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1 Introduction

It is widely believed that gauge/gravity duality (holography) can be thought of as a ge-
ometrization of the renormalization group. In the most well-studied examples of holog-
raphy, this has been investigated from the “bulk to boundary” point of view, where one
starts with the bulk theory and deduces the renormalization group flow of the boundary
quantum field theory by progressively integrating out the bulk geometry, but with no ref-
erence to any specific field theory cut-off. The first papers along these lines [3, 4] noted
the relationship between the boundary RG flow and Hamilton-Jacobi theory of the bulk
radial evolution. Additional contributions were made for example by [5-10] and more re-
cent discussions include [11-13] (see also [14]). However, a comprehensive understanding
from the “boundary to bulk” perspective of the relationship between RG and holography
still remains elusive, because of the lack of technology to control the RG flow of a generic,
strongly coupled conformal field theory (see [15, 16] for some progress in this direction.')

There have also been many other attempts at deriving holography from a boundary to bulk point of
view. See for instance [17-19].



However, there exists a conjectured duality [20-22] between free vector models in
d = 2+ 1 and certain types of higher-spin theories on AdS, constructed by Vasiliev (for
a detailed exposition of higher-spin theories using Vasiliev’s formalism, see for e.g., [23—
28]). A detailed check of the proposal at the level of three-point functions was carried
out in [27, 28] (see also [29, 30]). While the field theory side in this case is completely
under control, the bulk is a far more complicated, highly non-linear (and non-local) theory
involving fields of arbitrarily high spin propagating on AdS space. Nevertheless, one might
hope that this conjecture provides an accessible toy model for a “constructive” boundary
to bulk understanding of holography. Indeed, using the collective-field formalism for free
O(N)-vector models, it was demonstrated in a series of papers [31-34] that the boundary
degrees of freedom can be reorganized to obtain the Fronsdal equation [35, 36], to which the
Vasiliev equations reduce at the linearized level (see [37] for an RG-interpretation of this
contruction). The conjectured vector model/higher spin duality therefore seems the natural
playground to explore the relationship between holography and the renormalization group.

Indeed, following the initial proposal of [38] a holographic interpretation of the Wilson-
Polchinksi exact renormalization group equations [39] for vector models sourced by single-
trace operators was developed in [1, 2]. In the case of the U(N)-symmetric bosonic vector
model for instance, the bulk theory consists of two bi-local fields B(z; &, 7) and P(z; Z, %)
evolving on a one-higher dimensional bulk space endowed with a flat connection.? By
convention, the boundary is located at z = ¢, and the boundary values of 8 and P are
the source and vacuum expectation value (VEV), respectively, for the single-trace bi-local
operator O(Z,7) = ¢F,(Z)¢™ () in the vector model. A point of great importance here is
that B and P coordinatize the bulk phase space,® and as such bulk dynamics is encoded
in terms of radial evolution equations (namely Hamilton equations) for these fields. These
equations of motion take the geometric form (see section 2 for details)

DO)B = B.Ap-B (1.1)
DOP = iNAp — P-B-Ap — Ap-B-P (1.2)

In [2], it was further shown that the bulk action evaluated on-shell organizes in terms of
a Witten-diagram expansion, and precisely reproduces all the correlation functions of the
boundary CFT. One of the questions that was left unanswered in these papers was the
emergence of the Fronsdal equations for individual higher spin fields from equations (1.1)
and (1.2) at the linearized level — showing this is the main goal of the present paper. We
will demonstrate this cleanly in the case of odd boundary dimension, but we expect our
arguments to also go through in even dimensions with slight modifications.

There are two main obstacles to mapping the bulk equations derived from RG into
Fronsdal equations:

2Here @, 7 € RM¥~! are boundary spacetime events, and z is the running RG scale, which is interpreted
as the holographic radial direction.

3The boundary generating functional of connected correlators of the single-trace operators is then the
Hamilton-Jacobi functional for this system.



(i) Equation (1.1) makes no reference to P and thus can be solved by itself; being a
first-order differential equation, how can the solutions look like general solutions of a
second-order differential equation?

(ii) The RG equations, even at the linearized order, are non-local (in the boundary di-
rections); how can these be equivalent to local bulk equations?

The resolution which will emerge below is as follows: B and P are merely a particular
choice of coordinates on the bulk phase space — the one that the field theory gives us,
and equations (1.1), (1.2) are the corresponding Hamilton evolution equations. But we
have the freedom to perform canonical transformations, without changing the physical
content of the system. We will show that we can use this freedom to resurrect the AdSy11
Fronsdal equations in the bulk, i.e., there exists a canonical frame in which the linearized
RG equations are precisely equivalent to local, second order differential equations in the
bulk, namely the Fronsdal equations.

This result is in fact essentially guaranteed by group theory — this is because of the
fact that the Fronsdal equations simply express the quadratic Casimir [36] of a particular
lowest weight module of the conformal group O(2,d). In fact, a given higher spin current in
the field theory represents a specific conformal module of dimension A and spin? s. Because
the higher-spin currents are conserved at the free fixed point (or even at N = co at the in-
teracting fixed point), the module is short, with A = d—24s. The bi-local sources and vevs
(i.e., the boundary values of B and P) both consist of a direct sum of conformal modules

B(e; Z,7) € Doy D(2 —s,s), Pled,y) € B2yD(d—2+s,s) (1.3)

The holographic map is one-to-one between these boundary values and bulk fields, and
thus the bulk fields fill out a reducible representation &3, (D(Z -5,8)®D(d—2+s, s))
The ‘diagonal’ form of (1.3) is present only at the boundary; the bulk dynamics mix to-
gether B(z; Z,y) and P(z;Z, 7). The challenge is then to find the right “equivariant” map
between boundary RG and bulk dynamics (see [40] for a recent discussion of AdS/CFT
as an equivariant map between bulk and boundary representations). Interestingly, we can
accomplish this simply with a canonical transformation!

This paper is organized as follows: in section 2, we review the construction of refs. [1, 2].
In section 3, we review the form of the Fronsdal equations and express them in a gauge
fixed form that is most useful from the point of view of lowest weight modules of O(2,d). In
section 4, we demonstrate explicitly the canonical transformation between the linearized
renormalization group equations, and AdS Fronsdal equations. We will end with some
comments and general discussion in section 5.

2 Holography from the renormalization group

In order to be self-contained, we will review in this section some details of the holographic
dual to the free bosonic U(N) vector model constructed in [2].

4By spin s, we mean the irreducible traceless symmetric tensor representation with s indices of O(1,d-1).



2.1 Free U(NN) vector model

The action for the CFT is written in terms of N complex scalars
So=— [ d' ,(5)0 6" (@ (2.1)

where ## ¢ R~ Oa = 77“”5#5,,, and m = 1,2--- N is the U(N) index. The most
general U(NN)-invariant “single-trace” deformations away from the free fixed point can be
incorporated by introducing the two bi-local sources B(Z, %) and W,(Z,7) as follows®

Stos, = — / 65 (D) Du(F, DD (T, D™D + | SL@BEDO™T)  (24)

R TR TS z,y
where we have defined (for reasons which will become clear shortly)
Dy(#.5) = Pul(.5) + Wu(@.9),  Pu(f.5) = 06T ~ 3) (2.5)

Given the “matrix” notation we have introduced above, we can define a product and a
trace between bi-locals as follows:

(f-9)(@,9) = | f(Z d)g(d, ) (2.6)
Te (f) = [ f(Z,7) (2.7)

We will largely use this notation from here on.
The sources B and W, that we have introduced above couple, respectively, to the
following bi-local operators

(7,§) = ¢, e (7).  M(T,5) = / (6@ D" (@, @)6™ (@) — DH(F, W) (@)™ (7))
’ (2.8)
Note that f[“(f, ) can be interpreted as a bi-local current operator. There is an important
subtlety in defining U(N) singlet bi-local operators which should be pointed out — since
¢™ (%) is a section of a U(NN) vector bundle, the only natural contraction between ¢, (%)
and ¢™ (%) should involve a U(N) Wilson line. For instance,

(7, 9) = 61,(7) (2 7 ") @) (29)

where A is a background U(N) connection. In this paper, we will not include the Wilson
lines explicitly; this is because we are assuming that the U(NN) vector bundle is trivial,

5Tt should be apparent that by choosing the sources to be of the quasi-local form

7, §) d ,
(Z,79) ZWHM s (x) 8&)5 -9y +--- (2.3)
we may source all the operators of interest, namely ¢;,¢™, ¢fn§“¢m7 ¢fn5“5”¢m --+. Such operators are

representative of specific conformal modules of spin s and dimension A = d — 2 + s.



which means that A©) can be taken to be flat, and in particular we make the choice
A0 — .

