also introduce a generalised current J,5(X) and
a stress tensor T,3,5(X), and give their Sp(2n) transformations and conservation laws.

In section 3 we explain the general procedure of constructing the Sp(2n)-invariant
correlation functions and derive two-point functions of two currents and two stress tensors
using the requirement of Sp(2n) invariance and the current conservation.

In section 4 we derive three-point functions which include two scalar or spinor fields and
one current or stress tensor. The results obtained in this section are completely analogous
to those in ordinary D-dimensional CFTs in the sense that there is no restriction on the
generalised conformal dimensions of the scalar and spinor operators.

In section 5 we derive three-point functions of a scalar operator with two conserved
currents or stress tensors. Here the situation turns out to be different from the one in D-
dimensional CFTs. Namely, apart from the n = 2, D = 3 case, the values of the conformal
dimensions of the scalar operators of the Sp(2n)-invariant systems in these correlation
functions are fixed.

In section 6 we discuss the generic Sp(2n)-invariant structure of three-point correlation
functions of higher-rank tensorial fields whose three building blocks are provided by basic
two- and three-point correlators of bosonic and fermionic fields and their currents.

In Conclusion we discuss the obtained results and their implications. Some lengthy
calculations are given in the appendices.

2 Sp(2n)-invariant systems

2.1 Scalar field b(X)

The basic object in the Sp(2n)-invariant description of integer higher-spin fields is a hy-
perfield b(X*") (see [21] for a recent review). The hyperspace coordinates X#¥ = X"* and



the field b(X) transform under the Sp(2n) transformations as follows

SXM = g 4 XMeg ¥ 4 XVPg 1 XPPk XM (2.1)
Sb(X) = —(a" 0y + A (gu" — ki X" ) 429, X7° 8, — by X' X200 )D(X) , (2.2)

where the parameter a/” = a"# corresponds to the translations, the parameter k., = k,,
corresponds to the generalised conformal boosts and the parameter g,” is that of GL(n)
transformations. The latter can be split into [,” = g,” — %55 g,” which parametrizes the
sl(n) subalgebra of gl(n) and its trace g,* which corresponds to the dilatations. Together
these transformations generate an Sp(2n) group which contains D = § + 2 dimensional
conformal group as its subgroup.? The parameters a", [,V and k,, contain conventional
translations, Lorentz transformations and conformal boosts respectively, whereas the pa-
rameter of dilatation is proportional to the trace g,*.

The constant A which is present in the equation (2.2) is a generalized conformal
weight or the Sp(2n) weight of the scalar hyperfield. It is related to the conventional
conformal weight of the scalar fields in the corresponding space-time dimensions D = & +2
as follows [22]

Ap = gA. (2.3)

This is because the D-dimensional dilatation parameter gp is gp = %gu“
The free field b(X) satisfies the field equations

(8u,,8p,\ — aupa,,)\)b(X) = 0. (

[\

4)

These equations are invariant under the Sp(2n) transformations (2.2) provided that A = 1,
which is therefore a canonical dimension of b(X) [4].

2.2 Spinor field f,(X)

The half-integer spin fields are packed in a Grassmann-odd “spinor” hyperfield f,(X) trans-
forming under the linear representation of GL(n). Under Sp(2n) it transforms as follows

0fo(X) = —(a" Oy + A (gu" — by X1) + 29,4 X 01y — ki X1 X200 ) fo(X)
_(gg - kuaXVB)fﬁ : (25)

fa(X) satisfies the free equations of motion

8u[ufoz] =0, (26)

where [a3] denotes anti-symmetrization of indices, while (o) will indicate symmetrization.
These equations are Sp(2n) invariant provided that the field f,(X) has the generalized
conformal dimension

1 1 1 1
A1=A+—-—=—-4+— = A=—. 2.
3 +n 2+n 2 (2.7)

2The relation D = 5 + 2 between the space-time dimension D and n is valid only for n = 2,4,8 and

16. This is related to the fact that in these dimensions the massless momentum condition P, P™ = 0
has the general twistor-like solution P™ = Xy™)\, where commuting spinors A, are transformed under a
fundamental representation of the D-dimensional conformal group whose subgroup is Sp(n).



2.3 O(N) current J,g(X)

Let us assume that the fields b4(z) and f2(X) belong to a vector representation of the
O(N) group (A=1,...,N) and define a generalised current

JoF = 020,87 — bP 0,607,
Jof = fAA7 + 41T

The current is symmetric with respect to its indices (a, ) and anti-symmetric in A, B.

(2.8)

Using (2.1), (2.2) and (2.5), one can show that the Sp(2n) transformations of the current are

%JfﬂB = —a“”BWJfBB (2.9)
AB n+2 P AB 4 7AB 1 7AB

Ogdap = =\ = 9" T 201 X0 ) Jag — LM Tig — 1" oy, (2.10)

Sk dog = (kX1 + by XPP X200\ JAT + kap XMV T8 + kg X1 TP (2.11)

As it can be seen form (2.10) (and (2.11)), the canonical conformal weight of the current is

2
Ap=1+=, (2.12)
n

where the subscript of Ay labels the “spin” s = 1 of J,3 (see also (2.7)). In general, the
“spin” of a symmetric tensor Tj, ., of rank r is defined as s = g This is a natural
extension of the notion of spin of fields in D = 3,4 described by spin-tensors.

One can show that the current (2.8) satisfies the generalized conservation conditions

introduced in [6]

OuwIas — Ouadid — Opudil +0apdP =0 = [T]=0 (2.13)

provided that the fields b(X) and f,(X) satisfy the free field equations (2.4) and (2.5),
respectively. On the right in (2.13) we indicated the Young symmetry in the indices (uraf)
of the left hand side which is annihilated by the conservation condition.

