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Proper holomorphic mappings between symmetrized ellipsoids

PAWEL ZAPALOWSKI

Abstract. We characterize the existence of proper holomorphic mappings
in the special class of bounded (1,2, ..., n)-balanced domains in C", called
the symmetrized ellipsoids. Using this result we conclude that there are no
non-trivial proper holomorphic self-mappings in the class of symmetrized
ellipsoids. We also describe the automorphism groups of these domains.
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1. Introduction and statement of results. For n > 2 and p > 0 let

n

Bpni={(21,.-.,20) €C": Y |2 < 1}

j=1
denote the generalized complex ellipsoid. We shall write B,, :== By ,,, T := 0B;.

Note that B, ,, is a bounded, complete Reinhardt domain.
Let mp, = (Tn,15- -, Tnm) : C* — C™ be defined as follows

Tnk(2) = g Zjy o 2, 1<k<n, z=(z,...,2,) € C".
1< < <gp<n

Note that 7, is a proper holomorphic mapping with multiplicity n!, m,[g, , :
B, — mn (B, ) is proper too.
The set

E,pni=mBpn)

is called the symmetrized (p,n)-ellipsoid. Note that E,, ,, is a bounded (1,2, ...,
n)-balanced domain (recall that a domain D C C"™ is called the (ki,...,k,)-
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balanced, where ky, ..., k, € N, if (\*12y,... Anz,) € Dforany (21,...,2,) €
D and X\ € B;). Geometric properties of E, ,, were studied in [12]. Here we
answer some of the open questions posed there. As the definition of the symme-
trized ellipsoid is similar to the one of the symmetrized polydisc G,, := m, (B}),
which has drawn a lot of attention recently (see [1,4,6,10] and the references
given there), it is quite natural to ask which properties of the symmetrized
polydisc are inherited by the symmetrized ellipsoids.

Our aim is to give necessary and sufficient condition for existence of the
proper holomorphic mappings between the symmetrized ellipsoids.

Here is some notation. Let &,, denote the group of permutations of the set
{1,...,n}. For 0 € G,,, 2z = (21,...,2,) € C" denote 2, := (25(1), - - - » Zo(n))-
Next, for any A C C put A, = A\{0}, A" := (A.)". Moreover, for any
z = (21,...,2n) € C"yw = (wy,...,w,) € C"t € C and r > 0 we put
2w = (Z1W1, . .., 2pWy), t2 := (tz1,...,tz,), and 2" 1= (2],...,20).

rTn

Remark 1. (a) Let I € N. Observe that C* 3 z + 7,(2!) € C" is a sym-
metric polynomial mapping. According to the fundamental theorem of
symmetric polynomials (see, e.g., [9]) there is a unique polynomial map-
ping P, : C"* — C" such that 7,(2') = P/(7,(2)),z € C". In particular,
P(Ey ) =Ky, for any p > 0.

(b) Fix A,B,C € C and put L := (Lq,...,L,) : C" — C", where

n
L;(z) :ZAsz-i-sz +C, z=(21,...,20) €C", j=1,...,n.
k=1
Observe that 7, o L is a symmetric polynomial mapping. According to the
fundamental theorem of symmetric polynomials there is a unique polynomial
mapping Sz, : C"* — C” such that 7, o L = S om,.

Now we are in position to formulate our main result.

Theorem 2. There exists proper holomorphic mapping [ : E,, — Eg, iff
p/q € N. Furthermore, if p/q € N, the only proper holomorphic mappings
JiEpn — Eqn

(a) in case p# 1, or q # 1/(2m),m € N, or n # 2 are of the form

f = Pp/q © ¢7 (1)
where P, is as in Remark 1(a) and ¢ is an automorphism of Ep ,,;
(b) in casep=1,q=1/(2m),m € N, and n =2 are of the form (1) or

f=PpnodrrroProgrr,

where ¢rr (resp. ¢111) is the automorphism of By o (resp. By/22) defined
in Corollary 4.

Similar classification for the class of generalized complex ellipsoids (with
not necessarily equal exponents on each coordinate) was done in [8] (the case
of positive integer exponents) and [5] (case of positive real exponents).

