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Abstract: We provide a finite-dimensional model of the twisted K-group twisted by
any degree three integral cohomology class of a CW complex. One key to the model is
Furuta’s generalized vector bundle, and the other is a finite-dimensional approximation
of Fredholm operators.

1. Introduction

Since the work of Atiyah and Hirzebruch [2], K-theory has been recognized as a
fundamental notion in topology and geometry. Twisted K-theory is a variant of
K -theory originating from the works of Donovan-Karoubi [10] and Rosenberg [19].
Much focus is on twisted K-theory recently, due to applications, for example, to D-
brane charges ([17,20]), Verlinde algebras [12] and quantum Hall effects [8].

As is well-known, the K-group K (X) of a compact space X admits various formu-
lations. The standard formulation of K (X) uses finite dimensional vector bundles on X.
One can also formulate K (X) by using a C*-algebra as well as the space of Fredholm
operators. To define twisted K -theory, we usually appeal to the latter two formulations
above, involving some infinite dimensions.

K-theory enjoys numerous applications to topology and geometry because of its
realization by means of vector bundles. To give a similar realization of twisted K -theory
seems to be an interesting problem to be studied not only for better understanding but
also for further applications.

So far, as a partial answer to the problem, twisted vector bundles or bundle gerbe
K -modules [6] are utilized to realize the twisted K-group whose “twisting” satisfies a
condition. The condition is that the degree three integral cohomology class correspond-
ing to the twisting is of finite order. A complete answer to this realization problem, valid
for twistings corresponding to any degree three integral cohomology classes, was known
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by André Henriques. The aim of the present paper is to give another complete answer
by generalizing the following result announced in [15]:

Theorem 1. Let X be a CW complex, P a principal bundle over X whose structure
group is the projective unitary group of a separable Hilbert space of infinite dimen-
sion, and K p(X) the twisted K -group. We write KFp(X) for the homotopy classes of
P-twisted (Z;-graded) vectorial bundles over X. Then there exists a natural isomor-
phismo : Kp(X) — KFp(X).

The notion of vectorial bundle is a generalization of the notion of vector bundles due
to Mikio Furuta [13]. Vectorial bundles realize the ordinary K-group K (X), and arise
as finite-dimensional geometric objects approximating families of Fredholm operators.
We can think of the approximation as a linear version of the finite-dimensional approx-
imation of the Seiberg-Witten equations [14]. Since K p (X) consists of certain families
of Fredholm operators, a twisted version of vectorial bundles provides a suitable way to
realize twisted K -theory.

As a simple application of Theorem 1, we can generalize some notions of 2-vector
bundles [5,7]. The notion of 2-vector bundles in the sense of Brylinski [7] uses the
category of vector bundles, and a 2-vector bundle of rank 1 reproduces the category of
twisted vector bundles, so that the twisted K-group whose twisting corresponds to a
degree three integral cohomology class of finite order. By using the category of vectorial
bundles instead, we get a proper generalization of Brylinski’s 2-vector bundles. This gen-
eralization reproduces the category of twisted vectorial bundles, and hence the twisted
K -group with any twisting. A similar replacement may generalize 2-vector bundles of
Baas, Dundas and Rognes [5], which they studied in seeking for a geometric model of
elliptic cohomology.

Also, Theorem 1 allows us to construct Chern characters of twisted K -classes in a
purely finite-dimensional manner [16].

In a word, the proof of Theorem 1 is a comparison of cohomology theories: as is well-
known, the twisted K-group K p(X) fits into a certain generalized cohomology theory
K}k, (X, Y). The group KFp(X) also fits into a similar cohomology theory KF;", (X,Y),
and the homomorphism « : Kp(X) — KFp(X) extends to a natural transformation
between these two cohomology theories. Then, appealing to a standard method in alge-
braic topology, we compare these cohomology theories to show their equivalence.