Note that, in the general case, even if the current J,s is not composed of the matter
fields, but satisfies the conservation law (2.13), the Sp(2n) invariance of the latter requires
that its generalized conformal dimension is always canonical (2.12), which is in accord with
the usual CFTs.

2.4 Stress tensor Tnz,5(X)

Similarly one can define a free generalised stress (or energy-momentum) tensor [6]

Togys = Tapas)s (2.14)

with

1
Taﬁﬁé = (aaﬁb)(awéb) - gbaaﬂayéb

or for the fermionic field f,
Taﬂ,yé = f’yaa,Bfé'



One can check that the totally symmetric tensor Ti,5,s transforms covariantly under
the Sp(2n) transformations (2.2) as follows

5aTaB'y§ = _awjauyTaﬁyé; (215)
ntd BxVp Iz

OgTapys = — L + 29, X 0up | Topys — 4" Tays) (2.16)

0k Toprs = (K XM + K XPP X 2000 ) Togs + Ak (0 X Ty (2.17)

From the form of the above transformations we see that the canonical conformal dimension

of Thg.~6 18
4
Ag =1+ —. (2.18)
n
One can also check that the stress tensor (2.14) satisfies generalized conservation condi-
tions [6]
OuwTopys — OuaTupys — OgvTapys + OapT s =0 <= L= 0 (2.19)

provided that the fields b(X) and f,(X) satisfy the free field equations (2.4) and (2.5),
respectively. Again, we indicated on the right hand side of (2.19) the relevant symmetry
of OT that is set to zero by the Sp(2n) conservation condition.

As in the case of the conserved current J,5(X), the Sp(2n) invariance of the con-
servation law (2.19) always requires that the conformal dimension of Ti,3,, (X) is canoni-
cal (2.18).

By analogy with J,3 and T,s,s one can introduce higher-spin conserved currents
Tay...ans (28 =1,2,3,...) [6] which transform under Sp(2n) as follows

5aTa1...a23 = _auya,uuTal...agsa (220)
09T 0. .ans = —(As gut + QQVMXVpa,up)Tay.-a% - 239(a1MTa2...a25)u ) (2.21)
5kT011...a23 = (kijHV =+ kuVXMpXV)\ap)\)TaL..ags + 4kﬂ(a1XﬂyTa2...o¢25)w (222)
where
2s
Ay=1+22 (2.23)
n

The Sp(2n) conservation condition [6] sets to zero the most anti-symmetric component
of 0T

a,uuTaB'y(Qs—Q) - auaTuﬁv(%—?)_ — 2s — 2| =0

(2.24)

6,6’1/Tozu'y(23—2) + aaBT,uV’y(Qs—2) =0

We will see that when applied to correlation functions these conservation conditions restrict
the structure of the former to those of free theories. Heuristically, this happens because
the Sp(2n) conservation leads to an over-determined system of equations, i.e. the number
of equations generally exceeds the number of the components of T', as it can be seen from
the Young diagram above. On the contrary, in the usual CFTs the conservation condition

ame(ZQ...CLS =0 — =0 (225)



has fewer components than the current Jy,, .. For s = 1,2 the conservation is not too
restrictive, while for s > 2 it requires an advanced machinery of Ward identities [25] or
higher-spin algebras [32], see also [33-35], to see that the presence of at least one higher-
spin current implies the presence of full infinite-dimensional higher-spin symmetry of the
model and makes it free.

Now we are in a position to consider various Sp(2n) invariant two-, three-, and four-
point functions. As we mentioned in the Introduction, when computing the correlation
functions we will, a priori, assume that the fields b(x) and f,(X) may have arbitrary Sp(2n)
weights Ag = A and A1 = A+ =, respectively, with anomalous (spin-independent) dimen-
sions A and then see how the Sp(2n) invariance and conservation laws restrict their values.

3 Sp(2n) invariance of multi-point correlation functions

Consider a generic correlation function of k rank-r; tensor fields A (X;) i =1,...,k)
whose spin-independent parts of the conformal weights are A®)

(1) (k)
<(I)A (Xl) CI)A Bry, (Xk)> = G011-..04r1,~~-n31-~~,3rk (Xb s an) : (3'1)

Qi...0pq

The correlation function is invariant under the Sp(2n) transformations (2.1) if for any
values of the Sp(2n) parameters the following equation holds

k
v v 0
Z |:Az kuVXM ) + 5XZM aX;u/ Gal...a”,‘..,ﬁl..ﬂ% (Xla cee 7Xk)
=1

1
+ Z(gajuj - kaj,,Xf“]) Gir gty otiry BBy (X1 oo Xg) 4o

+ Z Hi kﬁ v VNJ) Goqmark,~-~“U41--~l‘j-~~/>‘rk (X17 cee ,Xk) = 07 (32)

where the variations 6. X/ are given in (2.1). The equation (3.2) plays an important role in
the further analysis, since it determines a general condition for a given multi-point function
to be Sp(2n)-invariant.

3.1 Two-point functions

3.1.1 Correlators of two scalars (bb) and two fermions (f f)

Let us consider the two-point function of two scalar fields b4(X;) and b%(Xs) carrying
O(N) vector indices A and B, and having weights A and A®). The condition that this
two-point function is Sp(2n)-invariant under the transformations (2.2) i.e., satisfies (3.2)
implies that it is nonzero if A1) = A = A, and has the following form [11]

<bA(X1)bB(X2>> = C’bb(det ’Xlg‘)_A(sAB, (3.3)
where Cyy, is an arbitrary constant, xo8 =X A X3 # and

(Xp))ap = (X777 = X57)1. (3.4)



Analogously, for the two fermionic fields f4(X;) and fg (X2) one gets [11]

(FH X0 fF (X2)) = Crp(det | X1a]) ™ 2047 (X19) 15, (3.5)

The correlator of b(X;) with fo(X2) is zero, as are all the multi-point functions with
an odd number of f,(X), since their index structure is not even GL(n) invariant.

