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1 Introduction

The physics of the U(1) axial symmetry in quantum chromodynamics (QCD) has been
a subject of intensive research over many years. While the QCD Lagrangian is invariant
under U(Ny)g x U(Ny)r, at the classical level, the U(1) 4 symmetry is broken by quantum
effects [1] (see (2.1)). In fact, experimentally observed hadron spectra in the vacuum do not
fully respect the U(Nf)r x U(Ny)r symmetry: the n' meson concerning the U(1) 4 symme-
try is much heavier than the other pseudoscalar mesons associated with chiral symmetry
breaking. This U(1)4 problem was resolved [2, 3] through the discovery of nonperturbative
topological excitations in the Euclidean spacetime, called instantons.

Recently, much attention has been focused on another “U(1)4 puzzle” in QCD at
T > T, where T, is the (pseudo)critical temperature of the chiral transition. Namely,
even though the U(1)4 anomaly relation (2.1) itself does not receive any modification at



finite temperature [4],! the U(1)4 symmetry could be effectively restored at the level of
mesonic two-point (or higher-point) correlation functions [5]. This problem is of particular
interest due to the role played by the axial anomaly in determining the order of chiral
phase transition [6]. It was claimed by Cohen [7] that massless two-flavor QCD at T' > T,
should be effectively symmetric under U(1) 4 in the sense that two-point correlators in the
7, 0, 0, and 1 channels become all degenerate. This work was soon followed by counter-
arguments [8, 9]. Later it was recognized by Laine and Vepséldinen [10] that the U(1)4
violation in the flavor-singlet (axial) vector channel can be shown rigorously at least for
high enough temperatures without any assumptions. This conclusion qualitatively agrees
with [11] that shows U(1)4 violation at high temperatures by calculating a nonzero split-
ting of scalar and pseudoscalar screening masses using a semiclassical dilute instanton gas
picture [12]. More recently, Aoki et al. [13] claimed to have shown the effective restoration
of the U(1) 4 symmetry rigorously under certain assumptions, although the validity of their
assumptions appears to be nontrivial and subtle (see section 5).

Alongside these theoretical studies, the U(1) 4 problem at finite temperature has also
been studied intensively in first-principles lattice QCD simulations [14, 15], but a consensus
is not reached yet: effective restoration of the U(1) 4 symmetry was reported in simulations
with overlap fermions [16] and domain-wall fermions [17-20], whereas a wiolation of the
U(1) 4 symmetry was reported in simulations using staggered fermions [21-24] and domain-
wall fermions [25].2 We warn that some of the simulations [17, 21-25] were performed for
2 + 1 flavors; the effect of a heavier strange quark on the possible U(1) 4 violation in the
light-quark sector is not completely clear yet.

In this paper, we do not try to solve this U(1) 4 puzzle at finite temperature. Rather,
we derive some rigorous results involving the U(1) 4 symmetry in high-temperature QCD,
assuming that the U(1)4 symmetry is violated. (Since the U(1)4 violation must be present
at least for high enough temperatures [10, 11], we consider its presence at all T > T,
to be quite plausible.) We first derive general expressions for chiral susceptibilities and
the topological susceptibility at T > T, using the method of [15, 26]. They are used to
highlight that, while the majority of the U(1) 4 violation at small volume comes from exact
(topological) zero modes, the dominant contribution at large volume comes from nonzero
modes. We estimate finite-volume effects suffered by lattice QCD simulations with fixed
topology, and propose a way to measure the U(1) 4-violating effects reliably in a finite
volume. Furthermore, we rigorously derive new sum rules and a new Banks-Casher-type
relation for the Dirac eigenvalue spectra at T' > 7. This relation provides a link between
the connected two-point correlation function of Dirac eigenvalues and the U(1) 4 anomaly.
As a by-product of our spectral analysis, we find a remarkably simple proof of the Aoki-
Fukaya-Taniguchi “theorem” on the effective restoration of the U(1)4 symmetry at high
temperature, under the same assumptions as in [13]. It should be emphasized that all

"We noticed that the tensor decomposition of the anomalous correlation function at finite temperature
in [4] is incomplete, and that many more terms need to be included; see appendix A. This does not, however,
affect the conclusion of [4] that the anomaly relation (2.1) remains unchanged at finite temperature.

2In [24] the overlap Dirac operator was used to probe the Dirac spectra while configurations were
generated with improved staggered fermions.



our results are based on a systematic analysis of QCD. We expect that testing our exact
relations and proposal in future lattice simulations should be a useful step towards the
resolution of the U(1) 4 puzzle at finite temperature.

The paper is organized as follows. In section 2, we review the argument of [10] for
U(1)4 violation at high temperature. In section 3, we discuss the importance of topology
and finite-volume effects on the breaking of the U(1)4 symmetry, as well as its implica-
tion for lattice QCD simulations. In section 4, we derive new spectral sum rules and a
Banks-Casher-type relation for Dirac spectra concerning the U(1) 4 anomaly. In section 5,
we comment on the Aoki-Fukaya-Taniguchi “theorem” in [13]. Section 6 contains our
conclusions.

In appendix A, we point out and correct the deficiency in the tensor decomposition of
the anomalous correlation function in QCD at finite temperature studied by Itoyama and
Mueller [4]. In appendix B, we discuss the microscopic scaling that is different from (4.12) in
the main text. In appendix C we derive (4.19) in the main text. Throughout this paper, we
will work on QCD with quarks in the fundamental representation of the gauge group SU(3).

2 U(1)a anomaly at high temperature

In this section we review an argument for the U(1) 4 anomaly in massless QCD at high tem-
perature, given by Laine and Vepsildinen [10].> Their argument is based on the anomaly
relation

2
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for the axial current j4* = 1y#~%¢), and the Debye screening of the gauge fields at high
temperature. Here Ny is the number of flavors, g is the QCD coupling constant and G,
is the gluon field strength with a being the color index.