An immediate consequence of Theorem 2 is the following Alexander-type
theorem for the symmetrized ellipsoids saying that every proper holomorphic
self-map of the symmetrized ellipsoid is an automorphism.



Vol. 97 (2011) Holomorphic mappings between symmetrized ellipsoids 375

Corollary 3. Let [ :E,,, — E,, be a proper holomorphic self-mapping. Then
f is an automorphism.

A theorem of that type was obtained in the case of B, in [3] and its general-
ization on complex ellipsoids was done in [8] and [5]. Recently, a similar result
was obtained in [7] for the tetrablock, which is a (1,1, 2)-balanced domain
in C3. Characterization of proper holomorphic self-mappings of symmetrized
polydisc is done in [6].

Furthermore, from the proof of Theorem 2, the automorphisms group of
E,.» may be easily derived.

Corollary 4. (a) If p # 1 and (p,n) # (1/2,2) then the only automorphisms
of Ep.n are of the form

¢](Zl,22,. . .,Zn) = (CZ17<2227' .. 7<nzn)7 (2’1722 e 7Zn) S Ep,na (2)

where ( € T.
(b) The only automorphisms of E1 ,,, are of the form
¢II(Z) = SL%II’I(Z) IR SL‘PII’n(Z)
n(l —apz1) n™(1 —agz1)"
z=(21,-..,2n) € E1n, (3)
where S, = (SLsouvl""’Squv”) is the polynomial mapping as in

Remark 1(b) induced by Ly;, = (Lpy15---3Lgn) : C* — C™, where

Ly, i(z1,.0,20) =G (Z 2k — na0> + (24/1 — nad <Z 2 — nzj> ,
k=1 k=1

for some (1,2 € T,a0 € R, a < %
(c) The only automorphisms of Ey 55 are of the form (2) or

brr1(z1,22) = (C21, P (32 — 22)),  (21,22) € E1)a, (4)
where ¢ € T.

Remark 5. It should be mentioned that the automorphisms of the form (2)
are special cases of the automorphisms of the form (3).

2. Proofs.

Remark 6. For a (ki,...,ky,)-balanced domain D C C™ one may define the
generalized Minkowski functional

pup (21, s 2n) =inf{A > 0: (A ™z, ... ) X"*2) e D}, (21,...,2,) € C".
Observe that for a (1,2,...,n)-balanced domain E,,, we have
1/2p

n
PE,, (%) = max Z lw; |2 S(wiy .. wy) €T N2) p, 2 € CM
j=1

In particular, ug, , is continuous.
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Proof of Theorem 2. 1f p/q € N then f(z) := P,/4(2) is a proper holomorphic
mapping between E, ,, and E, .

Assume f : E,,, — E,, is proper and holomorphic. Since g, , is contin-
uous, it follows from [7] that f extends holomorphically past the boundary,
OE, 1, of Ep,,. Hence there is a domain V' C C" such that

e VNOIE,, # 2,

e the mapping f|y : V — f(V) is biholomorphic,

e the mappings m |, -1y : 7,1 (V) — V and Toleztpovy T (f(V)) —

f (V) are biholomorphic.
Since m,(0By.,) = OE, ,, it is not restrictive to assume that for a domain
U:=nYV)ccCr

e UNJOB,, # 2,

e the mapping U 3 z +2 2P € gp(U) is well defined and biholomorphic,

o the mapping m, ' (f(mn(U))) 3 z =5 27 € go(my;  (f(ma(U)))) is well

defined and biholomorphic.
Hence the mapping ¢ := 7,1 o fom,|y : U — 9(U) is well defined and biho-
lomorphic. Consequently, the mapping ¢ := g, 09 0 g, 4 g,(U) 18 holomorphic
and |y (), is biholomorphic. As ¢(g,(U)NIB,,) C 9B, it follows from [2]
that ¢ extends to an automorphism of B,,, still denoted by ¢ = (¢1,...,¢n)-
Hence

m(9(2)) = f(ma(z1/7)), 2 € gp(U). (5)
We use the following lemma which will be proved afterwards.