For further use let us also give the form of the Sp(2n) variations (2.1) of the ma-
trix (X5 )as

§(X13 ap = —(X13)an (6X1 — 6X5)7 (X715 )ss
= =297 (X132 5)y + oo (X1 + X2) (X135 ) pys
_ - - 5
= —29(017(X121)5)7 + kainy (X121)66 + (X121)a6X27kv6 : (3'6)

Again the variations §X{" and 6X}" are given in (2.1). From eq. (3.6) it follows that the
matrix (X5 )as, regarded as a bi-local tensor, is Sp(2n)-invariant, i.e.

0

v 0 v _ _
- <5Xf X + 5X§L X/U/) (X121)aﬂ - 29(047(X121)B)7 (3'7)
1 2

Fhan X7 (X565 + (X1 )as X3 ks = 0,

With the help of relation (3.7) one can immediately check Sp(2n) invariance of correlation
functions away from the singularity point. Notice that the conformal boosts act effectively
on the first index of (X ;21)@5 with the matrix X; and on the second index with the matrix
X (or vice verse). This ensures the same Sp(2n)-invariant properties of the left- and right-
hand side of (3.5) in accordance with the generic formula (3.2). The matrix (X5 )as,
together with its determinant, is thus one of the elementary building blocks of all the
Sp(2n)-invariant correlation functions.

3.1.2 Two current correlator (J.J)

The two-point function of the conserved currents J &453 can be derived by writing the most
general expression compatible with its index symmetries, requiring its invariance under
O(N) and Sp(2n), and imposing the current conservation condition. The Sp(2n) invariance
condition (3.2) reduces a general expression to the one constructed in terms of the matrix
X 1_21 and its determinant as follows

(JAP (X1) TGP (X2)) = Cy(det | Xa]) ™ (Pr)ap,u (64C65P — §4P55C) . (3.8)
where we defined
(Pab)agwr = (X ) pa(X oy v + (X va( Xy s (3.9)

and
Xy = (X% = X)) = (pab)as, (3.10)

a,b=1,2 and a # b.



The constant Cy is arbitrary, while the power of the determinant is fixed to be —1, i.e.
its absolute value is equal to the canonical value A = 1 of the spin independent part of the
conformal weight of J,g. One can easily check that (3.8) obeys the current conservation
law (2.13).3

The Sp(2n) variations of (3.9) are determined by those of X35!, given in (3.7), and
have the following form

0 0
2g,° | X7 + X | (Pr2)ap,uw 3.11
g < 1 ale)\ 2 8X2p)\ ( )aﬁvﬂ ( )
= _gaU(PH)O'B,;W - gﬂa(PIQ)CXU,[LV - g,u,a(PH)aB,au - gVU(PH)aB,MU )
koo | XD X7 o . X§>‘X§5i (P12) o (3.12)
X0 0X3° ’

= _kaJles(PIQ)JB,,uV_kﬁoXiﬂs(PH)aé,;w_kuanJ(PH)aB,&u_kVUX‘QﬂS(PlQ)aB,u& .

It is important for the proof of the Sp(2n) invariance of (3.8) that in the right hand side
of (3.12) the first pair of the indices of (Pi2)ag.s gets rotated with the matrix ko, X{° and
the second pair gets rotated with k,,Xg° . The bi-local tensor (3.9) is a building block of
correlation functions of higher even-rank tensors such as the stress tensor.

3.1.3 Stress tensor correlator (T'T)
Following the same reasoning as above, one gets the Sp(2n)-invariant two-point function
of the two stress tensors

1

(Taprs(X1)Tpvpo (X2)) = Crr——o— (P12)apuw (P12)45,p0 + symm.) (3.13)
det |X12‘

where the total symmetrization of the both sets of indices (a8vd) and (urpo) is assumed.
The Sp(2n) invariance (3.2) and the conservation properties of (3.13) dictated by (2.19)
can be checked with the use of the form of the variations (3.11), (3.12) and of det | X12|.

4 Three-point functions

4.1 Scalars and fermions

A three-point function for three fields b(X) with weights A, A®) and A®) has the fol-
lowing form [11]

(b(X1)b(X2)b(X3)) = (det | X12]) ™™ (det | Xas]) ™™ (det | X13)) 7", (4.1)

where

1 1 1
ki = §(A(2)+A(3)_A(l))’ ko = §(A(3)+A(1)—A(2)), kg = §(A(1)+A(2)_A(3)) (4.2)

3Note that for the currents of the form (2.8) one can obtain (3.8) simply using the two-point function (3.3)
of the free scalars with the canonical dimension Ao =  or the two-point function (3.5) of the two fermions
with the canonical dimension A% = % + %



Correspondingly, the correlator of two fermions and a scalar is [11]
(fa(X1)fo(X2)b(X5)) = (X3 )ap(det [ X1a) T (det | Xos) ™ (det | Xus]) ™. (4.3)

Let us mention that in a similar way one can find four-point functions which include four
scalars, four fermions and two scalars and two fermions. As in the ordinary CFTs the
Sp(2n) symmetry fixes the four-point correlators up to an arbitrary function of cross-
ratios [21].