The (unregulated) generating function (or partition function) is obtained by performing
the path integral

Zcpr[U,B,W| = / [dodg*] e?UFi5mos. (2.10)

where we have introduced a new source U (for the identity operator) to keep track of the
overall normalization.

2.2 Background symmetries

The path integration in (2.10) is over the set of all square integrable complex scalar func-
tions over the space-time R"¥~1 namely Ly(R"¥~1). This space admits a natural action
of “unitary” maps £ € U(Ly(RY¥1)) (which we will henceforth refer to as U(Lg) for
convenience)®

#@) :/ LG PI™(@), L1-LE ) = 64 — ) (2.11)

under which the path-integral measure is invariant. In fact, the path integral (2.22) has
U(L2) as a background symmetry, under which the sources W), and B transform like a
connection and an adjoint-valued field respectively:

W, =L'"Wy,L+L " [P,L],, B=L"BL (2.12)

It was argued in [1], that the relevant geometry here is that of infinite jet bundles, i.e.,
W, is a connection 1-form on the infinite jet bundle over RYM-1 while B is a section of
its endomorphism bundle. However, we will not need this language here. An important
consequence of the above symmetry is that the free fixed point can be reached by setting
B=0and W, = W;(LO), where W,EO) is any flat connection

dW© £ WO Aw© =g (2.13)

where d = dz# [P, -], is the exterior derivative. For this reason, we will find it convenient
to pull out a flat piece from the full source W and write it as

w=w® 4w (2.14)

Indeed, it is W and B which represent arbitrary single-trace, tensorial deformations away
from the free-fixed point, and thus parametrize single-trace RG flows away from the free
CFT.

—

STf we consider an infinitesimal version of the above transformation L(Z, %) ~ §(Z — %) + €(Z, %), then the
U(L2) condition implies €*(Z, ) + €(¢, £) = 0. For example, consider an € of the form

e(Z,7) = i(T) §(T — §) + £() 8 8(Z — §) + i€ (%) 0.V 6(F — ) + - -

where &, €%, €Y - - are all real. This satisfies the U(L2) condition provided aug“ =0, 8H£‘“’ = 0 and so on.
The first term above is an infinitesimal U(1) gauge transformation, the second term is a volume-preserving
diffeomorphism, while the rest are higher-derivative transformations.



In addition to U(Lz), we also have a dilatation symmetry. In order to make this
explicit, we introduce a conformal factor z in the background metric 7, 2_277/“/, and
redefine the sources by rescaling them:

Bold - ZCH_QBneWa Wold - denew (215)

For simplicity, we will drop the subscripts new presently, and resurrect them when required.
With these changes, the action takes the form

1 — = = = =\ m 1 * (= = A\ m
SBOS.[(bvz?B,W} :_W HH#¢;1(x)DM(m7u)Du(u7y)¢ (y)—’—zdj ﬁﬂ¢m(x)B(x7y)¢ (y)
xr,u,y x,y
(2.16)
It is clear now that the action is invariant under
PM(E) = AT PM(T), 2o Az (2.17)

where X is a constant (i.e., spacetime independent) scale factor — this larger symmetry
group will be referred to as C'U(Lg). More generally, we could consider arbitrary Weyl
transformations by making A Z-dependent, but we will not do so here. Looking ahead,
we note that p o< 1/z will end up being the effective “renormalization scale”. Indeed, as
we will see in the following section, the renormalization group flow will be parametrized
by z. We will take z to lie within the range z € [¢,00), with z = € corresponding to the
ultraviolet, and z — oo corresponding to the infra-red.

Finally, there is one major redundancy in our description which we need to fix —
given the tensorial nature of Wm it is possible to set it to zero by redefining B (as can be
straightforwardly seen from equation (2.16))

B=B- {W\“,Dg})} — W, (2.18)
This is a special property of the bosonic theory. We therefore arrive at the action
St = ——— (B DOz DO (5 Ba (@) + L [ ot (B2 D
b =~y | Gu@n DO DDO @ D) + g | Gl @BE D" ()
XU,y €,y
(2.19)
where
DID(&,3) = Pu(,§) + WO (,9) (2.20)

We now move on to describe the renormalization group flow of the boundary field theory,
and its holographic interpretation.

2.3 Renormalization group as holography

In order to study the renormalization group flow of the boundary field theory, we must
regulate the path integral. Following Polchinski’s formalism [39], we will do so by intro-
ducing a smooth cutoff function Kr(s) which has the property that Kp(s) — 1 for s <1
and Kp(s) — 0 for s > 1. We thus write the new action as

1
2d—2

1
G (@)K (=22D3y [M?) Do (& 6™ (1) + —=5 | 0m(@BE 96" ()

(2.21)

reg. __
SBOS. - .
T,y



where D%o) = nt¥ D,(LO)-D,(,O), and M is an auxiliary scale.” The particular choice of K will
not be important in our discussion below — any sufficiently well-behaved cut-off function
will do. In [37], the validity of such a cut-off procedure for the purposes of holography
was questioned, because the cut-off is seemingly on the momenta of the fundamental U(N)
vectors, while only U(V) invariant singlets should actually be visible in the bulk. However,
we believe this objection is incorrect — the point is that the cut-off procedure we utilize
preserves the global U(N) symmetry, and this is sufficient to ensure that the truncation
to U(N) invariant, single-trace operators is a consistent truncation. As we will see below,
the RG equations are entirely written in terms of U(N) singlet data, and U(NN) vectors are
indeed invisible in the bulk.

The regulated path integral is then given by
Zepr|z U, B,W] = / [dpde*] eVt 5B (2.22)

It is clear that as we tune z from € to oo, the effective cutoff for the field theory decreases
from Ayy = % to zero. In Wilsonian renormalization, this is interpreted as progressively
integrating out fast modes. The partition function Z must therefore remain unchanged
under this process, and the effect of integrating out modes can be accounted for by making
the source B z-dependent. In this way, the exact RG equations are cast as exact Ward
identities of the background CU(Lg) symmetry. We will label the bulk field B(z; %, ), to
indicate that it lives in the one-higher dimensional bulk space. Similarly, the vev II(Z, %)
also evolves into a bulk field which we denote as P(z;Z,%). B and P are in fact canonically
conjugate fields which coordinatize the bulk phase space. Finally, along the RG trajectory,
we also have the freedom to perform arbitrary U(Lg) gauge transformations, and as a
result, the connection W) also evolves into a flat connection in the bulk, which we label
W) (the z-component of which keeps track of the gauge transformations along the flow).
The RG evolution equations are most conveniently obtained using Polchinski’s formulation
of the exact renormalization group [39]. We refer the reader to [2] for a detailed derivation;
we merely state the result here

FO = aw©® L w0 A W — g (2.23)
DB = 0.5 + W, B| = B-ApB (2.24)
DOP = 0.P + WO, P| =iNAp—P-B-Ap — Ap-B-P (2.25)

where d = dz0, + d* [P,, -], is the bulk exterior derivative, and the bi-local kernel Ap is
defined as

2z
Ap = WK;:( - zQD(ZO)/M2> (2.26)

"Note that this choice of regulator preserves the U(Ls) symmetry. We used a slightly different regulator
in [1, 2]. The present choice is somewhat more convenient — the differences are merely notational, and
not physical.



with Kp(s) = 0,Kr(s).® We note that Ap defines a regulated or smeared version of the
--product between bi-locals (see footnote 9).

