-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by Springer - Publisher Connector

PUBLISHED FOR SISSA BY @ SPRINGER

I

RECEIVED: April 24, 2015
ACCEPTED: July 16, 2015
PUBLISHED: September 17, 2015

Exploring YW, in the quadratic basis

Tomas Prochazka

Institute of Physics AS CR,
Na Slovance 2, Prague 8, Czech Republic

E-mail: prochazkat@fzu.cz

ABSTRACT: We study the operator product expansions in the chiral algebra Ws, first
using the associativity conditions in the basis of primary generating fields and then using a
different basis coming from the free field representation in which the OPE takes a simpler
quadratic form. The results in the quadratic basis can be compactly written using certain
bilocal combinations of the generating fields and we conjecture a closed-form expression
for the complete OPE in this basis. Next we show that the commutation relations as well
as correlation functions can be easily computed using properties of these bilocal fields. In
the last part we verify the consistency with results derived previously by studying minimal
models of Wy, and comparing them to known reductions of W4, to Wy. The results we
obtain illustrate nicely the role of triality symmetry in the representation theory of Wy.

KEYwWORDS: Higher Spin Symmetry, Conformal and W Symmetry, Field Theories in Lower
Dimensions, Integrable Hierarchies

ARX1v EPRINT: 1411.7697

OPEN AcCCESS, (© The Authors.

Articlo funded by SCOAP®. doi:10.1007/JHEP09(2015)116


https://core.ac.uk/display/81813457?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
mailto:prochazkat@fzu.cz
http://arxiv.org/abs/1411.7697
http://dx.doi.org/10.1007/JHEP09(2015)116

Contents

1 Introduction
1.1 Overview of this paper

2 W algebra in the primary basis
2.1 OPE and Jacobi identities
2.2 Bootstrap and W, in primary basis
2.2.1 Field content of W4,
2.2.2  Bootstrap and OPE associativity
2.2.3 Connection to Wy
2.2.4  Universality

3 Wit in the quadratic basis
3.1 Free field representation
3.2 1(1) and Virasoro subalgebras
3.2.1 OPE of higher spin fields with U;(z) and Us(z)
3.3 Higher OPE using associativity conditions
3.4 Results of associativity constraints
3.4.1 Inverse formula
3.4.2 Connection to usual normal-ordered products
3.5 Commutation relations of modes
3.6 Formula for structure constants
3.7 Correlation functions
3.8  Coproduct in W40
3.9 Virasoro subalgebras and quasiprimary fields
3.9.1 Quasiprimary fields
3.9.2 Primary fields

4 Representation theory
4.1 Virasoro algebra
4.2 Null states in vacuum representation of W0

5 Directions for further study

A Structure constants in primary basis
A.1 Composite primary fields

B OPE in quadratic basis
B.1 Bilocal fields
B.2 Structure constants

10
10
12
15
16

18
19
20
22
25
26
27
28
28
28
31
33
35
35
36

39
39
41

48

51
54

55
95
o7




1 Introduction

The study of conformal field theories with extended higher spin symmetries is a problem
almost as old as conformal field theory itself. The first example of an extended symmetry
algebra, W3, was constructed by Zamolodchikov in [1] by extending the Virasoro algebra
by addition of spin 3 field. In [2-4] the authors extended the construction of Wi using free
fields to whole family Wy of algebras with N > 3. Each of them contains the Virasoro
algebra together with additional generating local fields of spin 3,4, ..., N. These algebras
exist for arbitrary values of central charge c. One property that distinguishes these extended
algebras from the more simple algebras such as the Virasoro algebra or affine Lie algebras
is their non-linearity.

A second source of (classical) W-algebras came from the theory of integrable partial
differential equations. After [5-8] found the connection between the Virasoro algebra and
Korteweg-de Vries equation, the Gelfand-Dickey algebra of pseudodifferential operators [9—
13] was introduced to study the generalized KdV hierarchies. Later the geometric picture
was given as the Hamiltonian reduction of the coadjoint orbits of loop groups by Drinfeld
and Sokolov [14]. In the physical context, the Drinfeld-Sokolov reduction is the mechanism
behind formulation of Toda field theories as gauged WZNW modes as explained in [15, 16].

There are now various ways known of systematically producing the quantum chiral
algebras with higher spin generators [17]. For example, they appear naturally as subal-
gebras of the universal enveloping algebras of affine Lie algebras — the so-called Casimir
algebras [18], as well as in various GKO coset constructions [19-21]. There are also many
direct constructions in the spirit of the original Zamolodchikov’s construction [22-25] and
there is also a quantum version of the Drinfeld-Sokolov reduction.

The idea of the quantum Drinfeld-Sokolov reduction is that instead of quantizing the
classical W-algebra, realized as a symplectic quotient, it is easier to quantize the manifold
before taking the quotient and to implement the constraints at the quantum level. In our
context one can start with the affine Lie algebra and use the BRST procedure to obtain
the quantum W-algebra [26-30]. The review of this construction with many references
to the literature are given in [17]. For the family Wy that we are mainly interested in,
this procedure reduces to quantization of the free field representation of Wy (which is also
called the Miura transformation) as done in [2—4].

The Drinfeld-Sokolov reduction has recently found an interesting physical application
in the context of higher spin theories [31-34]. Einstein theory of gravity with cosmological
constant in three dimensions can be formulated [35, 36] as a Chern-Simons theory with
gauge group SL(2).! We can extend the gauge group from SL(2) to any simple Lie group
and depending on the choice of the Lie group and the embedding of SL(2) inside of it, we
get a theory that describes cosmological Einstein gravity with higher spin fields. Because
these theories live in three spacetime dimensions, there are no locally propagating degrees
of freedom corresponding to graviton or higher spin fields. But specializing to theories
with AdS spacetime as a solution, one can study the degrees of freedom associated to the
conformal boundary of the AdS spacetime. One particularly interesting property to study
is the so-called asymptotic symmetry algebra. In the context of the cosmological Einstein

IThe precise real form depends on the signature of the metric and sign of the cosmological constant.



gravity this was originally studied in [37]. Choosing properly the asymptotic boundary
conditions at the conformal boundary of AdS one finds the Virasoro algebra as symmetry
algebra acting in the space of solutions of the theory (one could also consider this as a
spectrum generating algebra of the theory). In [31-34] the asymptotic symmetry algebra
was computed in the case of higher spin theories — in this case the asymptotic Virasoro
algebra is extended to classical W-algebra. The precise W-algebra that one obtains in this
way depends on the choice of the Chern-Simons gauge group of the bulk theory as well
as the embedding of the (conformal) SL(2) subgroup. Mathematically, as was explained
in [33], one is effectively performing the Drinfeld-Sokolov reduction.

Another interesting W-algebra closely related to Wy series is their formal limit Wx.
The first two quantum versions of this algebra were studied in [38-40]. From today’s point
of view, the authors were studying Wy for a special value of parameters where the algebra
linearizes. Although already at that time there were signs of connection between We, and
Wy [41], the understanding that W, is actually a two-parametric family algebras came
only recently [34, 42, 43]. The connection between one-parametric algebras Wy and two-
parametric family W, is analogous to the construction of the higher spin algebra hs(\) in
Vasiliev theory [44] and its universal relation to sl(N) algebras. If we understand Wy, we
can truncate it to Wy for any N. In the other direction, in a suitable basis the structure
constants of Wy are rational functions of N and Wy, is an ‘analytic continuation’ in
parameter N.

Shifting the point of view from Wy to Wxo, Gaberdiel and Gopakumar [45, 46] in their
study of the holographic duality made a surprising discovery of a triality symmetry [43].
The mapping between the rank parameter N and the structure constants of Wy, is 3 : 1, so
if we continue N to complex numbers, there are generically 3 different values of N which
give an isomorphic algebra. This extends the picture of level-rank duality discovered earlier
in coset models related to Wy [47, 48]. The triality symmetry has many consequences for
the representation theory of Wy, which are yet to be understood.

Although Wy algebras have been studied for a long time and many ways of constructing
them are available, we still do not have an explicit form for the structure constants. The
operator product expansions in Wy are only known for small values of N. There are known
results for the classical limit W in the quadratic basis of generating fields [49, 50] and in
primary basis [33]. The quantum case is considered in [51] where the quadraticity of OPE
in basis of fields coming from Miura transformation is proved.

The main goal of this work was to try to fill in this gap by finding a closed-form
expression for W o,2 operator product expansions in the quadratic basis of generating
fields. Although our computation is based on solving the associativity conditions, the
resulting operator product expansions are most easily written using bilocal fields similar
to [51]. We show that these bilocal fields are very useful objects for finding the commutation
relations of modes or for computing the correlation functions in Wi ;.. We also make many
independent verifications of consistency of the conjectured formulas, the most non-trivial
being the correct results on YWy minimal models and the preservation of triality symmetry
which is not at all manifest in the basis of fields we are using.

2The algebra Wi« is very closely related to Weo as will be explained later.



1.1 Overview of this paper

In the first part of this paper we focus on the construction of W, in the primary basis
as was done in [43]. The procedure is quite straightforward: one starts with the stress-
energy tensor whose modes satisfy the Virasoro algebra and extends the algebra by adding
one additional independent primary field W, (z) of every integer dimension n > 3. These
fields generate all other fields using the operations of taking normal ordered products and
derivatives. To fully specify the chiral algebra, we need to determine the singular part of
the operator product expansion of W;(z)Wj,(w) in terms of fields of lower total dimension.
For this one uses the conditions of associativity of operator products. One starts with
the general ansatz for given field content and solves the algebraic equations that must
be satisfied in order for the operator product algebra to be associative. We carry out the
analysis up to total spin j+k < 10 which is slightly further than what was done in [43]. One
of the original motivations for extending the analysis further was a hope that the structure
constants in the primary basis could follow some pattern which could be understood. But
it turns out that the number of primary fields grows too much and there is not even any
nice canonical way known for enumerating the primary fields, so at this point it seems
that this approach is not so useful. Nevertheless, knowing the structure constants in the
primary basis is useful to comparison with different approaches. Furthermore, in this basis
the nontrivial triality symmetry is easy to observe [43]. In fact, the primary generators can
be chosen in such a way that both fields and structure constants are manifestly invariant
under the triality symmetry. Together with the determination of the number of parameters
that Wy, depends on (the central charge and an additional coupling constant), these are
the main results of the analysis in the primary basis. We also verify the expectation
that for suitably chosen value of the W, parameters, the operator product algebra can
be consistently truncated to a quotient algebra which has Virasoro generator together
with generators of spins 3,4, ..., N. In this sense, Wy, contains information about all the
Why. Since the structure constants are rational functions of parameters, studying Wy is
equivalent to working with the whole family Wy for all N.

In the second part, we use a different starting point, which is the free field repre-
sentation of Wy as considered in [2]. This construction, called also the quantum Miura
transformation, provides another generating set of fields U;(z) different from the primary
fields W;(z). The very special property of these generating fields is that their operator
product expansions only contain fields that are at most quadratic normal ordered products
of Uj(z). This gives a hope that using this basis, we might actually be able to determine
all the structure constants. The computation using the free fields can lead to quite com-
plicated combinatorics.> So we proceed similarly to what we did in the first part and use
the associativity conditions of the operator product algebra to compute the singular parts
of the operator product expansions. It turns out that the results can be organized in very
simple form (3.55) which captures all the information that is contained in the singular
part of the OPE. Furthermore, we conjecture a closed-form expression for all the structure
constants of Wi 1o. Since the way of writing the operator product expansion differs from

3See however [51] for important results in this direction.



the usual way of describing the algebra, we make many consistency checks. We show how
to compute all the correlation functions and discuss transformation from Uj(w) fields to
quasiprimary and to primary basis. In this way we can make comparison between results
of the first and second parts of the article. The free field representation not only provides
us with quadratic basis of U; fields but it is also good starting point for finding the coprod-
uct in Witeo. The coproduct, apart from providing us with many non-trivial consistency
conditions for the conjectured structure constants, also shows up later when we study the
properties of W, minimal models.

In the last part of this article we study to some extent the representation theory of
Witeo- In particular, we look at discrete values of parameters of Wi, for which the
vacuum representation is maximally degenerate. This is the analogue in Wji of the
Virasoro or Wy minimal models. We expect to find all the Wy minimal model but in fact
we find also some new minimal models which do not come from Wy. The fact that the
resulting set of special values of parameters is triality invariant is another nontrivial check
of the results found in the previous parts of the paper.

2 W, algebra in the primary basis

In this section we will study the Wy, algebra in the basis of the Virasoro primary fields.
To get it, we will extend the Virasoro algebra generated by the stress-energy tensor 7'(z),*
by adding higher spin primary generators Wy(z) of spin 3,4, .... The algebraic structure
will be fixed by imposing the associativity conditions of the operator algebra.

We start by reviewing the construction and algebraic properties of the normal ordering
and mode expansions in the radial quantization [52], since many of the results of this article
rely heavily on computations performed within this formalism. In the next part, we will
discuss the primary field content of Ws, algebra which is the first ingredient when making
an ansatz for the OPE of W, generators. With this input, we can use the Mathematica
package OPEdefs to find associativity conditions expressed as algebraic relations between
parameters of the ansatz. The ansatz that we consider determines the OPE of W;(z)Wj,(w)
up to j+ k < 10. The associativity conditions are solved up to sum of spins 12. Our result
matches what was found in [43] — we find a two-parametric family of solutions to the
associativity constraints.’ Furthermore we compare this to the parametrization used when
studying Wy algebras and discuss the triality symmetry found in [43]. In the last part of
this section we compare the universal properties of W, with respect to the family of Wy
algebras to the similar universality of hs(\) with respect to sl(IV) series of algebras.

4We will always work with the holomorphic part of the symmetry algebra of the field theory. All the
local fields that we will consider have an integer spin equal to the scaling dimension, so we will use these
terms interchangeably. For example, T'(z) is the T., component of the full stress-energy tensor and is a
holomorphic function because of the energy-momentum conservation. All the fields that we will consider
will transform well under the scaling and with respect to translations.

5Computations to higher order than [43] have also been done in unpublished work by Maximilian Kelm
and Carl Vollenweider, see also [53].



2.1 OPE and Jacobi identities

We will be interested in the behavior of local operators as they approach each other which
is captured by the operator product expansion. In this section we will summarize main
properties of these expansions. Further details can be found in [18, 52, 54, 55].

The general form of the OPE of two local operators A(z) and B(w) that we will

consider is

(2.1)

All local operators that we use have a definite non-negative integral scaling dimension; the
scaling dimension of the operator A(z) will be denoted by h4. The upper bound in the
summation over k follows from the fact that there will be no fields with negative scaling
dimension. Note that this expression is not symmetric in A and B, since the right-hand
side is expanded at w. Choosing a different expansion point would modify {AB}, by a
combination of derivatives of {AB}, with k > n.

We can write a contour integral representation of {AB}, which will be useful in the

following: ;
(B}, (w) = § 5 AG)Bw)(: — ). (2.2)

w 2T

In particular, the zeroth order operator

(AB)(w) = (4B}, (w) = § o= AEEW) (2:3)

w 2T 2 —w

is called the normal ordered product of A and B [18]. By contraction of two operators we
will mean the singular part of the operator product expansion,

— ha+hp w
A(z)Bw)= Y {éf? IZ) ()k) (2.4)
k=1
and we can write —
(AB)(w) = lim [A(Z)B(w) - A(z)B(w)]. (2.5)

Derivatives. By taking a derivative of (2.1) we can easily derive the following equations
0{AB}, = {(04) B}, + {A(9B)}; (2.6)
{(3A)B}k+1 = —k{AB}, .

The first of them expresses the Leibniz formula for derivative of product of operators while
the second one can be used to relate the regular terms of OPE to the normal ordered

product,
(AB}_, (w) = %(A(k)B)(w) for k > 0. (2.8)
In fact, by taking a formal Taylor series expansion we arrive at the operator
° [ —
(A( )= Z A(’“ => {iB_}k() w) _ A(z)B(w) — A(z)B(w) (2.9)

k=0 k<0



which just represents all the regular terms of the OPE. Inserted in any correlation function,
this bilocal operator has no singularities as z — w. Later we will encounter other operators
with similar properties.

Symmetry of normal ordering. As noted earlier, although the operator product ex-
pansion is symmetric under exchange of A(z) and B(w), the normal ordered product that
we introduced above is not, since we are expanding at w. By Taylor expanding at z instead,
we can easily see that

(—1)F
{BA}, (w) =" 0 {ABY, (w). (2.10)

1>0

One could consider the OPE with midpoint expansion, which would lead to (anti)symmetric
version of the normal ordered product but other properties like the associativity or the
correspondence between states and local operators would become more complicated. Fur-
thermore, we will see later that there is another way to produce regular bilocal operators
in W11 which will be more useful.

Wick theorem and associativity. The generalized Wick theorem

ADBOW = f 2 (AB@OW) + ADB@CW)  (211)

w 2T T — W

expresses the fact that the singularities in the OPE of A(z) with (BC)(w) come only
from singularities of either A(z) and B(w) or A(z) and C'(w) (see [18] and the discussion in
appendix 6.B. of [52]). This formula is important for manipulations with operator products.