Let us work in Euclidean spacetime with the imaginary time 7 = it € [0,/] and a
spatial box of size Ly x Ls x L3. We assume that both quarks and gauge fields obey
periodic boundary conditions in spatial directions, whilst quarks (gauge fields) obey the
anti-periodic (periodic) boundary condition in the temporal direction. As our interest is
in the screening of gauge fields, we shall consider a spatial correlation function. Without
loss of generality we choose a spatial separation in the x3 direction. Then, for the axial
“charge” (integrated over the volume transverse to the z3 axis)

Q4 (z3) = /dT A%z, 3, (2.2)

one can show that (Q4(z3)Q4 (y3)) = 0 in the thermodynamic limit if the axial symmetry is
effectively restored, and (Q4 (x3)Q% (y3)) # 0 if it is broken. Here (...) is a statistical aver-
age, and the coordinates x5 and y3 are entirely arbitrary. The fact that (Q3(z3)Q3(y3)) =0
when U(1) 4 is unbroken may be shown in two steps as follows. Suppose we add a constant
external field a that couples to the axial charge Qé“. Then the action acquires an additional

3We thank M. Laine for explaining the logic of [10] in detail.



contribution 65 = a / dxs Q?(:Ug). This leads to the susceptibility

A 1 §

P Ewlog Z(a) T ‘2 </dx3 Qi (x3) /dy3 Q?(y3)> (2.3)
— i [ o (@ ad0), (2.4)

where Vj = BL1LyLs is the total volume of spacetime. As U(1) 4 is conserved by assump-
tion, x* must be finite in the thermodynamic limit; hence y* < oo as Lz — oo. This
completes the first step of the proof.

In the second step, we use the fact that Q?(:Ug) is independent of x3. Actually, this is
a direct consequence of the (assumed) conservation of the axial current:

d
7(1 Q?(l’g) = /deQwJ_ 83_]:'34 (25)
xr3

__ / dr 2z, (90jit + V1 j4) =0, (2.6)

where the last step follows from the boundary conditions for fields. Note that (2.6) holds
rigorously in a finite volume. Then it is clear that we must have

dd% (Q3(23)Q3(0)) = <fmcz§(x3)@§‘<0)> =0. (2.7)

Combining (2.7) with the finiteness of x* in the limit L3 — oo, we conclude that
(Q4(23)Q%(0)) must vanish in the thermodynamic limit for an arbitrary z3. This com-
pletes the second step of the proof.

Next, recall that the anomaly relation (2.1) can be rewritten as a total derivative,

. N -g2 a a g aoc a C
Oujit = O K= Ly (45004 + S pte A AR AT (2.8)

In terms of this K, the so-called Chern-Simons charge reads as
??S(l'g) = /dT d2$L Kg. (29)

Because the gauge fields are Debye screened at high temperature, the correlation of Qgs
should decay exponentially:

(Q55(23) Q55 (y3)) ~ e~ s wsl/e (2.10)

at |xg — y3| > &, where ¢ is the correlation length (or the inverse Debye mass); ¢! ~ gT
at leading order in g. Although the correlator (2.10) may appear to vanish trivially due
to the non-gauge-invariance of Qgs, this is not necessarily true. As gs is gauge invariant
up to surface terms, it becomes gauge invariant and its correlator becomes nonzero once
we fix boundary conditions for the gauge fields.



Since Qf_{‘ and Qgs have the same quantum numbers, Qgs contributes to the correlator
of Q3A. Hence we expect

(Q3'(x3) Q4 (y3)) ¢ (Q5°(3)Q55 () ~ e~ Ira7wsl/E (2.11)

This shows that (Q4(x3)Q4 (y3)) cannot be a constant as a function of x3, indicating that
the U(1)4 symmetry is certainly violated at the level of correlation functions of quark
bilinears in QCD at sufficiently high temperature.

It would then be quite natural to expect, by continuity, that the U(1) 4 symmetry be
violated at any T > T,. In the following, we shall assume U(1)4 violation for T" > T, in
the thermodynamic limit and pursue its consequences in detail.

3 Topology and finite-volume effect

In this section we write down the most general QCD partition function for 7' > T, in
terms of quark masses and derive general expressions for the chiral susceptibilities and
topological susceptibility based on the method of [15, 26]. Our arguments here are based
on symmetries of QCD and a systematic expansion in terms of a small parameter m/T < 1,
and are fully under theoretical control. We then elucidate the contributions of topology and
finite-volume effects to the violation of the U(1) 4 symmetry (characterized by the difference
of two-point functions xr — xs to be defined below), and discuss possible implications for
lattice QCD simulations. For definiteness, we will concentrate on two-flavor QCD below.

3.1 Partition function and topological susceptibility

We consider the partition function of two-flavor QCD at finite temperature as a function
of quark masses m, 4. Since there are no massless modes at 7' > T, in the chiral limit,*
the free energy density should be analytic in quark mass.’

To write down the general form of the free energy, we consider a generic quark mass
matrix M (= 2 x 2 matrix in the flavor space) and let M transform under the symmetry,

G =SU(2)g x SU(2)L x U(1) 4, so that the quark mass term in the QCD Lagrangian
Lonass = ¥} Mg + h.c. (3.1)

is invariant under G. Here v¢p 1, are the right- and left-handed quarks, which transform
under G as Y — €4 Vg and ¥ — e P4 Vi), respectively, where 64 is a U(1)4
rotation angle and Vg € SUg (2). It then follows that M should transform as M —
e 20A VMV

Noting that the free energy density at 7' > T, is invariant under the restored SU(2) g x
SU(2), chiral symmetry but not under the U(1)4 symmetry, the partition function of

“In the imaginary-time formalism, contributions of massless quarks is infrared (IR) finite because the
lowest Matsubara frequency for fermions ~ 77T acts as an effective IR cutoff.

5Tt should be stressed that analyticity of the partition function breaks down if the zero-temperature part
is thrown away. For example, in a non-interacting theory the free energy of quarks after subtraction of the
zero-temperature part includes a term ~ m*log(m/7T) [27], which is not analytic in m.



QCD in a spatial volume V3 can be expanded in terms of a small parameter m, 4/T < 1
as [15, 26]

Z(T, V3, M) = exp [—?f(T,Vg,M)} , (3.2)
(T, Vs, M) = fo — fotr MTM — fa(det M + det MT) + O(M*), (3.3)

where fo, fo and f4 are functions of T and V3. We assume that this expansion has a
nonzero radius of convergence. The term o f4 represents the effect of axial anomaly: for
a U(1) 4 rotation ¢ — €594 4, this term transforms as det M — e*4 det M, so it breaks
U(1)4 down to Z4. The absence of O(M) terms is consistent with the vanishing chiral
condensate in the chiral limit for 7' > T.. In the following we will disregard the O(M?)
terms in the free energy as they are suppressed by additional powers of m,, 4/7 < 1. Since
the partition function (3.2) is obtained with a systematic expansion, this will be called the
“effective theory” in this paper (although there is no dynamical field in it).