4.2 Three-point functions (Jbb), (Tbb), (Jff) and (T ff)

One more tensor structure appears in the Sp(2n)—invariant three-point correlators which
involve two scalars of dimensions A and A®), and one conserved current or stress-tensor
of the spin-independent conformal dimension A®) =1

(b (X1)bP (X2) JSF (X3)) (4.4)
= Chps(det | X12]) 7" (det [ X13]) 72 (det [ Xas|) ™" (Q15)ap(64C65P — §4P55C)
and

(b(X1)b(X2)Tapys(X3)) = Copr(det | X12])~F*(det | X13]) 7" (det | Xo3]) ™™ x
X((Qzﬁ)aﬁ(Q?Q)vd + (Q%)av(Q?z)Bé + (Q%)aé(Q?z)ﬂv) (4.5)

where constants k; again satisfy the conditions (4.2). In the above expressions

( gb)aﬁ = (Xa_cl)aﬁ - (Xl;cl)aﬁa (4.6)

where a,b,c=1,2,3 and a # b # c.
The quantities (Q¢;,)qs are manifestly invariant under the translation of the coordinates
and transform in the following way under the GL(n) rotations and the generalized boosts

vy O vy O vy O 3
2g," <X1P8X{Lp + X2paT5p + szanp> (Qi2)ap (4.7)
= _QBM(Q%)OW - ga“(Q%)ﬁu )
k X HP x VT 9 Xk xvT 9 Xk xvT 9 3 4.8
pv 1 1 8le7' + A5 2 8X2p7' + A3 3 anT (Q12)04,3 ( . )

= _kapX?fT(Q?z)fﬁ - kﬂpX:?T(Q%)m'

For the Sp(2n) invariance (3.2) of the correlators (4.4) and (4.5) it is important to notice
that the contraction of the indices of @3, on the right hand side of the boost transforma-
tions (4.8) only involves the coordinate Xs.

Using (A.1) and (A.8) one can check that (4.4
tensor conservation laws if

) and (4.5) satisfy the current and stress-
1
2
and ks is arbitrary. This means that the generalized dimensions of the fields b(X;) and

ko = kg = (4.9)

b(X3) are equal to each other but otherwise unrestricted (i.e. can be anomalous).
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Correspondingly, for the correlators of two fermions of dimension A1 = A + % with
2
the current J and the stress tensor T we have

)P (Xa) ISP (X)) (4.10)
= Cyy(det |X12\>1 (et | X13]) ™ (det | Xos]) ™2 (X12) 3} (Q1)ap (547572 — 6P 55C)

and

(Fu(X0) fo (X2) Tagns(X3)) = Cppr(det | X1a) 7 (det | X1a]) 2 (det | Xog]) "7 x

X(X12),w(( 19)a(Qa)ys + (@F2)ar(Q1) g5 + (Q72)as(Q12)57) -
(4.11)

Looking at the form of the two- and three-point correlation functions constructed above
we come to the conclusion that except for some degenerate cases* the most general multi-
point function can be written as a sum over all possible polynomials of a required rank in
three structures pg, = X@l (3.10), Pap (3.9)° and Q¢, (4.6) times a pre-factor which in the
case of four-point and higher order correlators is a function of Sp(2n)-invariant cross-ratios:

<q> s q)> = G(paba Paba QZb|Xab) (412)

This statement is completely analogous to the one for the usual CFTs (see [37] for a
proof). We will discuss the general structure of the three-point correlators in more detail
in section 6.

5 Three-point functions with fixed conformal dimension

We will now consider Sp(2n)-invariant three-point functions in which the requirement of
the current and stress-tensor conservation completely fixes the conformal dimension of
the scalar operator to be 1, i.e. twice that of the canonical dimension of the free scalar
hyperfield. At this point the properties of correlators in Sp(2n)-invariant systems (for
n > 2) become different from those of conventional D-dimensional CFTs where in the
analogous correlators a restriction on the dimension of the scalar operator does not occur.
The obtained restriction suggests that the Sp(2n)-invariant systems under consideration
are free, as we will discuss in more detail below.

5.1 (JJO) three-point functions

The simplest three-point function of this kind is (JJO), where O(X) is a scalar operator
of dimension A which, in general, can be a composite of the elementary fields b(X). From
the requirement of Sp(2n) invariance one finds that the correlator has the following form

(T (X1)O(X2) Jap(X3)) =(det [ X12]) ™7 (det | X13]) "7 (det [ Xas)) 2 (5.1)
x (Al(QV2)as(Q33) ] + B(P13)um,as)

where A and B are some yet undetermined constants.

4Degenerate cases correspond to the situations in which additional invariants can be built with the help
of e-symbols, as it happens in 3d [36].

5P, is actually a square of psy = X', but it is convenient to regard it as an independent structure in

ab ’
order to separate contributions from bosons and fermions (see section 6 for more details).
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Now let us impose the current conservation condition (2.13) on the three-point func-
tion (5.1). Requiring, for example, the conservation of the current J,,(X1) one gets (see
the appendix B for details)

A=B, A=1 (5.2)

and similarly for the conservation of the current J,g(X3). We thus conclude that for the
three-point function (5.1) to be non-zero the dimension of the scalar operator O must be
equal to one.

