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Abstract: The structure of the parafermion vertex operator algebra associated to an inte-
grable highest weight module for any affine Kac-Moody algebra is studied. In particular,
a set of generators for this algebra has been determined.

1. Introduction

This paper is a continuation of our study of the parafermion vertex operator algebra
associated to an integrable highest weight module for an arbitrary affine Kac-Moody
algebra. We determine a set of generators for these algebras. If the affine Kac-Moody

algebra is Agl), this result was obtained previously in [6].

The parafermion algebra was first studied in [27] in the context of conformal field
theory. It was clarified in [7] that the parafermion algebras are essentially the Z-algebras
introduced and studied earlier in [19-21] in the process of studying the representation
theory for the affine Kac-Moody Lie algebras. As it proved in [7], the parafermion alge-
bras generate certain generalized vertex operator algebras. The partition functions for the
parafermion conformal field theory have been given in [13] and [12] in connection with
the partition functions associated to the integrable representations for the affine Kac-
Moody Lie algebras. We refer the reader to [1,12,13,15,24,26,27] for various aspects
of parafermion conformal field theory.

The parafermion vertex operator algebras which have roots in the parafermion confor-
mal field theory are realized as commutants of the Heisenberg vertex operator subalge-
bras in the vertex operator algebras associated to the integrable highest weight modules
for the affine Kac-Moody Lie algebra [11,14,18]. More precisely, let L(k, Q) be the
level k integrable highest weight module for affine Kac-Moody algebra g associated
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to a finite dimensional simple Lie algebra g. Then L(k, 0) has a vertex operator sub-
algebra ME(k, 0) generated by the Cartan subalgebra h of g. The commutant K (g, k)
of Ma(k, 0) in L(k, 0) is called the parafermion vertex operator algebra. Although the
parafermion field theory has been studied for more than two decades, the mathematical
investigation of the parafermion vertex operator algebras have been limited by a lack
of understanding of the structural theory of these algebras. The goals of this paper and
[4-6] are to alleviate this situation.

More importantly, it is widely believed that K (g, k) should give a new class of
rational, C»-cofinite vertex operator algebras although this can only been proved in the
case g = slp and k < 6 [5]. Most well known vertex operator algebras such as lattice
vertex operator algebras [2,3,10], the affine vertex operator algebras [7,11,23] and the
Virasoro vertex operator algebras [11,25] can be understood well using the underline
lattices or Lie algebras. Unfortunately, the structures of parafermion vertex operator
algebras with weight one subspaces being zero are much more complicated. It seems
that a determination of a set of generators is the first step in understanding parafermion
vertex operator algebras and their representation theory.

It is well known that L(k, 0) is the irreducible quotient of the generalized Verma
module V (k, 0) (see Sect. 2). So the structure of L(k, 0) can be determined by studying
the maximal submodule of V (k, 0) or the maximal ideal of V (k, 0) which is also a vertex
operator algebra. The same idea can also be applied to the study of parafermion vertex
operator algebras. In fact, the Heisenberg vertex operator algebra Ma(k, 0) is also a
subalgebra of V (k, 0) and the parafermion vertex operator algebra K (g, k) is the simple
quotient of the commutant N (g, k) of ME(k, 0) in V (k, 0). The main part of this paper
is to determine a set of generators for V (k, 0)(0) which is the weight zero subspace of
V (k, 0) under the action of the Cartan subalgebra ). The generators for N (g, k) and
K (g, k) will be found easily then. Also, the maximal ideal of N (g, k) is generated by
one vector. This result is similar to that for the maximal ideal of V (k, 0).

It is worth pointing out that the structure theory for the parafermion vertex opera-
tor algebra is similar to the structure theory for the finite dimensional Lie algebras or
Kac-Moody Lie algebras. The building block of the Kac-Moody Lie algebras is the
3-dimensional simple Lie algebra s/, associated to any real root. The generator results
for the parafermion vertex operator algebras given in this paper and [6] show that the

parafermion vertex operator algebras associated to the affine Lie algebra Ail) are also the
building block of general parafermion vertex operator algebras. We hope this fact will
be important in the future study of the representation theory for the parafermion vertex
operator algebra. So a complete understanding of representation theory of K (g, k) in
the case g = s/, becomes necessary.