We can express the associativity conditions of the OPE using the OPE coefficients (2.2).
We start by using the contour integral representation (2.2) to write

AEBCYY, = § A -0 (§ L B@owE - ) 22

w 2T 27

where the contour of z-integration is inside of the z-integration contour. Now we make
the usual contour deformation by pulling the z-contour outside of z-contour and adding a
contour encircling z:

= -
X Z z
z X (2.13)

This leads to equation

{A{BCY, ), — {B{ACY ), =Y (;“:f) {AB},C} . (2.14)

>0

These relations taken with j and k positive are the associativity conditions which will lead
to non-trivial algebraic equations satisfied by the structure constants of Wx.



Mode expansions. Given a local operator A(z) with scaling dimension h we can expand
it in terms of mode operators around the origin of the complex plane,

A(z) =) 2 A, (2.15)
m
The inverse relation is p
A, = f%A(z)zm"'h_l. (2.16)
0 21
Using the operator-state correspondence we can associate a state to an operator by writing
|A) = lim A(2)0). (2.17)
z—0

For this expression to be regular, we need to have
Apl0) =0  form > —h, (2.18)
which is a generalization of
L, 10)=0 m > —2 (2.19)

where L,, are the mode operators associated to dimension 2 operator (typically the stress-
energy tensor). If these conditions are satisfied, it follows that
|A) = lim A(2) |0) = A_p, |0) . (2.20)
z—0
The mode operators of the derivative 0A(z) are proportional to the mode operators of A(z)

itself,
(0A)m = —(ha +m)Ap, (2.21)

and similarly for higher derivatives. The state corresponding to the derivative of operator
is thus

0A) = (9A) 1 ,-110) = A_y,_110). (2.22)

In this way the negative modes of operator A(z) acting on vacuum produce either zero
or states which correspond to derivatives of A(z). Using the same contour deformation
argument as above we can relate the mode expansion of (AB)(w) to that of A(w) and B(w),

(AB)u= > ApBuk+ > Bn A (2.23)
k<—ha k>—ha

which is quite similar to the normal ordering of free fields, but note the asymmetry between
A and B in this formula as discussed above. Acting on vacuum, we see that the operator
mapped to normal ordered product of fields is

(AB)) = (AB)_n,—p 0) = A, B—s [0) (2.24)
and similarly

I(A(BC))) = A—hA (BC)_hB_hC |0) = A_hAB_hBC_hC 0) . (2.25)



In this way, the right-nested normal ordered products of operators correspond to states ob-
tained by successive application of the mode operators. This property is one of advantages
of the asymmetric normal ordering prescription (2.3). Finally, we want to state a formula
for the commutation relations between modes of two local operators. It is again a direct
consequence of the contour deformation argument above:

m+hA 1 n+hB 1
(A, Byl f{ = 7{Z|>|w| g A(2)B(w) (2.26)

m-l—hA 1 n+h3 lA
7{2m fw|>|z| 2772 (2)B(w)
m+hA—1 n+hB—lA B )
jq{ 271 jq{ 2m v (2)B(w)

By definition, the operator ordering on the left hand side corresponds in the radial quan-
tization to radial ordering of local fields on the right hand side. This formula tells us how
to extract the commutator from the singular part of the OPE of A(z) and B(w).

Virasoro algebra and primaries. In the presence of stress-energy tensor 7'(z) the
Virasoro algebra imposes further constraints on the form of the OPE of primary fields. In
fact, for primary fields A(z) and B(w) we can write the OPE as

Y
ZCJABZ /BY hA)hBa Js )O] (w) (227)

w)hathp—h;—IY]

Here the sum over all local fields factorizes into the sum over primaries indexed by j and
for each primary j a sum over Virasoro descendants of O; indexed by Young diagrams
Y. The coefficients § are universal which means that they depend on the primary fields
only through their dimensions and do not depend on any other details of the chiral algebra
(apart from the Virasoro central charge c¢). There are explicit expressions known for them
involving the inverse of the Shapovalov form for the Virasoro algebra, but they depend on
the choice of basis of the Virasoro descendants (unlike for instance the conformal blocks).

Using (2.27) we can improve the normal ordered product of two primaries to make it
primary. The way to proceed is a simple variation of (2.5). Instead of subtracting just the
singular terms, we can also subtract with each primary field appearing in the singular part
also all of its descendants appearing in both singular and regular parts of the OPE. This
leads to a primary projection of the normal-ordered product

[AB)(w) = (AB)(w) — > Chy > By(hahp hj,0)0) (w).  (2.28)

j:hj<ha+hp |Y|=ha+hp—h;

The sum over j is restricted to those operators that appear in the singular part of A(z)B(w)
OPE (we don’t want to subtract the primary operator appearing in (AB)(w)). The result-
ing operator is a primary operator which differs from (AB) by the Virasoro descendants
of primary operators of lower dimension (the examples will be given later). There is a
straightforward generalization of this construction which extracts the primary fields ap-
pearing deeper in the regular part of A(z)B(w) OPE.



2.2 Bootstrap and Wy in primary basis

Having reviewed the basic properties of the operator product expansions, we are now ready
to apply them to compute the OPE of W,,. Since the computations are quite involved,
we will use the Mathematica package OPEdefs by Kris Thielemans. For short overview of
OPEdefs see [54] and much more detailed description is given in [55] together with details
of the implementation. The usefulness of Thielemans’ package for this work cannot be
overemphasized.

2.2.1 Field content of W

Our starting point in this section will be the definition of W, as the algebra obtained by
extending the Virasoro algebra by primary fields W(z) of spin s = 3,4,5,....5 All other
fields of W, will be obtained by taking derivatives and normal ordered products of these
fields. As we will see, there is a two-parametric family of these algebras. For generic values
of these parameters there will be no extra relations between the local operators apart from
those that are required by the consistency of the algebra of local fields discussed in the
previous section.

Another way of phrasing this is through the operator-state correspondence. To each
local operator we can assign a state via (2.17). All the states corresponding to the local
operators of W, can be produced by acting on the vacuum vector with product of negative
mode operators of the generating fields. These states are not independent, but all the
relations between them follow only by applying the commutation relations of We,. Using

7

the generalization of the Poincaré-Birkhoff-Witt theorem,’ we can choose a basis of the

local fields by choosing a specific ordering of mode indices, for instance
T W3,—n3,1W3,—n3,2 T W3,—n3,k3 WQ,—nz,l T WQ,—HQ,@ ’0> (2'29)

with
Mgl = MNg2 2>+ 2 Ngf, =S (2.30)

(see [45]). The genericity property discussed above is the fact that after ordering the
modes in the chosen way, all these states are linearly independent for generic values of
Weo parameters. As a consequence, we can immediately write down the character of the
vacuum representation of W, (for generic value of parameters):

oo o0 1
Xo(€,q) = Tryae g0 721 =g 21 H2 H - (2.31)
§=2 j=s

5We will usually denote the Virasoro generator by T'(z), but sometimes it will be convenient to consider
it as generator of spin 2 and denote it by W2(z). Remember that unlike W} (z) with j > 3 it is not primary
if the central charge is non-zero.

"We must generalize the usual PBW because of the non-linearity of algebra that we have. The usual
form of PBW theorem for Lie algebras works because there is a natural grading on the space of states by
number of mode operators. Every time we commute two mode operators, we obtain a state which has a
smaller number of mode operators acting on the vacuum. For We, there is another grading which does not
simply count the mode operators, but gives them an additional weight according to their spin. See also [56].

~10 -



For any values of parameters, this is the character of the vacuum Verma module of Wx.
Generically, the vacuum Verma module will be irreducible, but if the parameters take
special values the representation can become reducible. We will consider these later when
discussing the representation theory of W, and for the moment we will restrict to the
generic case.

Counting primaries. Apart from the generating set of primary fields of spin 3,4,...
there will be many other composite primary fields. Using the character formula (2.31) and
known properties of Virasoro algebra characters, we can easily write down the function
that counts the Virasoro primaries. It is enough to take the full W,, vacuum character
and decompose it into a sum of Virasoro Verma module characters. For generic values of
the W, parameters, these are all irreducible except for the vacuum Verma module, which
has a singular vector at level 1. We have

xo(e,q) = xvole,q) + Y Pu xv(h,c,q) (2.32)
h=1
where xv(h,c,q) is the character of the Virasoro algebra Verma module with highest
weight h,

o0

c 1
h,c,q) =" 2 . 2.33
xv(h,e.q) =q jll[ll_qj7 (2.33)
xvo(c, q) is the character of the Virasoro algebra vacuum Verma module
7l
XVO(C) q) = XV(Oa C, Q) - XV(17 C, q) = qiﬂ H 11— q] (234)
j=2

and Py is the integer counting the number of Virasoro primaries of conformal dimension
h. Defining a generating function for number of primaries

P(q) =) _Pu" (2.35)
h=0

and using the previous formulas we find a compact expression for P(q)

oo o0
Pg)=q¢+(1-9]]]] l—lqj ~1+¢°+q* +¢°+2¢°+2¢" +5¢° +6¢°+11¢"° +14¢" +-26¢"* +- - -
s=3 j=s
’ (2.36)

we see that the first composite primary field has dimension 6 and is obtained from two
spin 3 fields. The same happens for the spin 7 field composed of spin 3 and spin 4 fields.
Proceeding further, we find 5 primary fields of dimension 8. One of them is the ‘elementary’
primary field Ws(z). Two of them are composites of [W3W5] and [W4Wy]. The remaining
two are schematically [W3W,]() and [W3W3](2).8 We can summarize this discussion by

table 1. Note that to understand better what W, primaries the composite primaries are

8Here these brackets are used symbolically to denote the composite primary fields. The primary projec-
tion of the normal ordered product was defined explicitly around (2.28) for two primary fields and no extra
derivatives. For composite primaries involving derivatives in the leading term we need to extract terms
deeper in the regular part. Examples of these are given in appendix A.1.

- 11 -



spin | count composition of the primary field
0 1 1
3 1 Wi
4 1 Wi
5 1 Wi
6 2 W, [W3Ws]
7 2 W, [WsW4]
8 5 W, [WsWs), [WaWy], [WaW4] D), [W3W3]2)
9 6 | Wy, [WsWe], [WaWs], [WsWs]D), [WsWy] P, [Ws W3 W3]

Table 1. Primary fields of lower spin in We..

made of, one can use a more refined counting function
(o olNe @) 1
I )
s=2 j=s s
(with wg = 1). For example, at order 9 in ¢ we find the coefficient
W9 + W3Wg + WaW5 + W3Ws5 + W3W4 + W3W3W3 (2.38)
which is simply reflected by the last line of the table above.

2.2.2 Bootstrap and OPE associativity

Having understood the primary field content of our algebra, we are ready to use OPEdefs
to find the constraints on Ws, structure constants following from the associativity of the
operator algebra. In fact, we will use the extension of OPEdefs called OPEconf which is
useful for working with Virasoro algebra and Virasoro primary fields. One starts by writing
the ansatz for the singular part of the OPE of the primary fields. In our case, it can be
symbolically written as

W3Ws ~ Cl51 + Cis Wy

W3Wy ~ O W3 + C5, W

WsWs ~ ChWy + C8 W + CEI [y W3]

WaWy ~ C 1 + CLWy + C8We + CEI W), (2.39)
The structure constants le-  do not depend on the choice of the expansion point of the nor-

mal ordering prescription, since these differ by derivatives of operators, which are Virasoro
descendants. So the structure constants have symmetry

Cpj = (1)t (2.40)

In general, it is known that there is a Zy symmetry of Wy, flipping the sign of odd spin
generators,
Ws — (—=1)°Ws, (2.41)
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but in (2.39) it is a consequence of the symmetry of the OPE under the exchange of the
two operators (2.40).

There is an obvious freedom to rescale the Wy generators but in fact we can also add to
any new primary field, say Wg, any combination of composite primaries of the same spin,
in this case just [W3Ws]. Doing this changes the coefficient of identity of Wy with itself
(the two-point function on a sphere) as well as with [W3Ws3]. There is a natural condition
that can be used to fix this shift symmetry which is to require W5 to have zero two-point
function with other primaries of the same dimension. Equivalently, we can ask W to have
zero coeflicient of identity with all composite primaries of spin s.

Unfortunately, fixing this shift symmetry using the orthogonality of two-point function
has certain disadvantages. First of all, computing directly the two-point function of primary
operators requires us to compute OPE of W} (2)W},(w) for higher j+k. Furthermore, fixing
the shift symmetry in this way does not considerably simplify the structure constants. For
this reason, when performing the computations, we left the shift symmetry unfixed. But
later, when comparing the results of the computations in the quadratic basis of W, we
will be using this two-point function orthogonality condition.

As for the normalization of Wy, the original convention dating back to [1] is to have

Wi (z2)Wg(w) ~ (zf/zsu)% +oee (2.42)
This choice of normalization proportional to the central charge ¢ removes some singularities
of the structure constants as functions of parameters of the algebra but leaves others. In
fact, in the context of Wy, this normalization does not seem to be very well motivated. For
this reason, we will leave also the normalization constant CY; free during our computations.
Finally we are ready to compute the first implications of Jacobi identities. The first
two lines of ansatz (2.39) let us find the expression for primary operators [W3Ws3] and
[W3Wy| and we find

e

oo [ 6(67c? + 178¢ — 752)(T"'T)  3(225¢ + 1978¢ + 776)(T'T")
B\ e(2c—1)(5¢+22)(Te +68)  2¢(2¢ — 1)(5¢ + 22)(7c + 68)

16(191c + 22)(T(TT)) (c = 8)(5¢* + 60c + 4) T ) (2.43)

Ce(2c = 1D)(5e+22)(Te + 68)  2¢(2¢ — 1)(5¢ + 22)(7c + 68)

and

94(TWs) (c+19)W5”) 4< (5¢+22)(313¢2+5783¢+2964) (T'W4)

WaW,] = (WaWy)+C5, (— — _
[WsWa]=(WsWa)+ 34( 11¢+350 114350 34 36(c+2)(c+23)(5e—4) (Tc+114)

 (437¢°+9089c? +22454¢—T6152) (T"W3)  (355¢* —329¢® —52214¢—12072) (TWy)

12(c+2)(c+23)(5e—4)(Te+114)  18(c+2)(c+23)(5e—4)(Te+114)
4(257c + 83)(T(TW3))  (25¢*—930¢3 —17157¢2 +115358¢+26904) WY 544
T (c+23)(5e—4)(Te+114) 432(c+2)(c+23)(5c—4) (Te+114) - (244
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Although the coefficients look very complicated, they are all fixed by the Virasoro algebra.
Every pair of parentheses contains all the descendants at given level, multiplied by the
corresponding [ coefficients. Using OPEconf one only needs to call the function OPEPPole
to arrive at this result. Now that we know all the fields appearing on the right hand
side of (2.39), we can find what the Jacobi identities imply for the structure constants
appearing in (2.39). The Jacobi identities for (W3W3W3) do not give anything, but already
(W3W3W,) imply five relations for structure constants. Note that we need to know OPE
of W;(z) and Wi, (w) up to j+k = 8 to be able to check this Jacobi identity. The resulting
relations are

C3;CY)
C§’4 _ 33%-44
3
ol 3(c+3) C4CY,  288(c+10) CYy
44 — -

(c+2) C% c(5c+22) Ch
o 5(c+T)(5c+22) (Ch)2CY, 60 CY

= - =3 (2.45)
B (e+2)(Te+114) C%RCE, ¢ CF,
4 C5,C4
6 — 2Z34V35
R
s 30(c+22) O  4C3CH

T (e 2)(Te+114)CY% 5 Ch

One can proceed further to compute the OPE of W; and W), with higher and higher j + k.
We reached j + k < 10 and Jacobi identities were satisfied for j 4+ k 4+ 1 < 12. Apart from
OPEs given in (2.39) we have

WsWe ~ C3,Ws + C3Ws + CosWr + CEIwawy) + B [wewy) @

WaWs ~ CEWs + C3Ws + CLWr + CEYwawy) + B [wewy) @
WsWr ~ C Wy + C8We + CEI W W3] + C8, Wy + CE Wy W]
+ W) + B e @ 4+ B )@ (2.46)
WiWe ~ ChWy + CSWe + CEI W W3] + C8Ws + CE2 Wy W)
+ W) + B W) @ 4+ B s
WsWs ~ CO%1 + Css Wy + CEWe + C}[)??] [W3Ws] + C5;Ws + 0555] [(W3Ws]

"

+ B W) + B )@ 4 aB ).

Although this looks complicated, the application of Jacobi identities proceeds exactly in
the same way as before. Rather than giving all the relations found in this way, let us count
the number of free structure constants in the ansatz and number of relations found from
the Jacobi identities. In (2.39) and (2.46) we have 46 unknown coefficients. Solving Jacobi
identities to order 12 determines 34 of them. But exactly 11 of them correspond to field
redefinitions and normalization. These can be chosen to be for example

4 44 "
CZ(’;]B’ 04(1]4’ 0354’ 03?5’ Cg6’ C???? 02[313}’ C:[S% ]’ 02[33%5]’ 02[37 ]7 CE%S] . (2‘47)
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So in total there remains 46 — 34 — 11 = 1 combination of coefficients that is independent
of field redefinitions and rescalings. One possible choice is to take
4 12,10
2 (C33)°Chy
x° = —2s = (2.48)
(C85)2
Together with the central charge ¢ which appears already in the Virasoro subalgebra, we
find two-parametric family of algebras, as was first found in [43]. For completeness, the
values of the structure constants that we found are given in appendix A.