There at least two interpretations of this result. and we will soon find more examples
of the same kind. Firstly, one can start from a free theory (2.4) with a fundamental field
b(X) and see if any interactions are possible. Here we do not assume that interactions
admit any realization in terms of either Lagrangian or equations of motion. Then the
above constraint implies that (JJ[b*]) = 0 for k = 1,3,4,... in the interacting theory,
where [b*] is a quasi-primary field built of k fields b(X). The only non-zero correlator
corresponds to k = 2 and does not allow for any anomalous dimension. The property of
allowing for anomalous dimensions is the most important property of any CFT. Therefore,
we interpret our result as the fact that there are no nontrivial interactions possible for the
field b(X). Secondly, one can start with any Sp(2n) invariant CFT and assuming that it
has a scalar operator O(X) and a conserved current .J;(X), one concludes that there are no
anomalous dimensions possible for the operator O(X) as well as for the operators [OF(X)].
Moreover, if the correlator (JJO) is different from zero then the correlator looks like the
one for O(X) = b*(X), where b(X) is a free field.

This situation is different from the one in D > 3 CFTs (see e.g. [37-39]) where an
analogous three-point function does not impose any condition on the dimensions of the
scalar fields. Using the same ansatz as above with the understanding that each pair of the
indices (af) should be replaced by one vector index of the Lorentz group SO(1, D — 1) one
gets the condition

AD—-1-A)—BA=0 (5.3)

which relates the three parameters but does not impose any restriction on the conformal
weight A.

The reason for this difference is that in the Sp(2n)-invariant systems in the hyperspace
with extra coordinates the conservation conditions are more restrictive than in ordinary
CF'Ts. The situation does not change even if we consider weaker conservation conditions,
e.g. only an Sp(n)-invariant part of (2.13) and (2.19) obtained by contracting the latter
with the symplectic metrics C®CP#. The exception is the case of n =2, D = 3 in which
the Sp(4) ~ SO(2,3) symmetry simply coincides with the three-dimensional conformal
symmetry. In this case the condition (5.2) does not arise due to extra 2 x 2 matrix identities
which are present in D = 3 as it is shown in appendix B.

We can also consider a correlator which contains two currents and an antisymmetric
tensor operator Oj,g. This operator can be constructed e.g. by taking the product of two
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fermionic fields fo(X2)f3(X2). Such a correlator has the following structure

A
2

(Jar0s (X1)J 5, 85 (X2) Oy 0] (X3)) = (det |X12]) 52" (det | X13]) ™7 (det | Xog) "2 % (5.4)

xC (X1_21)51(a1(X:E’)1)a2)[71 (X2_31)’72]/32 + (Xﬁl)ﬁz(al(Xﬁl)az)[’Vl (X2_31)’72151 :
Again the requirement of current conservation fixes the conformal dimension of Oy, to
be A = 1.
5.2 (T'JO) and (TTO) correlators

Other examples of correlation functions in which the conformal weights of the operators
are completely fixed by the conservation laws are (T'JO), and (TTO).
The Sp(2n) invariance restricts the correlation function (T'JO) to have the follow-
ing form
_2-A _
(Toa) (X1)Jp(2)(X2)Oa(X3)) = (det [X12])™ 2 (det [ X13]) ™ 2 (det | Xas)) (5.5)
X (A[(Q%B)aa(Q%S)aa(Q%S)BB] + B(Q%:a)aa(Pl?)aaﬁﬁ)

where the total symmetrization of the indices denoted by the same letter is implied. The

A _A
2 2

conservation of the stress-tensor 0;(T,(4)) and the current da(Jg(2)) require
A=-B/2, A=1. (5.6)

Therefore we have found again that the structure of the three-point function and the
conformal dimension of the scalar field are fixed by the conservation laws.
The same happens with the Sp(2n)-invariant correlator (I'T'O) which has the form

—A A _A
2 2 2

(T () (X1) Tp(a) (X2)Oa(X3)) = (det | X12]) "2 (det | X1s])~ 2 (det | Xas])
X -A(Qés)aa(Qés)aa(Q%E})ﬁﬂ(Q%g)ﬂﬁ
+B (Q%?))aa(Q%B)Bﬁ(Pw)tm,ﬁﬁ]

+C (P12)aa,58(P12)aa,8 |- (5.7)
And the conservation of the stress tensor fixes the parameters as follows
A=-B/4, C=-B/6, A=1. (5.8)

6 Generic structure of the three-point correlation functions of symmetric
tensor operators

The form of the Sp(2n)-invariant correlator of three currents J(iﬁ, where 7 is an internal
group index (e.g. ¢ stands for AB in the O(NN) case) manifests a general structure of the
three-point functions which include three tensor structures which we called py;, Py and
¢, (given in (3.10), (3.9) and (4.6), respectively)
fijk

JE o (X)T L (X9)JE L (X3)) = 6.1
< a1a2( 1) /31,32( 2) 7172( 3)> (det‘Xu’)kB(det‘X13’)k2(det‘X23’)k1 x ( )

X [‘A(Q%B)aw@ (Q%3)5152( :%2)7172 + B((Q?Q)lez (PlQ)ala%ﬁlﬁZ + perm. of 17273)

+C ((p12)61(oc1 (P13) ) (1 (P23)72) 82 + (P12) 82 (a1 (P13) o) (1 (]923)72)51)” ,
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where f%J are structure constants of the internal group. As in the conventional CFTs, the
first two structures entering (6.1) with the parameters A and B are associated with the
currents constructed with the bosonic fields, while the third structure is associated with
the form of the fermionic currents (2.8).

The current conservation leaves the parameter C arbitrary. It fixes the parameters k,
and relates the parameters of the bosonic structures

ki =ke=ks=1/2, A=-B, (6.2)

which is consistent with the fact that the canonical spin-independent part of conformal
dimension of the current is A = 1. The above correlator has the same structure as in the
ordinary CFTs, expect for the 3D case where an extra odd structure exists [36].