The paper is organized as follows. In Sect. 2, we give the construction of the ver-
tex operator algebra V (k, 0) associated to the affine Kac-Moody algebra g from [11].
V(k, 0) has a vertex operator subalgebra V (k, 0)(0) which is the space of h-invariants
of V(k,0). A foundational result in this section is to determine a set of of generators
for V(k,0)(0). In Sect. 3, we give a set of generators for the vertex operator algebra
N(g, k) which is the commutant of the Heisenberg vertex operator algebra ME(k’ 0) in

V (k, 0). We also discuss the vertex operator subalgebra P, generated by wy, W3 (which
is defined in Sect. 3) associated to any positive root o and prove that P, is isomorphic
to N(slp, ky), where ky = %k and 6 is the highest root. In fact, N (g, k) is generated

by P, for positive roots «. In Sect. 4, we give a set of generators for the parafermion
vertex operator algebra K (g, k) which is the simple quotient of N (g, k). We prove that
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the maximal ideal of N (g, k) is generated by the vector x_g(0) ! xy (=111, where
Xg 1s the root vector associated to 6 (see Sect. 2). We also show that the image P, of Py
in K (g, k) is isomorphic to K (sl, ko) and K (g, k) is generated by P, for positive roots
«. That is, K (sly, k) are the building blocks of K (g, k).

We expect the reader to be familiar with the elementary theory of vertex operator
algebras as found, for example, in [10] and [18].

We thank the referees for many excellent suggestions which improve and simplify
the proof of Theorem 2.1 greatly.

2. Vertex Operator Algebras V (k, 0) and V (k, 0)(0)

Let g be a finite dimensional simple Lie algebra with a Cartan subalgebra f. Let A be
the corresponding root system and Q the root lattice. Let (, ) be an invariant symmetric
nondegenerate bilinear form on g such that (&, @) = 2 if « is a long root, where we have
identified h with h* via (, ). As in [15], we denote the image of @ € h* in h by #,. That
is, a(h) = (ty, h) for any h € b. Fix simple roots {«;, - - - , oy} and denote the highest
root by 6.

Let g, denote the root space associated to the root @ € A. For o € Ay, we fix
Xig € Otq and hg = ﬁza € b such that [x, X_o] = ha, [ha, X+a] = £2x14. That

is, g = Cxy + Chy + Cx_q is isomorphic to s/ by sending x4 to (8 (1)) ,X_q tO

(? 8) and /, to ((1) 0 ) Then (g, ha) = 2{5:5% and (xy, X o) = {22k
o €A

Letg = g ® C[t,t~'] ® CK be the corresponding affine Lie algebra. Let k > 1 be
an integer and

V(k,0) = Vg(k, 0) = Ind® C

geC[t]eCK
the induced g-module such that g ® C[r] acts as 0 and K acts ask on T = 1.

We denote by a(n) the operator on V (k, 0) corresponding to the action of a ® #".
Then

la(m), b(n)] = [a, bl(m +n) + m(a, b)8m+n,0k

fora,b € gandm,n € Z.

Leta(z) = >,z a(n)z™"~!. Then V (k, 0) is a vertex operator algebra generated
by a(—1)1 for a € g such that Y (a(—1)1, z) = a(z) with the vacuum vector 1 and the
Virasoro vector

1
ouf = 2(k+hv)(2h( Dy (— 1>11+Z— o(=Dx—a(— 1>11)

aeA

of central charge %ﬁ (e.g. [17,18, Sect. 6.2]), where 1" is the dual Coxeter number
of gand {h;|i = 1, ..., 1} is an orthonormal basis of .