2.2.3 Connection to Whn

One knows from the coset construction or from the free field representation, that for each
integer N > 3 there exists a one-parametric family of algebras extending the Virasoro alge-
bra by generating primary fields of dimension 3,4, ..., N. For each fixed N the additional
parameter is just the central charge. For example, W3 of Zamolodchikov [1] is the simplest
algebra of this family.

It is clear from the construction of W, above that by putting all fields W, with s > N
to zero we arrive at ansatz for Wy algebra. So there should be a discrete number of values
for 2% such that when 22 takes one of these values, the W, can be truncated to Wy. To
determine these values, Gaberdiel and Gopakumar in [43] used the representation theory
of Wy and found

o 144(c+2)(N = 3)(c(N +3) + 2(4N + 3)(N — 1))
T T eBe+22)(N - 2)(c(N+2)+ BN + 2)(N — 1)) -

(2.49)

Another possibility is to use the free field representation of W, of the second part of
this article to compute z2. For lower values of N the formula (2.49) can be verified also
by comparing directly to Wy . Either way, there is an important fact that Gaberdiel and
Gopakumar noticed. Since all the structure constants of W, computed up to dimension 12
of Jacobi identities are algebraic function of ¢, 22 and normalization-dependent coefficients
(see formulas in appendix A), choosing a different value of parameter N in (2.49) gives
exactly the same W, as long as ¢ and 2?2 are the same. Since equation for N in terms
of ¢ and z? is a cubic equation for N, there are generically three different values of N at
fixed ¢ which correspond to identical algebra. The equations for three solutions of (2.49)
as an equation for N are quite complicated, but one can instead try to compute ¢ and z?
in terms of these three roots. Let us denote the three roots by A1, Ao and A3. What we
find is the set of equations

0= AA2 + A1 A3 + Ao )3 (250)

Cc = (/\1 — 1)()\2 — 1)()\3 — 1) (2.51)

s 144(c+2) (0 = 3)(ha —3) (s — 3)
T oe(5e+22) (A —2) (A2 —2) (A3 —2)°

These equations are manifestly symmetric in their three roots A;. Also all the zeros and
poles of 22 in this parametrization have a representation-theoretic meaning. For example
the poles at A = 2 are consequences of the possibility of truncation of W, to Virasoro
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subalgebra for A\ = 2. Zeros at A = 3 similarly represent the possible truncation of Wy,
to Ws. The value of central charge ¢ = —22/5 is the Lee-Yang singularity minimal model
that is at the same time minimal model of Virasoro algebra and Ws.

2.2.4 Universality

Before concluding this part of the article, let us compare the relation between Wy () and
Wy to the construction of hs(\) which is analogous but more explicit.” Let us start with
the Lie algebra sl(2),

[Jo, J4] = £+ (2.53)
[y, J_] =2Jy (2.54)

and its N-dimensional irreducible representation. This naturally gives us an embedding of
5[(2) € End(N) under which the space End(/V) of N x N matrices decomposes as

End(N) ~1+3+5+---4+ (2N —1). (2.55)

Here we denote the irreducible representations of s[(2) by their dimensions. This means
that there exists a basis T, (I = 0,1,...,N —1 and m = —I,...,l) of End(N) with the
subspace spanned by T, m = —1,...,l transforming as a (2/ + 1)-dimensional irreducible
representation of s[(2) and m is the eigenvalue of Jy. We can write the associative product
of End(N) in this basis in the form!?

L1412

Th * Tk, = > Z Fhbll - (N)T,. (2.56)
=0 m=-1

If we choose the normalization of T! suitably, the structure constants F are rational
functions of N — the explicit expressions for the structure constants in terms of 35 and 63
symbols are given in [39, 40]. This allows us to consider the universal associative algebra
A()) defined on the vector space of T, I = 0,1,2,...; m = —1,...,l with the structure
constants being the same rational functions but no longer restricting A to be a positive

integer,
11+1s l

Th *Th =" > Fhbll (T, (2.57)
=0 m=—I
To get back from A(X) (which as a vector space has an infinite dimension) to finite-
dimensional End(/N), one realizes that for A equal to positive integer N, there is an ideal
in the associative algebra A(\) generated by T, with [ > N and we get back End(N) if
we factor this ideal out.

9There are various connections between Ws, and hs()). For example, the Drinfeld-Sokolov procedure
applied to hs(A) produces Woo and in the other direction, in the limit of large central charge the vacuum-
preserving subalgebra of Ws, contains hs(\) [57-59].

10The structure constants F are in fact zero unless m; + ma = m because of the U(1) symmetry gener-
ated by Jo.
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There is a simple one-line construction of A(\) as a quotient of the universal enveloping
algebra of s[(2) by the Casimir ideal,

U(sl(2))
T(J3+3JeT +3J- T = 271

AN = (2.58)

It is quite easy to see that the right hand side decomposes into a direct sum of all odd-
dimensional (integer spin) irreducible representations of s[(2), each with multiplicity 1.
Furthermore, taking the N-dimensional irreducible representation of s[(2) gives us a map
from the universal enveloping algebra to End(N). If A = £N this map is compatible with
the quotient, the kernel of this map is exactly the ideal that we need to quotient out to
get from A(N) to End(NN). Note that both ways of constructing the algebra give us a
preferred s[(2) subalgebra. In this sense, A()A) has more structure than just ‘gl(co)’ — it
has the preferred sl(2) subalgebra under which the decomposition of A(\) into irreducible
representations of s[(2) is as given above.

Geometrically, this construction is the quantum analogue of the construction of the
2-sphere S? embedded in R? via

X?+Y?+ 72 =R (2.59)

Defining the usual su(2) generators X,Y and Z by

I = (X +iY) (2.60)
J_ = (X —iY) (2.61)
Jo=2 (2.62)

the Casimir constraint becomes

pa |
4

X2 +Y?+ 2%~ (2.63)
which gives us the relation between the radius of the sphere and the dimension of the
quantized Hilbert space (which is the usual connection between the number of states and
the symplectic volume of the quantized manifold). In the large radius limit A — oo one
should reduce to the classical case and in fact one can check that with proper identification
of T!, with spherical harmonics Y;,, the limit of the structure constants in (2.57) has the
leading term corresponding to multiplication of the spherical harmonics and the subleading
term corresponding to their Poisson brackets induced from the natural symplectic form on
S? which is the rotationally-invariant volume form.

Usually one defines the higher spin algebra hs(\) to be the Lie algebra associated
to the associative algebra A(\) with the center (the zero-dimensional representation 7))
quotiented out. Eliminating this one-dimensional center is the same operation that is done
for N integer when going from gl(/V) to simple Lie algebra sl(V).

The situation in Wy, is entirely analogous. There are two infinitely generated algebras,
Weoo and Wi 4. The first one is the extension of the Virasoro algebra by primary generators
of spin 3,4, ..., while in the second algebra we also include the spin 1 generator. The spin
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1 part of Wi1 can be decoupled from the rest, so Wi is in fact a product of Wy, with
u(1l) algebra. If we choose N in (2.49) to be an integer > 2, the algebra W, develops a
large ideal generated by W;(z) with j > N and factoring this ideal out, we get Wy. The
structure constants of the Wy family of algebras are (with suitable normalization of the
fields) again rational functions of ¢ and N and Ws, can be obtained by continuation. In
this sense, working with Wy, is equivalent to considering all Wy at the same time. But
the triality symmetry typically connects Wy to Weo with rational or negative values of A
(just like the special case of the triality, the level-rank duality [47, 48]) so working with the
full W reveals more symmetry than if we only consider individual Wy algebras.

3 Wit in the quadratic basis

In the previous section we studied the Wy, algebra in the basis of Virasoro primary fields.
The main advantage of that approach is that it is quite easy at lower spins to see that
there is in fact a two-parametric family of algebras and furthermore that the connection
between ‘physical’ parameters, the central charge ¢ and the rank parameter N, is 3:1 —
the triality symmetry.

Looking at the structure constants in OPE of lower spin fields, the systematic under-
standing of these as rational functions of parameters seems to be very difficult. The main
problem is that we are decomposing a big algebra under a small Virasoro subalgebra. The
number of possible primaries is growing roughly as the number of plane partitions (more
precisely it is given by the counting function (2.36)). But more important than the large
number of coefficients is the fact that there is no easy and systematic way to enumerate
them which would make the structure constants simple and canonical.

Furthermore, the operators appearing in the OPE of primary operators W;(z)Wj,(w)
have unbounded non-linearity with respect to basic fields Wj(w). In general, there is no
reason for the chiral algebra to be linear. The reason why simple algebras like Virasoro
algebra of affine Lie algebras are linear is that in those cases one is considering only low
spins and small field content. The higher spin algebras have usually certain restrictions on
possible values of spins of fields entering the ‘interaction vertex’. In our case this restriction
takes the following form: the singular part of the OPE of X;(z) and Xs(w) with spins s;
and sy only contains spins up to

s<s1+sy—1 (3.1)

or in the case of additional Zs symmetry
s <81+ 52— 2. (3.2)

So for algebras with generators of low spin the composite fields have too high spin to appear
in the singular part of the OPE. But already some of the superconformal algebras with
more supersymmetries [60, 61] are nonlinear.

Luckily, in Wy, there exists a different choice of generating fields which are not primary
but whose OPE has only quadratic non-linearity. This significantly reduces the number of
possible terms on the right hand side of the OPE as well as possible field redefinitions. The
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simplest way to obtain these generating fields is through the free field representation of Wy
algebras. This will be our starting point of this section. Using this free field representation,
we will determine OPE of generating fields U;(z)Uy(w) with j = 1,2. Basically, by doing
this we will fix how the fields Uy (w) transform under the (1) and Virasoro subalgebras of
Wi1t0o- Having fixed this and using also some information about the most singular terms
of the OPE of other fields, we will determine the remaining OPE coefficients using the
associativity conditions of the OPE and quadraticity of this basis.

Having determined the OPE U;(2)Uy(w) up to j+k < 15 we can analyze the structure
constants. There is still a certain ambiguity between the various normal ordering prescrip-
tions. Instead of the usual normal ordering prescription (2.3) we will implicitly introduce a
new set of bilocal fields (3.43). These fields will absorb all the terms with derivatives of the
usual operator product expansion. Their introduction will allow us to specify the Wi
in different form than is usually done (3.55) and this new form will let us quickly derive
the commutation relations of the modes of the U-fields. Also the correlation functions of
U-operators on a sphere are recursively computable.

Starting from the Miura representation of U-fields in terms of the free fields, we will
find a coproduct in Wi o, which will represent W ;o with parameters (g, N1 + N2) in
the product of Wi, with parameters (ag, N1) and (ag, N2). There are many non-trivial
identities for structure constants C’jl-’,;‘(ao, N) that must hold in order for this coproduct
to be consistent. We will find the linear combinations of U-fields and their derivatives
which transform as quasiprimary fields with respect to the stress-energy tensor T4, and
describe how to construct the primary fields. Using these primary fields we can connect
to the primary basis computation of the previous section and verify consistency of these
computations. Finally, we discuss how the triality symmetry which is manifest in the
primary basis implies the existence of other two U-bases. The transformation between
primary and quadratic U-bases is non-linear and the same is true for the triality action
exchanging various U-bases.

3.1 Free field representation

The starting point of this section is the free field representation of Wi in terms of N
free bosons — the Miura transformation [2, 3, 17]. We define the 1i(1) currents

Ji(z) =i0¢;(z), j=1,...,N (3.3)
with OPE N
Ji(@Vnlw) ~ s (3.4)
and an operator R(z)
N N
Rz)=:]] <a08 n Jj(z)> =Y Ui()(ad)VF. (3.5)
j=1 k=0

The double dots denote the normal ordering of free fields and «aq is a parameter which
we will soon relate to the central charge of the algebra. Classically, this expression would
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correspond to a factorization of N-th order differential operator into a product of differential
operators of the first order. For our purposes, it represents the generators of Wiy, U;(2),
in terms of the free fields Ji(z). It is not obvious from this definition that the chiral algebra
generated by Uj(z) closes, i.e. that all singular terms of the OPE of U;(2) can be expressed
only in terms of derivatives and normal ordered products of Uj;, but this has been proved
in [2, 3, 51].

As an illustration, we can list the first few U;(2) explicitly:

Up=1 (3.6)
N
Uy = Z Jj (3.7)
Z Jjd —I—Oéoz (j—1J (3.8)
Jj<k
Us = Z : JijJl : —1—0402 j - 1 : J]/-Jk : (3.9)
j<k<l i<k
ad al
+aoz cJjdy Jr?OZ]—l )G —2)J}
Jj<k J=1
3
U= > Jihdidm +a° NG -1 -2)G - 3)J (3.10)
j<k<l<m J
toag > (G =1) Jpdedy s k= 2) ;. Tpdi s (1= 3) T
j<k<l
2
[0 . . .
+ 70 G -G =2 )T 420 = )k —3) : JpJf s +(k —2)(k —3) : T
i<k

3.2 (1) and Virasoro subalgebras

Let us now focus on the subalgebra generated by U; (w) and Uz (w). Using the Wick theorem
for free fields, we can compute

UL (3 () ~ i\fw : (3.11)
U (2)Us(w) ~ N g__;))gao LW (;_1)5)12(”) (3.12)
— — —1)a? - w - w
Uae () ~ =R o), 2 (O
aoN(N = DU (w)  Uj(w) n (N = D)(U1U1)(w) n aoN (N — 1)U{ (w)
(z —w)? z—w z—w 2(z —w) '

1(1) subalgebra. Since there is a unique dimension 1 field in Wi, Ui(2), there are no
field redefinitions possible apart from the rescaling. The OPE of U;(z) with itself is that
of u(1) current algebra. Normalizing U;(2) so that it has a N-independent OPE,

J(z) = —\;NUl(z) (3.14)
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we see that

J(z)J(w) ~

L (3.15)

(z —w)

Virasoro subalgebras. At dimension 2 we have a three dimensional space of local op-
erators. We can look for linear combinations of these which satisfy OPE of the Virasoro
algebra. There are two one-parametric families and one discrete solution: one family is the
Sugawara stress-energy tensor corresponding to J(z) with background charge modification,

1
Ti(z) = E(JJ)(Z) + BJ'(2) (3.16)
which satisfies the Virasoro algebra with central charge
c1(f) =1 —126%N. (3.17)

The discrete solution is the stress-energy tensor of Wy, which has zero OPE with J(z)

N —1Da N-—-1
T(z) = ~0a(2) + X000+ XL w2 (3.18)
and satisfies Virasoro algebra with central charge
co=c=(N-1)(1—-N(N+1)aj). (3.19)

The sum of these stress-energy tensors gives us the second one-parametric family of Virasoro
algebras with central charge given by the sum of their central charges. In this family there
is a natural stress-energy tensor from point of view of Wi,

Tiioo(2) = —Us(2) + MU{(z) + %(UlUl)(z). (3.20)

2
With respect to this stress-energy tensor the field J(z) is primary of spin 1. The central
charge of this stress-energy tensor is

Clpoo =c+c1(0) =c+1=N(1—(N—-1)(N+1)af). (3.21)

Every time we discuss the scaling dimensions of the various fields, we mean the ‘engineering’
dimensions, which are j for U;(z), dimension 1 for each derivative and which are additive
under normal ordered products.'! The quadratic pole of T}y (2) with any field of definite
scaling dimension A(w) measures exactly this scaling dimension (this is not true for instance
for Tt which assigns dimension 0 to U; (w) and with respect to which the other fields U;(w)
do not even have definite scaling dimensions).

In the following (especially when discussing the triality), we will need to compare
properties of Wi computed in primary and quadratic bases. Since we are using different
parametrizations of Ws,, we will fix the following convention: the parameter N of both
primary basis computation and quadratic basis computation will be the same and equal

171t is this counting of dimensions that gives us the nice formula for the vacuum character of Wi o as
MacMahon function [45].
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to the first root A\;. The central charge ¢ in the primary basis computation must match
the central charge of stress-energy tensor which commutes with U;(z) (since restricting to
fields commuting with Uj(z) takes us from W)y to W ). This means that

c=M\ —1)Me—1DN\3—1)=(N—-1)(1 - N(N +1)ad) (3.22)
so that 2 Dot 3a)? .
af = — o X (3.23)
We also see that the combination
N3ad = =M da)s (3.24)

is triality invariant.