Lemma 7. Let ¢ be an automorphism of B, which satisfies (5) and let
m:=1/q,1:=1/p.
(a) If m ¢ N then m/l € N and, up to permutation of variables, ¢ is of the
form

@I(zla"'azn):C(nlzla"'annzn)? (Zl,...,Zn) EBR7 (6)

for some (,m; € T,pi* =1,5=1,...,n.
(b) If m € N then !l € N and m/l € N. Moreover,
(i) if Il =1 and n > 3 then, up to permutation of variables and compo-

nents, ¢ is of the form ¢rr = (Yrr1,-.-,911,n), where
9011,]'(217 .- ~,Zn) = L 7 C1 sz — nag
n(l—aog) p_q 2k) =
k=1
(21, 2n) € By, (7)

for some ag € Ryad < 2,¢1, Gy € Ty = 1,5 = 1,...,n;
(ii) if 1 > 2 and n = 3 then, up to permutation of variables and compo-
nents, ¢ is of the form (6);
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(iii) #f Il =1 and n =2 then, up to permutation of variables and compo-
nents, @ is of the form (7); moreover, if m is even then, additionally,
up to permutation of variables and components,  is of the form

(21,22) = :
PHIEL 2 = B0 ag(z1 + 22))

(Cl(zl + 22 — 2ag), (/1 — 2a¢(z1 — 22)>7

(21,22) € By, (8)

for some (1,(2 € T and ag € R, a3 < %;
(iv) if I =2 and n = 2 then, up to permutation of variables and compo-
nents, ¢ is of the form (6) or

gojv(zl,ZQ) = \%(zl + ZQ,T’(Zl — 22)), (21,2’2) S B27 (9)

for some (,n e T,n™ =1.

Remark 8. It should be mentioned that the automorphisms of the form (6)
are special cases of the automorphisms of the form (7).

Note that for any automorphism ¢ of B, which satisfies (6), (7), or
(9) respectively, there is an automorphism ¢ of B, such that m,(¢™(z)) =
Tn(@™(2)) and 7, (41 (2)) = 7 (P! (2,)) for any 2z € B,, and 0 € &,,.

Indeed,

e in case of (6) it suffices to take ¢ of the form (6) withn; =1,5=1,...,n.

Then the relation ¢ o 7, = m, o ¢ defines the automorphism ¢; of E, ,,
of the form (2), which obviously satisfies the relation

$(mn(2'/7)) = mu(§V/P(2)), 2 € Bn. (10)

e In case of (7) it suffices to take ¢ of the form (7) withn; =1,5=1,...,n.
Then the relation ¢ o m, = 7, o ¢ defines the automorphism ¢;; of E;
of the form (3), which obviously satisfies the relation (10).

e In case of (9) it suffices to take ¢ of the form (9) with n? = 1. Then the
relation (10), which in this case has form

$(m2(2%)) = ma(§*(2)), =z € By,

defines the automorphism ¢rr; of Ey /55 of the form (4).
It follows from Lemma 7 that p/q = m/l € N. Consequently, using (10),

Frn(21/7)) = ma(0V/4(2)) = ma(@Y/4(2)) = ma (/7 (2))P/)
= Pyyg(ma(@'7(2)) = Bpyg(¢(ma(z1/7))), 2 € gp(U).

The identity principle implies that f = P,/, o ¢ which ends the proof in the
case, when equality (5) is satisfied by the automorphisms of the form (6), (7),
or (9).

In the case when equality (5) is satisfied by the automorphism of the form
(8), the situation is slightly different and we proceed as follows. First observe
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that @71 = @rv o w7, where pry and @yr are taken with n =n; = ny = 1.
Since m is even, m = 2m/’ for some m’ € N. Then the previous cases imply
f(ma(2)) = m2(efTy (2)) = (970 (11(2))) = P (w29t (011(2))))
= P (d111(m2(¢71(2)))) = P (b111(Pa(d11(m2(2))))), 2 € g1 (U),
Whencef:Pm/ O¢IIIOP20¢II- O
Remark 9. Following [11] any automorphism ¢ = (¢1,. .., @y) of the unit ball
is of the form
n: q5,k\Zk — Qk
wj(z)zzk = rg - )7
R(1 =3 )y Grzi)

where a = (ai,...,a,) € B, is arbitrary, Q = [g; ] and R are respectively a
n X n matrix and a constant such that

QI, —aa)Q =1,, R(1-"aa)R=1,

where I,, is the unit n x n matrix, whereas A (resp. ‘A) is the conjugate
(resp. transpose) of an arbitrary matrix A. Moreover, a, @, and R satisfy

tQQ - |R|2dta’ = Hn
|R|? —%'QQa =1 . (11)
‘QQa = |R|a

In particular, @ is unitary if a = 0.