We will use the standard notation for the component operators of Y (u, z) for u €
V(k,0). That is, Y (u,z) = ZneZ u,z 1. From the definition of vertex operators,

we immediately see that (a(—1)1), = a(n) for a € g. So in the rest of paper, we will
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use both a(n) and (a(—1)1), for a € g and use u, only for general u without further
explanation.
For A € h*, set

Vk,0)(A) ={veVk,0)|hO)v =rh)v,Y h e h}.
Then we have
Vk,0) = @eoV(k,0)(1). 2.1

Since [h(0), Y (u, z)] = Y(h(O)u, z) for h € hand u € V(k, 0), from the definition
of affine vertex operator algebra, we see that V (k, 0)(0) is a vertex operator subalge-
bra of V (k, 0) with the same Virasoro vector w,g and each V (k, 0)(A) is a module for
V(k, 0)(0).

Our first theorem is on a set of generators for V (k, 0)(0).

Theorem 2.1. The vertex operator algebra V (k, 0)(0) is generated by vectors a;(—1)1
and x_o (=) xe (=D for1 <i <l,a € A,.

Proof. First note that V (k, 0)(0) is spanned by the vectors
ay(=my) - --as(—=mg)xpg, (—n1)xpg, (—n2) - - - xp,(—ny) 1,

wherea; € h, Bj € A,m; >0,n; >0and B + B2 +---+ B, = 0. Let U be the vertex
operator subalgebra generated by «; (—1)1 and x_,(—2)x,(—1D)L for 1 <i <l,a €
Ay. Clearly, o; (— D1 and x_o (—2)xq (=D)L € V(k,0)(0) for 1 <i <l,a € A;. It
suffices to prove that V (k, 0)(0) C U.

Since (h(—1)1), = h(n) for h € b, we see that h(n)U C U for h € b and
n € Z. So we only need to prove u = xg,(—n1)xg,(—n2)---xg,(—n;)1 € U with
B1+ B2+---+ B = 0. We will prove it by induction on ¢.

Clearly, t > 2. If t = 2, it follows from Theorem 2.1 in [6] that

X_g(—m)xy,(—n)l e U
for m, n > 0. Note that if m > 0, then
X_q(m)xe(m)1 = —ho(m +n)1 + mk(xy, X—o)Smano0l € U.

We claim that x_, (m)xq (n)U C U for all m,n € Z. Let u € U. From Proposition
4.5.7 of [18], there exist nonnegative integers p, g such that

P q _
eam)xau=>>" (’" l. q) (j) (= g =+ [)xa (= D) D pagaiju.

i=0 j=0

Since x_o(m —q — i + j)x,(—1)1 € U, the claim follows.
From now on, we assume that # > 2 and that

xg (—np)xp,(—n2) -+ xp,(—n,)1 € U
with B1+ B2 +---+ B, =0for2 <v <t —1andn; > 0. We have to show that
xp, (=n)xp,(=nz) ---xg,(—=n)1L € U

with B1 + B2 + - - - + B, = 0. We divide the proof into two cases.
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Case I. There exist 1 < i, j <t such that 8; + 8; € A. Note that if

xp, (—n1)xpg, (—n2) - - xp, (—n)1 € U,

then
xﬂ;l (_nil )xﬂjz (_niz) e xﬂ;, (_nl'x)1 eU
by the induction assumption, where (i1, . . ., i;) is any permutation of (1, ..., t). Without
loss of generality, we may assume that g1 + B2 € A.
Let k, n be positive integers such that —k + n = —ny and n > n; fori > 3. Let

W = xg, 14, (—k)xgy(—=n3) - - xp,(—n,)L with By + o +---+ B, = 0. Then w € U by
the induction assumption and xg, (—n1)x_g, (n)w € U by the claim.
Let [x_g,, Xg,+8,] = Axg, for some nonzero A. Then

xp (—np)x—p, (Mw = Axg (—n1)xg,(—na)xps;(—n3) - - - xp,(—n,) 1
+xg, (=n)xg+p, (k) [x—p,, xp;1(n — n3)xg,(—nq) - - - xp,(—n,)1
+ o+ xg (—n1)xg g, (k) xpgy (—n3) - - - [x_p,, xg,](n — ny) 1.

Since n — n; > 0 fori > 3, we see that

Xy (_nl)xﬂ1+ﬂ2 (_k)[x—ﬂl s xﬂ}](n - I’l3)x’34(—l’l4) cXp, (—I’l[)]].
+- o+ xp (=n)xp g, (—k)xgy (—n3) -+ - [x_pg, xp,](n — ny)1

lies in U by the induction assumption. As a result, xg, (—n1)xg,(—n2)xg,(—n3)
~-xg, (—n)l e U.