3.2.1 OPE of higher spin fields with U;(z) and Uz(z)

Having found the 11(1) and Virasoro subalgebras of Wi, we can now use the free field
Wick theorem to compute OPE of Uy(z) and Us(z) with Ug(w). We have

U (Vi () ~ jvw : (3.25)
r(a)at) ~ o o =) (3.26)
AR CES LELE BT SHABINEES IO
_ _ — 3o — — —3)adUy(w
(N =2)(N = 3)agUz(w) | (N —3)Us(w)
+ (z —w)? + (z —w)?
and in general'?
= 1 'ak = Uyw
W 6 ;E)kll_l. (3.29)
1=0

One can verify that this form of the OPE satisfies the (U;U;U;) Jacobi identity as it should.
Computation of the OPE of Us(z)Uy(w) using combinatorics of free field Wick contractions
is more complicated. One can simplify things slightly using the Newton identities from the
theory of symmetric polynomials. It is simpler to compute first OPE of 771, (2) with
Uk(w). Using free fields, we find

N N
Tii(z) = = 1 Jj(2 +% SN+ 1-2))T(z) (3.30)

J=1 J=1

N)\»ﬂ

12 Although for our purposes we need the following expression only for finite number of Uy (w) fields, the
following formula can be derived combinatorially.
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Tiroo (UL (0) ~ 0 + S (3.31)
Tiam ()a(r) - A= DN 08 (- Doulhe) el G (5

N +1)N(N — 1)(N —2)ag = $(N+3)(N —1)(N — 2)agUs (w

T (2) () ~ D ((Zw))5( Jai | 3 ) (Z)(w)4 JagUs (w)
. Q(N(;Q—)O:UO)ZQ(M (iU_?,(;)))Q N ngug (3.33)

Tooos () (w) ~ 2V FONN DV =2)(N=3)af , (N +2)(N-1)(N ~2)(N =3)a§Uh (w)
00 4 (z—w)S (z —w)
1 _ —3)a? 5 (w —3)a w 4w ziw
+2(N+5)(N(Z2_)Ei\)74 8)aiUz(w) | 3(N (23215)153( ) ZLZU_ EU )>2+z_(w>. (3.34)
For general k we have!?

. e 3 (k=) (N D) —UN =D (N—k+ 10§~ Ui(w) | kU(w)  Up(w)
1400 (2 2 (2 —w)k+2-1 (z—w)? z—w
(3.35)

Note that the right hand side is linear in Uj(w) and the only term with derivative is the
simple pole. The simplicity of this result is the reason for computing the OPE with 77,
first. Having computed the OPE of U;(z) and T14.0(2) with Ug(w), we can now compute
the OPE of Us(z) with Uy(w). Again, for first few fields we find

—N(N — 1)y n (N —1)U;(w) n (N - 1)Uj(w)

Vo201 (w) ~ — (=053 oy — (3.36)
Un(:) V() ~ 2V~ e 2N)ex)
F2U2£J )2) (v (i)EUJ}gf;)(w) N(N (; i)z(;gf{ (w) (3.37)
L ZUw)  (N= DU (w) 3NV = Daolf (w)
Un(2)Us () ~ N(:/Z\f_—ui)(N —<22)_(1Z J)r;a% —3Nad)ag N g(ZN_ —w (N z:z (;LU )—4 4Nad)U; (w)

N - 0 — e (L U U U )

)
z-w)t  (z-w)?  2z-w)?  6(z - w)
() w) | (UiU)(w) | (U0 (w )>

+ (N— 1)(N— 2)0(0 (

(2 —w)? (z — w)2 2(z —w)
-

3Here and in the following we use the notation (z), for the raising factorial z(x +1)---(z +mn — 1) and
[x]n for the falling factorial z(x — 1) -+ (z —n+ 1).
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IN(N—1)(N—-2)(N-3)a3(3+2a—8Nad) +(N—1)(N—2)(N—3)a0(1—3Na3)U1(w)
(z—w)" (z—w)?

_ _ s (Ui | Uiw) | Uf(w) | Uf'(w) | Ui"(w)
FNIN=DIN=2)(N =3)ap ((z—w)5+ (z—w)4+2(z—w)3+6(z w)? 24(z—w)>
N (N = 2)(N = 3)(1 — 203 — 4Na)Us(w) N —(N = 3)(N + 2)agUs(w)

(z—w)? (z —w)?
(U0 (w) | (UiU)(w) | (U{U1)(w) | (Uf"U)(w)
+ (N = 1)(N = 2)(N - 3)ad ( Gowp T (;_w)g + 2(2_10)2 + GEZ_w) )

(z —w)3 (z —w)? Z—w
o () | W) (W) G| 00)

which is quadratic and more complicated than OPE with T4+ (2). One property of the
OPE that can be noticed here is that the terms with derivatives can be absorbed into OPE
if we allow for bilocal normal ordering (2.9),

Uz (2)Us(w) ~
IN(N—=1)(N—-2)(N—-3)a3(3+20a—8Nad) (N—1)(N—-2)(N-3)ag(1-3Na3)U;(w)
(z—w)® " (:—w)?
n N(N = 1)(N = 2)(N - 3)ajUs(2) n 3 (N = 2)(N = 3)(1 — 20§ — AN ag)Us (w)
(z —w)® (z —w)*

—(N = 3)(N +2)agUs(w) | (N = (N = 2)(N = 3)ag(U1(2)Ur(w))
" (== w)? ' (= w)f
n (N—2)(N—(§):345}()31(Z)U2(w)) n (1\7—3)((ZU_1£5'))2 (w)) (_Z«U4zf;))2 —(ji();‘;) (3.40)

We will see later that only a small generalization of this will allow us to understand all
terms with derivatives in OPE of arbitrary U;(z) and Uy(w). The general formula for the
OPE of Uy(z) and Uy (w) analogous to (3.29) is'*

k-l [N — m]g_ mo/g m_l(Ul(z)Um(w))
~ Z )k—m—f—l
m=0
. ’“i M) mak M2 [kl 4 62 (N (m — k) — m + 1)] Uy (w)
— (Z _ w)kfer?

“mUn(w) | ~Up(w)

(z —w)? z—w

(3.41)

18trictly speaking, this formula was only verified for first ~ 15 values of k but because of the nature of
the combinatorics involved it is reasonable to expect that it holds for arbitrary values of k.
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It is easy to verify that all the previous formulas are special cases of this one. More
importantly, the Jacobi identities (U;U2U;) and (UaUaUy) are satisfied as one can check
for given value of k using OPEdefs.

3.3 Higher OPE using associativity conditions

As discussed above, the computation of the OPE Uj(2)Uy(w) using the free field represen-
tation is in principle a straightforward application of Wick theorem, but in practice the
combinatorics of contractions is very complicated.!®> For this reason, in this section we
will use the associativity conditions of the operator algebra as implemented in OPEdefs
(bootstrap approach) to compute the operator product expansion of U;(z) fields.

Finding the most general algebra with a given set of generators is more efficiently
done in the basis of generators which are primaries with respect to Virasoro algebra [43]
as was reviewed in the previous section. On the other hand, here we want to use as an
input for bootstrap equations all that we already know from the free field computations.
In particular, we will assume the following:

e OPE U (2)Ui(w) takes the form (3.29)

e OPE Us(z)Ui(w) takes the form (3.41)

OPE U;(2)Ug(w) cannot have Uj(w) in its singular part unless [ < j + k — 2

we will solve the equations for generic values of N and ag

the operators appearing on the r.h.s. of the OPE are at most quadratic compos-
ites of U;.

The first two conditions fix the subalgebra generated by U; and Us as well as the normal-
ization of higher U; fields and their transformation under U; and Us action. The third
condition comes from the fact that the singular terms in OPE have at least one contraction
of two free fields. The next assumption just expresses the fact that at this point we are
interested in the full two-parametric family of solutions and not in solutions which could
exist for special values of the parameters. Finally, the last condition is nontrivial and seems
to be very special for W, and particular choice of the basis. It is clearly not true in the
basis of primary fields, where the composite fields appearing in the OPE of two primaries
have arbitrary non-linearity, bounded only by the scaling dimensions of the fields as dis-
cussed in the previous section. But this quadraticity property holds classically [49, 50] and
follows also from the free-field computations of [2, 3, 51].

Under these assumptions we can compute the OPE of U;(z) and U (w) using the Jacobi
identities. These identities can be solved order by order in j + k using the Mathematica
package OPEdefs. We start with the ansatz

Cii (0, N) UV (w)

Uj(2)Ug(w) ~ >
l+m+a+B<j+k
(l,a)g(m,ﬁ)

(3.42)

5But see [2, 3, 51] where the free-field manipulations are used.
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which follows from the assumed quadraticity of the OPE. The restriction (I, ) < (m, ) on
possible operators on the right hand side expresses the fact that the operators (U JQUE )(w)
and (Ukﬂ U7)(w) are not independent, but related via (2.10).

Assuming (3.42) and restrictions summarized above, we can start solving the Jacobi
identities. Jacobi identities for (U;U1Uy), (U1U2Uy) and (UsUaUy) are satisfied automat-
ically given (3.29), (3.41). Jacobi identities for triples (U1UsUs) and (UaUsUs) determine
uniquely OPE Us(z)Us(w) except for the most singular term (coefficient of the identity)
which we determine from the free field computation. To determine OPE Us(z)Us(w) we
use Jacobi identities for (U1UsUy), (UaUsUys) and (UsUsUs). We may proceed similarly
at j + k = 8: Jacobi identities (U;UsUs) and (U2UsUs) determine Us(z)Us(w) and Jacobi
identities (U1U4Uy), (UoUyUys) and (UsUsUy) determine Ug(z)Ug(w). An illustration of
the expressions one finds in this way is given in appendix B. We proceeded this way and
determined the OPE of U;(z)Ui(w) up to j + k < 15.

3.4 Results of associativity constraints

Following the procedure described in the preceding section, we obtained a lot of data. The
question is if any general patterns can be observed. We found that all the computed OPE
coefficients are in fact consistent with the following statement: There exists a set of bilocal
operators Uj,(z,w) reqular as z — w such that the full operator product expansion (not
only the singular part) has the form

le-zn(oao, N)YUppn (2, w)
(z — w)]+k3—l—m

Uj(2)Uk(w) = )

I+m<j+k

(3.43)

Here CJ“,? are polynomials in two variables that we still have to determine.'® Comparing

this to (3.42) the difference is that now the structure constants CJZ.T,?O"B have been factorized
into lezn which do not depend on the order of derivatives («, ) and Upy,(z,w) which

includes all the derivative terms and is independent of j and k.

Assuming the knowledge of Cé?, we can use the formula (3.43) to inductively compute

Ui (z,w) as power series expansion in terms of usual normal ordered products of operators.
For instance, since Uy = 1,

Coit = 6407, (3.44)
Uj(w) = Uo(2)Uj(w) = Uy;(z, w) (3.45)

and similarly
Uj(z) = Uj(Z)UO(w) = Ujo(z, w). (346)

To determine Uj;(z,w), we have from (3.43)

C1 n Ci{U(z, w) n CYUo1 (2, w)

CHU . 3.47
(Z—’w)2 Z—Ww 2 —w +0n ll(sz) ( )

Ul(z)Ul(w) =

6This way of writing the OPE is similar to what was derived only using the free field computations
in [2, 3, 51].
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Furthermore, the structure polynomials in this case are (see later in section 3.6)

CW =N (3.48)
c=0 (3.49)
V% =0 (3.50)
Cli =1 (3.51)

> Z—w k
Un(ew) = U0 w) - = S 2 @) ) = G )0w). (352)

where we used (2.9). In this way we may determine inductively all Uj; (2, w) assuming the
form (3.43) of the OPE and knowing the structure polynomials Cﬁ” (ag, N). Furthermore,
our explicit computation of the coefficients using the Jacobi identities lets us determine
C’ﬁ”(ao,N) up to j + k < 15.

3.4.1 Inverse formula

There is a simple transformation of (3.43) which turns out to be quite useful. Considering
indices (j,k) as biindex and similarly for (I,m), we see that we have a linear relation
between U;(2)Uy(w) and Upyy, (2, w). The transformation matrix

C’;Z‘(ao, N)

(3.53)

is lower triangular (considering the lower biindex to be the row index). Denoting Dé’,f(ao, N)
the inverse matrix to CJZ? (o, N),

ChtDps, = 6565, (3.54)

we can rewrite the OPE equivalently as

Ujk(z,w) = Z

I4+m<j+k

Dl (ao, N)Ui(2)Upn(w) |

(z J— w)]+]€—l—m

(3.55)

Since the left-hand side is an operator regular as z — w, the main observation (3.43) can
also be stated in this form: there exist polynomials Dé?(ao, N) such that for each (j, k) the
following combination of the OPE is reqular as z — w:

>

I+m<j+k

DI (g, N)Ui(2)Up (w)

(Z J— w)]+k§—l—m

~ reg. (3.56)

If we denote this bilocal operator by Uji(z,w), reversing the steps above we can derive
again (3.43).
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3.4.2 Connection to usual normal-ordered products

If one wants to translate between the usual normal-ordered products and bilocal operators
Ujr(z,w), we can just take all the regular terms from the expression (3.55) using (2.1). In
this way we find

Ujr(z,w) Z Z Tap, N) {UlUm}l+m—j—k—s (w)(z —w)? (3.57)

s=0l+m<j+k
Dl (o, N) (U0 (w) ;
_Z > T (z = w)*. (3.58)
s=0l+m<j+k ‘7 ’

Note that the sum over s starts at s = 0 since all the singular terms cancel by the definition
of Dé’,? — otherwise Ujy (2, w) would not be regular at z = w.
The inverse formula can be derived from (3.43) by Taylor expanding Uy, (z, w):

Cl (o, N) (221" Upy) (2, w) |

=, 3.99
G+k—Il—m—r) (3:59)

{U;U}, (w) = )

+m<j+k
3.5 Commutation relations of modes

The equation (3.55) together with the contour deformation argument (2.13) are very useful
for deriving the commutation relations between modes of Uj(w) operators:

o~ i jtk—Il-m—-1+«
Uja:Ukp) == > > D (aO,N)( N

l+m<j+k—1a=0

(Ul,m—k—i-a—ocUm,k—m—‘rb-i-oz - (_1)j+k_l_mUm,l—j—}—b—aUl,j—l—i-a-‘,-oz) . (360)

To obtain this result, we used the formula for the commutator of modes (2.26) and applied
it to (3.55). The regular term on the left-hand side gives no contribution since it has
no singularities as z — w. The leading term j + k = [ + m gives the commutator on
the left-hand side of (3.60) while the other terms after expanding the denominators and
expressing the integrals in terms of modes give the right-hand side of (3.60). The infinite
number of terms on the right-hand side of (3.60) seems to be an unavoidable consequence
of having non-linear OPE of the Uj(z) fields. It is analogous to the infinite sum in the
expression (2.23) for the mode expansion of the normal ordered product. It is important
to remember that as long as we work with the highest-weight representations of the chiral
algebra where the highest-weight state is annihilated by positive modes, there will only be
a finite number of non-zero terms in (3.60) when applied to any state at finite level.

3.6 Formula for structure constants

We still haven’t determined the value of structure constants C’]l-’,f(ao, N). From the way
they enter the OPE we see that they satisfy the symmetry relation

C;?(aO,N) = (—1)”’“*1*""0,2’}’(040,]\7). (3.61)
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Furthermore, from the OPE computed with OPEdefs we find a shift symmetry

Clm (g, N +n) = Cl(ag, N) (3.62)

with n a positive integer. The origin of this symmetry is not clear to us. Using these two
symmetries, we can reduce the computation of the structure constants to the computation of

Ci (g, N) and C w0, N). (3.63)

The first one is easy, since the OPE of any field with identity field does not introduce any

singularities. Hence we have

Cim(ag, N) = 640F . (3.64)

Determination of C]l%(ao,N ) is more difficult. Focusing first on the two-point function
Cjo,g (g, N) coefficient, one first observes from the computed OPE data that there exist
universal polynomials P;(«g, N) such that for j, k > 1

C%(ag, N) = (~1)7+! <ZJV> (Z)j!k!g (j;1> (k:;l) (—l)loég)—;lji!(an,N) (3.65)

which looks like a generalization of the binomial transform to two variables (the only terms

that couple the [ dependence to j and k dependence are the binomial coefficients). The
first few of them are

Py(ag, N) =

Pi(apg,N)=1-— 2Na0

Py(ag, N) =1+ 40 — 6NaZ — 6Nag + 6N2a (3.66)
Ps(ag,N) =1+ 16a0 — 12Na0 + 36a0 84Noz0

+ 36N2ag — 48Naf + 72N%a§ — 24N3a§.