We now turn to the study of topological sectors. As is well known, the 6 angle can be
incorporated into the partition function via M — M /N [28], where N; = 2 is of our
interest here. Then the partition function in a sector of given topological charge

Q= 3;’; / d'zGe,Ge, (3.4)
is obtained, from (3.3), as
Zo(T, V3, M) = 7{ %&iQQZ(T,%,,MeW). (3.5)
— o Valfo— fa(m2+m3)] % g oiQ0 (2Vafamum cos (3.6)
= o Valfo= P2 (mitmd] [ (2V, famama) , (3.7)

where V; = V3 /T is the spacetime volume, I is the modified Bessel function of Q-th order,
and M = diag(m,, mg) was substituted. Intriguingly, the probability distribution of @ is
proportional to I in one-flavor QCD, too [28].°

The Taylor expansion of (3.7) in powers of quark masses starts with (Vi fam,mg)@!,
which is the contribution of exact zero modes. Hence the topological sectors with @ # 0
will all drop out in the chiral limit if V} is finite. By contrast, topological fluctuations will
not be suppressed at all even near the chiral limit if Vj is sufficiently large. This subtle
balance between topology and volume has an important practical consequence for lattice
simulations, as we will discuss shortly.

An important quantity that characterizes topological fluctuations is the mean square
of the topological charge at 6 = 0,

o0

(@ = Z Q2z7Q = 2Vyfamuma, (3.8)
Q=—00

5 An analogous toy model was also studied in [29, appendix A].



where (3.7) was used. The topological susceptibility is then given [15, 26] by

2
Xtop = <?/4> = 2fam,my. (3.9)

Alternatively, one can reach (3.9) by considering that, with the replacement M — M /2

in (3.3), the #-dependence of the free energy reads

£(0) = f —2famymgcosf + O(m?), (3.10)
where f = fo— fo (m?2 + mg) is the term independent of #. The topological susceptibility
is then 246

Xtop = f(g ) = 2famymg, (3.11)
CL N P

which is the same as (3.9). Note that our result, obtained assuming f4 # 0, does not agree
with the result by Aoki et al. [13] that (Q?)/V3 — 0 as V3 — oo for a small but nonzero m.
The topological susceptibility here should be contrasted with that of the QCD vacuum,

(@)

e = S(myt +myh) (3.12)

with ¥ being the magnitude of the chiral condensate [28]. This difference can be under-
stood in the following way. In the presence of chiral symmetry breaking, the quark mass
dependence of the free energy can be expanded in terms of the quark mass as

f = fo—2[tr(MU") 4+ tr(MTU)] + O(M?), (3.13)

where U denotes the SU(2) Nambu-Goldstone field associated with spontaneous chiral sym-
metry breaking. The topological susceptibility is dominated by the second term in (3.13)
and is given by (3.12), with the higher order contributions being O(M?). When chiral sym-
metry is restored (X = 0), on the other hand, the leading contribution to the topological
susceptibility is O(M?) and is given by (3.9). The behavior xtop X m,my is also found in
the 2SC phase of dense QCD for the same reason [30].

From the partition function (3.3), higher moments of @) can also be derived [26] as

(@) = A, (3.14a)
Q") = A(1 +3A), (3.14b)
Q%) = A(1 + 154 + 15.4%), (3.14c)
(Q%) = A(1 + 634 + 21047 + 105A4%), (3.14d)

with A = 2V fam,mg, while all odd moments vanish.

3.2 Chiral susceptibilities and U(1) 4 anomaly

We now turn to two-point correlation functions of quark bilinears (also called chiral sus-
ceptibilities). The utility of chiral susceptibilities in two-flavor QCD as a convenient probe
for the U(1)4 anomaly has been advocated long time ago [5, 7], and nowadays they are



measured in lattice simulations with dynamical quarks [16, 17, 25]. It is therefore of
primary interest to relate these susceptibilities to the coefficients fy, fo and f4 of the ef-
fective theory (3.3) [15]. In this paper we will work with the following definitions for chiral

susceptibilities:
o= [ da @) - v, (3.150)
%= [ dla @i (@)binmv(0) - @insm)?]. (3.15b)
Xs = [ dla[@rav()prav (o)) - (Frav)?]. (3.15¢)
o= [ dto|@insulapinse ) - @i, (3.150)

where 1) = w4 dd and ivyst) = Wiysu + diysd in our notation, and 73 is the third Pauli
matrix. Note that these definitions do not necessarily coincide with those in the literature.
Inserting M = diag(m,,, mq) into f(T, V3, M), we obtain

Sy (Rl S Z=4fs+Af (3.16)
Xo = Vi \OmZ = om? Om,0my g2 =42 A :
1 [ 07 02 o2
A - logZ =4fy —4 3.17
AT (amg "o amuamd) 0gZ = 4f> — 4fa (3.17)
up to @(mz) corrections. Similarly, inserting M = diag(m,, + ib, mg — ib) into f(T, V3, M)
we find
1 |10%2 102 2
"=V | Z o2 o \Z 0 =4f2+4fa. 1
TV |z o ’b:O <Z b b:0> Jot4fa (3.18)

In the same way one can also show x;, = 4fs —4f4. The equality x, = Xxx, as well as
X5 = X»» is a direct consequence of the restored SU(2)g x SU(2)r, chiral symmetry.
The axial anomaly manifests itself in the difference [15]

Xr — Xs = 8fa+ O(M?), (3.19)

where the correction is displayed for completeness. Practically, the correlators of 7 and §
are most convenient in lattice simulations, because they have no disconnected components
(for degenerate masses). Note that, if one wishes, it is entirely straightforward to extend the
calculation for (3.19) to higher orders by including U(1) 4-violating terms such as (det M)?
and (tr M MT)(det M) in the free energy (3.3). However this is not expected to bring about
quantitative differences when M /T < 1.

In [11], the two-point correlators (m(z)m(0)) and (6(x)d(0)) (rather than their spatial
integrals, x, and xs) were calculated directly in high-temperature QCD by using the 't
Hooft vertex of instantons. They found that the difference of the two correlators decreases
at high temperature but does not vanish exactly, in agreement with the general argument
presented in section 2.



It was emphasized in [8, 9] that the dominant contribution to xr — Xxs comes from
exact zero modes in the () = +1 sector. A more recent paper [13] argues to the contrary
that contributions of exact zero modes is suppressed in the thermodynamic limit. In what
follows we aim to clarify this issue.