Case2.Forany 1 <i,j <t, B;+B; ¢ A.We claim that there exist 1 < i/, j/ < t such
that 8,/ + ,3 = 0. Otherwise, B; + B; # 0 for all 7, j. This implies that (8;, 8;) > 0 for

all i, j, thus (B1, Z —»> Bj) = 0. On the other hand, since Z —» Bj = —P1, we have
(B1, Z;:z Bj) < 0, a contradiction.

Without loss of generality, we may assume 81 + 82 = 0. Then 83 +-- -+ ; = 0. By
the induction assumption, xg, (—n3) - - - xg,(—n;)1 € U. It is immediate that

xp (—n1)xp, (—n2)xpy(=n3) - --xp,(—n)l e U
from the claim. The proof is complete. O

Remark 2.2. Theorem 2.1 has been obtained in [6] previously in the case g = sl». The
proof given here simplifies the proof of Theorem 2.1 in [6].

Next we discuss some automorphisms of vertex operator algebras V(k,0) and
V (k, 0)(0) for later purposes. It is well known that the automorphism group Aut (V (k, 0))
is isomorphic to the automorphism group Aut(g). In fact, if o € Aut(g), then o lifts to
an automorphism of V (k, 0) in the following way:

o(x1(=ny) - xs(—=ng)l) = (ox1)(—=ny) - - - (0x5)(—ny)1

for x; € g and n; > 0. Let W(g) be the Weyl group of g. Then W(g) can naturally
be regarded as a subgroup of Auz(g) [16]. It is easy to see that if o(h) = b, then
o(V(k,0)(0)) = V(k,0)(0) and the restriction of o to V (k, 0)(0) gives an automor-
phism of V (k, 0)(0). In particular, any Weyl group element gives an automorphism of
V (k, 0)(0). This fact will be used in later sections.
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3. Vertex Operator Algebra N (g, k)

Let VE (k, 0) be the vertex operator subalgebra of V (k, 0) generated by h(—1)1 forh € §
with the Virasoro element

[
1
= — h;(=Dh;(—1)1
wy Zk;_l i(=Dhi(=1)

of central charge [, where {h1, - - - h;} is an orthonormal basis of ) as before. For A € h*,
let Ma(k, A) denote the irreducible highest weight module for ) with a highest weight

vector v, such that 2(0)v, = A(h)v, forh € h. Then Vg(k, 0) isidentified with MB(k, 0).
Recall V (k, 0)(A) from Sect. 2. Both V (k, 0) and V (k, 0)(A), A € Q are completely
reducible Vg(k, 0)-modules. That is,

V(k,0) = @reoMp(k,. 1) ® Ny, (3.1)
V(k,0)(A) = ME(k, A) @ N, 3.2)

where
N, ={v e V(k,0) | h(m)v = A(h)d, ov for h € h, m > 0}

is the space of highest weight vectors with highest weight X for E

Note that N (g, k) = Np is the commutant [11, Theorem 5.1] of VE(k, 0)in V (k, 0).
The commutant N(g, k) is a vertex operator algebra with the Virasoro vector o =
waff — wy Whose central charge is kd;mﬂ — 1.

k+h
Recall from Sect. 2, the 3-dimens+ional subalgebra g* for « € A.. Then the restric-

tion (, ) g« of the bilinear form {, ) to g% is equal to 222))
nondegenerate symmetric invariant bilinear form on g* such that (hy, hy) = 2. As a
result, V (k, 0) is a module for g,& = g* @ Clt,17 '] ® CK of level kg = %k as

we regard V (k, 0) as a module for the subalgebra é‘\’ of g. In other words, V (k, 0) is a
g%¥-module of level 2k or 3k if « is a short root.
Following [5], we let

— 1 _ _ - 12 B B
00 = Sy KDL = ha (D14 2kxa (~Dxo(=DD). - (33)

= k%ho(—=3)1 + 3khg (—2)he (— 1)1 + 2k (— 1)1
— 6kho (= Dxe(=Dx_ (=11
+3k%x0 (—2) % (— DT — 3k%x0 (—1)x_o (—2)1 (3.4)

if ¢ € A4 is along root. If « is a short root, we also define w,, Wj asin (3.3) and (3.4)
by replacing k by kg .