One can use the OPE data to compute these polynomials for high values of [, but we
would like to find the formula for general [. Another important observation is that these

polynomials factorize at N = [:

P()(Oéo,N = 0) =1
Pi(ag, N =1) = (1 —2a3)
Py(ag, N =2) = (1 —2a3) (1 — 6a5) (3.67)
P3(ag, N =3) = (1 —20a3) (1 —60) (1 — 12a5)
Py(ag, N =4) = (1 —203) (1 - 605) (1 — 12a3) (1 — 2005)
l
Pao, N =1) = [] (1= m(m +1)a3). (3.68)

m=1
Using the coproduct in Wi discussed in section 3.8 and plugging in the ansatz (3.65)
we can extract from the most singular part the following recurrence formula for P(ag, V),

Py(ag, N +1) = Pi(ag, N) = —agl(l + 1) Py (N) (3.69)

~ 99 —



which together with the boundary condition (3.68) and Py(cg, N) = 1 can be solved!” in
the region N > [ and one finds

l

]2 l'(l ) N—l—1+j l—j - )
e JZ j (= =7+1) ( j >/£[1(1 k(k + 1)ag). (3.70)

Combining this with formula for C]Q,g (g, N) one finds finally that

()W Dap ™ SNV =) (j+k—1=2)!
Ok (00, N)= D(N—j+1)I(N— k+&)g; (G=1=D(k=1=1) II < 7”+1ﬁ%>

m=1

(3.71)
which holds unless both j and k are zero. The sums and products can be resummed using
hypergeometric summation identities and one arrives at

(=1 ID(N + D)D(N)(j + k — 2)lad TF 2
(j—l)!(k—l)'F(N—j+1) (N Kkt 1)

/4 3__1L./]
% 4F3 ( ka 2 + 2a + aO’ 2aq + CVO ) ) (372)

C (a()? ):

2,2—j—k1—N

The origin of the square root factors in (3.72) is the quadratic dependence of the prod-
uct (3.71) on m and it is one of the reasons why it was difficult to find form of C’?,g (o, N).
One may ask what do the values of a3 for which the product vanishes for large enough I:

2
= . 3.73
T+ (8.73)
For Wy minimal models the value of a% is
/ 2
2 (P —p)
oy = ——— 3.74
0 o (3.74)

where p’ and p are two coprime integers [17]. In particular, the unitary minimal models
we can choose have p’ = p + 1 and the product vanishes for

p

| =
p—p

=p. (3.75)

Having understood the C’ﬁ”(ao, N) for [ = m = 0, we may try to express the results
of the OPE computations in terms of similar functions. One way of writing the result is

(—1)77I0(N — 1+ 1)I(N + 1) T2
(N —j+ 1IN —k+1)

ilil 1)atb+1 l—a—1\ (l—2a—-1 n l—a—1 [—2a HHhl=1N =0
P N a+1) a b—a a—1 b—a-+1 j—b—1,k—I+b+1

+1
2 l—a a+b
(—1)t I—a—1\ (1-2a—1\ (l—a\ (1-2a+1\\ s i—sna
+a;)b§1 I'(N—-a+1) a b—a ) \a—1)\b—as1 @j=b-1k-1+b

7 Thanks to Masaki Murata for bringing optimism at this point.

Clo = olop + (3.76)
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which holds for all [ > 0 and where we defined

min(c—1,d—1)

ab I(a—a)T(b—a) 1~

“(a0) = ;) e o)d—a) B];[l(l ﬁ(ﬂﬂ)%) (3.77)
_ T(a)L'(b) l—e,1—d, 3+ 50-\/4+ 0,5 — 5-\/4+af
_w@g( 2 22’1 . 1—05 2 0.1, (3.78)

This is our main result for the structure coefficients. It would be nice if this formula could
be rewritten in terms of functions that appear as structure constants of hs(\) algebra like
the Wigner 35 or 65 symbols, but so far it has resisted our attempts to simplify it. But it is
a closed form formula which together with symmetry relations gives the correct result for
approximately 9000 structure constants that we computed using OPEdefs — not counting
all the derivative terms which were already taken into account by (3.43).

Let us emphasize that the N-dependence of the structure constants C’le‘ is rational,
and that the equations that come from the associativity conditions are algebraic (always
assuming our field content). This means that if these associativity conditions are satisfied
for all integer values of N, they must hold also for all complex values of N except for
those which happen to be poles of the structure constants Cj”,? In that case we must be
more careful — but even in this case by rescaling the generators one can often remove the
singularities.

3.7 Correlation functions

Having found an explicit way of rewriting OPE (3.55), we can easily compute the correlation
functions of U;(z) operators on the sphere. Because of the scaling symmetry, the one-point
functions are

(Uj(2)) = djo. (3.79)

The two-point functions are given by the structure constant C’] P

00
(z —w)itk

(Uj(2)Ug(w)) = (3.80)
for which we have an explicit expression (3.71) when both j and k are nonzero. If any
one of these is zero, the two-point function reduces to one-point function. It is easy to
understand (3.80). We have

(Ujr(z,w)) = 636, (3.81)

because the expectation value of bilocal operators Uji(z,w) must be regular as z — w but
at the same time proportional to (z — w) ™% because of the scaling symmetry. This is
consistent only for j =0 = k. Now (3.80) follows immediately using (3.54).

To determine the three-point and higher correlation functions, we can use the Cauchy
integral formula, since from the equation (3.55) we understand the two-point singularities.
Consider the three-point function

(U (@) Uk (y)Ui(2)) (3.82)
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and assume j # 0 (otherwise the three-point function reduces to two-point function which
we already know). This function at fixed values of y and z is a meromorphic function of =
on the Riemann sphere with possible poles only at y and z. From the Cauchy formula and

18

the absence of poles at x — 00,"® we have

(U(2)Ur(y)Ui(2)) = j{ dw (U;(w)Ux(y)Ui(2))

T 27 w—
dw (w)Us(y )U (2))
:% Z — :L’ u) Z)J-‘rkl a—b
a+b<j +k
w D“b WU (U (2
fd Z (w)—kz(z)/j)—l—lb—(a—)Z' (3.84)

a+b<]+l
We see that the computation of our three-point function reduces to the computation of
three-point functions with lower values of j + k + [, so inductively we can compute all the
three point functions. Four-point and higher-point correlation functions can be obviously
computed using the same method.

The computation that we used singles out the field U;(x). But of course we could repeat
the same using Uy (y) or Uj(z). Equality of the three-point functions obtained in different
ways follows from the associativity of the OPE and it would be interesting to see what kind
of algebraic constraints we get for the structure constants Dé’]j If Uj(x) were quasiprimary,
the x-dependence of the correlation function would be fixed by global conformal invariance.
Unfortunately, Uj(x) do not transform under special conformal transformations as simply
as quasiprimary fields, and dilation, rotation and translation symmetries do not fix the
functional dependence of three-point function. If the dependence of three-point function
on x, y and z was fixed in terms of dimensions of fields, it would be easy to evaluate the in-
tegrals and we would obtain algebraic equations for the structure constants as compatibility
equations for the three-point functions.

The reason we used the Cauchy formula was that the singular parts of the three-point
functions as two points approach each other are not independent. Replacing the U;(x)Uy(y)
by terms coming from (3.55) determines the singularity as  — y but includes also some
terms which are singular as * — z (in fact those that are singular both as * — y and
x — z). The same is true for singularity of U;(x)U;(z) as * — z. So if we just added the
singular terms as determined by (3.55), we would be over-counting - including terms which
have both singularities twice.

It would be interesting to see what are the constraints on Dé’]j coming from the consis-
tency of the n-point functions, what is the generating set of these equations, and what kind
of Wh-algebras share this quadratic property with Wi ... Clearly the affine Lie algebras
or the Virasoro algebra are of this type. For example, for Virasoro algebra we can rewrite

he OPE as
t T()T(w) — &) _Tw) 2 (3.85)
(z—w)? (z-—w)* (2—w)! ' '

Note that the derivative term disappears if we use this symmetric form of the OPE.

8For this step we needed j # 0; the identity operator clearly does not have sufficient fall-off at infinity.
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3.8 Coproduct in W14

Although we succeeded in finding a closed-form expression for the structure constants
Céf(ao, N) it is useful as a consistency check to derive some constraints on these structure
constants and verify that these are satisfied. One set of relations comes from the free field
representation (3.5). What we can do is to simply split the N free bosons we started with
into two groups of N; and Ny free bosons such that N = N; 4+ Na. Denoting the U;(z)
fields constructed in this way by U(y;(2) and Ug),(w), we have

N1 N2

R(z) = Ri(2)Ra(2) = Z Z Ui (2)(a00) M U 991(2) (ag0) V. (3.86)
k=0 1=0

We left out the free field normal ordering symbols since the two sets of free fields commute
with each other. Passing now the derivatives to the right,'” we find

j J—k
Ny —k P h_ Pk
Ui() =Y <‘ ! ><1g (UG (). (3.87)

The first set of fields generate the W) o with parameters (ag, N1) and the other with
parameters (g, N2). This formula tells us how to find the W;j . algebra with param-
eters (g, N1 + Na) in the product of the two theories. Using the explicit form of the
OPE Uj(2)Ug(w) for j 4+ k < 15 computed before, one can verify that (3.87) is consistent
for arbitrary (not only positive integer) values of Ny and Na, which is however not very
surprising since the structure constants Cﬁ”(ao, N) are polynomials in ap and N.

The consistency of the coproduct together with the quadratic form of the OPE (3.55)
allows us to derive the conditions for the structure constants. Plugging (3.87) in (3.55) we
find that

>, 2 > > 3 (c1)amemrgfpmea—bme=d

IH+m<j+k atc+p<l b+d+o<m a+p<a+b v+06<c+d

Ni—a Ni—b l—a—c\/m—-b—d
X <Z—CL—C) <m—b—d)< p >( o >(C+d_’7_5)l+m—a—b—c—d—p—a

Utyas (2, 0)U G52, w)

(Z — w)j+k—a—,3—'y—5—p—o

X Dézn(a(),N1—|-N2)Cgbﬁ(a0,Nl)Czj(Ozo,Ng) ~ reg (3.88)
must be regular. Operators Ugyag(2, w) in the first Wi o are independent so we can
extract from this formula the coefficient of each of them. On the other hand, operators
U ((5)07)5(2, w) are not independent because of the derivatives and symmetry in (v, d). What
we can do is to take the Taylor expansion of these operators at z = w, but the resulting
formulas are not very illuminating. Specializing for simplicity to p = ¢ = 0 and fixed

values of «, 8,y and 9, which satisfy

a+B+y+d<j+k (3.89)

19This construction is not symmetric in U1y and Uyz). There is an analogous version of this construction
if we move the derivatives to the left, but we have not found any symmetric variant of the coproduct.
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we have
Ni—a Ni—b
_ _1\l—a—c, l+m—a—b—c—d 1 1
0= > X > (1) ag <lac><mbd> (3.90)
IHm<j+k a+c<l b+d<m
X (C+d—7—5)z+m—a—b—c—dD§7£(Oéo,N1+N2)C§f(0407N1) (CZ;(OZO,N2)+CSJ(060,N2)) -

This equation holds trivially also for a+ 8+ v+ & > j + k, while the simple modification
valid for any values of indices is

0 T T = (3.91)
Z Z Z lacl+mabcd Ni—a Ni—b
l—a—c/\m—-b—-d
I+m<j+k a+c<l b+d<m

% (c+d—7—0)14m—a—t—c—aDf (a0, N1+No)C2 (arg, N1) (ng(a07N2)+Cfg(ao,N2))-

a

Inverting the Dé’,? matrix, we can write this also as

CPFP% (g, Ny + Np) + CFP 4 (ag, Ny + No) =

m
—a—c m—a—b—c— Ni—a Ny —b
= 2 S e (BN
a+c<l b+d<m

X(c+d—7v—08)itm-uaboc dCab (ag, Ny) <C (Oéo,Nz)ﬂLCCg(Oéo,Nz)) (3.92)

Specializing to vy =0 = 4,

e a—c m—a—b—c— Ni—a Ny —b
Cl,,f(ao,N1+N2 Z Z 1)mecalt - d(l—a—c) <m—b—d>

a+c<l b+d<m
X (C + d)l+m_a_b_c_d(]2‘f (Oéo, Nl)ng(ag, Ng). (393)

Choosing Ny = 1 and noticing that C%(ap, 1) is nonzero only for (c,d) = (0,0) or (c,d) =
(1,1), we arrive at recurrence relation

Cpl(ao, N +1) — Cpf(ag, N) = Y D (=)l tafrm—emb=2 (3.94)
a<l b<m
N—a N-b
—a—b—1) C(ag, N).
X(l—a—l)(m—b—1>(l+m a—b—1)!C (ap, N)

These equations are sufficient to determine Clarg (o, V) assuming that we know these for
any value of N.2 For example, we know that at N = 0 and N = 1, W;_ o has a basis
with known linear structure constants [38-40], so one would only need to understand the
transformation between the linear basis and quadratic basis of the algebra. If this is
understood and C]l»’,?(ao, 0) or C]l-zl(ao, 1) determined, we can use the identities following
from the existence of the coproduct to determine le.zn(ao, N) for any N. Alternatively, we
could also use the shift symmetry (3.62) which is clearly simpler, but its origin is not clear.

2ONote that for this to be true it is not enough to work with meromorphic functions in the complex plane
— we are also using the fact that Clk are rational functions of NV of degree bounded in terms of j, k, I, m.
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Let us now have a look at how the coproduct acts in the parameter space of Wi oo.
In the free field construction of the coproduct (3.86) it was important that both of the
theories that we are composing have the same value of ag but can possibly differ by value
of N;. The resulting theory has the same value of af and N = N; + Na. Looking at (3.23)
and (2.50) we see that both of these equations are homogeneous in ;. This means that
the coproduct allows us to additively compose the triplets (A1, A2, A3) and (A}, A5, \5) as
3-vectors if they are proportional. We will see later that in fact this addition restricted
to the set of minimal models produces again W, algebra with parameters of another
minimal model, and that the minimal models thus lie in the parameter space on various
lines through the origin with direction of these lines characterized by the value of a3.

3.9 Virasoro subalgebras and quasiprimary fields
Having understood the commutation modes in the quadratic U-basis, we can now try to
compare them with the results of the primary basis computation.

3.9.1 Quasiprimary fields

One can check that the generating fields Ug(z) are not primary nor quasiprimary, but they
do have definite scaling dimensions with respect to T14.0(z). Recall that a local field A(z)
is quasiprimary with respect to stress-energy tensor 7'(z) if we have OPE

0 haA(w)  Al(w)
(z—w)? (z—w)? z—w

T(z)A(w) ~ -+ (3.95)
The quadratic pole determines the scaling dimension of A(z) while the cubic pole must
vanish if the field is quasiprimary with respect to T'(z). If there are no higher order poles
than quadratic, the field A(z) is primary. Computing OPE of T4+ (2) with Ug(z) we find

. 1‘“ ((k=1=1)N4(k+1-1)) (N —k+1)p_ et~ U (w w) | kUx(w) | Ui(w)
Ioroo (2 2 (z—w)k—t+2 (z—w)?  z—w
(3.96)

so that Ui (w) do have a definite scaling dimension k with respect to T} but they are not
quasiprimary. But we can make linear combinations of Ug(w) and their derivatives that
are quasiprimary:

1
L ]—1)'3 2j—k—2)!(N—j—|—1)ka0 ()
The inverse transformation looks similar
7j—1
2‘77214:71) (N—]+1)ka0
. l

These two identities generalize the binomial transform between two sequences. Since the
transformation between U-basis and quasiprimary basis is linear, it preserves the quadratic
form of the OPE. Furthermore, quasiprimary fields have simple transformation properties
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under inversion, so they behave under BPZ conjugation better than U-fields. On the other
hand, the structure constants of W, are polynomials in each index if we fix the other
indices. This is however not true in quasiprimary basis. For example the coefficient of
identity in OPE of @Q;(2)Qk(w) can be nonzero only if j = k (because of the restrictions
coming from the global conformal group on two-point functions).

3.9.2 Primary fields

Having discussed Wi oo in primary basis as well as in quadratic basis, we should try to
understand the transformation between these two bases. Apart from checking that we are
actually dealing with the same chiral algebra, this comparison is also useful to understand
the triality symmetry. Recall that although in quadratic basis we have simpler form of the
OPE and in fact we have a closed-form expression for it, the triality symmetry is hidden.
On the other hand, the structure constants of W), are manifestly triality invariant when
we work with the primary basis.

As already discussed in section 2, there is no canonical choice of primary fields. If
we work with W, algebra by considering only fields which have regular OPE with U;(z),
the non-uniqueness of primary fields will first appear at dimension 6 where the composite
primary field (W3W3) + --- appears. But working with Wj . we saw in section 3.2
that there are various choices of Virasoro subalgebras and fixing one of these, already at
dimension 2 there is a Virasoro-primary field. For example, with respect to stress-energy
tensor (3.20), the following field is dimension 2 primary:

(N — 1)(é\f +1)ag (U1 (2) + WU{@' (3.99)

Similarly to previous derivation in Wy, we can derive the primary field counting function

— UQ(Z) +

in W11 and we find

oo oo 0

> pd"=q+]]]] - _1qj ~ 14+ +2¢° +4¢* +6¢° +12¢°+18¢7 +33¢5+- - - . (3.100)
h=0 s=2j=s

Orthogonality in two-point functions. One possible choice of generating fields?! uses

the two-point function (3.72). Up to an overall normalization, we can find at each dimension

a unique linear combination of fields of the same dimension, which has zero two-point

function with all fields of lower dimension and with composite fields of the same dimension.