Most importantly, the above equations are in fact the Hamilton equations of motion
for the bulk Hamiltonian

Hypute = Tr 79-( [%,wg))} + %-AB-%> _iNTr Ap-B (2.27)
which in fact satisfies the Hamilton-Jacobi relation
0
k= —i—n Z 2.28
Hbulk i In Zerr (2.28)

This is the central observation which leads to a holographic interpretation of the renormal-
ization group equations with z interpreted as the bulk radial coordinate. We can use the
above Hamiltonian to construct a bulk action®”

Sputele; B, P = / dz Tr (P-DO%B — P-B-Ap-B) +iN / dz Tr (Ap-B)  (2.29)

o0 [e.9]

Solving the bulk equations of motion with the boundary conditions

B(e; 7,7 = bO(Z,7),  lim P(27,§) =0 (2.30)

Z—r00

one can obtain the bulk action on-shell. It turns out that the on-shell action organizes itself
in terms of a Witten-diagram expansion (see figure 1), and indeed, precisely reproduces
the generating function of connected correlators in the boundary field theory [2]

Zeprle; b0 = eStiled®] (2.31)

which is of course the statement of holographic duality.

One must note that the bulk theory contains all multi-point interactions, and these are
non-local. Of course the reason for this is that we have organized an infinite number of mass-
less fields in the bulk into a bi-local form. Any theory containing an infinite number of mass-
less fields should be thought of as non-local and so this should come as no surprise. The aim
of the rest of the paper will be to isolate the propagating fields of fixed spin; the first such
task will be to reproduce the Fronsdal equations in AdS space from equations (2.24), (2.25).
Before proceeding, we present a brief overview of Fronsdal equations in AdS space.

8 A convenient choice of regulator which we will use for computations in appendix B is the exponential
cutoff Kr(s) = e™°. In this case, the kernel Ap is proportional to the heat kernel for the operator D<20):

22 p2
Ap = —25em2P0 In the limit z — 0, Ap(2;7,7) = —250%(Z — 7).

9The kernel A B(z; Z,7) defines a new regulated product, and a regulated trace between bilocals:

If we define B = AZ'P-AL', then the action takes the neater form

Sbulk:/ dz Tr. (%*ng%—%*%*%)—f—iN/ dz Tr,(B)

9]

which is strikingly similar to non-commutative Chern-Simons action.
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Figure 1. The holographic Witten diagrams corresponding to the boundary one, two and three
point functions. The radial lines are in/out-going Wilson lines for the flat connection WO while
horizontal lines correspond to Ag. Note that the boundary loops are “pulled-in” into bulk vertices.

3 The Fronsdal equation

The Fronsdal higher spin theory in AdS space is described by symmetric tensors ¢y, . 1,
Nz, I3l
g

bulk coordinate indices run over the boundary coordinate indices © = 0,1,...,d — 1 and

which satisfy the double-tracelessness conditions ¢” Is.Dn =0 @r,..1, = 0. Here the

the radial direction z, i.e., I = (i, z). The equations of motion are explicitly

ViVier. .1, —nViV e )+ %n(n— OV (1, Vier..0)1 —2(n—1)(n+d—2)¢r, .1, =0

(3.1)
where the indices I, - - - I, should be taken to be symmetrized as indicated by parentheses.
These equations are invariant under the gauge transformations

oapn..1, = VAL, 1) (3.2)

where V is the AdSg;1 covariant derivative and the symmetric gauge parameters Ay, g,
satisfy the single-tracelessness conditions 91213/\[2“% = ANy,..1, = 0. For n = 1, equa-
tion (3.1) is the familiar Maxwell’s equation, while for n = 2 it is the linearized Einstein’s
equation.

Such a presentation of the higher spin equations is inconvenient in the present context.
We wish to isolate specific (lowest weight) representations of O(2,d); such representations
are given by irreducible spin-s representations of SO(1,d — 1). We can accomplish this
by appropriately fixing the gauge invariance. Many different choices of gauge have been

considered in the literature, but the appropriate one here is the “Coulomb gauge”'°

0z ... zpps =0, 0" Oppyps = 0 VYm > 0,Vs (3.3)

m

In addition, in order to have an irreducible SO(1,d — 1) representation, we require
O ns—o = 0. In this gauge, the equations of motion reduce to

(2202 4+ (2s —d+1)20. + s(s —d) + (2 —s)(s +d — 2) + Z2|:|(f):| Oy (2, ) =0 (3.4)

10The terminology “gauge” is somewhat incorrect in this context — what is being said really, is that
the fields with z-indices ¢....zy;...,, are non-dynamical, in the sense that they do not contribute to the
symplectic structure.



where Uz = 77‘“’815,,. In appendix A, we will discuss this gauge in some more detail.
However, it is illuminating to obtain equation (3.4) directly from the AdS/CFT point of
view, as a statement about the matching of quadratic Casimirs between the bulk and
boundary representations [36]. Starting from the CFT, consider a local, symmetric, trace-
less, spin s, quasi-primary operator @al...as (0) of dimension A in the boundary CFT (where
ar = 0,---d — 1 are boundary indices). Such an operator satisfies (by definition)

[Ka,éal...as(o)} =0 (3.5)
Mt Oar..a (0)] = TatlOus..0.(0)) = =510, Oas_ap(0) + 157, Oy_a.1a(0) (3.6)
[Da@m---as(o)} = _iA@a1---as (O) (3-7)

where Y4, is the appropriate spin matrix. The quadratic Casimir of the conformal group
is given by
1 1
cOCd — _p2 4 S Mup M — = (P, K°} (3.8)

From equations (3.5) and (3.8), we find straightforwardly!!

02D 0y, 0,(®)] = (~ Ad—A) + (s +d~2))Ouy o () (3.9)

Now the corresponding bulk field g, ...q, of course must have the same value for the
Casimir, as it transforms in the corresponding dual AdS representation. We note that
0O(2,d) is represented in the bulk as

[D, Pai...as (z,f)] = i7" [Paa Pay...as (Zaf)] +120:0aj...a, (2, T)
[Mab, ar...as (2, T)] = i [Poy Pay...a, (2, )] — iTp [Pas Pay...as (2, )] + Zab(Pay..as) (2, T)
[Kas $ar...a, (2, F)] = =i(28,2" — (&2 + 2°)80) [P, Pay .00 (2, ¥)] — 12T42020, .0, (2, F)
—22"% 03 (Par..0, ) (2, )
[Pa, ay...a, (2, )] = i0aPay...a0 (2, )

In this bulk representation, we then have

O — - -
[CQ (Q,d), Pai...as (27 l‘)} = zQaSSOal...aS (Z, I)) + (—d + 1)282(,0@1”,@5 (Z, .73) (310)
+8(8 +d- 2)90(11...@3 (27 f) - Z2 [Paa [Paa Pay...as (Z, :Z:)H
But from the CFT calculation, we know that 020 2d)
requiring that the two Casimirs agree gives us

= —A(d—A)+s(s+d—2); therefore,

220200, ...0.(2, %)+ (—d+1)20.0a, ..a. (2, %) + A(d— A)pa, ..a.(2,8) + 22 [P, [Pa, Pa; ..a. (2, 7)]] = 0

(3.11)
To compare this with equation (3.4), we simply note that in the bulk representation, the
a, b, ... indices must be interpreted as those corresponding to a local frame, as it is in that

1 This result is independent of the spacetime location @ of the operator, because the quadratic Casimir
commutes with translations. Equivalently, every element of the conformal module of course shares the same
value of the Casimir.

~10 -



case that O(1,d — 1) acts in the simple fashion stated. Converting to coordinate indices,
©ar...as (2, %) becomes 2%, . (2, ). Inserting this in the above equation gives

[2282 +(2s—d+1)z0,+s(s—d)+A(d—A) + Z2D(f)] Opyops (2, ) =0 (3.12)

A~

In the case when the boundary operator is in a short representation, i.e., Qg ...q, is a
conserved current, we have A = s+ d — 2, and so this becomes

(2202 + (2s —d+1)20. +s(s —d)+ (2—s)(s +d —2) + ZZD(@] Opyos(2,Z) =0
(3.13)
in agreement with (3.4). So we conclude that indeed the linearized higher spin equations
simply state the value of the Casimir of the appropriate conformal module. Consequently,
it must be that eqs. (2.24)—(2.25) should yield the Fronsdal equations. In the rest of the
paper, we proceed to show this explicitly.

4 From Wilson-Polchinski to Fronsdal

Let us now embark on our main goal of reproducing the AdS-Fronsdal equations from the
Wilson-Polchinksi exact renormalization group equations:

DB = B.Ap-B (4.1)

DOP = iNAp — P-B-Ap — Ap-B-P (4.2)
In particular, we want to study the above equations upon linearizing about the background
B=0 P=pP0 (4.3)

where PO satisfies DEO)P(O) = iNAp. Clearly, this background is a solution of the equa-
tions (4.1) and (4.2), albeit the trivial one which corresponds to the unperturbed boundary
CFT. We introduce an auxiliary expansion parameter A and write'?