According to the outline of the proof above, this paper is organized as follows.
In Sect.2, we review a definition of twisted K-theory and a construction of twisted
K -cohomology K7 (X,Y). In Sect.3, we introduce the notion of (Z,-graded) vecto-
rial bundles and its twisted version. In Sect.4, we construct the cohomology theory
KF ;‘, (X, Y). In Sect. 5, we construct the natural transformation between K ;‘, (X, Y)and
KF7 (X, Y). Akey to the construction is a finite-dimensional approximation of a family
of Fredholm operators. After a study of the natural transformation, we compare the coho-
mology theories to derive Theorem 1. Finally, in the Appendix, proof of Furuta’s results,
crucial to the present paper, are culled from the Japanese textbook [13] for convenience.

2. Twisted K-Theory

We here review twisted K -cohomology theory, following [3,9] mainly.

2.1. Review of twisted K -theory. Let PU(H) = U(H)/U (1) be the projective unitary
group of a separable Hilbert space H of infinite-dimension. We topologize PU (H) by
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using the compact-open topology in the sense of [3]. Let F(H) be the set of bounded
linear operators A : H — H such that A*A — 1 and AA* — 1 are compact operators:

FH)={A:H— HIA*A—1,AA* — 1 € K(H)}.

Note that F(H) is a subset of the space of Fredholm operators on H. We induce a
topology on F(H) by using the map

F(H) — B(H)co x B(H)co X K(H)norm % K(H)norm
A = (A, A", A¥A—1, AA* - 1),

where B(H).o is the space of bounded linear operators B(H) topologized by the com-
pact-open topology, and IC(H)norm is the space of compact operators KC(H) topologized
by the usual operator norm. Then JF (H) is arepresenting space for K -theory, and PU (H)
acts continuously on F(H) by conjugation ([3]).

In this paper, the “twist” in twisted K -theory is given by a principal PU (H)-bundle.
For a principal PU (H)-bundle P — X given, the conjugate action gives the associated
bundle P x 2q F(H) — X whose fiber is F(H).

Definition 2.1. Ler X be a compact Hausdorff space, and P — X a principal PU (H)-
bundle. We define the twisted K-group K p(X) to be the group consisting of fiberwise
homotopy classes of the sections of P X gq F(H) — X:

Kp(X) =T(X, P xaq F(H))/homotopy,
where the addition in K p(X) is given by fixing an isomorphism H & H = H.

Remark 1. As in [3], we can consider a more refined “twist” by introducing a
Z,-grading to the Hilbert space and using unitary transformations of degree 1. However,
the present paper does not cover the case.

Remark 2. In [3], a projective space bundle plays the role of a “twisting”. Since the
structure group of the projective space bundle is P U (H), Definition 2.1 gives the same
twisted K -group as that in [3].

Remark 3. Instead of the compact-open topology, we can also work with the topology
on PU (H) given by the operator norm. In this case, the formulation of twisted K -theory
uses the space of (bounded) Fredholm operators on H equipped with the operator norm
topology, instead of F(H). An advantage of the compact-open topology, other than that
pointed out in [3], is that it simplifies some argument in Subsect.5.1.

2.2. Review of twisted K -cohomology. We formulate twisted K -cohomology as a cer-
tain generalized cohomology.

We write C for the category of CW pairs: an object in C is a pair (X, Y) consist-
ing of a CW complex X and its subcomplex Y. A morphism f : (X', Y") — (X,Y)
is a continuous map f : X’ — X such that f(¥Y') C Y. We also write C for the
category of CW pairs equipped with PU (H)-bundles: an object (X, Y; P) in C con-
sists of a CW pair (X, Y) € C and a principal PU (H)-bundle P — X. A morphism
(f,F): (X', Y'; P)) > (X, Y; P) consists of a morphism f : (X', Y') - (X,Y)inC
and a bundle map F : P’ — P covering f. A CW complex X equipped with a principal
PU (H)-bundle P — X will be identified with (X, @; P) € C.
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Let (X,Y) € C be a CW pair and P — X a principal PU (H)-bundle. The support
of asection A € I'(X, P x a9 F(H)) is defined to be the closure of the set consisting of
the points at which A is not invertible:

SuppA = {x € X| A, : H — H is not invertible}.