We are now in a position to discuss the general structure of the three-point correlators
of conserved currents which are symmetric tensors of a rank r = 2s with s being an integer
‘spin’. To this end it is convenient to hide the tensor indices away by contracting them
with auxiliary variables \§, where a refers to the point of operator insertion:

(Pab)ap = Pab = (Xcgjl)a/g /\g‘)\f no summation over a,b.  (6.3)

«

(Poe)ap s = Pab = 2DabPba = (Pab)apys Ng Aaﬁ)\z)\g no summation over a,b,  (6.4)
(QL)ap = Q. = (QL)ap N2N? no summation over a .

For instance the correlator of two scalar operators O of the same dimension A with a
conserved current of an integer spin s obeying (2.24) is
_2-A _1 _1
(O(X1)O(X2)J5(X3)) = C(det [ X12])™ 7= (det [Xi3]) 72 (det [ Xo3))"2(Q12)°  (6.6)
Imposing the current conservation condition leads to the same result as for the currents
with s = 1,2, i.e. ky = kg = %, which means that the dimensions of the scalar operators
are arbitrary.
However, if we consider a three-point function of a scalar operator and two conserved

currents
— (&5} a9
JS — Jal...ags)\ )\ s

of ranks 251 and 2sy with s > 1 we will again find that, up to an overall factor, all the free
parameters in the correlator are fixed. For example,

(Q33)°Q%3 — 3(Q33)* P12

(J3(X1)1(X2)0(X3)) = C 7z
(det ‘Xlgy det ’Xlg‘ det ‘X23|>

(6.7)

is the unique solution of the Sp(2n) conservation conditions (2.24).

Summarizing, we have found that the restrictions imposed by the Sp(2n) conservation
laws on the correlation functions fix their structure up to an overall factor and the correla-
tors are those of free Sp(2n) invariant CF'T. We studied thoroughly the correlators which
include generalised currents and stress-tensor. We can make further progress by computing
correlators involving higher-rank tensors. However the study of examples with higher-spin
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currents do not lead to any new conclusions comparing to the the study of the correlation
functions involving a rigid symmetry current .JJ; and the stress tensor T5. In particular, the
correlators with higher-spin currents also look like those in a free Sp(2n) invariant CFT.
This suggests that all other correlators with higher-spin currents follow the same pattern.
The generating function of correlators in free theories were already obtained [26-30]. For
example, a generating function of the three-point functions of currents built out of free
scalars b(X) is

cos(p12) cos(p13) cos(pas) exp (5[Qs + Qfs + Q])

JIJ) =
(JIT) (det | X12] det | Xo| det [ X13])1/2

(6.8)

It contains operators Jg, s = 0,1,2,... and the correlator (Js, Js,Js;) is obtained as the
coefficient in front of (A1)251(\g)252(\3)%3.
The generating function obtained from the currents built out of free fermions f,(X) is

sin(pi2) sin(pi3) sin(p2s) exp (3[Q35 + Q%5 + Q%))

JJJ) =
(JIT) (det | X12| det | Xo3] det | X13])1/2

(6.9)

The generating function of multi-point correlators can be found in [28-30].

The above expressions deal with the bosonic symmetric tensor currents of even rank.
The generating function which produces 3-point correlators involving two fermionic cur-
rents of odd ranks is similar, see e.g. [25].

7 Conclusion

We have studied restrictions imposed by the generalized conformal group Sp(2n) and the
conservation laws on various correlation functions involving conserved currents, stress-
tensor and higher-spin currents. The general structure of the correlators is similar to the
one in the usual conformal field theories. It is build of three conformally-invariant tensor
structures, which were found by working out the simplest two- and three-point functions.

The difference between Sp(2n)- and SO(2, D)-invariant correlation functions arises
when conserved tensor currents are involved. If we assume that the theory has a conserved
stress-tensor T' and, possibly, a conserved current J, then computation shows that while the
simplest correlators (T’O0) and (JOO) allow operators O to have an anomalous dimension,
their correlators with two conserved tensors, (T'T'0O), (JJO) and (T'JO), fix the conformal
dimension of O to be twice that of a free field. This is not the case in the SO(2, D) CFTs
in which similar restrictions arise only if they contain in addition to the stress tensor a
conserved higher-spin current [31-35].

The fact that the above restriction on the conformal weight of O implies that the theory
is free can also be understood as follows. If a free theory contains, e.g. elementary scalar
fields b(X) of the canonical dimension 1/2 then we can take O = bb. In the Sp(2n)-invariant
free theory we expect that (I'T'O) # 0, which is already true for a free field. If a free
Sp(2n)-invariant model could be deformed by some interactions with a coupling constant
g, quantum corrections would make fields to acquire anomalous dimensions A(g). If so,
then as we have seen, the conservation of 7' requires that the correlator (TTOp(g)) = 0.
Such a theory would not have a smooth free limit g — 0, since at ¢ = 0 the correlator is
non-zero.
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Therefore, for n > 2 the rigid Sp(2n) conservation condition turns out to be much more
restrictive than the SO(2, D) one. Only in the n = 2, D = 3 case the Sp(4) ~ SO(2,3)
becomes the usual three-dimensional conformal symmetry and the conservation condition
reduces to the usual current conservation which does not restrict conformal dimension of
operators in the correlators with spin-one and spin-two currents.