Bz 7,§) = A b1( 7, 9) + OO, Pz §) =PV (529 +Api(z 29 + 0N (44)
At linear order in A, we thus obtain the equations

DOy =0 (4.5)
DOp; = —PO.p.Ag — Ap-by-PO

Also recall, that these equations were written for the “new” fields defined in (2.15). We
now revert back to the “old” fields by restoring the appropriate powers of z:

1 1 1 1
blew iz b?ld, plew = pc1>1d
With this replacement, we get
d+2
/Dg()) b?ld ( . ) bfl)ld (47)

12This is where large N plays an important role because such an expansion exists in practice only at large
N, with 1/N providing the expansion parameter.
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o d—2 o 1 o o
DR = “—pd - = (P(O)-blld-AB + AB-blld-Pm)) (4.8)

In the rest of the paper, we will restrict our attention to the case of odd boundary dimension
d, with brief comments about even d towards the end.
4.1 Spin-zero

For simplicity, let us practice with the spin s = 0 case first, before moving on to the
arbitrary spin case. In other words, we turn on bulk fields which are dual to the s = 0
operator J© ( ¥) =: ¢, ¢™ : (%) in the boundary field theory. To that effect, we take!

07 7. 9) = o(z.2) (2"6"(F — 7)) (4.9)
7 8) = ¢ I p 2 g) = IO () (110)

The above projection onto local fields is consistent only because we are working at the
linearized level, where the different spins are decoupled in the bulk (as we will see explicitly
below). Note that the operator .J(°)(Z) above is “normal ordered” with respect to the free
CFT, meaning

JO(@) = tim (#5,(D)8" () — (G5 (D" D) orr ) (4.11)

y—>
and the subscript (J(©)); in equation (4.10) stands for linearized order in . The linearized
equations of motion (4.7), (4.8) become
20.¢(2, %) = A_ $(z, %) (4.12)
20,7(2, ) = Ayr(z, F) — z2”+1/ %(P(O)(z;f, @) Ap (2, 7) + Ap(z 7, @) PO (21, i"))gb(z,ﬂ') (4.13)

where we have defined
Ay =d-—2, A_ =2, AL —A_=2v (4.14)
To simplify the notation somewhat, we rewrite the above equations in the compact form

20.0(2, %) = A 9(=,7) (115)
2v
D.m(2,8) = Ay(e ) + / 04 G o.0)(; 7, 0) (=, ) (4.16)

where the meaning of G(QO) will become clear shortly. These equations of motion come
from the linearized action
S2h= [ (1 020:006 -5 n D62, 1+ [ €55 010005 7.70002.7)
‘ (417)
A convenient way to keep track of the boundary condition on ¢(z,¥) at z = € is to add the
boundary term

Shdry = Eid / A% 7 (e, 7) ((;S(e,f) — B¢ (:E)) (4.18)

3Here the bulk field ¢(z, &) should not be confused with the elementary scalar ¢™ (&) of the boundary
field theory.
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to the action. Our aim now is to show that equations (4.15), (4.16) are completely equiv-
alent to the Fronsdal equation for spin s = 0.

As mentioned in the introduction, there are two main obstacles we must confront:
(i) a confusing property of the above action (and the corresponding Hamiltonian) is the
absence of a 72 term. Naively, this gives the impression of a lack of any interesting
dynamics. Another manifestation of this problem is that the field ¢ seems to satisfy an
ultra-local first order equation, which is obviously not true of the usual bulk fields in
AdS/CFT. (ii) The other problem is that the m equation of motion seems non-local, due
to the presence of the bilocal kernel G(Op).

To resolve these issues, we must remember that we’re in a phase space formulation —
¢ and 7 are coordinates on the bulk phase space, with the symplectic structure!*

diz

Qz) = /zd 0p(2,%) N om(z, ) (4.19)

In the specific symplectic frame coordinatized by ¢ and 7, ¢(z,Z) is fixed through (4.15)
by its boundary value, and 7(z, &) contains all of the information about the renormalized
2-point function of the current. Indeed, it is straightforward to see from equations (4.13)
and (4.16) that if we define

o 2 - »
Glog)(5:8,9) = 5 (TO@IO 7 (2) (4.20)

)> CFT,Mink

then

L% o
Gloo) (2 7, 9) = 5720 <J(0> @) 7O

4.21
)>CFT,Mink ¥ ( )

where the correlator is defined in the requlated CF'T on Minkowski space, with the cut-off
procedure described in section 2 (see appendix B.1 for more details).

An essential feature of the phase space formulation is that we have the freedom to per-
form canonical (symplectic) transformations, which are field redefinitions (i.e., coordinate
transformations on phase space) which leave the symplectic 2-form unchanged. Consider
for instance, a general linear transformation on phase space

d) = A.SD + B-w

for general bi-local kernels A, B,C, D. The requirement that the symplectic 2-form be
preserved, namely

Az . . d'z . .
/zd 0p(2, %) Nom(z,%) = /zd 0p(z,Z) N\ dwo(z, T) (4.23)
leads to the constraints

AT.c=c".A, p*.B=B".D (4.24)
AT.D-ct.B=1 (4.25)

14YWe use bold symbols 8¢, 87 etc. to denote differential 1-forms on the phase space.
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For simplicity (and because this suffices for our purpose), we will restrict our attention to
the case where A, B,C, D are symmetric, and translationally and rotationally invariant.
In this case, the constraints (4.24) are automatically satisfied, and we only have to satisfy
the constraint (4.25).

To avoid unnecessary complications, we begin by choosing a simpler canonical

transformation!®

(2, %) = w(z,X) (4.26)

for some constant § to be fixed later. This ansatz clearly satisfies all of the constraints
(because G(io%o) is a symmetric kernel), and is therefore a canonical transformation. We
will presently show that for a specific choice of d, the field ¢ satisfies the spin-zero AdSg1
Fronsdal equation, up to higher-derivative corrections (i.e., up to 0(2454) terms). We
will later show that these higher derivative terms can in fact be systematically eliminated
by a more sophisticated choice of the canonical transformation, but we postpone that
discussion to section 4.3.

Substituting equation (4.26) into (4.17), the action in terms of the new fields becomes

@ _ [dz _ 20 . (et
Sonlk —/ (zd (20,0 — (A = &) p) + i 20, (z G o0 w)

z

(QA* - 5)5 1 1 .
T Lt G(o 0@+ Apd—2v? ©-G0,0)°¢ (4.27)

where we have switched to the --product notation for convenience. Let us focus on the
second term above:

dz 1 dz 1 _
2nd term = —4v 5/ d+2y (0 0@ + 25/ 7w-z82 (G(o 0 )

1 _ Y1

dz 1 _ dz 1 -
- 5(d a 2V) / z d+2uw G(O 0) W 5/ 7 zCH?Vw.ZaZ(G(OTO)).w

1) _
cdvor & G( 0w

(4.28)

zZ=€

where in the last line we have integrated by parts with respect to z. Putting everything
together, we get the bulk action

@ dz . 1 .
Spulk = / 1 <w-zazso— (A —8)mpt o - S [02Gky + 020.(Ggly))| -+ 422”.0(0,0).@)
(4.29)

15 A similar transformation also appeared in [16], although higher-derivative corrections were not under
control in that case. We also note that in the quantum RG formulation of [16], canonical transformations
are simply changes of integration variables in the bulk path-integral, which leave the measure invariant.
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Evidently, the new action has a @? term in it, as opposed to the previous version. Of course,
the integration by parts we have performed above also produces a new boundary term

4]

8 Shdry = @G

iz @G0 @ (4.30)

zZ=€

This boundary term has a clear interpretation from the bulk point of view — it is the
generating function for the canonical transformation. From the boundary point of view,
it appears to be a multi-trace deformation. We will return to the boundary terms shortly.

In order to proceed, we need to examine the various bi-local kernels appearing in
the above equations. The kernel G(o,o) admits an asymptotic expansion of the form (see
appendix B)

. . C L

G0 (5 2,9) = T (1+ 2?0z + -+ ) 04T — ) (4.31)
2v

. oo z . .