For example at dimension 2 we have only 3 fields. The field

T(2) = ~Ua(2) + 22 Wit (2) + %0 (3.101)

is the only linear combination at dimension 2 with coefficient of Us(z) equal to —1 and
having zero two-point function with Ui (z), U;(z) and (U1U;)(z). At dimension 3 we have
in total 6 fields. The combination that has vanishing two-point function with all dimension
1 and 2 fields and dimension 3 composite fields is the primary

Wa(a) ~ ~Ua2) + N2 0t e) - ST wwe + 2y
_ — QQ - — )l
- DU 20y - D= B0 17 2, (3.102)

2'These generating fields turn out to be primary with respect to Tw, for spins > 3.
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Similarly at dimension 4 we have the primary field

ag(N = 3)(N —2)(N —1)(5N +6)(agN? — ag N — 1)(U1(U1U1))(2)

Wal2) ~ 2N2(5a2N3 — 5a2N — 5N — 17)
N (N —=3)(N —2)(N —1)(ad3N? — a2N — 1)(2a2N? + 302N — 3)(U;U{)(2)
4AN2(5a2 N3 — 503N — 5N — 17)

_ ag(N=3)(N=2)(N=1)(5a5 N> +TagN =5)(UjUz)(2) ao(N=3)(N—2)(U1U3)(2)

2N (5a2N3—5a3N —5N —17) 2N
L V=3V —2)(N — DN +6)(a3N? — adN — (U (U1 (T101))(2)

4N3(503N3 — 503N — 5N — 17)
N2(5a2N?3 — 503N — 5N —17) ’
L (V-3 - 2)(502N? + Ta2N — 5)(UsUs)(2) L ao(N=3)Ui(2) | (N —3)(UiUs)(2)
2N(5a2N3 — 502N —5N —17) 2 N
N (N—=3)(N—=2)(N—1)(2a4N* — 502 N3 — 204 N? — Ta2N? —402 N +5N — 2)(U{'U)(2)
4N2(5a2 N3 — 5a3N — 5N — 17)

N ao(N—3)(N—2)(N—1)(agN* — 1002 N3 —a3N?—14a2N? — 202N + 10N — 1)U{"(2)

24N (5a2N? — 502N —5N —17)

(N = 3)(N = 2)(208N" — 204N” — 50fN? — LN +3)U§() _ )
AN (502 N3 — 5a2N — 5N — 17) an

We see that already at dimension 4 the result is quite complicated. The normal order-
ing prescription is not canonical so if we used a different normal ordering prescription or
different nesting of higher non-linear terms, we would find different coefficients.

The procedure for obtaining primary fields as described above works also for fields of
higher dimension. By making the two-point function of W;(z) with Virasoro descendants
of lower dimension primaries vanish we find a combination of fields which is primary. By
further restricting to a combination which has zero two-point function with other primary
fields of the same dimension but constructed from lower spin fields we arrive at primary field
of given dimension which is uniquely determined up to an overall normalization. Ultimately
we want to have a triality-invariant combination, which can be checked by computing any
OPE coefficient of our field with any other triality-invariant field.

As for the normalization, if we choose the coefficient of U;(z) in W;(z) to be —1, the
coefficient of identity of the OPE of W;(z)W;(w) for first few fields is as follows:

N

Wi(Wi(w) ~ s + (3.104)
Wa(2)Wa(w) ~ 2(z§1w)4 T (3.105)
W (2) W (w) ~ (Wi}f?w (3.106)
Wi(2)Wi(w) ~ = ( 5501‘12523)3(;1_ e (3.107)
W (2)Ws(w) 5152555451 REE (3.108)

" 10N3(7c + 114)(z — w)
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where we introduced the notation
Sj =M =72 = §)(As = j) = (N = j)(5° - Njag — N?ag) (3.109)

which is obviously triality invariant. We see that up to an overall factor of N>~/ all the
two-point functions of W;(z) fields constructed above are manifestly triality-invariant.

Comparison to Weo. At this point we can finally compare the OPEs of these fields and
primary generators of W,, discussed in section 2 and verify that the structure constants
computed in both ways match. In this way we verify once again the formula (2.49) which
determines the structure constants of Wy, in terms of the central charge ¢ and the rank
parameter N. We choose the Virasoro subalgebra with Virasoro field Tt (z) because this
field has vanishing OPE with 11(1). Note that in section 2 we discussed only Wy, algebra
which has no spin 1 field. The main reason was that including this field would produce
many composite primary fields and the computations would be much more difficult. On
the other hand, when discussing the quadratic basis, the algebra W o, seems to be the one
that is more natural. We can always reduce from Wi+ to W analogously to reduction
from GL(n) to SL(n) or to reduction of Toda chain to center-of-mass system. To do it, we
just need to find combinations of fields which have vanishing OPE with U;(z).

Luckily, the fields constructed using the orthogonality of two-point functions turn out
to be not only primary with respect to T (2z) but they have at the same time vanishing
OPE with (1) algebra. So these are precisely the fields which we can use to make a
comparison with results of the section 2. For example, we can compute the z? coefficient
and we find

(N =3)(N +1)(1+ NaZ — N2a2)(9 — 3Na3 — N?a3)

2
= 3.110
v (N=2)(N-1)(1-Na2—N2a2)(4—2Na2—N2a2)(17+5N +5Na2 —5N3a2) ( )

which using the identification (3.22) is the same as (2.49). This implies in particular that
the parameter N that we introduced in (2.49) and which determines when Ws, can reduce
to Wy is the same as parameter N that is given by the number of free bosons in free field
representation (3.5).

Triality in quadratic basis. We saw earlier that there is a natural choice of stress-
energy tensor T40(2) (3.20) and with respect to this field all the fields in Wy, have the
canonical engineering dimensions. Furthermore, we can construct a sequence of primary
fields W;(z) such that they have vanishing two-point functions with composite primaries
constructed from fields of lower spin. As discussed in section 2, this basis has the property
that up to overall rescaling of the primary generators the structure constants are manifestly
invariant under the triality transformations.

We can use this transformation between the primary basis and the quadratic U-basis
to express the nonlinear action of triality symmetry on the fields in the quadratic basis.
Since the resulting equations are quite complicated, we only describe in words how it works.
First we invert the expressions for W;(z) fields in terms of Uy (z). The resulting formula ex-
presses Uj(z) which is not invariant under the triality transformations as (normal-ordered)
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polynomials in Wy(z) and their derivatives. The Wy (z) are themselves invariant under
triality, but the coefficients are not. This is the origin of the non-trivial transformation
properties of U-fields. If we now permute A; in coefficients, say exchange A\ <+ A2, we
obtain another set of U-fields which must again satisfy the quadratic OPE, with structure
constants obtained from C’ﬁ”(ao, N) by exchange A1 <> A2. In this way, we obtain three
different quadratic bases of W14 +. The transformation from one U-basis to another one is
non-linear and the fact that OPE between these non-linearly transformed fields are again
quadratic when expressed in terms of the new fields seems to be rather non-trivial.

One might hope that understanding the triality action on U-bases could shed some
light on the old problem of the null states in the Virasoro algebra. The famous formula
of [62] which was later put in nice algebraic form by [63, 64] is formally very similar to the
transformation between W-basis and U-basis of Wy [65]. The triality could give a clue for
this connection, since for example for the fixed value of N where U; with j > N decouple
their triality images Uy, can still become null for a specific value of the central charge and
thus giving us operators generating the null states.

4 Representation theory

Finally we are ready to use the commutation relations of Wj, that were found in the
previous section to learn something about the representation theory of Wi . One could
ask many different questions but we start with the simplest one — for which values of
parameters of W), we have vacuum representation with ‘maximal’ number of null states.

4.1 Virasoro algebra

Let us recall what we know about the Virasoro algebra. The representations that one
usually considers are the highest weight representations. To construct the irreducible high-
est weight representations of Virasoro algebra, we proceed in two steps. First step is the
construction of so-called Verma module. We split the Virasoro algebra Uit as vector space
into two parts,??

Vit = Vit P mitzo (4.1)

where Uit are linear combinations of negative modes Ly, k < 0, and Yir>( are linear
combinations of zero mode Ly and positive modes Ly, k > 0. Note that both Liry and
Pir>( are subalgebras of the Virasoro algebra (they are closed under the Lie bracket).

To construct the Verma module, we start with the highest weight vector |h) which is
a one-dimensional representation Fj, of Uit>q,

Ly |h) = 6k,0h |h) (4.2)

and take
My, = U(Dir) Qv (Vi) Fy,. (4.3)

22Note that as is usually done we treat the central charge ¢ as a number, although to get Lie algebra it
should be a central element. For W-algebras this is not a problem since they are not Lie algebras anyway.
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Here U (Biv) is the universal enveloping algebra of the Virasoro algebra. This is the formal
construction of Virasoro Verma module M} with highest weight h. In other words, the
Verma module is obtained by acting on the highest weight vector |h) by arbitrary finite
products of mode operators Lj and using only the commutation relations of the Virasoro
algebra and the highest weight relations (4.2). The important point is that there are no
other relations that we are allowed to use. It is easy to see using the Poincaré-Birkhoff-Witt
theorem that as a vector space the Verma module is isomorphic to U (Uir<g).

The representations we are mainly interested in are not the Verma modules but the
1rreducible highest weight representations. The nice fact about the Verma modules is that
any irreducible highest weight representation is a quotient of a Verma module. Further-
more, any highest weight subrepresentation of Verma module is again a Verma module
(with a different highest weight). So to construct an irreducible highest weight represen-
tation we only need to take the quotient of the Verma module by sum of all of its proper
Verma submodules. Stated differently, to get the irreducible highest weight representation
we need to remove all the ‘null states’. In this second step we are imposing all other re-
lations between the Virasoro generators that hold in the irreducible module but are not
consequence of the commutation relations themselves.

For generic values of the central charge ¢ and parameter h the Verma module is irre-
ducible. But for special values of ¢ and h there are indeed some null states in the Verma
module and we only get an irreducible representation if we remove them. The result for
the Virasoro algebra is as follows: first we parametrize the central charge in terms of
parameter ¢

c=13—6t — 6t L (4.4)

The Verma module of Virasoro algebra with central charge ¢(¢) and highest weight h is
reducible if and only if A takes one of values

re—1 s2—1 rs—1
hr‘s: t+ -

1 1 5 (4.5)

where r and s are non-negative integers [52]. For h of this form there is always a Verma
submodule with highest weight i + rs (but there can also be other Verma submodules).

To study the singular vectors in Verma modules systematically we introduce the Gram
matrix. We then choose an arbitrary basis of Verma module. For Virasoro algebra the
conventional choice is the basis given by vectors

L—nr e L—nsL—ngL—m ‘h> (4-6)

with ny < ng <--- <mn,. With respect to the natural hermitian conjugation [52, 66]23 we
have LL = L_j, and the dual basis

(h| Ly, Ly Ling -+ L, (4.7)

230ne could in fact use the involutive anti-automorphism of the Virasoro algebra mapping Ly — L_j but
not taking complex conjugate of coefficients. Since the matrix elements are real, we get the same matrix as
if we use the hermitian conjugation. The Gram matrix is in this context often called the Shapovalov form.

40 —



mi < mo < --- < mg. The Gram matrix is the matrix of inner products between elements
of this basis. The inner products between two vectors can be nonzero only if the level is
the same, >, n; = >, my. This means that the matrix of inner products decomposes into
blocks of finite size, one for each level [, and the size of each block is the number of partitions
of [. The usefulness of introducing the Gram matrix lies in the fact that the Verma module
with highest weight h has Verma submodule at level [ if and only if the corresponding level
[ block of the Gram matrix is degenerate. So by computing determinants of these matrices
of inner products, we can easily determine for a given c¢ the values of h such that there are
null states in the corresponding Verma module. These determinants have been guessed for
Virasoro algebra by Kac and proved in [67]. The result which was already stated above is:
for every value of ¢ the Verma module is reducible if and only if the highest weight h is
one of (4.5).

We would like to apply this procedure to the Verma module with A = 0. But the
problem is that for r = s = 1 we get h1; = 0, so the A = 0 Verma module is always reducible
for any value of the central charge c. In fact, we always have a null state at level rs =1,

L_1]0)=0 (4.8)

in the irreducible vacuum representation which just expresses the translation invariance of
the vacuum. For generic values of the central charge there are no other Verma submodules
in the vacuum representation — all the null states are descendants of (4.8). But there is
an interesting discrete set of values of ¢ for which there are additional Verma submodules
in the h = 0 Verma module. These are the Virasoro minimal models.

To find this special discrete set of values of ¢, we modify the construction of Shapovalov
form above. We split the Virasoro algebra in different way,

Yir = Virc_1 & Virs_ (4.9)
and build the vacuum Verma module on state |0) such that
L 10) =0, k>-1 (4.10)

by acting on it with products of Virasoro modes Li,k < —2. In this way we explicitly
exclude the states which would be descendants of L_;|0) in the h = 0 Verma module.
Just as before, we can introduce the corresponding Shapovalov form and compute its
determinant. This is now only a function of ¢ and its zeros are precisely the values of
central charges of the Virasoro minimal models,

»—7)

c=1-—6 ,
bp

(4.11)
with p,p’ > 2 coprime.

4.2 Null states in vacuum representation of Wi

Now we apply the procedure explained in the previous section to Wi yo. We focus only
on the vacuum representation. Generic representations can be much more wild than in the

— 41 —



case of finitely generated W-algebras. The reason being that the natural generalization of
the highest weight representations (4.2) would be representations built on highest weight
vector |ug,usg,...) such that

Us,k |U1,UQ, .. > =0, k>0 (4.12)
Uso lur,ug,...) = us|ui,ug,...) (4.13)

where Uy, is the k-th mode of field Us(z). The states in this Verma module would be
generated by acting on this vector with products of negative mode operators and using the
commutation relations (3.60). But the problem is that already at level 1 there are infinite
number of states (corresponding to the infinite set of generators). One cannot for example
write the formal character of the Verma module. Although one can think of some ways
to get around this problem (like using some refined characters which would distinguish
various states and remove the infinite degeneracy), here we will only focus on the vacuum
character which does not suffer from these difficulties.

The key simplification is that for each dimension s field Us(z) the vacuum is annihilated
by all mode operators Uy ,, with & > —s (2.18). This is needed to have well-defined operator-
state correspondence. So what we consider are the vacuum Verma modules built on the
highest weight state |0) which satisfies

Ugr|0) =0, k> —s. (4.14)

This removes the infinite degeneracy and we can proceed as in the case of the Virasoro
algebra. Level by level, we can compute the Shapovalov form and study its zeros. There
are few differences from the Virasoro case: first, we want to work in U-basis, where the
generating fields are not quasiprimary — they do not transform as simply under special
conformal transformations or the inversion as the quasiprimary fields. But the definition of
conjugation depends on transformation under the inversion. The consequence of this will be
that the Shapovalov form that we will compute will not be a symmetric matrix. The second
difference is that for Virasoro algebra we had just the central charge as parameter. The
zeros of Shapovalov form were solutions to algebraic equations in ¢ so the Virasoro minimal
models formed a discrete set of central charges. This would as well apply to any Wy. For
for Wi« we have two parameters describing the algebra, so the zeros of Shapovalov form
will be curves in the space of parameters. So will call the discrete intersections of pairs of
these curves the minimal models.

Let us now present the results of the calculation. We implemented the computation of
determinant of Shapovalov form in Mathematica, using the commutation relations (3.60).
Since we are studying zeros of quadratic form, the overall normalization is basis dependent.
Our choice of basis of level [ states will be

U51,m1 US2,m2 e Usiwmk- |0> (4'15)

with s; < 541 and m; <mjiq if 55 = 3j+1.24 Furthermore, we always have m; < —s;. By
the generalized Poincaré-Birkhoff-Witt theorem this set of states is a basis of the vacuum

24The ordering here is the reverse of the one that is conventionally used in Virasoro algebra.
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level 1| 2 3 4 5 6 7 8
prefactor N | 2N3 | 6NC | 384N13 | ~ N2 | ~ N% | ~ NTT | ~ N128
(N —1)M(0,1) 0] 1 3 8 17 37 71 138
(N —2)M(0,2) 0| 0 1 3 8 19 41 85
(N +1)M(0,-1) 0| 0 0 1 3 10 23 54
(N —3)M(0,3) 0| 0 0 1 3 8 19 43
(N —4)M(0,4) 0| 0 0 0 1 3 8 19
N3M(1,2)M(1,-1)M(~1,-2) | 0 | © 0 0 0 1 3 10
(N —5)M(0,5) 0| 0 0 0 0 1 3 8
(N —6)M(0,6) 0| 0 0 0 0 0 1 3
(N —7)M(0,7) 0| 0 0 0 0 0 0 1
N3M(1,3)M(2,-1)M(-2,-3) | 0 | © 0 0 0 0 0 1

Table 2. Determinant of Shapovalov form for vacuum representation at low levels.