Assuming the presence in the Sp(2n)-invariant theory, containing a stress-tensor, of at
least one higher-spin current one can easily repeat the proof given in [31-35] and conclude
that there should be infinitely many (symmetric) higher-spin currents associated with a
unique higher-spin algebra that is generated by the corresponding charges. In this sense
our work shows that in the Sp(2n) setup with n > 2 spin-one and spin-two currents already
behave like higher-spin currents, forcing the theory to be a free one. If we do not assume the
existence of the conserved stress-tensor, like in gravity theories, then the above reasoning
does not apply. However, the possibility of introducing ‘hypergravity’ interactions of the
Sp(2n)-invariant systems is an open problem itself.

Another option that may still lead to interacting Sp(2n)-theories without contradicting
our results is the existence of certain contact terms in the Sp(2n) correlators, i.e. the terms
that have d-like singularity when points collide.

Therefore, the main conclusion is that the generalized conformal field theories with
Sp(2n) symmetry only admit a free field realization, with the few loopholes mentioned
above. Still the Sp(2n)-invariant formulation can be useful for the study of free CFTs. In
particular, one can derive the generating functions for all the correlation functions [26-30]
and work out the operator algebra [29]. In order to allow for nontrivial interactions the
Sp(2n) symmetry should be broken, as happens for the current interactions [24].

In this paper we have mainly studied the correlation functions of scalar operators with
conserved currents that are totally-symmetric tensors of even rank from the Sp(2n) point
of view. As we have mentioned, in the theory with fermions f, one can find operators with
more complicated types of symmetry. It should be possible to generalize the classification
of the Sp(2n)-invariant correlators to the case of fields with mixed-symmetry as well as
to consider the hyperfields which are p-forms in hyperspace (see [35] for a discussion of
p-forms in SO(2, D) CFTs).

Another interesting application of the generalized conformal Sp(2n) symmetry is the
study of conformal higher-spin fields on Sp(n) group manifolds (see [7, 8, 10, 21, 22] for
details), which is a generalisation of conformal higher-spin theories on AdSp backgrounds
(see for example [40-42]). For instance, the infinite sets of bosonic and fermionic symmetric
higher-spin fields in AdS, are packed into a scalar and a spinor field which propagate on a
10-dimensional group manifold Sp(4) and enjoy Sp(8) invariance. As was shown in [21, 22]
the correlation functions of the fields on Sp(4) can be obtained from the flat hyperspace
ones by performing a certain GL(4) transformation and rescaling of the latter. So the
results of this paper are directly generalized to Sp(2n)-invariant systems on the Sp(n)
group manifolds.

One more application of the free Sp(2n)-invariant systems is to compute partition
functions of free higher-spin theories along the lines of [43, 44] (and references therein), an
advantage being that Sp(2n)-fields encode the infinite multiplets of higher-spin fields and
therefore should evaluate the sum over the spins automatically.
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A Properties of P and () tensor structures

The derivatives of the matrix valued coordinates and corresponding determinants have

the form
0 1
op _ L (5058 1 5850
e X = 5 (5“@ +5H5V) (A1)
0 -1 _ 1 1
e Xad = —5 (X Xo) + XX (A.2)
_ —1
i et X = X, det X (A.3)

These relations can be used to derive useful properties of the tensors (Pyp) a0 and (Q5,)as,

in particular

1
Xw/ (QlQ) = 5((P13)04,8,,u1/ - (P23)aﬁ,w/) (A4)

1
X,uzz (QlZ) = §(P23)a6,,u1/ (A5)

1
aX;u/ (QIQ) = 7§(P13)04,37u1/ (AG)
0 1 _ _

8X175 (P12)aﬂ,/w = _5((1312)#04,75()(121)1/6 + (P12)uﬁ,v5(X121)ua (A7)

+(P12)Va775(Xf21)u6 + (P12)u6775(Xf21)ua)

The tensors P and @ have the following properties under the differentiation which
defines the conservation laws (2.13) and (2.19)

0

8X;W (Q12) aB — ({)X'ua <Q12> 8X,/5 (Q12) aXaﬁ ( ?2)#1/ (A'S)
3 3
= (Pl?;)oz/ﬁ,,uu - (PIS)a,u Brv — (P23)aﬁ,w/ + (P23)o¢u,,81/
0 0
X,uu (QIQ) X,ua (Q12) 8X,,5 (Q?Q)au + aXag (Q%)MV (Ag)
2 2

- (P23)a6,p,u - (P23)a,u,,81/
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0 3
8X“”(Q12) 8X“O‘ (Qm) 6X”5 (Q12)au 8XO‘B( 12)
—(P13)apuv + (P13)aupv » (A.10)
and finally
0 0 0

P [ v agyvoya P v 35 P o v —=(P v

8X176( 12) Biu 8Xf ( 12)5,&# aX{aa( 12) Y5 +(9X1a6( 12)767u
:_(Xl_gl)oa’y(Pm)Bd,,uu_(X1_21),86(P12)a’y,uu+(X1_21)a5(P12)75,,u1/+(X1_21)7§(P12)aﬁ,,uz/ .