We define K p(X, Y) by using sections A € I'(X, P X 44 F(H)) such that SuppANY =
#.In Kp(X,Y), two sections Ay and A; are identified if they are connected by a sec-
tion A € T(X x I,(P x I) xaq F(H)) such that SuppAﬂ Y xI) = VJ where [
is the interval [0, 1]. We then define the twisted K -cohomology groups K ;" (X, Y) as
follows:

Kpyp(X xI" Y xI"UX xdI"), (n>0),

Ky (X.1) = [K;’,(X, Y), (n < 0).

Clearly, a morphism (f, F) : (X',Y’; P’) — (X,Y; P) induces a homomorphism
(f, F)*: Kp(X,Y) - K}, (X', Y') foralln € Z.In the case of P’ = f*P, we simply
write f* : K” (X,Y) - K" *P(X’ Y’) for the homomorphism induced from ( f, f)

where f : f*P — P is the canonical bundle map covering f.
Now, we summarize basic properties of twisted K -cohomology theory ([3,9,11]):

Proposition 2.2. The assignment of {K'» (X, Y)},ez to (X, Y; P) € C has the following
properties:

(1) Homotopy axiom. If (f;, F;) : (X', Y'; P") — (X, Y; P), (i =0, 1) are homotopic,
then the induced homomorphisms coincide: (fy, Fo)* = (f1, F1)*.

(2) Excision axiom. For subcomplexes A, B C X, the inclusion map induces the
isomorphism:

(AUB, B) "’KﬁlA(A ANB). (ne€?Z).

PlAuB

(3) Exactness axiom. There is the natural long exact sequence:
K" 1(Y) UK (X, Y) > Kh(X) — K}’;l (Y)—>

(4) Additivity axiom. For a family {(X;, Y; Pi)}yena in 6 the inclusion maps X, —
HA X, induce the natural isomorphism:

K p, (X0 1Y) NHK (X V2. (€ D).

(5) Bott periodicity. There is the natural isomorphism:
Bu: Knh(X,Y) — K"3(X,Y), (neZ).

The homotopy axiom and the additivity axiom are clear. The excision axiom is due to
the fact that the set of invertible operators in F () is contractible [3]. The periodicity is
a consequence of the homotopy equivalence F(H) ~ Q2F(H), ([3,4]). The exactness
axiom follows essentially from the cofibration sequence:

~<—22Y<—E(X/Y)<—EX<—EY%X/Y%X<—Y,
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where ¥ stands for the reduced suspension. Noting the homotopy equivalence %"
(X]Ipt) ~ X x I"/(Y x I"U X x 3I"), we obtain the non-positive part of the long
exact sequence for a pair (X, Y) in a way similar to that used in [1]. Then we get the
positive part by using the Bott periodicity. A similar construction of the exact sequence
will be performed in Subsect. 4.3 in our finite-dimensional model.

Remark 4. The definition of Kp (X, Y) in [9] is equivalent to that in this paper, because
of the definition of the support of A € I'(X, P X 49 F(H)). The definition of K ;” (X)
in [3,9], which utilizes sections of the bundle P x 44 " F (H) over X, is also equivalent
to our definition.

3. Vectorial Bundle

We here introduce Furuta’s generalized vector bundles [13] as vectorial bundles. Our for-
mulation differs slightly from the original formulation in [13]. Twisted vectorial bundles
are also introduced in this section.