Let us first decompose the anomalous contribution (3.19) into contributions from each
topological sector. We assume 6 = 0 in the following. Since the second terms in (3.15b)
and (3.15¢) vanish for degenerate masses, it follows that

im  (xx —xs) = /d4$ [@Z'%TW(-%)%%TW(U)) — (739 ()p7310(0))

mu,d—wn

1 [(10%*Z 10*Z
_ 1t _ 92z 2
Vi (Z ob? ‘b:o Z dc? c:O) (3.20)
> Z
=Y 7QPQ, (3.21)
Q=—o0

where it is tacitly assumed in (3.20) that the first term is evaluated for M = diag(m +
ib,m — ib) and the second term for M = diag(m + ¢,m — ¢). In (3.21) we defined the
contribution Py from the sector of topological charge @ as

1 (1 8%°Zg 1 0%Zg

Fo= Vi <ZQ ob? ’b:o - Zg 0c2 czo) (3.22)
B I5(2Vafam?) I5(2Vafam?)
= 4f2+4fAW — 4f2—4fAW (3.23)
. 1p(2Vafam?)
=A@Vt 324

Using the identity I,(z) = %IQ(x) + Igt1(z) or Ig(z) = —%IQ(x) + Ig—1(x) depending
on the sign of ), one may cast Pp into a suggestive form

4 I 2 2
;Q 87 e BAIT) 5,
P = Vim IQ(2V4fAm ) (3 25)
¢ 2014 sf lg1(2Vifam?) Q<0 '
Vam? A 1oV fam?) ‘

The first terms in (3.25) are the contributions from exact zero modes. This can be easily
seen by plugging Zg o« (m? + v?)IQl and Zg o (m? — )@l into the first and the second
terms in (3.22), respectively. Therefore the U(1)4-violating contribution (3.21) may be
split into the zero-mode fraction” and the nonzero-mode fraction as

lm (xr — xs) = 8fa(S, + Snz) » (3.26)

mu’d—>m

"It is intriguing that (3.27) below has exactly the same form as the fraction of zero modes for the chiral
condensate in one-flavor QCD [28, eq. (7.3)], under the identification 2V4 fam? < VaXm.



Figure 1. Relative contributions of zero and nonzero Dirac eigenmodes to x. — Xxs as a function
of x = 2V4fAm2.

where

2= 35, < ZZZQWZ;Q >=e‘2v4f“”2 [Io(2Vifam?) + L(2Vafam?)],  (3.27)

Sup=1-5,. (3.28)

In addition, the contribution of the ) = 41 sectors to .5, is defined as

S = 8J1“'A (2221 VﬁnZ) - V4f,14m2 e 2V fam® [ 2V, fam?) . (3.29)
The quantities S,, Sp, and S+ are plotted in figure 1 as functions of z = 2V, fam?.

We observe that, in a small volume or near the chiral limit (z < 1), xr — x5 is
dominated by the contribution of exact zero modes in the ¢ = +1 sector, as argued
in [8, 9]. By contrast, if we take the thermodynamic limit (x > 1), the contribution of
nonzero modes dominates, and the exact zero modes are completely irrelevant. This can
be understood from (3.8): since (Q?) ~ Vjfam?, one naturally expects (|Q|) = O(v/V4),
implying that the first term in (3.25) is suppressed in a large volume.® On the other hand,
the second term in (3.25) tends to 8 f4, which is the same value as in the full theory (3.19).
This means that the anomaly (f4 # 0) in the thermodynamic limit must be attributed
to monzero Dirac eigenmodes. The ) = =41 sector does not play a distinguished role.
Indeed, one can show for x > 1 that Zg/Z obeys a Gaussian distribution (see also [28]),
according to which Zg/Z ~ 1//Vafam? for |Q] < \/Vafam? and is suppressed otherwise.
Therefore, if the volume is sufficiently large with a fixed nonzero mass, all contributions to
Xr — Xs from the sectors with |Q] < \/Vifam? are equally important, in contradistinction
to the finite-volume regime (x < 1) where only the @ = +1 sectors contribute to xr — Xs.

To avoid confusion, we stress that the total amount of x. — X5 is equal to 8f4 irre-
spective of the value of x; the order-of-limit issue does not arise, of course, because there

8In this inspection, the positivity of the path-integral measure plays an essential role. We note that the
suppression of exact zero modes does not hold in general for negative or complex masses [28, 31, 32].
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Figure 2. The magnitude of (x, — X‘s)‘Q:O normalized by (x» — X[s)‘full as a function of z =
2V fam?. At large volume (z > 1), I (z)/Io(z) ~ 1 — 5.

is no long-range-order in QCD above T,. The reason the exchange of dominance occurs
between zero and nonzero modes as we vary the volume is that a long-range correlation is
induced once the global topological charge is fixed [28].

3.3 Implications for lattice QCD simulations

We now discuss implications of the above results for lattice QCD simulations. So far the
U(1)4 anomaly at high temperature has been thoroughly investigated on the lattice (as
reviewed in section 1), but despite efforts, a definitive conclusion on the (non-)restoration
of the U(1)4 symmetry is not reached yet. This is not surprising, considering that the
physics of U(1)4 anomaly is highly sensitive to the explicit breaking of chiral symmetry
by lattice discretization; even domain-wall fermions have serious problems, as pointed out
in [20]. In this regard, the most reliable simulations are those in [16] employing dynamical
overlap fermions. They reported restoration of the U(1)4 symmetry based on simulations
with a fixed global topological charge (@ = 0). They also evaluated possible finite-size
effects associated with the topology fixing, by using the formalism developed in [29, 33].
Here we wish to revisit this issue based on our effective-theory framework.
It follows from (3.21) that in the topologically trivial sector (@ = 0) we have

L (2Vy fam?)

Ip(2Vyfam?) - (3:50)

Xr— X5 =8fa
The ratio of (3.30) to (x=—Xs) ‘full = 8f4 is plotted in figure 2. It shows that the ratio tends
to 0 for small & and obscures the nonzero value in the full theory. This signals a strong
finite-volume effect at small z. It seems necessary to ensure at least x = 2V fam? > 1 in
order to observe a nonzero value of x, — xs clearly.
Our result so far is rigorous, as long as f4 # 0 and the O(M*) correction to (3.3)
can be neglected. At sufficiently high temperature T' > T, we may resort to the dilute
instanton gas approximation [12], which yields

fA ~ T2 678#2/92 ~ TQ(A/T)(11N672Nf)/3 x T*23/3 (331)
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for N. = 3 and Ny = 2. Since it decays so rapidly, it would be a challenging task to achieve
a sufficiently large volume that satisfies 2V f4m? > 1 while keeping m small. On the other
hand, near T, the asymptotic formula (3.31) breaks down and we do not exactly know
how small f4 is.

One way to extract f4 from a topology-fixed simulation is as follows: if the simulation
volume V} is not large and hence V3 fam? < 1, then we have, to a good approximation,

(e =) ,_, = 8Vafam® (3.32)

from (3.30), where we used I;(x)/Ilo(x) ~ /2 for z < 1. Therefore in principle one can
extract fa by fitting the lattice data to the formula (3.32). This is a proposal for future
lattice simulations with overlap fermions.