Verma module. We will choose the dual basis analogously,
<0| U517m1 U527m2 U Uslyml (4‘16)

with s; > s;41 and mj; <mjyq if s; = sj41. Again, we have m; > s;. As explained above,
we cannot anymore expect the matrix to be symmetric. The construction could be modified
to make the matrix symmetric, but the zeros would anyway not depend on this (basically
because of the triangularity of the Wiy algebra). So computing the determinant of
Shapovalov form with respect to this basis level by level, we find up to level 8 polynomials
as given in the table 2. Here we introduced the polynomials

M(j.k) = (j — k)* — jkag — (j + k)Nag — N?ag = (j — k)> — ag(N + j)(N + k). (4.17)

For example, at level 4 we have the polynomial

384N3(N — 3)(N —2)3(N —1)8(N +1)(1 — Na2 — N%2ad)®x
x (4 —2NaZ — N2a3)?(9 — 3Na2 — N2ad)(1 + Nai — N%a3). (4.18)

The polynomials M(j, k) themselves are not triality invariant, but we can form triality-
invariant products

N3M(j, k)M (j — k,—k)M (k — j, —j). (4.19)

and these in fact are the factors that we found up to level 8.

The power of N in the prefactor given in the first line of the table can be explained
as follows: the fields U; as defined in (3.5) are not triality invariant. We can add to them
combinations of lower dimension fields to make them primary as explained in section 3.9.2.
If we want W;(z) to be triality invariant, the coefficient of U;(z) should be chosen propor-
tional to N7 Since in the computation of the Kac determinant we are using the U-fields
and not the properly normalized W-fields, we get from each mode operator U ; an extra

2
factor of N 2. Taking this into account, we can write down the function that counts these
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Figure 1. Vanishing curves of the Kac determinant for Wj . The blue curves are the Virasoro
N = 2 curve and its triality images, the orange curves are the W3 N = 3 curve and its triality
images. The brown curves show the triality orbit of the first unitary minimal model curve.

extra factors of IV:

d [T 1 1 2,43 4 5 6 7 8 9
e HIH oy ~ q+3¢%+6¢>+13¢ +24¢°+45¢5+77¢" +128¢54+201¢"+ - - - . (4.20)
s=1j=s
This explains all the powers of N up to level 8.

It would be nice to understand the powers of various factors as a function of level.
For zeros of the form (N — j)M(0,j) with j > 0 these powers are the number of plane
partitions of the level of height more than j. For example, the numbers of plane partitions

of height more than 2 are
0,0,1,3,8,19,41, 85,167, 319, 588, 1066, . . . . (4.21)

which nicely matches the third row of the table above. The reason for appearance of
these exponents is clear. For N integer our W, consistently truncates to Wiy n. The
number of states in the generic vacuum representation of this algebra is the number of
plane partitions with height less than or equal to N. The null states of Wj . at IV integer
are exactly those states that are factored out when restricting to Wiy n.

Plots. When making the plots of Wi~ parameter space, which has complex dimension
two, we can restrict only to real subspace of real dimension two, since this is where all
the intersection occur. This is like in the case of Virasoro algebra where we have minimal
models at real values of the central charge. The space of parameters of Wi . can be
parametrized by triples (A1, A2, A\3) subject to a quadratic equation (2.50). This defines a
quadratic surface of a mixed signature if we consider A; to be real. Since the triality group
S3 acts in the space of A parameters by permuting the coordinate axes, we will project
the cone to two dimensional plane along the (1,1,1) axis to respect the symmetry. One
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Figure 2. Intersection of vanishing curves are shown as black dots. The red dots represent the
triality orbit of the Ising model. The blue lines are the rays connecting Ising model points to the
origin. We can see other minimal models lying in these rays.

possible parametrization is

(2A1 — Az — A3) (4.22)
1
y = 7\/3

In (z,y) plane the triality acts by 120° rotations and by reflections with respect to the =

xTr =

Wl

(A2 — A3). (4.23)

axis. The inverse transformation is

r V3 r 3 Va2 4 y?
(}\17)\27)\3) - (:Iz'a_z + Ty,_§ - Qy) + 9 Y (1,1,1) (424)

(there are two preimages, one from each half of the cone).

Minimal models. Now as discussed above, zeros of these polynomials give us curves in
two-dimensional parameter space of Wi where additional null states appear in the vac-
uum Verma module. We call the discrete intersections of these curves the W, minimal
models. Let us look for example at the curve N = 2 which corresponds to Virasoro plus
u(1) truncation of Wi4o. We find the minimal models of table 3.

Note that apart from real Virasoro minimal models we also see here theories with
c=—2,-7,—-25/2,... for which the Virasoro Verma module is already irreducible. These
models are not Virasoro minimal models in the strict sense, but they have extra null states
which are descendants of L_;|0), so it is not surprising that they appear in this table.
Similarly, the intersections with N = 3 are the W3 minimal models of table 4.

In this way we should see Wy minimal models for every IV as special cases of Wi .
But there are also intersections of curves which don’t have an integer value of (A1, A2, Az).
Up to level 8 where we have computed the vacuum Kac determinant, there are up to triality
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ol level minimal model )\ parameters
1/6 2 (2,3), trivial (1,2,-2/3)
-2 1/2 3 (1,2) (2,2,-1)
—22/5 | 9/10 4 (2,5), Lee-Yang, W5 | (2,3,—6/5)
-7 4/3 5 (1,3) (2,4,—-4/3)
1/2 1/12 6 (3,4), Ising (2,2/3,-1/2)
—68/7 | 25/14 | 6 (2,7) (2,5,—10/7)
—25/2 | 9/4 7 (1,4) (2,6,—3/2)
=3/5 | 4/15 8 (3,5) (2,4/3,-4/5)
—46/3 | 49/18 8 (2,9) (2,7,—14/9)

Table 3. Minimal models on N = 2 curve (Virasoro algebra minimal models).

c ol level minimal model A parameters
0 1/12 | 2 (3,4), trivial (1,3,-3/4)
—22/5 | 4/15 3 (3,5), Lee-Yang, Virasoro (2,3,—6/5)
2 | 1/6 | 4 (2,3) (3,3/2,-1)
10 | 1/2 | 4 (1,2) (3,3,-3/2)
—114/7 | 16/21 | 5 (3,7) (3,4, —12/7)
4/5 1/20 6 | (4,5), first nontrivial unitary | (3,3/4,—-3/5)
923 [25/24| 6 (3,8) (3,5, —15/8)
30 | 4/3 | 7 (1,3) (3,6,-2)
—186/5 | 49/30 | 8 (3,10) (3,7,—21/10)
—98/5 | 9/10 | 8 (2,5) (3,9/2,-9/5)

Table 4. Minimal models on N = 3 curve (W5 algebra minimal models).

62 different intersection points. Most of these are induced from Wy minimal models, but
there are 5 models,

(—1,-1,1/2),(-3,-3,3/2), (=5, —5,5/2), (=1,—1/2,1/3), (=1, -1/3,1/4), (1/2,1/3, —1/5)
(4.25)
which do not come from any Wy minimal model. There are also 8 YW; minimal models

k
1,k ———
e
with k=1,...,7 and (1,1/2,—1/3).
As explained in section (3.8) about coproduct, there is a way of realizing Wi rep-

(4.26)

resentations in tensor product of two representations of Wiy, if the A-parameters are
proportional (lie on the same line through the origin in the A-space). This colinearity
follows from the condition of these theories to have the same value of a%. Although it

is perhaps not very surprising, it is nice to see that composing in this way two minimal

— 46 —



models produces again a minimal model. This is illustrated in figure 2. For example, the

(2, ; —;> (4.27)

and there are 7 other minimal models (with null states up to level 8) with the same value

Ising model has A\-parameters

of a3:
1 1
(1, 3 —4) x {-1,0,2,3,4,5,6,7} (4.28)
The reason that say (1,1/3,—1/4) is not in this list is probably because we are looking
only at null states at low level (otherwise it could be generated by taking combinations of
other models on this line).

To understand Wj1o models better, one would either need a formula for zeros of
vacuum Kac determinant at all levels or combine information about YWy minimal models,
which is something that we know much better. For instance, we know that the unitary
minimal models of Wy have central charge

N(N +1) ) (429

N+k)(N+Ek+1)

which is exactly the value of the central charge at the intersection of Wy curve with

CN,k—(N_1)<1_(

curve M(k,k + 1) = 0. Figure 1 shows these curves. The brown curves are zeros
of M(1,2)M(1,—-1)M(—1,—2). They form a nice triality-invariant shape in the two-
dimensional projection of A-parameter space. The blue curve shows zeros of (N —2)M (0, 2)
which are the curves on which all u(1) plus Virasoro truncations of Wi lie. The orange
curves are similarly W3 truncations. The Ising model lies on the intersection of the
Virasoro curve and the first unitary minimal model curve, together with the non-unitary
minimal model with central charge ¢ = —68/7.

Summary. To summarize, we verified that the commutation relations (3.60) in U-basis
can be used to compute the vacuum Kac determinant for Wi .,. We expected the result
to be triality invariant, which is not a priori obvious since the triality symmetry is not
manifest in U-basis computations. Luckily, the results were triality invariant (see for
example figure 1) and furthermore consistent with everything we know about the properties
of Wy vacuum representation.

As side-product, we found new minimal models of Wj . which do not come from
Wy minimal models and we also found indications of an interesting additive structure of
W1 t00o minimal models compatible with coproduct constructed using the free field rep-
resentation of Wy. Of course there are many other things to understand, starting from
the character formula for vacuum representation to generalizing the Kac determinant to
representations which are not the vacuum representation. This is not as simple as in Wy
because already at level one the Wi Verma module has an infinite number of states,
while the interesting Wy minimal models have of course only a finite number of states at
any level. Having infinite possible null state already at level 1 can make the continuation
from Wy to Wi non-trivial so one has to consider some quasi-finiteness conditions for
representations like in [68].
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5 Directions for further study

Linear bases. It is known that for certain values of parameters there exist generating
sets of fields which have linear singular part of the OPE among themselves (linear bases).
In fact, the oldest constructions of Wi~ by [38-40] are precisely in these linear bases.
Preliminary analysis shows that N = 0 and N = 1 are not the only cases where the
Wi4oo linearizes. Furthermore, for ap = 0 (which is triality equivalent to N = 0) the
transformation between the quadratic U-basis and the linear basis is analogous to the
transformation between different bases of the symmetric functions [69]. Understanding this
could lead to a better understanding of the triality in this special case and to simplification
of the structure constants of Wi o

Integrability. There are many connections between two-dimensional conformal field the-
ory and two-dimensional integrable field theories. One of these connections is the presence
of the infinite number of commuting conserved charges that can be constructed from the
Virasoro field [70-72]. The procedure of finding commuting charges constructed from fields
of higher scaling dimension works also for W so it would be interesting if we can learn
something new from this.

More about representation theory. There are many questions that one can ask about
representation theory of Wi yo,. There are many results known for Wy but because there
is an infinite number of generating fields in W4, the representation theory should be
richer. This was noticed already in [43] where some simple representations of W, were
studied. The representation theory of Wi, must include everything we know about Wy
in a smooth way. Furthermore, the triality symmetry is not visible when one considers
only Wy and should play an important role. The understanding of modular invariance of
Weo representations would be very useful in the context of Gaberdiel-Gopakumar higher-
spin-CFT duality.

OPE algebra and other W-algebras. One of the important conclusions of this article
is that the usual approach of expanding operator products at one of two points need
not be the most efficient way of describing the chiral algebra. We introduced bilocal
combinations of fields which were regular and this enabled us to write down a closed-
form expression for the structure constants of Wi . Furthermore, we haven’t lost any
information and the computations that could in principle be complicated in the standard
approach were quite simple (like the computation of commutation relations of modes or
all the correlation functions). We got rid of all derivatives in the expansion and instead
of specifying coefficients of all these fields, it is enough just to specify the matrix Dé’,?
One can ask how general is this description of W-algebra. Clearly all Wy algebras and in
particular the Virasoro algebra and the affine Lie algebras can be specified in this way. To
see how general this property is, one can try to find other algebras having this quadratic
basis. We don’t know yet what are the consistency conditions on Dé’]j But the discussion of
correlation functions clearly shows that already the consistency of the three-point functions
gives us conditions on Dé}?
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This reformulation of the usual OPE could perhaps be useful for understanding the
space of Wh-algebras. So far not much is known about the space of the possible chiral
algebras. As explained in the beginning of this article, there are some procedures which
produce a W-algebra, but generally we don’t know anything about the space of theories
with given field content (dimensions of generating fields). Usually there is either a discrete
set or a one-parameter family of algebras like in the case of Virasoro algebra, Wy or affine
Lie algebras. But W, is an example of two-parametric family of algebras. By extending
the field content, one could expect even higher dimensional parameter spaces.

Higher products of operators. It would be very useful to find some more canonical
normal ordering of fields. The interesting transformations in W4 like the one between
the primary basis and U-basis or the action of triality on various U-bases are non-linear.
If we want to write down a formula for such transformations, it would be nice to first
have some canonical bases for the non-linear combinations of fields. The usual normal
ordering prescription (2.3) suffers from various problems like the lack of commutativity
and complicated expressions for associativity conditions. The OPE in U-basis is expressed
more simply in terms of bilocal fields Uj,(z,w) introduced in (3.55) and the coincident
limit of these Uji(z,w) as z — w gives us quadratic product of U; and Uy, which has many
nice properties compared to (U;Uy). But it is not clear if and how this quadratic product
can be generalized to higher powers.

Combinatorics of plane partitions, topological strings. The interesting observa-
tion [45] that the vacuum character of Wi is the MacMahon function connects the theory
to combinatorics of plane partitions. Also the triality symmetry S3 is mirrored naturally
by S5 symmetry of plane partitions. But the similarity goes further. One can easily check
that the character of Wi which is the irreducible character of Wi (A, ¢) at A = N for
generic ¢ is a function that counts the number of partitions which are bounded from one
direction by N. It would be nice to see if any of the structures found in W; could be
naturally interpreted in the combinatorial language of plane partitions.

As noted in [45], MacMahon function counting plane partition also appears in topo-
logical strings [73-76].

Four-dimensional N/ = 2 supersymmetric theories. )V-algebras play an important
role in 4d-2d correspondence between 4d N = 2 supersymmetric gauge theory and 2d
conformal field theory [77-80]. For example, the instanton partition function for theories
with gauge group SU(N) correspond to conformal blocks of Wy. Another construction is
that of chiral algebra of BPS operators of [81, 82]. In these constructions, the value of N is
always taken to be an integer — it would be interesting to see if considering the universal
algebras like W, and the symmetries similar to triality (which require continuation in V)
could tell us something new about the space of N’ = 2 theories or about geometry of the
instanton moduli spaces.

Kac-Moody algebras at critical level. Another appearance of W-algebras is in the
context of the representation theory of affine Lie algebras [83, 84]. If we consider the
affine Lie algebra sl(N), there are two places were the classical Wy (the Gelfand-Dickey
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algebra) appears. One is in the classical limit of the infinite level, while the other appears
at the critical level (which for sI(N) is at k = —N).25 For general algebra these two are
related by the Langlands duality. From the point of view of quantum W, this duality
is what triality degenerates to in the classical limit. So in some sense triality in Wi is
the quantum analogue of the classical Langlands duality. A similar phenomenon was also
observed in [53] in the context of WS, algebra with only even spin generators. There the
symmetry connects two Langlands dual algebras, B, and C,,.

Vasiliev theory and higher spin gravities. The algebra Wy, is the symmetry algebra
of Gaberdiel-Gopakumar holographic duality between the three dimensional AdS higher
spin gravity and two dimensional conformal field theory. The question is what can we
learn about three dimensional higher spin theories if we understand the two dimensional
dual theory. There are two ways of approaching the classical limit where both theories
can be compared. One possible limit is the 't Hooft limit studied in [45]. In this limit
the CFT side has a certain class of light states whose bulk duals are not understood. In
different, semiclassical limit [59] there are no light states, but one is forced to consider
the non-unitary limit of the CFT. What triality tells us about these two limits is that
the symmetry algebra is equivalent in both cases and what differs is the spectrum, the
representation content of the theory. The restrictions on spectra should come from the
requirement of the modular invariance, but so far this is not understood.