Let P, be the vertex operator subalgebra of N (g, k) generated by w, and W3 Then
P is 1somog\ph10 to the W-algebra W (2, 3, 4, 5) [1] by [6, Theorem 3.1] with k replaced
by ky, 1.€., Py is isomorphic to N (sl, ky).

The ﬁrst main theorem of this paper is about the generators of N (g, k).

Theorem 3.1. The vertex operator algebra N(g, k) is generated by dim g — [ vectors
wq and W3 for o € AL. That is, N(g, k) is generated by subalgebras P fora e Ay.
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Proof. We first prove that V (k, 0)(0) is generated by vectors o; (—1)1, w, and WO? for
i =1,...,]and @ € A,. In fact, let U be the vertex operator subalgebra generated
by h(—1D1, w, and WS forh € hand @« € A,. Then x_o(—1)xe(—1)T € U and
wyf € U. Moreover, from the expression of Ws, we see that x_q(—1)xq(—2)1 —
X—q(=2)x (=11 € U. Set Lyt (n) = (waff)n+1; We have

[Lagr(m), a(n)] = —na(m +n)
form,n € Z,a € g. Thus,
Lagt(—Dx_o(=Dxe(—D1T = x_4(=2)xe (= DL + x_o(—=Dxe(=2)1 € U.

Together with x_y (— D) xg (—2)1 —x_, (—2)x, (— 1)1 € U, we get x_o (—2)xo (— 1)1 €
U, and so U is equal to V (k, 0)(0) by Theorem 2.1.

Next we show that wy, WO? € N(g,k) for « € A. Since (hy, hy) # 0, we have
decomposition ) = Chgy @ (Chg)*, where (Chg)™ is the orthogonal complement of
Chg with respect to (, ). From [6], we know that iy (n)wy = hy (n)W3 =0forn > 0.
If u € (Chy)t, we clearly have u(n)w, = u(n)Wg = 0 for n > 0. This implies that
wy, W3 € N(g, k).

Notice that Y (u, z1)Y (v, 22) = Y (v, 22)Y (u, z1) foru € ME(k, 0)and v € N(g, k).
Since V (k, 0)(0) = ME(k’ 0)® N(g, k), h(—1)1 € Ma(k, 0) for h € b, and wy, WS €
N(g, k) for o € A4, we conclude that N (g, k) is generated by wy, Wg fore € Ay. O

Remark 3.2. Using the Z-algebra introduced and studied in [19] and [20,21], we can
rewrite w, and WS in terms of Z-operators Z, (m) and Z_, (n). Itis not too hard to see that
wy = aqZu(—1)Z_o (=11 and Ws’ = by Zoy(—2)Z_o (=D + oy Z_o(—2)Zo(— 1)1
for some constants aq, by, ¢ € C. One could determine these constants explicitly using
the definition of Z-operators.

Remark 3.3. The vertex operator algebra N (g, k) and its quotient K (g, k) are of moon-
shine type. That is, their weight zero subspaces are 1-dimensional and weight one sub-
spaces are zero.

Remark 3.4. We already know that each wy, is a Virasoro element and how to compute the
Lie brackets [Y (wq, 21), Y(Wg, 22)1, [Y(Wg, 21), Y(W(f, z2)] for @ € A,. It is impor-
tant to calculate the Lie brackets for vertex operators associated to vectors in different
P, . This will be done in a sequel to this paper where the representation theory will be
investigated.

Following the discussion given at the end of Sect. 2, we see that any Weyl group
element gives an automorphism of N (g, k).