4 Dirac eigenvalue spectra and U(1) 4 anomaly

In this section we derive new spectral sum rules and a novel Banks-Casher-type relation
which link the Dirac spectrum to the violation of the U(1) 4 symmetry in high-temperature
QCD. We then discuss possible forms of the spectral functions. Throughout this section we
will focus on two-flavor QCD. We denote the purely imaginary eigenvalues of the Euclidean
Dirac operator D = ~,(0, + igA,) by {iA,}n with A, € R and define the spectral density
for a fixed gauge field A, in a finite volume as

PN =D 6= M) (4.1)

Chiral symmetry of the Dirac operator, {D, 5} = 0, ensures pA(\) = pA(—=\).

4.1 Spectral sum rules I: macroscopic limit

The partition function of two-flavor QCD in the sector of topological charge @ is given by

YM
Zg = <H(¢Ak +ma) [ [ (e + md)> , (4.2)

k ‘ Q
where the average is taken with respect to the pure Yang-Mills action, and |Q| exact
zero modes are implicitly included in the product. Equating the microscopic partition
function (4.2) to that of the effective theory (3.7) and taking their derivatives with respect
to m, and/or mg, one finds various nontrivial formulas for correlation functions of the
Dirac eigenvalues. The simplest one is given by

0 1

o (pA(N)
:/_ d\ M (4.4)
I/Q(Q‘/;lfAmumd) i
Io(2Vyfamyma)

= 2‘/4f2mu + 2‘/zlfAmd
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with I5(z) = dlg(z)/dz. Now (...)o stands for the average with full Ny = 2 QCD
measure. In the thermodynamic limit, the number of Dirac eigenvalues scales linearly with
V4, so let us define the one-point function (or the macroscopic spectral density) by

. 1
R = Jim = (040 | (4.6)
in terms of which (4.5) reads as

/OOdARl()\):me +2famq + O(m?) (4.7)
. X+ M 21Ty Alld . .
Note that R;(\) depends on m, and mgy implicitly through the QCD measure used for
averaging. Rj()\) is expected to have no dependence on @ since topology is irrelevant once
the thermodynamic limit is taken. Strictly speaking, we have to specify a UV cutoff scheme
in order to make (4.7) fully meaningful. Equation (4.7) will be used later in section 5.

There exists another relation that directly relates Ri(\) to the U(1) 4 anomaly [15, 34].
Setting m,, = mg = m and evaluating the chiral susceptibilities (3.15) in the basis of Dirac
eigenstates, one can straightforwardly obtain

Xr = 4/000 )\Zi)\mQRl(/\) and ;5 = 4/000 dA Mm(x). (4.8)
By subtraction we arrive at [15, 34]
Xr— X6 = 8/0Oo dA ()\2_7?;2)2}21()\) . (4.9)
Combining this formula with (3.19), we find
o0 m2
/0 d\ le(/\) = fa+O(m?). (4.10)

It is clear from this relation that small Dirac eigenvalues are necessary for f4 to be nonzero.’

Indeed f4 = 0 follows immediately if R;(\) has a spectral gap near zero at T > T..
Equations (4.7), (4.9) and (4.10) highlight essential properties of Ry (\).

Unfortunately the form of Rj()A) in the near-zero region cannot be deduced uniquely
from (4.7) and (4.10) alone. Actually there are infinitely many functions that satisfy (4.10);

e.g.,

fAm2n+1_kAk

B~ ey

and  fam25(\), (4.11)
where n > 1 and 0 < k < 2n + 1 are arbitrary integers. Recently, the Dirac spectrum in
two-flavor QCD at T' 2 T, has been studied intensively in lattice QCD simulations [16,
17, 24, 25] (see also [14, 15, 35-39] for early works). The three possibilities R1(\) ~ m, A,
and m?2§()\) were examined in detail in [17, 25], whereas the Breit-Wigner form Rj(\) ~

9Large cigenvalues with density R;()\) ~ A* only affect the O(m?) part; fa receives no contribution.
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poA/(A% + A2%) was nicely fitted to the lattice data in [24, 40] (but see [19, 20, 41, 42]
for detailed investigations of lattice artifacts stemming from partial reweighting). The §
form is motivated by the dilute instanton gas picture [12] in QCD at T — oo, but the
exact § form is unlikely to emerge at T' = T, due to the overlap of neighboring instantons
and anti-instantons. For the moment, contrasting results from different simulations do not
allow us to draw a definitive conclusion on the form of R;(\).

4.2 Spectral sum rules II: microscopic limit

There is yet another way to take the thermodynamic limit in (4.5): if we let all of A\, m,,
and my scale as 1/y/V4fa in the Vj — oo limit, the dependence on the topology does
persist. To see this, let us define a rescaled dimensionless spectral density

. N Y VY S
/)Q(Q’Muaﬂd) — V}lli)noo 2‘/;1]["4 <p <\/m> ‘mu:

> , (4.12)
u _ 122
1/2?/4fA d md_,/wij 0

which is analogous to the microscopic spectral density in the e-regime [28, 43] but note that
the relevant scale of eigenvalues here is 1/4/Vj rather than 1/V4.!% Then (4.5) becomes

00 I
/_de iCiMUPQ(C;Muvﬂd) = ZuwrudM- (4.13)
Notice that all O(m3) corrections in (4.5) drop out in this limit; hence (4.13) is exact. This,
of course, comes with a caveat that such a limit is meaningful only when the assumption
fa # 0 is correct. (See appendix B for another microscopic scaling.) It is straightforward
to extend the rescaling (4.12) to higher-order spectral correlation functions.

We conjecture that spectral fluctuations on the scale 1/4/V4 should be universal, i.e.,
determined solely by global symmetries and independent of the detailed form of QCD
interactions in the ultraviolet. Although such a new “microscopic limit” prompts us to
construct a random matrix theory that describes the Dirac spectrum in this regime, we
have not been successful yet. The difficulty in finding a proper random matrix theory may
have something to do with the fact that no global symmetry is spontaneously broken at
T > T, unlike in the QCD vacuum [28, 43] and high-density QCD [44, 46, 47].