(A.11)

B Conservation of (JJO) in detail

In this appendix we present the calculations of the current conservation in the three-point
function (5.1). Below we omit O(N) indices, since they are not relevant for our goal.
First let us introduce the following notation

Xuw = (X13)p0> Yoo = (X23),, Zuw = (X12)0 (B.1)
Therefore
(Q312)a5 = onﬁ - Yaﬁv (Q%Zﬂ)ﬂﬁ = _Zﬂf’ + X/lf’ (B'2)
and
(P13)agu0 = (XapXgo + XaoXpp) (B.3)

For the derivatives with respect to the coordinate X" one obtains
1
8,1(3/) (Q312)C¥ﬂ = i(XOé/LXBl/ + Xoa/Xﬂu - Yauyﬁy - YO”/Y[-}#) (B4)
1
05 (Qbs)a = 5 (X Xow + X Xop) (B.5)
Now let us impose the conservation of the current J,5(X3) on the three-point function

Gapppr = (Juo(X1)O(X2)Jo5(X3)) (B.6)
= (det Z) "3 (det X) "2 (det V) 7" (A(Q%12)as(Qb3) > + B(P13)ag v)

which explicitly reads

O5) Gaspir — 052 Gupin — %SL)Gauﬂﬁ + 355}3) Guvpr = 0, (B.7)
where
0%) Gappo = (det Z) 7% (det X)7*2(det V)™ x (B.8)

X [-A(afz)/)(ng)aﬁ)(Q%?))ﬂﬂ + A(Q 12)a5( v (Q23)m/) + 8(8( )(PH)aﬁ ;w)
(ko Xy + k1Y) (A(Q%12)a8(Q33) 5 + B(P13)ag,an)]

The other three terms in the conservation law (B.7) can be obtained from (B.8) via inter-
change of the indices.
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B.1 BF(L?L)GQB,},;

The expressions which are present in (B.8) have the following explicit form

(3,S?;)(Q312)aﬂ)(Q%3)ﬂﬁ (B.9)
= %[XWX@X[L,; + XowXpuXpo — You Y X0 — You Y5, X 5]
_%[XWXBVZM + XavXpuZpo — YouYsv Zpo — You YauZpo]
(@%12)as(05) (Q53) ) (B.10)

1
= 5 XauXovXap + Xjw XopXap — XppuXowYas — Xpw XopYap]

05D (P1s)ap,is (B.11)
1
= 5[ XX Xpo + Xav X Xpo + XapXpuXow + XapXpy Xyl
1
+5 [ XapXow Xpp + XavXopXpp + Xao XX + Xao Xy Xy

(k?2Xw/ + leMV)(Q?)lZ)a,@(Q%Z’))ﬁf/ (B-12)
= ko[ Xy XapXpo — XjwXapZiop — XpwYapXpo + XpwYapZps)
+k31 [YMVXocﬁXﬂﬁ - YquaBZﬂﬁ - Y,uVYaBXﬂfl + Y,ul/YaBZﬂﬁ]

(k2XuV + klyuu)(P13)oz,3,ﬂﬁ (B13)
= ko [XMVXaﬂXgp + XMVXaf,Xﬁﬂ] + k1 [Y,WXaﬂXg,; + Yquaf/Xﬂp]

Again the terms in 8523(?,,@1;, 8;‘1) Goppr and 652 G i can be obtained from (B.9)—(B.13)
via appropriate interchanging of the indices. After doing so and collecting similar terms
one obtains the equations (5.2). Obviously the same condition (5.2) can be obtained if one

considers the conservation of the current Jy;(X1) instead of Jo5(X3).

B.2 Three dimensions

In this subsection we shall explicitly show that in the case n = 2, D = 3 win which the gen-
eralised conformal group Sp(4) coincides with the three-dimensional conformal group, the
current conservation condition in the three point function with two currents and one scalar
does not impose any restriction on the scaling dimension of the later, thus reproducing a
known result from D =3 CFT (see for example [36]).

In D = 3 the coordinates X% = xm’yﬁ‘f (m = 0,1,2) are 2 x 2 symmetric matrices
parametrising the D = 3 space-time. Taking the generalized conformal dimensions of
the current to be equal to 1 we obtain from (4.2) that ks = 1 — k;. The conventional
conservation law is obtained by contracting expressions (B.9)-(B.13) with e®¢’*, where

~19 —



the convention for the spinorial metric is e*”¢y; = —55 . Doing so one gets

STV (X~ Z30) + AKX~ Y) X (B.14)

2B XX X5 + AX? = XY) (X0 — Zis)

— Ak (X2 = 2XY +Y?)(Xp5 — Zao) + 2B XX X]55 — 2Bk [X (X — Y) X5

= A(é - k:1> (X = Y)2(Xpo — Zpp) + (A —2Bk1)[X(X = Y)X]z =0,

where
XY = X057, [X(X = Y)X]pp = [X(X = Y)X]pp = X3(X — YV)apX7s.
For the expression (B.14) to be zero for an arbitrary k; one should prove that
(X = V) (Xp0 — Zao) = alX (X —¥)X]js (B.15)
To this end note that in vew of the definitions (B.1) the following relation holds
Z7l=x"1-v

Note also that for the 2 x 2 symmetric matrices X,

2
X?=2det X = ———.
¢ det X1
Now using that
XaP X gy = —tein X2 Xpp— ix2x 1oLy
poRpr = TR A R S
we can rewrite [X (X — Y)X],,, as follows
1 1
XX = Y)apX?, = §X2Xﬂﬁ + §X2Yﬂ,; — (XY) X5 (B.16)
1 1 1
= 5 (X - V)2 X, — §Y2Xﬂﬁ + §X2Yﬂ,;
1 1 _ _
= 5(X ~Y) X — ZXQYQ(X LY Y
1 1 (X1 —Yy Y
= (X -Y)?Xz — - X?YV?det( X1 -y ! e
5 ) X = 7 et( et x 1=y
1
= 5 (X - Y)2X;p —det X det Y det(X 1 —Y 1) 75,
1
= (X - Y)2 X, — det(X —Y)Zsp
1

= 5 (X = Y)(Xpp = Zpo) -
We thus find that in (B.15) a = 2. Hence, from (B.14) it follows that
Al — k1) — Bk1 =0,

which means that in this case there is no restriction on the parameter ki and hence on the
conformal dimension of the scalar field.
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