G5 59) = =5 (1= az"D + ) 07 - ) (4.32)

where a@ > 0 and C are (dimensionful) constants, which are evaluated in the appendix.
While the numerical values of these constants are irrelevant, the positivity of a is im-
portant in the present discussion for the bulk metric to have the correct signature. The
ellipsis above indicate higher-derivative terms, which we will address in section 4.3, because
presently our aim is to obtain a two-derivative action. An intuitive way to understand the
above expansions is as follows: in any CFT, the two point function of a given operator
is universally determined by conformal invariance. Ambiguities which arise upon intro-
ducing a regulator come in the form of local counterterms — equations (4.31) and (4.32)
parametrize precisely such counterterms.
The w? term in the action simplifies to

ded's 5(8+2v) + ab(5 + 2v + 2)2°0 7 4
c (00 +2) +adi+ 2w + 220 + -+ )@(zd)  (433)

where again the ellipsis indicates higher-derivative terms. To see that the action (4.29) gives
rise to the spin-zero AdS;i-Fronsdal equation, we write down the equations of motion:

00— (A —6)p = % (v + 8w —a@v+5+2)20m+...) (430

—20,w + (A4 + 0)w

%((p + az?0gyp + ) (4.35)

Combining these two equations into a second order differential equation, we get (up to
O(2*9*) terms)

4ad(2v 40 + 2)

o 20zw 4 (4.36)

20,(20,p) — dz0,p + A_ALp — 20452’2D(5)cp =—
We see that the right-hand side of (4.36) can be removed (and thus is of order z4§*) with

the choice § = —(2v 4 2). (Equivalently, the second term on the right hand side of (4.34)
drops out with this choice of §.) Further, by rescaling the Z coordinates, we can set the
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coefficient —2ad = 2a(2v +2) > 0 of the Oz term to one. We thus recognize the above
equation as the Fronsdal equation for spin s = 0

20,(20,0) — dz0,0 + A_Afp + Z2D(f)<p =0 (4.37)
up to higher order corrections. As expected, the scalar mass is given by
(mL)2 = —A_A+

Note that the particular value for ¢ is picked out by the requirement that the spurious
term on the right hand side of equation (4.36) cancels out. Since § was the parameter
in the symplectic transformation (4.26), we see here the first indication that a symplectic
transformation is capable of removing spurious higher order terms, and we will see in
section 4.3 that this can be done systematically to all orders.

At the level of the action, we obtain

dzd7 2(2+ 2v C
Slgi)lk = /Zdﬂ<wzf)zgo — dwp — (C)w2 - ( 2, az2¢D(£)¢) +.. > (4.38)

Solving for the w equation of motion, and plugging it back into the action straightforwardly

gives the action (once again up to higher derivative terms)!

dzd*7
Sé?l)lk =k / W <Zaz90 Zaz90 - ZQQO D(f)(,@ + (mL)QQOQO) + - (4.39)

where k is some dimensionful constant.

Having established the bulk action and equations of motion, now let us turn our
attention to the boundary terms. Combining equations (4.18) and (4.30), we find that the
boundary action is given by

1 d = - - A 1 (0) (= 0 d = - 2 -
Shdry = ed/d Z w(e, X) <<p(e,ac) — 2 ¢! )(az)) - o dZ w(e, ) (1+ O(e”)) w(e, @)
(4.40)
This gives rise to the boundary condition
©— %w =290 (1+0(e?)) (4.41)
which upon using the w equation of motion gives
(20, — Ay)p = 26290 (1 4+ 0(e?) (4.42)

As usual, as a consequence of the equation of motion (4.36), ¢ behaves asymptotically as
o(2, @) = 22+ M(@) (1 +0(2%) + 22 (@) (1 + 0(2?)) (4.43)
and the above boundary condition then becomes

P@) =~ d0@) (444

16WWe also generate an extra boundary term which can be removed by a boundary counterterm, as a part
of holographic renormalization.
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which is the appropriate boundary condition up to a trivial rescaling. For instance in
d = 2+ 1, we have thus correctly found that the bulk field comes with the “alternate
quantization” as expected.

Having warmed up with the spin-zero case, we now generalize the discussion at two lev-
els — in the next section, we repeat the above exercise for general spin, which will allow us to
reproduce the spin-s Fronsdal equation in AdSzy1 (once again up to O(z49%) corrections).
Then in section 4.3, we revisit the higher derivative corrections we have been neglecting,
and show how to eliminate them systematically. This will complete our argument that the
bulk equations obtained from RG are canonically equivalent to AdS Fronsdal equations.

4.2 Higher spins

Moving onto the higher-spin case, we now want to recover the Fronsdal equation for ar-
bitrary spin. As we will show, the computation proceeds in essentially the same way as
the s = 0 case. Going back to the RG equations (4.7) and (4.8), we now wish to turn on
bulk fields which are related to the conserved, symmetric and traceless spin-s current in
the boundary field theory schematically denoted

TG @) = 8l Fron (9, )™+ (@)

where f,,...,, (4, ) is a homogenous, symmetric polynomial of order s in @ and ¢, which is
symmetric and traceless in all of its indices. To this end, we choose

051 (53, ) = 2" Gy (2, ) (B, B)) (2077 = ) (4.45)
el — ]- . —s s llg ~ ~ old - ]- 4] s —
ik (Z,HZ') = N%}L% z le . ( (z)» (y))pl (z,m,y) = N<J(lsl) a >1<2,x> (446)

When the current J, (‘; 1)“ ° is conserved in the boundary theory, it is clear that the boundary

value gbg)l)...us of the source ¢, ..., is defined only modulo the gauge transformation

Ogn-s (£) = Oy, (T) (4.47)

This is of course a manifestation of the U(Lg) gauge symmetry at the linearized level. Fur-
thermore, since Jy) is traceless, only the traceless part of the boundary source is relevant.
We can use these considerations to our advantage by making the gauge choice

P Dutye =0, 200 =0 (4.48)

For brevity, we introduce the notation p_ = p1 -+ - ps. The equations of motion (4.7), (4.8)
in the present case are given by

20.0,,(7) = A 0, (@) (449

2v
Zazﬂ'ﬁs (.’f) = A+7Tﬁs (f) + % / ddﬁ G(ESS’;S (Z, .’f, ﬁ)¢23 (ﬁ) (450)

where
A+:d—2+8, A_:2—S, 27/:A+—A_:d—4+28 (451)
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The kernel in eq. (4.50) can be identified with

Bl oo 20 [ pneps o unevs o
Gy B8 = 5 <J(s) (@) (y)>CFT’Mink (2) (4.52)
'(ﬁ;,ff(z;fv ) = ZazG(H;ff(z;f, 9) (4.53)

where the correlator is defined in the regulated CFT on Minkowski space. To avoid clut-
tering the notation, we will drop the subscript (s, s) on these kernels henceforth.

Remarkably, the equations of motion are compatible with the gauge choice on the
boundary, which implies that we can take the bulk fields (or more precisely, on-shell bulk
fields) to satisfy the same gauge conditions

8M¢##2"'#s =0= 3#7ruu2~--us’ ”ulmqjur--#s =0= 77#1#2”/““% (4-54)

This choice of (on-shell) gauge is once again the higher-spin Coulomb gauge (see appendix
A) at the level of RG. The above equations of motion come from the action

dzdz . . . o, 2
S,gi)lk = / prEs, (Tr&s (z,x)zazri)ﬁs (2,%) — A_7ts (z,:c)d)ﬁs (2, %) + —

4
(4.55)
along with the boundary action
1 S S S -
Sty = g [ 418 7€) (6, (e, ) — 00 (7)) (4.56)

Let us pause briefly to explain why the higher-spin Coulomb gauge simplifies the
analysis significantly. As before, the kernel GEs%s admits an asymptotic expansion, which
in general is complicated because of the index structure. But precisely in this gauge (4.54),
we see from the action above that the index structures become irrelevant; the only part of
the kernels which survive in the action take the generic form

GEte(F,) = —Coz ™ (L4 au2®Digy + ) gt oqpo) 64z — ) (4.57)

z2u

. L 4
Gﬁsl,gs (:E? y) = _?s (1 - OZSZQD(:?) + ) M (v " Mus)vs) 0 ($ - y) (458)
where a5 > 0 and Oy are (dimensionful) constants (see appendix B).!” The notation
(u1 -+ - ps) denotes the symmetrized traceless combination, and the ellipsis above indicate
higher-derivative terms.