We can derive infinitely many spectral sum rules rigorously, by expanding the following
expression in powers of quark masses,

(muma) 9 Zg _ !IQ(2V4fAmumd> oVaf2(m2+m3)
lim [(mumd)_QZQ] (Vafamymg)®
m—0
N (L
k k/ ¢ ¢ Q

Tntriguingly, a similar unusual scaling ~ 1/4/Vy also appears in color-superconducting phases of QCD
at high density [44, 45], in the superfluid phase of two-color QCD [46, 47] and in an exotic phase proposed
by Stern [48-50].
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where @ > 0 is assumed and the product [’ runs only over ), > 0. The average above
is taken for the massless two-flavor QCD measure. Note that both sides of (4.14) are
normalized to unity in the chiral limit. Two examples of the sum rules read

!/ !/ 2
<Z ;2> =Vifs  and <Z /\1;,;> = (‘1/44{2 . (4.15)
Q Q

k Tk Kk

3" above denotes a sum over \, > 0. Note that the first sum rule receives UV-divergent
contributions from large eigenvalues with density oc A2, implying that f, is a regularization-
scheme-dependent quantity. By contrast, the second sum rule is dominated by contribu-
tions from O(1/+4/V}) eigenvalues. UV eigenvalues only give O(V}) correction to the r.h.s.,
which is negligibly small as compared to the O(V?) term in the V4 — oo limit. Indeed one
can show that f4 is free from UV divergences (see appendix B of [49]). The suppression of
the second sum rule for large @ is due to the repulsion of Dirac eigenvalues from the origin
by @ exact zero modes.
In terms of the “microscopic” spectral density, the sum rules (4.15) read

foac T =g (416
< o pe(G0,0) 1
/0 1P = oy (4.16b)

To obtain the universal function pg(¢;0,0) analytically is an important open problem that
deserves further investigation.

4.3 New Banks-Casher-type relation

If the axial anomaly is present at high temperature, it will be manifested not only in the
Dirac eigenvalue density but also in the n-point spectral correlation functions for n > 2.
To examine this possibility, let us introduce the connected two-point correlation function
(see e.g., [51])1

i 1
R ) = tim_ - (A0 00) = (00 (00| (417)
4—00 V4
R¢ depends on m,, ¢ implicitly through the averaging weight. Note that R satisfies the
constraint
/ d\ Rc(A, X)) :/ d\N Rc(\,\) =0. (4.18)

If eigenvalues are entirely uncorrelated, they obey the Poisson statistics. In this case, the
two-point function is related to the one-point function (cf. [52, (5.4)] and [53, (3.33)]) as

(O ), = (0= X) 430+ X} A0+ (1= ) (400 (o)), (419)

11p the rest of this subsection we will ignore topological zero modes altogether. As argued in section 3.2,
this is justifiable in the macroscopic limit with a positive path-integral measure.
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where N denotes the number of chiral pairs of Dirac eigenvalues {+i)\,} (hence the to-
tal number of eigenvalues is 2/N). The J-functions in first term represent a trivial self-
correlation. In appendix C we outline the derivation of (4.19) for completeness. Then we
obtain for the uncorrelated Dirac spectra

RECOLN) = {0(A=N) + (A +N)} Ri(N) — %Rl(A)Rl(A’) . (4.20)

As N grows linearly with Vj, V4 /N has a well-defined thermodynamic limit. One can check
that (4.20) satisfies (4.18).

Nontrivial two-level correlations among eigenvalues can be characterized by the devia-
tion of R¢ from the Poisson case. Let us define the two-point cluster function To(\, \') by

To(\ N) = REC(\, N) — Re(\, ). (4.21)
We observe that To(\, \') = Th(N, A) and
To(AMXN) =To(=\, N) = To(\, =) = To (=N, =) (4.22)

owing to chiral symmetry. For the Poisson distribution, 75 vanishes identically by definition.
To see how R¢ and T5 are related to the axial anomaly, we note that (3.16) and (3.17)
together with x, = x» imply

Xm — X6 = 4Xdisc = 8fA + O(m2) ’ (423)

where Ygisc is the disconnected scalar susceptibility defined by
2

= Il 71 —log Z
i = 1m (0]
Xdisc . ‘r4 Im 9md g

1 1 1 1 1
- lim — _ - -
V41£>noo‘/zl<<zi:i>\i—{—muzj:i>\j+md> <Zk:l)\k+mu><zzjl)\g—|—md>>

_ > > / RCO\a )\,)
a /oo d/\ /oo A (X + ma) (iN +mg) (4.24)

In the limit m, = mg = m, we substitute (4.21) into (4.24), obtaining

e ] ([ )

/ d\ / dN W +T;;Z§,)+m (4.25)
_ / D Grre +m2 / d\ / AN HT;)A(Z;:L 50 (120
—4fA—/ d)\/ a B +T;)A(Zi:+m) + O(m?), (4.27)

where (4.7) and (4.10) have been used. Recalling (4.23) we obtain
/ dA / ay B ffn;(lil = 2fa + O(m?). (4.28)
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Finally, taking the chiral limit in (4.28), we arrive at a new Banks-Casher-type relation
2
12(0,0) = —.fa (4.29)

for massless two-flavor QCD at T' > T.. To the best of our knowledge, (4.29) is a new
result. It reveals that the U(1)4 anomaly is encoded, not only in the spectral density as
in (4.10), but also in the nontrivial two-level correlations among near-zero eigenvalues. If
the near-zero Dirac eigenvalues are entirely uncorrelated, then 75 vanishes and leads to
fa = 0, suggesting effective restoration of the U(1)4 symmetry. Whether an analogue
of (4.29) can be derived in Ny > 2 QCD at T' > T, is an interesting open problem.

Some remarks are in order. In taking the chiral limit we have replaced 1/[(i\ +
m)(iX +m)] with 725(A\)§(N'). Strictly speaking, in doing so we have tacitly assumed that
the typical scale over which Ta(A, \') varies is much larger than m. Whether this is true
or not in actual QCD is a dynamical problem and must be checked separately.'> We also

remark that (4.29) cannot be extended to T < T, because of the infrared-singular behavior
2

Ty N) ~ —# log | — N| for [\ — V] < A [51].

One might suspect that the correlation in the Dirac spectra revealed by (4.29) is at
variance with the quasi-instanton picture proposed in [26] where a Poisson distribution
of topological objects (i.e., dressed instantons called quasi-instantons) was argued at all
T > T..'3 In the limit T — oo, where the interaction is weak, the quasi-instanton gas
is expected to reduce to the conventional dilute bare instanton gas [12]. Let us try to
explain how they can be consistent with each other. The point is that the Poisson distri-
bution of topological zero modes (quasi-instantons) does not necessarily mean the Poisson
distribution of Dirac eigenvalues.

In the quasi-instanton picture, independently distributed topological charges are ex-
pected to generate small Dirac eigenvalues that can be described, to a good approximation,
by a spectral density with a §-peak at the origin. Let us discuss how to deal with this case
explicitly within the present spectral analysis. The spectral density over a gauge field A,
now assumes a form

PN =6 + 51 () (4.30)

where ﬁA(A) is the density of eigenvalues away from zero and ¢4 > 0 is an integer which
is equal to the total number of topological objects, N = N, + N_.'* If we assume that
the density of nonzero eigenvalues 54 ()\) is so small that the anomalous contribution fa
in (4.10) solely originates from the 0 peak at the origin, then it follows that

<CA> =2Vifamymyg . (4.31)

12This smoothness condition is necessary to derive the original Banks-Casher relation, too [28].