4. Parafermion Vertex Operator Algebras K (g, k)

It is well known that the vertex operator algebra V (k, 0) has a unique maximal ideal 7
generated by a weight k + 1 vector xg (—1)¥*11 [17], where @ is the highest root of g. The
quotient vertex operator algebra L(k,0) = V (k, 0)/J is a simple, rational vertex oper-
ator algebra associated to the affine Lie algebrag. Again, the Heisenberg vertex operator
algebra Va(k, 0) generated by h(—1)1 for h € § is a simple subalgebra of L(k, 0) and

L(k,0) is a completely reducible VE(k, 0)-module. We have a decomposition
L(k,0) = @icoMy(k, 1) ® K, 4.1)
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as modules for VE(k, 0), where
Ky ={veLk,0)|h(m)v=A(h)dn ovfor h € h,m > 0}.

Set K (g, k) = Ko. Then K (g, k) is the commutant of VB(k, 0) in L(k, 0) and is called
the parafermion vertex operator algebra associated to the irreducible highest weight
module L (k, 0) for g. As we mentioned in the Introduction, K (g, k) are conjectured to
be rational, C-cofinite vertex operator algebras.

Asa Vg(k, 0)-module, J is completely reducible. From (3.1),

J = @reoMp(k. 1) @ (J N Ny).

In particular, Z = J N N(g, k) is an ideal of N (g, k) and K (g, k) = N(g, k)/Z. Fol-
lowing the same proof as [5, Lemma 3.1], we know that 7 is the unique maximal ideal
of N(g, k). Thus K (g, k) is a simple vertex operator algebra.

We still use wasr, Wy, Wa s WS to denote their images in L(k,0) = V(k,0)/J.

Remark 4.1. In the case k = 1, it follows from the construction of L(1,0) [9,10] that
o = 0and K (g, k) = Cif g is of ADE type.

The following result is a direct consequence of Theorem 3.1.

Theorem 4.2. The simple vertex operator algebra K (g, k) is generated by wy,, Ws for
o € A,

Next, we study the ideal 7 of N(g, k) in detail. The vector xp(— Dk ¢ N(g, k).
From [5, Theorem 3.2] we know that /g (n)x_g (0)** xg (= 1)1 = 0 forn > 0. It is
clear that if i € b satisfies (hg, h) = 0, then h(n)x_g(0)**'xg(—=1)*!11 = 0 for n > 0.
So we have proved the following

Lemma 4.3. x_y (0)Flxp (—D)**1 e 7.
Furthermore, we have
Proposition 4.4. The maximal ideal Z of N (g, k) is generated by x_g(0)<*! xp (= 1)*+11.

Proof. The proof is similar to that of [6, Theorem 4.2 (1)]. Recall g’ = Cxy + Chy +
Cx_g is a subalgebra of g isomorphic to sl5.V (k, 0) is an g?-module where a € g’ acts
as a(0). Each weight subspace of the vertex operator algebra V (k, 0) is a finite dimen-
sional g”-module and V (k, 0) is completely reducible as a module for g’. Consider the
g?-submodule X of V(k,0) generated by xg(—1)**'1. Since x5(0)xg(—1)**'1 = 0
and hg(0)xg(— DM = 2(k + Dxg(— DL, xo(—1)** 1 is a highest weight vec-
tor with highest weight 2(k + 1) for g’. Then X is an irreducible g’-module with
basis x_g(0) xg(—D**11,0 < i < 2(k + 1) from the representation theory of sl;.
This implies that the ideal 7 of the vertex operator algebra V (k, 0) can be generated by
any nonzero vector in X. In particular, [J is generated by x_gp 0)*xy (=¥ 1. Then
J is spanned by u,x_g(0)*1xg (= 1)1 for u € V(k, 0) and n € Z by [8, Cor. 4.2] or
[22, Prop. 4.1].