Z:(Zla"'7zn)€Bn7 jzl,...,’lL

Proof of Lemma 7. In the proof we will use the form of automorphism ¢ of
B,, as in Remark 9.

Ad (a). Assume m ¢ N. Note that the function on the right side of (5)
is well defined on any domain D C B, N C7 such that the fiber D; := {\ €

C:(z1,.-.,2j-1, A, Zj41,. .., 2n) € D} is connected and simply connected for
j =1,...,n. In particular, the function D > z + ([}_; ¢;(2))™ is holomor-
phic. Assumption m ¢ N implies that
»(B, NCY) c CL. (12)
We show that ¢ is of the form (6).
First we show that a = 0 and for any j € {1,...,n} there exists a unique

k such that g; # 0.

Indeed, suppose the contrary. Then either

e there are j, k1, ko with ki # ko and gj 1, # 0 # ¢ k., OF

e there are j, k1 with g, # 0 # ag, (since ¢ is one-to-one mapping, for

any k there is a j such that g, # 0).
In both cases one may define
qj,k
Wy = Ak, — Z ]—(w;.C —ay) #0,
Ktk B0

provided wy, € C,,k # ki, are chosen close to aj enough. Clearly, one may
assume that w := (w1, ..., w,) € B,. Consequently, w € B,,NC} with ¢;(w) =
0—a contradiction with (12).
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First equality in (11) implies that ¢(z1,...,2n) = (C120(1)s - - - s CnZo(n)) for
some o € 6,, and (; € T, j =1,...,n. Moreover, (5) and the identity principle
imply that for any w € &,, there is 7 € &,, such that

(CTZ‘T(U, . ,C?Zﬁn)) = (C:z,l)z;r—n(,l)7. cey :En)zfzn)), z € BTH

whence we conclude that (" = (" = 5 for 5,k = 1,...,n, i.e., ¢ is of the
form (6).
Finally, observe that (5) implies that

Flra(2) = ma(C2™), 2 € gp(U).

Hence f,(z1,...,2n) = f”z;n/l. Since f is holomorphic on E, ,, we conclude
that m/l € N.

Ad (b). Assume now m € N. Then m, o o™ : B, — E;/p, ,, is the proper
holomorphic mapping with multiplicity n!m. Thus equality (5) extends on B,
and implies that g;,, : B, — B, is the proper holomorphic mapping with
multiplicity 1/p =1 € N,m = kl, where k € N is the multiplicity of f.

The equality (5) and the identity principle imply that for any o € &,
and £ = (&1,...,&,) € T",gg =1,5=1,...,n, there are 7 € G, and n =
(my--ymn) € T = 1,7 =1,...,n, such that

¢(z) = np-(€25), 2 € B, (13)
Observe that condition (13) implies that a = (aq, . .., ag) for some ag € ﬁlﬁ%l.

Indeed, for any o € G,, there are 7 € G,, and n € T" such that
0= ¢(a) = ne-(as).

Hence ¢(a,) =0, i.e., a = a,.

Moreover, for | > 1¢ is unitary. Indeed, suppose a # 0. Then there is
€€ T ¢ =1, with €a # a. Hence 0 = p(a) = 1y, (£a)—contradiction, since
wr(a) =0.

Ad (i). The equality (5) implies that z — 7, (¢™(z)) is symmetric polyno-
mial mapping. In particular, the polynomial

C" 5 (21,...,20) = [ ] (Z qjn (2 — a0)> (14)

is symmetric.
Let N :=#{k: ¢ #0},j=1,2,...,n, and let

No :=min{#{z: Jjr njgje =2} :m; €T, 0" =1, j=1,...,n}.