BTopological objects similar to our quasi-instantons have been advocated for color-superconducting
phases of QCD at high density [30, 54]. While quasi-instantons in hot QCD do not interact with each
other [26], those in dense QCD weakly interact via exchange of (pseudo) Nambu-Goldstone modes [30, 54].

MPrecisely speaking, the ¢4 modes consist of |Q| = | N4 — N_| exact zero modes and Min(N,., N_) chiral
pairs of near-zero modes.
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(In deriving this we have used [;°dz 0(x) = 1/2.) It is pleasing to see that (4.31) agrees
with the quasi-instanton density derived in [26, section V].
Next, by plugging (4.30) into (4.17) we find

ReOX) = - [((@h)2) = ()] 5060 + Ro(A )
+ B0 [(AA00) = () (7 )]
+ ;45@’) (AN — (M ()] (4.32)

where Rc is the two-point connected function for eigenvalues away from zero. The last
two lines will vanish if there is no correlation between zero and nonzero modes, which we
assume. Then we substitute (4.32) into (4.24) to obtain

1 A2 A 2] /oo /OO / Ro(\,\)
Xiwe = G (@) = (] 5 [ an [ a4
As we have been assuming that the density of nonzero modes is sufficiently low, it follows
that the second term can be neglected in the chiral limit compared to the first term.
Then (4.31) and Xqisc = 2f4 (cf. (4.23)) imply

(M) = (M) = () = 2Vafamama. (4.34)

This coincidence between the average and the variance of ¢4 indicates that ¢ is Poisson
distributed. This is indeed what the quasi-instanton picture in [26] suggests.

We mention that the Poisson statistics of topological objects was indeed observed in
recent lattice data at T'= 1.57, [24]. However, in the real world, quasi-instantons will not
be strictly noninteracting (due to the O(m?) term in the free energy) and the é-peak of the
spectral density may not be sufficiently narrow to rigorously justify the above treatment.
Also, the correlations between zero modes and nonzero modes will not be negligible in
general. With these caveats in mind, we still believe that the quasi-instanton picture in [26]
and the exact Banks-Casher-type relation (4.29) can be a useful starting point for a fuller
analytical and numerical investigation of the Dirac spectrum in QCD at high temperature
in future.

5 Comment on the Aoki-Fukaya-Taniguchi theorem

Contrary to our assumption that f4 # 0 for T' > T,, Aoki at al. [13] claim that, under cer-
tain assumptions, the violation of the U(1)4 symmetry is invisible in correlation functions
of scalar and pseudoscalar quark bilinears for 7' > T, in two-flavor QCD. (This claim does
not generalize to the vector-axial-vector sector, as we discussed in section 2.) There are

two key assumptions in their analysis:'®

15 Aoki et al. used overlap fermions on the lattice to regularize UV divergences. This is not crucial in the
following discussion, however.
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1. The Dirac spectral density can be expanded in Taylor series

R =Y (o 6.1)
n=0

near the origin, with a radius of convergence that does not vanish in the chiral limit.
In particular, there is no 6(\) term. The notation (p:),, makes it clear that these
coefficients are dependent on the quark mass m.

2. The expectation value (O(A)),, of any m-independent observable O(A) is an analytic
function of m? at T > T.. (Here O(A) must be a functional of the gauge field only.
It does not include fermionic observables, such as the chiral condensate. The quarks
must be integrated out before this assumption is applied.)

It should be noted that none of the examples in (4.11) satisfies the first assumption.
Precisely speaking, ref. [13] assumes that the spectral density for a given gauge field
A, can be expanded in Taylor series, while the above assumption 1 is only concerned with
the spectral density averaged over all gauge fields.'¢
While their original proof [13] is rather involved, we now show that a much simpler
proof of f4 = 0 for Ny = 2 based on our analysis in the former sections is possible. Namely,
one can easily prove the following theorem:

Theorem. Under the two assumptions above, f4 = 0.

Proof. From (5.1) and the Banks-Casher relation [55], we have
() o< Tim (P )m - (5.2)
m—0
For T' > T, where (1)) = 0, it must be that

lim (0 )y = 0. (5.3)

m—0
Since (p§')m is an analytic function of m? according to the second assumption, (5.3) means

that (p)m = O(m?); in particular

lim (gt} = O(m3) (5.4)

My, —0

On the other hand, it follows from (4.7) that

A 2mu 3
/0 dA le (A) = 2famy + 2famq + O(m?), (5.5)

where a UV cutoff A was inserted. Note that, to derive this expression, we have only used (i)
analyticity of the free energy and (ii) irrelevance of exact zero modes in the thermodynamic

16We thank Sinya Aoki for clarifying this point to us.
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limit (as explained in section 3). If the limit m, — 0 is taken with my fixed, the r.h.s.
of (5.5) converges to 2famg + O(m3).}7

Next, we introduce an arbitrary scale € > 0 which is smaller than the radius of con-
vergence of (5.1) in the chiral limit. Then we split the Lh.s. of (5.5) as

A A
2my, 2my, 2my,
/0 D T / I Sy () + / T (5.6)
/dA SO:( 4y N +2m“/ A\ RN, (57)
)\2 n=0 pnlm n' 52 5 ! ’ '

where (5.1) was used. The second term in (5.7) is obviously O(m,,), whereas the first term
is more nontrivial. To check its behavior near the chiral limit, we use

A |17 2
/ dA AZ == log ? + O(mu) ) (58&)
>\2 s 9
/ dA m =& §\mu\ +0(my,), (5.8b)
A3 52 2 || 4
ha 1 .
/ da Ag 2 + Ty, 108 € + O<mu) ’ (5 8C)
€ A" 6nfl )
L P e Zn_1+(9(mu) for n > 4. (5.84)

As the leading term in the limit m, — 0 comes from (5.8a), we deduce

2m,, > AT 2my,
/ W\ s 2}%‘%”!] / W s <po> +O(mylogmy)  (5.9)
= [r+ O(mu)} (po Ym + O(my, logmy,) . (5.10)
Plugging this into (5.7), we observe that
A 2m A

; dA pepp ———5Ri(A) < 7(pgy )m + O(my logmy,) . (5.11)

Recalling (5.4), it is now clear that

A

) 2my, _ 9

This is to be compared with (5.5), which tells that the leading term in the limit m, — 0
is 2famg. Thus fa4 = 0 is concluded. This completes the proof.

This short proof is made possible by treating m,, and my as two independent variables,
unlike the original one [13], where only the case of degenerate masses was considered. Of
course, whether the two assumptions are correct or not in QCD is highly nontrivial. If

"The O(m3) contribution comes from higher-order U(1) a-violating terms (e.g., tr(M M) det M + c.c.)
in the free energy.
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fa is non-vanishing in QCD, which has been assumed in the former sections, then one
has to relax at least one of the two conditions above. Considering that recent lattice
simulations [17, 24, 25] have demonstrated a singular peak structure in R;(A\) at small
A, it seems natural to abandon the Taylor expansion (5.1). This issue deserves further
investigation.