Moving on, we now perform the canonical transformation

S I o -
(bﬁ (27'%.) = QOHS(ZW%.) + Z%[Gul,yg(z;may)wys(zay)
g o

L]

s (2, %) = whs (2, F) (4.59)

"While in the present discussion as > 0 is required for the bulk metric to have the correct signature, one
could imagine having a cut-off function where this condition is not satisfied. The more general argument
of section 4.3 will show that this condition (namely as > 0) is not actually necessary — it is merely an
artifact of the simple-minded canonical transformation we have chosen here.
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for some constant § to be fixed later. This canonical transformation preserves the higher-
spin Coulomb gauge condition 0*y,,....; = 0, n*1#2¢p,, .., = 0, as can be easily checked.
In terms of the new fields, the action becomes

2 dz 1 Lo Lo v
s = / T (wus.zazws—(A_—é)wus.%jz%wus. [520ES{KS+5Z83GH51£3] s

+

742_2V SOMS'G'MyVS'gOVS) (460)

1 . . . o Y y
dery = ed/ddx whs (x) ((pﬁs (:C) - GA_ (b(ﬁ(l) (1’)) B 6d+2V wﬁs.Gﬁjﬂs.wis

(4.61)

Z=€
Substituting equations (4.57) and (4.58) into the above action, we find that the w? term
in the action becomes

1 dzd4z . o
Cs / Tt (5, 8)(— 00 +20) + @00 + 20 +2)22 0 + -+ ), (2,8)  (462)

As in the s = 0 case above, choosing § = —(2v + 2) will ensure that the wlzw term
drops out, and the full bulk action then becomes

d=d'7 )
Sl()?l)lk = /;:d+1x <wuszaz<,0us - (d + S) wﬁsspﬁs — 72(A+ =+ 5) wﬁswﬁs

Cs
Cs

—— e, (14 as2’Oz)) w“s) + - (4.63)

The equations of motion for this action are now

2

20:0p = (d+s) ou = C (A +s)wy + - (4.64)
9. oot po_ Cs 22 [
—20.whs — swhe = 1+ asWD(f) ots - - (4.65)

Combining these two equations into a second order differential equation, we get (up to
higher derivative terms)

20, (z@zgoﬁs> —d 200y + EEZQD@WHS —s(s+d)pu +2(A¢ +5)pu =0 (4.66)

2(AL+s)as
M2
rescaling the boundary coordinate . Finally, in order to put the above equation in the

where (2 = is a positive constant. As before, £5 can be set equal to one, by
standard Fronsdal form, we redefine

u = 2"Pp_ (4.67)

We note that this is not an arbitrary redefinition, but corresponds to going from frame
indices to coordinate indices. Having done so, the above equation in terms of ¢, becomes

20, (zaz@s) + (25— d) 20:3+2* OB+ [s(s —d) + ALA] G, =0 (4.68)
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which is precisely the Fronsdal equation in the higher-spin Coulomb gauge (see equa-

tion (3.4)). It is worth pointing out that in the special case s = 1 this is the familiar

Maxwell’s equation in AdS space written in Coulomb gauge, and the Hamiltonian obtained

from equation (4.63) can be cast in the form E2+ B2, Similarly, in the case s = 2 the above

equation is the Einstein’s equation linearized about AdS space, in the s = 2 Coulomb gauge.
Finally, we revisit the boundary action

1 0
Sbary = — / AT s (¢, F) (%s (e, %) — 6A7¢g(f)) - / d'E whs (e, @) (14 O(€")) @y (€, 7) (4.69)
which gives us the boundary condition

26
w%_ii%zzéL%2“+O“%) (4.70)

Using 6 = —2v — 2 = —(A4 + s) and the equation of motion (4.64), we get
200y — Aygpy = 26A*¢g)) (1+0(e?)) (4.71)
Equation (4.66) implies the asymptotics
lim g, (2,7) ~ [ (@) (1+0() + o) (@2 (1+0(2)

Therefore, the boundary condition becomes
(-) — _Ly0

22

or equivalently (ﬁﬁ ~ — ;25 gb(ﬁo), which is indeed the correct boundary condition up to a

trivial rescaling.

4.3 Higher order terms

So far we have demonstrated that the linearized bulk equations obtained from RG are
canonically equivalent to AdS;11 Fronsdal equations, up to O(z454) terms. These higher
derivative terms are only an artifact of choosing a simple canonical transformation. Indeed,
it is possible to construct a more general canonical transformation such that the higher
derivative terms are completely eliminated, as we will now show. For notational simplicity,
we revert back to the spin zero case; all the arguments carry through straightforwardly in
the general spin case. So consider once again a general linear canonical transformation

¢ =Ap+Bw (4.73)
v — Cp 4 Dot (@.74)

where we take all the matrices A, B,C, D to be symmetric as well as translationally and
rotationally invariant. The requirement that this be a canonical transformation gives us
one constraint

A-D-C-B=1 (4.75)
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where 1 of course is the delta function 6%(Z — ¢). The original bulk action (4.17) in terms
of the new variables is given by

. . 21/ .
S@. = /Zgj_l{w-zazgo — @ <(c —A,C)-B—D-(A—A_A)— ZQB-G-A> -

1 . . v
5 <C-A — CA—20(C-A) — Z2A-G-A> p (4.76)
1 . . 52V .
5w D-B—-D-B—-2v(D-B) — 7B-G-B “w
with additional boundary terms coming from the integrations by parts we have performed
above 1
8Snary = 57 (#+(C-A)- + @(D-B)- + 2-(C-B) ) (4.77)

Here A = 20, A, and recall the definitions
A+:d—2, A7:2, 2U:A+—A,

relevant to s = 0. Remember that our aim here is to map this action on to the Klein-
Gordon action in (4.38), with no higher-derivative corrections surviving. So this gives us
three more constraints:

. . 21/ .
(C—ALC)-B—D-(A-—A_A)— %B-G-A =d1 (4.78)

22

C-A—C-A—20(C-A) — 7A-G-A = % (1+az’0z) 1 (4.79)

: : v 4242
D-B = DB~ 20(D-B) - - B-G-B = ((J;’/)
0

1 (4.80)
where o and Cy are constants. Together with the symplectic constraint A-D — C-B =1,
we now have four constraints and four unknown kernels — so we can try to solve for them
order by order in an asymptotic expansion in powers of ZQD(f). Of course, we have already
found the solution to these constraints up to second order in derivatives previously, so we
might as well retain the previous solution up to two derivatives. We parametrize the higher
derivatives as follows:

A=6'G =)+ (of *Tfsy +ad! 2Ty +--)8(F ) (4.81)
1 af 2 di= = B 432 B _63 di=
D =64& — i) + (oz2D 0% +af 2208+ )5d(f — ) (4.84)

where a(d = (af‘,aiB , aic, alp ) for i > 2 are coefficients to be determined from the con-

straints. We have also introduced the convenient notation

G (=29 =2 (ag’ +aof 20 + - )5d(f —7) (4.85)
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with ag # 0. Note that we have taken the expansions for A, B,C, D to be polynomial in
22D@). While this is correct in odd dimensions, in general one needs to include logarithmic
terms in even dimensions. In order to avoid such complications, we have restricted our
attention to odd dimensions in this paper; the same arguments should go through in even
dimensions with logarithmic terms properly taken into account.