Since vu € V(k,0)(A+p) forv e V(k,0)(A),u € V(k,0)(u), A, u € Qandm €
7, we see that 7NV (k, 0)(0) is spanned by vectors of the form u,,x_g (0)**1xg (—1)¥*11
with u € V(k,0)(0). Let u = v Q@ w € V(k,0)(0) = Mg(k, 0) ® N(g, k) with
v e Ma(k, 0) and w € N(g, k). Then Y (u,z) =Y (v,2) ® Y(w, z) acts on Ma(k, 0)®

N (g, k). As a result, we have that zis spanned by w,x_g(0)*!xg (=11 for w e
N(g, k) andn € Z. Thatis, the ideal 7 of the vertex operator algebra N (g, k) is generated
by x_g (0)**1 x5 (—1)**1. The proof is complete. O
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For o € A,, we let P, be the vertex operator subalgebra of K (g, k) generated by
wq and W3 Then P, is a quotient of P A natural question is whether or not Py is a
simple vertex operator algebra. For this purpose, we recall our discussion earlier on the
automorphisms of the vertex operator algebra V (k, 0) and N(g, k). That is, any Weyl
group element gives an automorphism of V (k, 0) and N (g, k).

Clearly, any automorphism o of V (k, 0) induces an automorphism of L(k, 0) as o
maps the unique maximal ideal 7 to J. If o € W(g), then o preserves the unique max-
imal ideal 7 and o gives an automorphism of the parafermion vertex operator algebra
K (g, k), Now let @ € A} be along root. Then there exists o € W(g) such that 06 = «
[16]. As a result,

o (x—0(0)* xp (= 1DF11) = ax_y (0) xg (—D** 11

for some constant a. This implies from Lemma 4.3 that x_4 (0)*1x, (= 1)**11 € 7.
Using [6, Theorem 4.2] we obtain:

Proposition 4.5. For any long root o € A, the vertex operator subalgebra P, of
K (g, k) is a simple vertex operator algebra isomorphic to the parafermion vertex oper-
ator algebra K (sly, k) associated to sl;.

We next deal with short roots o€ A.. As we mentioned already V (k, 0) is a level
ky-module for the affine algebra g*. We need a different method to prove the following
which is a generalization of Proposition 4.5.

Proposition 4.6. Let « € Ay. Then the vertex operator subalgebra P, of K(g,k) is a
simple vertex operator algebra isomorphic to the parafermion vertex operator algebra
K (sly, ky) associated to sls.

Proof. As in the proof of Proposition 4.5 we only need to prove that
x_g (O, (= Dkt € 7.

Clearly, L(k, 0) is an integrable module for ﬁ& as xq (—1) is locally nilpotent on L (k, 0).
In particular, the vertex operator subalgebra U of L(k, 0) generated by g* is an integra-
ble highest weight module. That is, U is isomorphic to L(kq, 0) associated to the affine
algebra g%. As a result, we - have x4 (— Dke*11 e 7. It follows then immediately that
x—a(0)ketlx, (—)ket1] € 7, as desired. O

Remark 4.7. We expect from Proposition 4.6 that the role of K (sl», ky) played in the
theory of the parafermion vertex operator algebra is similar to the role of s/; played in the
theory of Kac-Moody Lie algebras. So a study of structural and representation theory
for K (slp, ky) becomes extremely important for general parafermion vertex operator
algebras.

Open Access This article is distributed under the terms of the Creative Commons Attribution Noncommercial

License which permits any noncommercial use, distribution, and reproduction in any medium, provided the
original author(s) and source are credited.

References

1. Blumenhagen, R., Eholzer, W., Honecker, A., Hornfeck, K., Hiibel, R.: Coset realization of unifying
W-algebras. Int. J. Mod. Phys. A10, 2367-2430 (1995)



792 C. Dong, Q. Wang

2. Borcherds, R.E.: Vertex algebras, Kac-Moody algebras, and the Monster. Proc. Natl. Acad. Sci. USA 83,
3068-3071 (1986)
. Dong, C.: Vertex algebras associated with even lattices. J. Algebra 160, 245-265 (1993)

4. Dong, C., Lam, C.H., Yamada, H.: W-algebras in lattice vertex operator algebras. In: Lie Theory and Its
Applications in Physics VII, ed. by H.-D. Doebner, V. K. Dobrev, Proc. of the VII International Workshop,
Varna, Bulgaria, 2007, Bulgarian J. Phys. 35 supplement, 25-35 (2008)

5. Dong, C., Lam, C.H., Yamada, H.: W-algebras related to parafermion algebras. J. Algebra 322, 2366—
2403 (2009)

6. Dong, C., Lam, C.H., Wang, Q., Yamada, H.: The structure of parafermion vertex operator algebras.
J. Algebra 323, 371-381 (2010)