Another interesting consequence of the triality is the duality between the bulk solu-
tions and scalar perturbations in the semiclassical limit. In [59] the highest weight rep-
resentations of Wy labeled by two Young diagrams (A4, A_) were identified with scalar
perturbations parametrized by A_ on top of the background parametrized by A,. But the
Z subgroup of the triality symmetry exchanges these two labels. So one may imagine that
the quantized version of the bulk theory has an interesting S-duality symmetry. Thinking
of the bulk solutions as being sourced by some heavy particles, the duality might just
exchange the two species of particles. Depending on the semiclassical limit chosen, one
species of particles would become heavy and the other light. The 't Hooft limit treats both
labels A+ and A_ symmetrically and one could interpret the light states in the ’t Hooft
limit as bound states of the form (A, A) with large binding energy.
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A Structure constants in primary basis

For completeness, we list here all of the structure constants of Wy, in the primary basis
for primaries W;(2)Wy(w) up to spin j + k < 10. Because of the field redefinitions, the
exact values for the structure constants are very non-canonical. To simplify the formulas,
in this appendix we rescale the fields such that

C:ﬁ‘;g:x
CY% =1
c =1
cy =1
Ccl =1
Cls=1
c% =1

and furthermore shift the primary fields Wg(w), Wr(w) and Wg(w) such that

i =0
il =0
o =
i =0
o

ci

This fixes completely all possible redefinitions of these fields (although in very non-canonical
way). By shifting the primary fields, we can reconstruct from these data the structure
constants with arbitrary other choice of primaries. Assuming the choice above, the first

group of structure constants is

3(c+3)z  288(c+10)

Ciy =
b c+2 c(bc+22)x
4
8 = —
44 5
oo, _ B+ (AT +126)z  720(c +10)
BT 92c+2)(Te+114)  c(be+22)x
2
cl. = —
45 3
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026 - 71,

o0 _ 5(c +7)(5¢ +22)2> 60
B (e+2)(Te+ 114) c

o5 _ 5(37c? + 425¢ 4 2202)z  60(19c + 218)
57 3(c+2)(Te+114) c(5¢ + 22)x

10

CHh = —
557 91

(347 240(c + 7)x 2880

BT (c+2)(Te+114)  ¢(be+22)x
60(3797¢® + 82090c* + 387832¢ — 306880)x  46080(73¢* + 1149¢ — 850)
7(c+2)(c+24)(Tc+ 114)(11c + 350) Tc(c+ 24)(5e 4 22)(11c + 350)z

35)
Cé5] =

The structure constants in this group are independent of the shift of primary fields. In the

next group we have structure constants

3 _
034—1'

ch 60 n 5(c + 7)(5c + 22)z?
BT (4 2)(Tc+ 114)
cs 60 N 5(c+ 7)(5c + 22)z?
BT e T (e+2)(Te+114)
4 43200(c+10) = 25(c+T7)%(5c+22)(17c + 126)z  150(c + 7)(41c + 366)x
= + —
BT 2(c+22)x 2(c+2)2(7c + 114)2 clc+2)(7c+ 114)

The structure constants in this group are related to the previous ones by relations like
0545024 = 0250&'

The third group of structure constants that we list are those that have shift-independent
left hand side and composite fields on the right-hand side

[33] _ 30(50 + 22)
M (e 2)(Te+ 114)
34 560(c+T7)(c+10)z 6720(c + 10)

B (c+2)(c+24)(Tc+114)  c(c+24)(5c + 22)x
75(c+7)(5¢ +22)(39¢c + 178)x2  450(39c + 178)

o33 _ _
%5 2(c+ 2)2(7c + 114)2 c(c+2)(Tc+ 114)
ol _ 25(3343¢® 4 92550c* + 614104c 4 2418752z 9600(c + 10)(169¢ + 3370)
BT e+ 2)(c+ 24)(Te + 114)(11c + 350) Te(e + 24)(5¢ + 22)(11c + 350)
ol 400(c + 7)(11c + 166)22 4800(11c + 166)

T e+ 2)(c+24)(Te+ 114)  Te(c + 24)(5¢ + 22)

B _ 100(c + 7)(5¢ + 22)(193¢® — 12430c% — 299960c + 243744) x>
% 63(c +2)2(c + 24)(5¢c — 4)(Tc + 114)2
400(193¢3 — 12430c? — 299960c + 243744)

© 2Le(e+ 2)(c+ 24)(5¢ — 4)(Te + 114)
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Note that since these coefficients are non-zero, it is clear that one cannot eliminate the com-
posite primary operators from r.h.s. of the OPE of all primaries at once. The penultimate

group are the structure constants

o8 5(c+7)(5c+22)(Tc — 8)z®  10(7c — 8)x
37 6(c+2)(c + 24)(Tc + 114) c(c+ 24)

o 35lc+ 7)(7¢* + 122¢ + 688)2> 960(c + 10)?
36 —

4(c+ 2)(c+24)(Tc + 114) c(c+ 24)(5c + 22)
5(c47)(5¢+22)(7c? 4-82¢+288) x> 46080(c+10)>  60(113c>+3100c* +26724c+77632)x
(c+2)%(c+24)(Tc+114) ?(c+24)(5c+22)x c(c+2)(c+24)(7c+114)

23040(c 4 10)%(29¢ — 60)
c2(c+24)(5¢ + 22)(11c + 350)
5(c+7)(5¢+22)(6860c° +233021c* +2210045¢% +-2684318¢* — 18804472¢ + 11668160)z*

12(c+2)%(c+23)(c+24)(5c—4)(7c+114)(11c+350)

5(103700¢® +5037443c” +82080149¢* +484133372¢> + 156571028 — 4060675888 c+2813946240) 2>
B c(c+2)(c+23)(c+24) (5c—4) (Te+114) (11c+350)
(1372¢* +57159¢3 +-985274¢% +-8331408¢+27861120)x>  18(1323¢> +52400¢% 4 759236+ 3957600)

(c+2)(c+24)(Te+114)(11c+350) B c(c+24)(5¢+22)(11¢+350)
(147¢® 4 4237¢% 4 46786¢ + 181360)x  192(7c* + 195¢ + 1628)
2(c + 2)(c+ 24)(Tc + 114) e+ 24)(5e+ 22)x

If we chose the spin 6 and spin 7 primaries to have diagonal two-point functions, the struc-
ture constants Cg’ﬁ and C§7 would vanish. But this would make other formulas more com-
plicated. Furthermore, to compute the two-point functions of primaries directly we need
to go to higher order of the computation. Finally, the remaining structure constants are

ol _ 1920(2c—1)  160(c+ 7)(2¢ — 1)z
36 (e +24)(5e+22)  (c+2)(c+24)(Tc+ 114)
120(c + 7)(2¢c — 1)(5¢ + 22)(7c + 68)z> 1440(2¢ — 1)(7c + 68)
(c+2)2(c+ 24)(7c + 114)2 (e +2)(c+24)(Tc + 114)
o3 _ 15(c + 7)(2¢c — 1)(5¢ + 22)(7c + 68)(167c¢* + 2186¢ — 1392)z3
s 4(c+2)2(c+23)(c + 24)(5c — 4)(Tc + 114)2
45(2¢ — 1)(Tc + 68)(167c? + 2186¢ — 1392)x
(e +2)(c+23)(c+ 24)(5c — 4)(Tc + 114)

4
Cis =

4
CS7 =

+

6
CS? =

6
C46 =

33
Cz[m =

ol _ 15(8611¢*4301020¢*+-3170988¢+11305504)z  11520(c+10)(169¢+3370)
6 7(c+2)(c+24)(Tc+114)(11c+350) 7c(c+24)(5¢+22) (11¢4350)z
a  15360(2c — 1) 1280(c + 7)(2¢ — 1)z?

46 7 7c(c+24)(5c+22)  T(cH+2)(c+24)(Tc + 114)
337 640(c+7)(2c—1)(5¢+22)(29¢* +533¢ — 870)2%  2560(2c—1)(29¢* +533¢—870)

Cio 21(c+2)2(c+24)(5c—4)(Te+114)2  7e(c+2)(c+24) (5e—4)(Te+114)
ol _ 2304(499¢* — 1404c — 184900)  3(28961¢”+239956¢> — 7359452¢ — 62692000)x
467 7e(c+24)(5¢4+22)(11¢+350) 7(c+2)(c+24)(7c+114)(11e+350)
ol _ 2304(73¢* +1149¢ — 850)  3(3797¢® + 82090¢” + 387832¢ — 306880)x*
3T (e 4 24)(5¢ + 22)(11c + 350) (c+2)(c+24)(7c+ 114)(11c + 350)

The main purpose of giving these structure constants explicitly is to show how complicated
the OPEs are if we use the primary fields as generating fields of WW,, but also to illustrate
the manifest triality invariance of these expressions.
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A.1 Composite primary fields

In our computation of the OPE in the primary basis there were four composite primary
fields which involved derivatives of primaries and were obtained from the higher order
regular terms in the OPE. These were denoted by [WsWy]M), [W3W3]®?) and [W3W5]()
and [W3W4]®). Let us show the explicit expressions for two of these: [W3W,](!) can be
obtained using OPEconf command OPEPPole[-1] [W3,W4] with result

Wi ) = (323¢% + 1578¢ — 608)C3,(TW3) N (151¢ + 336¢ — 796)C3, (T W3)
42(c+2)(be — 4)(7c + 114) 7(c+2)(5bc —4)7c + 114)
(245¢2 + 396¢ + 244)C3,(T'WY)  5(43¢% — 261c — 34)C3,(TWLY)
14(c + 2)(5c — 4)(7c + 114) 42(c +2)(be — 4)(7c + 114)
6127 +18)C3, (T (TW3)) | 4(127c+ 18)C3,(T(TW3))  3C3,(T'Ws)
T(c+2)(be—4)(Tc+114)  7(c+2)(5c —4)(Tc+ 114) T(c+7)
6C3,(TW]) 4 3 (5¢ + 32)C3, W)

~(WWy) — S(Ws W
35(c+7) + 7 (WslWa) = Z(Ws o) + 210(c + 7)

(5¢3 — 245¢2 + 616¢ + 92)(C3,)* WY
280(c + 2) (5 — 4)(7c + 114)

and [W3W3]®) is obtained similarly using OPEPPole [-2] [W3,W3] with result

C108(T(WaW3)) . B(c+48)(WHWa)  (Te + 228) (W4 IW3)

(Wawa]™ = 13c+516 | 13¢+516  2(13¢ 1 516)
18(4c? + 211c — 4083)C44(T"Wy)  18(5c? — 218¢ — 4218)C44(T'Wy)
(¢4 31)(13¢+516)(55¢ — 6) (¢ +31)(13¢ + 516)(55¢ — 6)
(805¢2 + 18649c + 28254)Cias (TW) N 12(1927¢ — 3543)Cis (T (TWy))
(c+ 31)(13¢ + 516)(55¢ — 6) (c+ 31)(13¢ + 516)(55¢ — 6)

(35¢3 + 1883¢2 + 31434c — 36504)C, WY
16(c + 31)(13c + 516)(55¢ — 6)
24(1861¢% 4 14814c + 50184)C%(T"(TT))
c(3c+ 46)(5¢ + 3)(5c + 22)(13¢ + 516)
6(6895¢2 + 80424c — 67212)Co%(T(T'T))
c(3c+46)(5¢ + 3)(5e + 22)(13c + 516)
(805¢% + 29516¢% 4 197676¢ 4 169488) C9, (T T)
2¢(3¢ +46)(5¢ + 3)(5¢ + 22)(13¢ + 516)
9(149¢ + 6116¢% + 77580c — 85392)C4(T"T")
4¢(3c + 46)(5¢ + 3)(be + 22)(13¢ + 516)
(935¢% + 61940¢% 4 793908c¢ 4 T67376)C95 (T3 T")
2¢(3¢ + 46) (5¢ + 3)(5c + 22)(13¢ + 516)
144(1919¢ — 642)C%(T(T(TT)))
c(3c + 46)(5¢ + 3)(5e + 22)(13¢ + 516)
(175¢* + 15990¢% 4 178120c% — 721656¢ — 19152)C9,T(©)
240¢(3c + 46) (5¢ + 3)(5¢ + 22)(13¢ + 516)
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B OPE in quadratic basis

Although this article is trying to convince the reader that the quadratic basis of Wy has
its advantages over the primary basis, still the OPEs are not very simple. This appendix
shows some of these for the reader to get an idea how they look like. For the OPEs of Wjs
algebra we need (3.29), (3.41) and

U (2)Us (1) ~ IN(N —1)(N —2)(1+ 28a3(z 1_85)0643 + 120 — T2Nag + 36 N2
—(N —2)(14 Nag — N2ad)Us(w) n —(N = 2)(1+ Na2 — N2a3)Us(z)
(z —w)* (z —w)?
—(N = 1)(N —2)ap(1 = N —=5Nad — 3N2a3)Ui ()
(z —w)®
(N —1)(N —2)ap(l = N —5Na3 — 3N2a2)U; (w)
(z —w)?
3 (N = D(N = 2)(1 + 60 — 4Naj) (U () U (w)) (w)
(z —w)!
200U3(w)  —2a9Us(z)  —2Us(w) = —2U4(2)
Temwp T Emwp T e—wp Gowp

—(V = DIV = 2ao(U(2)la(w)) | (V= DN = 2)ag(Us(2)Uh (w))
3 3

+

+

—+

+

+ (z —w) (z —w)

$(N —1)2(N = 2)agU{  —2(N + 1)N*(N — 1)(N — 2)adU} (w)
(z —w)? (z —w)?
—2(N = 1)2(N = 2)agU7" (w) N —tN(N-1)(N—-2)ao(1+6Nad)U}" (w)
2 2

+

(z —w)
i NPV =2)a0U1 () | 3NN =1)(N ~2)ag(1+6Nag)U{" (w)
~((@Us(w) | ~(Us(Ui(w) , (N = DN = 2)aol{’(w)
(z —w)? (z — w)? (= w)?

+ 2 (N =1)(N—=2)aU}" (w) 2 ( 5 >

(z—w)

+

Z—w (=) (UsU2) (w) = 5 (N=1) (U U1) (w)

Z—w

+E22 (W) - v - DErmw).

B.1 Bilocal fields

To write down Wy, we must know the OPE of Us(z)Us(w) and Us(z)Us(w). We can
compute these from (3.43), but to write the singular part, we need the bilocal fields up to
dimension 7.

Uoj (2, w) = Uj(w)

Ulj(Z,w) = (UlUJ)(w)+(z_w)(U{U])(w)+ (Z—w)

= (U1(2)U;(w))

(O7U;) (w)+- -
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N-1

Usalz,w) = (UaU2) () — = (U} Us) () + 5 U ()~

N2 w)— VN =2)a0 gy L)
1 1 2

U3 ()~ =2 U 0 )

(N'lXNma%UﬁmU&W+la90wAKNaggﬂa&ﬁm@w>
(N—1)(N—2)aq
120

+<z—w>2(§<vg'vs><w>—2‘< 1V0) (w) - (U ) (w)

BRI N(N-1)(N—2)og . (s) (w)) L

N2_3 (N=2)(N-3)ag (U1(3)U2)(w>

N(N—1)(N-2)(N-3)a} u®

24 120
=) (@00~ 2 00w - B2 ) )
1)(N -2

- 900 (9073 )+ U S ()
Uz, w) = (Ua5) ) — o U ) ()~ DI ZD0 (005,

_ _ —4)a2 _ _ _ —4)ad
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+5U5 (w)~ 720 SO (w) 4
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6
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120
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N(N—-1)(N-2)(N-3)a}
720

)

(U U1) (w)

Uss (2, ) = (UsUs) () + 5 (U1 Us) (1) ~ 2 (U3 Ua) () + U3 (w)
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48

NN-1)(N=2)af 4
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6
+e=0) (W0 0+ GOV )~ T2 O T 0+

+
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(N=1)(N—2)ag

o (U U2)(w)

4 DOV 060G NS (5605, ) L0 )
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120 =30
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N-3 N(N=3)ag

Usa(2,w) = (UsUy)(w)+(U{'Us)(w) — T(UélUs)(wH- 5

. (N72)(N73)O‘0 (U2(3)U2)(U})+

(N—2)(N-3)(1—4a2+4Na3)

U Us) (w)

(UL Us) (w)

6
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48

«
+ (U U0) () + U3 (w)+ 5 U5 (w)

120

2
Qp

N(N—-1)(N-2)(N-3)a} U(5)(w)— (N=1)(N-2)(N-3)
120 2 24
(N=1)(N=2)(N-3)a(N+2—12Na+8N?a3)

(0 USY) (w)

1
+ U (w)+ 5 (OUF) (w) 4+

1400

B.2 Structure constants

Here we give some structure constants of Wi, in quadratic
structure constants le? that are trivial due to

Cip =08y, j+k=l+m

or

Cl=0, j+k=Il+m+1

and also those related to others by symmetry
lezz — (—1)j+k_l_m01?}l
and the shift symmetry
Clit (g, N) = CHETT (a0, N 4 1),

The remaining independent structure constants C]“,? up to 5 +

=N

CH = -N(N —1)ag
CH=N-1

Cy =0

C = N(N = 1)(N — 2)ag
CH=—(N-1)(N -2

CH=N-2
G =0
oft =0

Cc9 = %N(N —1)(1+20a3 —4Nad)
Ci) = N(N - 1)ag

C3y =-1

C¥H = -N(N - 1)(N - 2)(N —3)af
Cit = (N = 1)(N = 2)(N - 3)ag
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basis. We leave out those

(B.4)

k<6and j=k=3 are



CR = —(N = 2)(N = 3)ag

CH=N-3
Cii =0
R =0
Ci =0
C% = —N(N — 1)(N —2)ap(1 4 a2 — 3Nad)
O3 = %(N —1)(N - 2)(1 - 4Naj)
Cf5 = (N = 2)(N + 1ag
CH =2
Cgy = N(N = 1)(N - 2)a3
C% =0
C% =-1
1

c% = 6(N —2)(N — 1)N (120 + 2803 + 36a3N? — 720N — 18agN + 1)
C39 = —(N — 1)(N = 2)ap (3a§N? — 5afN — N +1)

C35 = (N —2) (a§N? — af N — 1)

O3 = —2a9

C3 = 2.
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