The matrix Q@ = Q(n) = [njgx] for n = (n,...,m) € T, n" = 1,j =
1,...,n, such that Ng = #{z: 3,k n;q;x = z} we call the reduced matrix of
the matrix Q.

Note that the polynomial (14) has at most n different—up to multiplica-
tive constant—afline factors, i.e., factors of the form b1z; + -+ + b, z, + bo.
Consequently, the symmetry of the polynomial (14) implies that
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(i) Ny=Ny=---=N, =n,or
(i4i) Ny=Ng=---=N,=n—-1,o0r
(iil) Ny =Ny =---=N, = 1.
We consider these cases separately.
Case (i-i). Let N; =n,j =1,2,...,n. We consider three subcases.

e N = 1. Then the first equality in (11) leads to a contradiction.

e Np = 2 and one of the entries in the reduced matrix Q appears in some
row exactly once. Because of the symmetry of the polynomial (14) we
infer that it is the case in every row and in every column. Hence we may
assume that

n;a, if j #Fk
qjk = e )
n; 3, ifj=~k

for some «, 3 € C,a # 3. Then equalities (11) give

(n—Dlef? +15|* = 1 + |ao[*| |
(n = 2)|af? + 2Re(af) = |aol*| R|?

, 16
B2 = nlaof?|(n — D+ 8 = 1 1o
aol(n — a + B> = ag| R|?
which, after elementary calculation, implies
1 1
o= ig), s=i (e -1
n 1—na3 n 1 —naj
for some ag € R,a} < %, and (1, (> € T. Consequently,
nj ¢1 e
- + , if k
n < /l—nag CQ) J 7& (17)

Gk =
%(\/ﬁTH(Q)_(”—l)Q), ifj==k

for some ap € R,ag < =+, and (1,¢2,m; € T, 0" = 1,5 = 1,...,n. Condi-
tion (17) implies that ¢ is of the form (7).

e Ng > 2 and each of the entries in the reduced matrix Q appears in some
row at least twice. Because of the symmetry of the polynomial (14) we
infer that it is the case in every row. Denote all entries of the reduced
matrix Q by ai,...,an, and let N, denote the number of entries of the
matrix Q equal to ; in any row. By the symmetry, the polynomial (14)
has to have n!/ Hj-vfl N, ! different factors. Since No; > 2,5 =1,..., Ng,
we easily conclude that

n!

— >N
Ng
Hj:1 No,!

—a, contradiction.
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Case (i-ii). Suppose now that N; =n—1 > 2,5 =1,2,...,n. Then the
symmetry of the polynomial (14) implies that for any k there is a unique
J = j(k) such that g;; = 0. We consider two subcases.

e Assume that Ng = 2. Thus, if ¢; 1 # 0 then g; 1, = nja for some n; €
T,ni* =1,j =1,...,n, and a € C,. Hence we may assume that g;x’s
satisfy condition (15) with a # 3 = 0. Then equalities (11) give (16)
with 8 = 0, which, after elementary calculation, implies that o € T and
ag = £v/n —2/(n — 1). Note that in this case ¢ is of the form (7) with
G =¢ and ag = +vn—2/(n—1).

e Assume now that Ng > 3. Then the symmetric polynomial (14) has to
have at least 2n different factors—a contradiction.

Case (i-ii). If N; = 1,5 = 1,2,...,n, then for any k there is a unique

J = j(k) such that g; # 0. Consequently,

90(217 SERE) Zn) = (QI,U(l)(Za'(l) - aO)a <y Qn,o(n) (Zo(n) - aO))

for some o € &,,. First equality in (11) implies that ag = 0 and |g; ,(;)| =
1,7 = 1,...,n. Repeating the argument from part (a) we conclude that ¢ is
of the form (6).

Ad (ii). We repeat the reasoning from the case (i). Since a = 0, the case
N; =1,7=1,...,n, implies that ¢ is of the form (6).