The game now is to determine the coefficients a(¥. Let us describe this process

in general. Let’s say we have determined the coefficients to the (r — 1)th order in the
A

ro "

determine, from the four constraints (4.75), (4.78)—(4.80) listed above. Plugging our

expansions (4.81)—(4.85) into the constraints, we get four constraint equations on the

coefficients (™) = (a?,af,a¢, aP):

above expansion. At the rth order (r > 2), we now have four variables « -aP to

1. Symplectic contraint:

2(2+4+ 2v
ol +al + (aa)a? = £ (4.86)
0

2. wy constraint:

2(2+2 G
(JGV)(% —ADaC + (2r—2- At —A_al + 0‘7004{? = £ (4.87)
0

3. ? constraint:
2r —2v)al — afalt = ér) (4.88)

4. w? constraint:

2(242
- (O_;V)(% —2)a? — (2r — 2v —4)aP = fy) (4.89)
0

where on the right hand side we have functions f(") = ( 1(T), e f)) of all the previously
determined coefficients and {ajG}, ie, fM =M@, ... oD, {oz]G}) So the general
structure of these equations for any r is given by

M . ) = §0) (4.90)
where
1 0 2(20%211) 1
aG 14
) = | Zr=2= Ay El LFher-ay —A- (4.91)
—af 0 (2r — 2v) 0
0 —(2r —2v — 4) 0 _ 222 (9 9y)
A
and a = (ad,af,a%, aP), £ = (fl(r), e ,fy)) are defined above. The above matrix
has the determinant
det M) = —8r(r — v)(r 4 v) (4.92)
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We see that the determinant is non-zero for generic r > 0, except at the pathological
levels r = |v|, where the determinant vanishes. However, r is an integer, while for d odd,
v is always half-integral — hence there are no pathologies for any r > 0 when d is odd.
Consequently, det M) = 0 for any 7 > 0, which means that we can solve equation (4.90)
to obtain a!”). By induction on r, we can thus determine all the coefficients of the kernels
A, B,C, D uniquely, and determine the canonical transformation at any desired order in
the asymptotic expansion. While we demonstrated this in the case of s = 0 above, the
same calculation generalizes straightforwardly for general spin with the same conclusion.
This completes our proof of the statement that in all odd dimensions, the RG equations
are canonically equivalent to the bulk Fronsdal equations.

A few comments are in order: firstly, if we naively carry over all the above expressions
to d even, then it might seem that the program fails at » = |v|. This indicates that the
asymptotic form of the expansions for A, B, C, D we have considered above is incomplete
for d even — we must also include terms logarithmic in 2292, Having done so, the
arguments we have presented above will go through for even dimensions as well, but we
will not repeat the details here. Secondly, our discussion does not crucially depend on the
choice of the cut-off function Kr — as long as G has an expansion of the form (4.85), all
the arguments go through. Of course, the detailed form of the canonical transformation
would depend on the choice of the cut-off function. From this point of view, we conclude
that the various different choices of cut-off functions in the boundary correspond to
different choices of a canonical-frame in the bulk. Finally, we note that although we
have shown the existence of the canonical transformation to all orders in the expansion
in powers of 2252, these expansions are still somewhat formal, i.e., we do not have any
handle on the convergence of the series we have found for A, B, C, D.

5 Discussion

In conclusion, we have shown that the linearized exact renormalization group equations
for free U(IV) vector models in the single-trace sector are precisely canonically equivalent
to the higher-spin Fronsdal equation in AdS space. We will end with some speculative
comments and open problems:

(i) Bulk locality: although it is widely believed that AdS/CFT provides a modern,
geometric viewpoint on the renormalization group, it is somewhat puzzling how non-
local'® RG equations can be equivalent to local bulk equations. We have seen above
in the case of the free vector model/higher-spin duality, that there exists a canonical
frame in which the linearized RG equations give rise to local, second order differential
equations in the bulk for individual local spin-s fields, namely the Fronsdal equations.
A satisfying feature is that this result is not really sensitive to the detailed form of
the chosen cut-off function. The canonical transformation can be thought of as giving

18We say non-local because turning on a certain single-trace, quasiprimary operator generates infinitely
many other operators along the flow, which are important to keep track of in the context of holography.
We were able to do this systematically in the exact RG formlism for free vector models, without any
discrimination between relevant, marginal and irrelevant operators.
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us the correct renormalization scheme in which the bulk is local (at the linearized
level). It will be interesting to try and extend these ideas to more general interacting
CFTs, where the question of bulk locality becomes more significant [41].

(ii) Bulk interactions: another interesting question is whether these results can be
extended beyond the linearized level — more precisely, can we match the cubic inter-
actions obtained from RG with the cubic interactions in Vasiliev theory? Thinking
along the lines of [17] might be fruitful in this case. Of course, we do not expect the
bulk to be local beyond cubic order, and “deriving” the Vasiliev theory from RG is
an open problem.

(iii) Gauge interactions & string field theory: so far we have only focussed on the
case of free vector models with global U(N) symmetry. An extremely interesting
possibility is to turn on gauge fields in the boundary CFT, such as for example in
the d = 2 4+ 1 Chern-Simons-vector models [42, 43]. As we noted in section 2, one
must be more careful in defining gauge-invariant bilocal operators in the presence
of gauge interactions. The bilocal operator II(Z,7) = ¢*,(Z)¢™(7) in the ordinary
vector model must now be improved by the inclusion of a U(N) Wilson line between
the two vectors, and thus becomes a functional of open strings:

~

H##(0)] = 65, ((0) Pexp ( /Oﬂdo’Au[f*(a/)]f“(o—')) ) ()

where A, is the U(N) gauge field. Correspondingly, the bi-local source B(Z,¥) in
the free vector model now becomes an open-string functional in the Chern-Simons
vector model:

Bli*(0)] (5.2)

For large but finite Chern-Simons level k, it is then natural to conjecture that the
exact renormalization group equations for B[Z(¢)] and II[Z(c)] should be interpreted
as open-string field equations in AdS space, in a Hamiltonian form (see the discussion
in footnote 9 for further inspiration).'® Pictorially, this corresponds to filling in the
Witten diagrams of the vector model (fig 1) to obtain open-string worldsheets in
a gauge where the worldsheet time is identified with the radial coordinate of AdS.
Naturally, if we take the Chern-Simons level £ — oo, then the Chern-Simons action
localizes on flat connections, and the dependence on the strings drops out. In this
limit B and II only depend on the end-points, and we thus collapse back to the
bi-local sources and operators of the ordinary U(N) vector model. In this sense,
the bulk theory dual to free-vector models we described in section 2 (in terms of
bi-locals) should be thought of as a certain tensionless limit of open-string field
theory in AdS. (See also [44] for related discussion, and [45, 46] for a different
approach to emergence of AdS strings from free gauge theory.)

9More precisely, one must also include closed Wilson-loop operators and corresponding sources in the
boundary, and expect to have an open-closed string theory in the bulk.
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(iv) Entanglement renormalization: there has also been an interesting pro-
posal [18, 19] that the tensor network construction of ground states of critical
systems — MERA (Multi-Scale Entanglement Renormalization) — is closely related
to holography. The idea is that coarse-graining a state by progressively removing en-
tanglement at longer and longer length scales (i.e. entanglement renormalization) via
the action of unitary operations (“disentanglers”) gives rise to a holographic descrip-
tion of the critical system. It would be very interesting to connect the ideas in this
paper with the idea of entanglement renormalization; more precisely, are the canoni-
cal transformations we described within the conventional RG language related to the
disentanglers in the MERA description?” We leave these questions for future work.
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A The higher spin Coulomb gauge

In this appendix, we discuss the higher spin Coulomb gauge for the linearized higher-spin
fields ¢, ...1,,, i.€.

Cozpgoops =0 (s <n)y O e, =0, @iy =0 (A.1)

The Fronsdal equation (without any gauge fixing) is given by

Viviern.n, —nViVLe o, + %n(n ~ VLV i, —2(n—1)(n+d—2)¢r,..1, =0

(A.2)
where the fields ¢y,...;, are double-traceless. We begin by considering the de Donder
condition n—1

V)1, — 5 Vi, 10, =0, (A.3)

where 90/13 I, = o! 1151, - 1f the higher spin fields were massive, this would follow from

the equations of motion. In the ‘massless’ case which we are concerned with here, the de
Donder condition can be chosen as a gauge condition. The equations of motion (A.2) in
this gauge simplify to

valgph,,jn — (2(n— 1)(d—2+n)—n(d—1 +n)) or, .1, —n(n— 1)9(11[290’]3.“%) =0 (A4)
The gauge transformations which preserve this gauge satisfy

ViV —(n=1)(n+d—2)] A1, =0. (A.5)
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Further, it was shown in [47], that for on-shell Fronsdal fields the trace ¢! 151, can be
gauged away, and we thus arrive at the on-shell de Donder condition

V)1, =0, ¢'ry.1, = 0. (A.6)
In this gauge, the Fronsdal equation simplifies greatly
(VIVI (24 (d—5)n—2(d - 2)))4,011“1” ~0. (A7)

It is worth pointing out that the on-shell de Donder gauge is the analog of the Lorentz
gauge in the case of spin one fields.