3.1. Vectorial bundle.

Definition 3.1. Ler X be a topological space. For a subset U C X, we define the cate-
gory HF(U) as follows. An object in HF (U) is a pair (E, h) consisting of a Z,-graded
Hermitian vector bundle E — U of finite rank and a Hermitian map h : E — E of
degree 1. The homomorphisms in HF (U) are defined by

Homyrw)((E, h), (E',h")) ={¢ : E — E'| degree 0, ¢ph = h'p}/ =,
where = stands for an equivalence relation. That ¢ = ¢’ means:

For each point x € U, there are a positive number u > 0 and an open subset
V C U containing x such that: for all y € V and & € (E, h)y <, we have

&) = ¢' ().
In the above, we put
(E.h)y.<u = @ Ker(h, — 2) = EPIE € Ey| h3E = Ag).
A<p A<iL

By abuse of notation, we just write ¢ for the equivalence class [¢] of a map ¢ :
(E,h) — (E', 1) in Homy 7 ((E, h), (E', h")). For a subset V C U, the restriction
(E,h) — (E,h)|y defines a functor HF(U) — HF(V), which composes properly
for a smaller subset in V.

Definition 3.2. For a space X, we define the category KF (X) as follows.

(1) Anobject U, (Eqy, hy), pap) in KF (X) consists of an open cover U = {Ug}ye1 of
X, objects (Eqy, hy) in HF (Uy), and homomorphisms ¢up = (Eg, hg) — (Eq, he)
in HF (Uqp) such that:

¢aﬂ¢ﬂ(x =1 in Hf(Uaﬁ);
bapPpy = Pay in HF (Uqpy),

where Uyg = Uy N Ug and Uyp,, = Uy N Ug N U, as usual. We call an object in
KF(X) a vectorial bundle over X.
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(2) A homomorphism ({Uy,}, (Epy. b)), dyg) — ({Ua}s (Ea, ha), ap) consists of
homomorphisms Voo : (E.,, hl,)) — (Eg, he) in HF(Uy N U.,) such that the
following diagrams commute in HF (Uy N U}, N Ug) and HF Uy N Ug N U),

respectively:
Vool
E,, —— E, Eq
Vap!
¢7(;/ / ¢aﬂ
/
E//ff’ Eﬁ’ — > Ef}

Ve

An isomorphism of vectorial bundles is a homomorphism in KCF (X) admitting an
inverse. Vectorial bundles 5y and [Ey over X are said to be isomorphic if there exists an
isomorphism By — Ej. To indicate the relationship, we will write By = E1. Vectorial
bundles Ey and E| are said to be homotopic if there exists EeKF (X x I) such that
]E|XX{,-} = E; fori =0, 1. We will write [IE] for the homotopy class of a vectorial bundle
E € KF(X).

Lemma 3.3 ([13]). Let KF (X) be the homotopy classes of vectorial bundles on X. Then
KF(X) is an abelian group.

Proof. The addition in KF(X) is given by the direct sum of vector bundles, and the
inverse by reversing the Z,-grading in vector bundles. Then the present lemma will be
clear, except for the consistency of the definition of the inverse. To see it, we define
(F,n) € HF(I) by taking F = FO@® F'tobe Fi = x Candn : F — F to be

n= ((t)(t)).Wemultiply (E,h) e HF(X)by (F,n)toget (EQF,h®idr+e®n) €

HF (X x I), where € : E — E acts on the even part EVof E=E%® E! by 1 and the
odd part E' by —1. Then, as a homotopy, the object above connects the trivial object in
HF(X) with (E, h) & (EY, hY), where (EY, h") stands for (E, h) with its Z;-grading
reversed. We can readily globalize this construction, so that the inverse is well-defined.

O

For a Z-graded vector bundle E over X, we can construct a vectorial bundle over X
by taking an open cover U/ of X to be X itself and a Hermitian map /2 : E — E of degree
1 to be & = 0. This construction of vectorial bundles induces a well-defined homomor-
phism K (X) — KF(X). The following result of Furuta will be used in Subsect. 5.3,
and its proof is included in the Appendix.

Theorem 3.4 ([13]). If X is compact, then K(X) — KF(X) is bijective.

Remark 5. As Definition 3.1 works without Z,-grading, the vectorial bundles in Defini-
tion 3.2 should be called Z,-graded vectorial bundles. However, we drop the adjective
“Zy-graded”, since ungraded ones will not appear in this paper.