Suppose now that N; = N € {n—1,n},j =1,2,...,n. Equality (5) implies
that m,(p™(2)) = m(¢™(£2)) for any z € B, and & = (§1,...,&,) € T,
gh=1j=1,...,nl1>2

e If N = n, then the polynomial (14) has to have at least 2"~ different—
up to multiplicative constant—Ilinear factors. Consequently, 2"~ ! < n—a
contradiction;

o If N =n—1%#1, then the polynomial (14) has to have at least 2n differ-
ent—up to multiplicative constant—Iinear factors. Consequently, 2n <
n—a contradiction.

Ad (iii). In this case condition (13) means that for any o € Gy there are

7€ Gy and n = (n1,7m2) € T2, 7" = 1,j = 1,2, such that

¢(2) =npr(25), 2 €Ba. (18)

Without loss of generality we may assume that o # id. We consider two cases.
Case 7 = id. Then (18) for z = (0,ag) and z = (ap, 0) implies ag = 0 or

qi,1 = Mdq1,2
42,1 = 1242,2 . (19)
d1,2 = 1Mq1,1
42,2 = 12421

If ap = 0, then (18) for z = (0,22),20 # 0, and z = (21,0),21 # 0, implies
again condition (19). Observe that n? =73 = 1.

Consequently, we are looking for matrix @ satisfying (11) and (19). Ele-
mentary calculation shows that
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e if m is odd, then n; = 1,5 = 1,2, and (19) leads to contradiction with
(11);

e if m is even, then Q satisfies (11) iff 7172 = —1 and ag € R, a3 < % In
this case @ is, up to permutation of the rows, of the form

V2

Condition (20) implies that ¢ is of the form (8).
Case T # id. Then (18) for z = (0, ap) and z = ((ag,0)) implies ag = 0 or

G S
Q= <¢1_2a3 Vi-2af )  CLGeT (20)
G —C2

41,1 = 1422
q2,1 = 772(]1,2' (21)
d1,2 = 1Mq2,1
42,2 = 12411

If ap = 0, then (18) for z = (0,22),20 # 0, and z = (z1,0),21 # 0, implies
again condition (21), which is equal to (15). Consequently, we infer that the
matrix @ is of the form (17), i.e., ¢ is of the form (7).

Ad (iv). We consider two cases.

Case 0 = id, ¢ = (1,—1). It follows immediately from (13) that 7 # id.
Then (13) for z = (21,0), 21 # 0, and z = (0, 22), 22 # 0, implies

q1,1 = M141,2
42,1 = 1)241,1
qi1,2 = —771Q2,2.
q2,2 = —12q1,2

In particular, n1m2 = 1. Since @ is unitary, it follows that

1 G G2
@=75 <77C1 -

Case o #1d, £ = (1, —1). We consider two subcases.
e 7 =id. Then (13) for z = (21,0), 21 # 0, and z = (0, 22), z2 # 0, implies

> ) Cl,CQ,T]ET, nmzl (22)

q1,1 = —11q1,2
42,1 = — 112422
q1,2 = 1411 .
42,2 = 12G2,1

In particular, n? = 3 = —1, which is possible only iff 4 | m. If it is the
case, then @ is unitary iff, up to permutation of rows,
I (G iG
= — i , ,G e . 23
N \/i(Cz —ig, ) o (23)
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e 7 #id. Then (13) for z = (21,0), 21 # 0, and z = (0, 22), z2 # 0, implies

q1,1 = —1N142,2
q2,1 = —12q1,2
q1,2 = 11421 '
42,2 = 1241,1

In particular, n11m9 = —1, whence 1; = —7j2. then @ is unitary iff, up to
permutation of rows,

A 1 — »2
Q:C<77\/I7712 1777,_r>v C777€Tv 7’]m21,7“€[0,1]. (24)

Straightforward calculation shows that the only unitary matrices satisfying
(22) and ((23) or (24)) are, up to permutation of rows, of the form

¢ (1 1 )
== , CmeT, ym=1. 25
Q a\n - ¢ 7 (25)
It is easy to see that unitary automorphism ¢ of By represented by matrix
(25) satisfies condition (13). Since (13) is also satisfied by the automorphism
@ of the form (6), the proof of the case (iv) is finished. O
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