7. Dong, C., Lepowsky, J.: Generalized Vertex Algebras and Relative Vertex Operators. Progress in Math.,
Vol. 112, Boston, MA: Birkhéuser, 1993

8. Dong, C., Mason, G.: On quantum Galois theory. Duke Math. J. 86, 305-321 (1997)

9. Frenkel, I.B., Kac, V.: Basic representations of affine Lie algebras and dual resonance models. Invent.
Math 62, 23-66 (1980)

10. Frenkel, I.B., Lepowsky, J., Meurman, A.: Vertex Operator Algebras and the Monster. Pure and Applied
Math., Vol. 134, Boston, MA: Academic Press, 1988

11. Frenkel, I.B., Zhu, Y.: Vertex operator algebras associated to representations of affine and Virasoro alge-
bras. Duke Math. J. 66, 123-168 (1992)

12. Gepner, D.: New conformal field theory associated with Lie algebras and their partition functions. Nucl.
Phys. B290, 10-24 (1987)

13. Gepner, D., Qiu, Z.: Modular invariant partition functions for parafermionic field theories. Nucl.
Phys. B285, 423-453 (1987)

14. Goddard, P, Kent, A., Olive, D.: Unitary representations of the Virasoro and super-Virasoro algebras. Com-
mun. Math. Phys. 103, 105-119 (1986)

15. Hornfeck, K.: W-algebras with set of primary fields of dimensions (3,4,5) and (3,4, 5, 6). Nucl.
Phys. B407, 237-246 (1993)

16. Humphreys, J.: Introduction to Lie Algebras and Representation Theory. New York: Spring-Verlag, 1987

17. Kac, V.G.: Infinite-dimensional Lie Algebras. 3 ed,, Cambridge: Cambridge University Press, 1990

18. Lepowsky, J., Li, H.: Introduction to Vertex Operator Algebras and Their Representations. Progress in
Math., Vol. 227, Boston, MA: Birkhiduser, 2004

19. Lepowsky, J., Primc, M.: Structure of the standard modules for the affine Lie algebra Agl). Contemp.
Math. 46, Providence, RI: Amer. Math. Soc., 1985

20. Lepowsky, J., Wilson, R.L.: A new family of algebras underlying the Rogers-Ramanujan identities and
generalizations. Proc. Natl. Acad. Sci. USA 78, 7245-7248 (1981)

21. Lepowsky, J., Wilson, R.L.: The structure of standard modules, I: Universal algebras and the Rogers-
Ramanujan identities. Invent. Math. 77, 199-290 (1984)

22. Li, H.: An approach to tensor product theory for representations of a vertex operator algebra, Ph.D. thesis,
Rutgers University, 1994

23. Meurman, A., Primc, M.: Vertex operator algebras and representations of affine Lie algebras. Represen-
tation of Lie groups, Lie algebras and their quantum analogues. Acta Appl. Math. 44, 207-215 (1996)

24. Wang, P, Ding, X.: W-algebra constructed from Zj-parafermion through Nahm’s normal ordering
product. Comm. Theor. Phys. 4, 155-189 (1995)

25. Wang, W.: Rationality of Virasoro vertex operator algebras. Int. Math. Res. Notices 7, 197-211 (1993)

26. West, P.: W strings and cohomology in parafermionic theories. Phys. Lett. B 329, 199-209 (1994)

27. Zamolodchikov, A.B., Fateev, V.A.: Nonlocal (parafermion) currents in two-dimensional conformal quan-
tum field theory and self-dual critical points in Z y -symmetric statistical systems. Sov. Phys. JETP 62,215-
225 (1985)

[95)

Communicated by Y. Kawahigashi



	The Structure of Parafermion Vertex Operator Algebras: General Case
	Abstract:
	1 Introduction
	2 Vertex Operator Algebras V(k,0) and V(k,0)(0)
	3 Vertex Operator Algebra N(g,k)
	4 Parafermion Vertex Operator Algebras K(g,k)
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