6 Conclusions

In this paper, we derived some rigorous results on the violation of the U(1) 4 symmetry in
two-flavor QCD at T > T, which is characterized by the difference of chiral susceptibilities,
Xr — Xs (see (3.19)) and is parametrized by fa (see (3.3) for the definition). We clarified
how the different topological sectors conspire to violate the U(1)4 symmetry and how it
varies with the spatial volume of the system. We demonstrated that any moment of the
topological charge at T" > T, can be obtained, once just a single parameter f, is fixed.
We also derived new spectral sum rules and a Banks-Casher-type relation that relate the
anomaly strength f4 to statistical correlations in Dirac spectra. As a by-product of the sum
rules, we found a simple proof of the Aoki-Fukaya-Taniguchi “theorem” on the effective
restoration of the U(1)4 symmetry [13]. Since nontrivial assumptions are required to
prove this theorem, we cannot conclude U(1)4 restoration in QCD yet. However, our
simplified proof would hopefully serve to understand the importance of these assumptions
more clearly.

All of our new exact relations can, in principle, be tested on the lattice. In particular,
the relation (3.32) can be used to extract the value of f4 at T' > T, even in a small volume
with fixed topology (@ = 0). Finally, we note that determination of f should also be
important from a phenomenological point of view, as it is related, through (3.9), to the
temperature-dependent mass of the QCD axion — an input for the evolution of the axion
density, which might account for the dark matter density of the universe; see, e.g., [56, 57]
for recent works.
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A Tensor decomposition of anomalous correlators at finite temperature

Consider the anomalous three-point function in QCD at finite temperature 7' in momentum
space,

T°%(q,p,T) = / dtwdly Y (5 () (y)74(0)), (A1)
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where j#* = 1)1 is the vector current and j4* = y#~51) is the axial current. The color
and flavor degrees of freedom are suppressed for simplicity. We take the rest frame of the
medium as n* = (1,0).

Itoyama and Mueller wrote down 30 tensor invariants composed of ¢*, p¥, 0, or e*37°
for T7P¥ [4]. However, their expression is not complete; one can write down 30 more tensor
invariants. We find that the most general decomposition for T7°* is given by

ToPH = A1q e™PH + Agpre™PH 4 Asne™7PH

+ A1q” qappe™P + Asp” qappe™ P + A’ qappe™ P
+ A76°qapse®’7 + Asp’ qappe®’ + Ao qapse 7t
+ A106° qanpe™? + A11p7 qanpe®* + A1an” qange®
+ A13¢°qanpe™” + A1ap? qompe™”t + Arsn® qanpe”H
+ A160° qanpe™? + A17p” qanpe® + Arsn” qange®
+ A19G°panpe®’ ™ + Agop’panpe®’H + Agin’panse®’H
+ [A2297¢” + A23p”q” + A2anq” + A25q7p” + A2ep”p”
+ Ao P + Ags g1’ + Agop”n’ + Asonn” + As19”"] qapan, e
+ A320"qappe™’” + Az3p'qappe®’? + Azan’ qapper
+ As50"qanpe™’” + Asep!qanpe®’?? + Azrnuganse®’’
+ A3sq"panpe®’? + Azop!panpe®P + Asonparpe®’’
+ [A41¢"q” + Asoptq” + Auznt'q’ + Asaq"p’ + Agsp”p?
+ A"’ + Auz "’ + Assp"n” + Asonn’ + As09™) qappnye®™”
+ [A5197¢" + Asap”q" + Assn”¢" + Asaq”p" + Assp”p”
+Asn " + As7qnt + AsspTnt + Ason™n + Acog™] qappnye® T (A.2)
with coefficients A; = A;(q?, p?, k%, ¢+ 1, p-n, T). The terms Az ... 6o are new, which

have been missed in [4] but are generally allowed by symmetries. It turns out that Asq,

A37, A40, A43, A46, A48, A4g, 14537 A57, A58, and A59 are not independent of the others

18 In particular, we need

appearing above and can be omitted without loss of generality.
not consider tensor invariants whose axial-vector index p is carried by n*. Therefore, there

are 49 independent invariants in total.

B Another microscopic scaling

In (4.12), all dimensionful quantities are rescaled by 1/2V4f4. On the other hand, it is also
allowed (from a mathematical point of view) to use \/2Vj fy for rescaling. Defining

1 ¢
- _ oy A( )‘ , B.1
PQ(Gs us pa) = Jim 2Vifo <p 2Vifz M= e = T o
2 4727 Q

8For example, there exists an identity for the A term,
@apsp 1" e = —qapsp’e* 7 + (0 0)qap"npe " + (a - MPsp N’ + qapsp’nyn’e 7, (A.3)

with which the A4s term can be expressed in terms of the As, A14, A20, and Aa7 terms.
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we obtain from (4.5) a modified spectral relation

/_ch iCiMUPQ(CQNm,U«d) ?’: fal una) Efzzzg (B.2)

We suspect, however, that this scheme is precarious because f2 is dominated by UV-
divergent contributions from the perturbative Dirac spectra R;()\) ~ A3 which generally
depends on the regularization scheme. In contrast, f4 is free from UV divergences (see
appendix B in [49]). This leads us to consider the microscopic scaling by fa as the most
natural one.

C Derivation of (4.19)

The relation (4.19) for uncorrelated Dirac spectra can be easily shown as follows. With
2N Dirac eigenvalues {#i)\, }\_; we have, from (4.1),

N

N
(p* NP (X)) = <Z {6 = M) + A+ M) D> {6V = M) + 5N + Az)}> (C.1)

k=1 =1

N
= <Z {0 = Xe) + (A 4+ X) {0V = ) + (N + )\k)}>

k=1

+Z<{5)\ M) + 0+ X)) {5V = ) +5()\/+)\g)}> (C.2)

04k
= {5 =X)+ A+ X))} (pt(N)

N
+Z< (A= ) +5)\+)\k><2{5 ~ ) +5(/\’+)\12)}>. (C.3)
=1 O£k

In the last step we factorized the average, which is justified by the absence of correlations
among different eigenvalues. Then, using the trivial identity

<Z{5 — o) +5(>\’+)\z)}> N]\_rl<p’4()\/)>, (C.4)
04k

we arrive at the desired formula

(A N)) = {500 X) 50+ M)} (0 )+ S ) () ()

One can see by integrating over A\ and )’ that both sides are normalized to 4N? correctly.
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