However, we have still not isolated the physical degrees of freedom. To see why, it is
helpful to think about the spin one case. Naively, in D spacetime dimensions, the spin-one
gauge field A; has D degrees of freedom. The Lorentz gauge condition V;A! = 0 reduces
this to (D —1) — however, the number of physical degrees of freedom carried by a spin-one
gauge field is actually (D — 2). This is because closer inspection reveals that one of the
components of the gauge field (which in the context of AdS/CFT, we may take to be the
z component A,) does not contribute to the symplectic structure. In simpler terms, A,
does not have a canonical momentum, and is thus not a dynamical field, but a Lagrange
multiplier which enforces the Gauss’ law constraint. As long as we satisfy the equation of
motion for A, (namely the Gauss’ law), we are at the liberty to set A, = 0. We thus arrive
at the physical degrees of freedom carried by the remaining components A,,, which further
satisfy the Coulomb gauge condition 5;“4“ = 0. Of course, in the AdS/CFT context, this
is precisely the right number of degrees of freedom for a conserved spin-one current in the
boundary CFT!

The same story generalizes to the case of higher-spin fields. Closer inspection of the
on-shell de Donder gauge condition reveals that the conjugate momenta of all the higher-
spin gauge fields of the form ¢,....;,...,, for s < n can be written in terms of the spatial
divergence of other fields:

vz‘PZIQ-nIn = _V,LLSOMIQ...[R (A.8)

Therefore, these fields do not contribute to the symplectic structure, and are non-
dynamical. We then have the freedom to set ¢....,,..,, = 0 for s < n. Happily, the
corresponding equations of motion are straightforwardly satisfied upon making this choice,
and therefore this choice is a consistent truncation of the Fronsdal equations. Indeed, the
remaining physical fields, namely ¢, ...,,,, which satisfy

—

O s = P ppigopps = 0 (A.9)

carry precisely the right number of degrees of freedom as the conserved, spin-s quasi-
primary operator in the dual CFT. The Fronsdal equation written in terms of these fields
becomes

ZQ@Z%MWMS + (25 —d+ 1)28290u1~-us + ZzD(f)‘Pmmus +[s(s —d) + (d—2+s)(2—3s)] Opyops =0
(A.10)
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b—q

Figure 2. The Feynman diagram which enters the renormalization group equations at the linearized
level. The dotted lines are the external sources, while the solid lines correspond to propagators for
elementary scalars.

B Calculating C'T'(s,s)

In this appendix, we want to explicitly compute the kernel G( s,s) Which appeared in section
4, equations (4.31), (4.57). We will first compute the s = 0 case, and then general s.

B.1 s=0
From the definition (4.20), we have

d. =
Goo (=2 0) = | 2L oo (2:5)ePED
0,0)\Z T, Y (27-‘-)d 0,00\%; P )

dq K(22(p— q)%/M?) K (223 /M?
Go0)(2:0) = C/ (273(1 ( 22_22/ ) K( Z_Q/ ) (B.1)

where c¢ is some constant factor. This is basically the Feynman diagram shown in figure 2.

For concreteness, let us pick a convenient regulator:
K(s)=¢€"°
As we have discussed before, the arguments we have presented do not depend on the choice
of the cut-off function. Therefore

G(o,o>(z;ﬁ) = C/

ddq_’ efuz (ﬁ7®2 67u262

@2m)* (F-q* ¢

(B.2)
where we have defined
u=z/M
We can use Schwinger parameters to rewrite this as
> > ddtj 71‘.(177(?’)275@2 > o0 1 1 _ts g2
G(O,O)(z,;ﬁ)—c/u2 /u2 dtds/(%r)de 70/11,2 /u2 dtds WW@ +s

(B.3)
where we have carried out the ¢ integration. We can evaluate the v = 0 limit straightfor-

wardly
re-9pEg-1,4-1 1

(4 )42 2L (B-4)

G(O,O) (Z — 0,];) =cC

[
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which in position space goes as |z — y|*2A+ — the correct boundary two point function.
But what we are interested in is not Gqq), but G(o,o)

2
1 1 —tuT 52

: LA — L) — 2 7 u
G(0,0) (D) = 20.G(0,0)(2;P) = —4cu /u2 dt i (o T t)d/Ze o+ (B.5)

2

Defining t = u*r, we get

! L e (B.6)

s . _ 4—d >
G(0,0)(2;p) = —4ecu /1 dr 2Trd2 (1 +T)d/2e

For u?p? < 1, the quantity in the exponential is small, because

1 T
- <

<1
2 147

Thus, in the limit u?p? — 0, the exponential point-wise (in 7) converges to (and is bounded
by) 1. This is also the case for all derivatives of the above function with respect to w.
Additionally, W is integrable on the domain 7 € (1,00). So, using the dominated

convergence theorem, we get

: o 1 1 T 1 7
F) = —deytd 1— 22 |+ 44
G 0,0)(2; D) cu /1 dr A3 (1§ 1) < TP +2!(T+1)2up +
4 1 L, 1
= —deut dW (I(d; 0) — I(d; 1)up® + il (s 2)utpt + - > (B.7)

where we have defined

&0 T 2 d—2 d d
I(d;m) = d = F 5 51 B.
( 7m) /1 T(1+T)d/2+m d_22 1( 2 72+m72a ) ( 8)

which is well-defined for all m provided d > 2. The first few of these integrals are given by

92—d/2
I1(d;0) = 7 5 (B.9)
21-4/2(d + 2)
I(dl) = ———= B.1
274/2(d% 4 6d + 16)
I(d;2) = B.11
and so on. So, in position space, we get
Croo (5 77) = — 2 (10) + 1(d: 1) + = 1(d: 22 5
0,0 (%7, %) = T od a2 (d;0) + I(d; 1)u (m)+§ (d;2)u @ T (r —y)
= —Cz"%(1+ azzm@) +) 0% —y) (B.12)
where 4eI(d; 0) d+2
_ 4el(d; o _a+
C= g M7 a=55p >0

are constants, and recall that

21/:A+—A_:(d—4)
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B.2 Higher spins

Now we wish to do the same calculation for generic higher-spin currents. In this case,

s 7ol 2i =N\ TUL Vs [,
G(ﬁssvs) (z2,9) = ]\jum He(Z) T () o (B.13)
Using _
JH1ps (f) = qb:n(j')fﬂl"'ﬂs( a 73@ )¢m( ) (B.14)

we get in momentum space

(ZQCIQ/MQ)

[ (—ig, —i(p - 4))
(B.15)

4G K0~ 0/M)
Gl i e [ (j;_‘jDQ e i )

Once again, using K (s) = e~® and Schwinger parameters, we get

v, ddﬂ Ui s S s —t(F—@)2
Gil e = [ dt/ [ G G ) (i =i )
(B.16)
which can be conveniently written as

d —
Gt =t [T [ Cas e (G ) (< ) [

j—0 Ji a5 Ji a5) ) (2m)
(B.17)
Upon doing the ¢ integration, we get
0 0 0 0
GES:ZS 2 p) = M1 s <_.,Z'ﬁ— _‘> ViU <__)7 —ip + _‘)
/ dt / ds Gy oy B CoR (B.18)

Now taking a u derivative, we see that

4—d—2s
Cilias _ 2c5u o . 0 0
zZ; P ————— lim frhs (_,,zup >f”1 Vs (— zup—l——
ss) (2:p) = 9d d/2 10 a7’ 3j 8] aj'
" /°° B o e (emuﬁ‘? +e#’1“ﬁ'7> (B.19)
1 (1+7)d/2

where j = uj’.

In order to proceed, we need to know the explicit form of fH1Hs and
the detailed form of the kernel above will depend on this explicitly. However, in the
higher-spin Coulomb gauge we choose the higher-spin fields to be divergenceless, and the

>vg>

only piece of interest is the term proportional to np<HLI<V1...pks , where the angular

brackets refer to the traceless, symmetric combination. In this case, it is evident for the
same reason as in the s = 0 case, that we have

GEYs (2, 7) = Cyz™ 2 (14 ayz D(f) ) §UF — gy L ppa>vs> (B.20)
with ag > 0.
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