3.2. Twisted vectorial bundle.

Definition 3.5. Ler X be a topological space, P — X a principal PU (H)-bundle, and
U C X a subset.
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(a) We define the category P(U) as follows. The objects in P(U) consist of sections
s : U — P|y. The morphisms in P(U) are defined by

Hompy)(s,s") = {g : U — U(H)| s'm(g) = s},

where T : PU(H) — U(H) is the projection. The composition of morphisms is
defined by the pointwise multiplication.

(b) We define the category HF p(U) as follows. The objects in HF p(U) are the same
as those in P(U) x HF(U):

Obj(HF p(U)) = Obj(P(U)) x Obj(HF (U)).
The homomorphisms in HF p(U) are defined by:

Homyr,w)((s, (E, h)), (s', (E', 1))
= Hompy) (s, s") x Homyr)((E, h), (E', "))/ ~,

where the equivalence relation ~ identifies (g, ¢) with (g¢, ¢¢) for any U (1)-val-
uedmap ¢ : U — U(1).

Definition 3.6. Ler X be a paracompact space, and P — X a principal PU (H)-bundle.
We define the category KF p(X) as follows:

(1) An object U, Ey, Pyup) in KF(X) consists of an open cover U = {Uy}gent of X,
objects &y in HF p(Uy), and homomorphisms ®opg : Eg — Eq in HF p(Unp) such
that:

DupPpy =1 in HF p(Uwp);
Sup®py = Poy  inHF p(Ungy)-
We call an object in the category KCF p(X) a twisted vectorial bundle over X

twisted by P, or a P-twisted vectorial bundle over X.
(2) A homomorphism ({U!,},E!,, GDZX,/S,) — ({Uy}, Eu, Pap) consists of homomor-

phisms oo 2 E, — & in HF p(Uy N U,,) such that the following diagrams
commute in HF p(Uy N U(;, NUg) and HF p(Uy N Ug N U(;,), respectively:

g// H g

/ / ocﬂ
’ H gﬁ
ﬂ e

It may be helpful to give a more explicit description than that in the definition above.
We can describe a twisted vectorial bundle as the data

(Z/{9 Sas gafh (Eols ho{)a ¢Olﬁ)
consisting of:

e anopen cover U = {Uy} of X;
e local sections s : Uy — Ply,;
o lifts gop : Uy — U (H) of the transition functions gug;
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e 7»-graded Hermitian vector bundles E, — U, of finite rank;
e Hermitian maps hy : Ey — E of degree 1;
e maps ¢gp : E,3|Umg — Ealyaﬂ such that iy ¢ep = ¢aphp and:

bapPpa =1 on Ugg;
PapPpy = ZapyPay ON Uapy.

In the above, the transition function gug : Uyg — PU(H) is defined by sq8up = 5.
A lift gop of gop means a function gug : Uy — U (H) such that 7 o g4 = gup. The
function zggy : Uggy — U(1) is defined by gupgsy = Zapy gay -

Note that the data sy, g of P are crucial in considering isomorphisms classes of
twisted vectorial bundles.

Definition 3.7. We denote by KFp (X) the homotopy classes of twisted vectorial bundles
over X twisted by P.

The notion of homotopies of P-twisted vectorial bundles over X is formulated by
using (P x I)-twisted vectorial bundles over X x I. As in the case of KF(X), the
set KFp(X) gives rise to an abelian group. Clearly, if P is trivial, then a trivialization
P = X x PU(H) induces an isomorphism K Fp(X) = K F(X).

Remark 6. Consider the following property of a topological space X:

(L) For any principal PU (H)-bundle P — X and an open cover of X, there is a refine-
ment U = {U,} of the cover such that we can find local trivializations s, : U, —
Ply, and lifts gup of the transition functions gqg.

As P is locally trivial, the existence of lifts gos matters only. In general, paracompact
spaces have the property (L). Thus, through this property, the paracompactness assump-
tion in Definition 3.6 ensures that KFp(X) is non-empty.

Remark 7. The assignment of P(U) to each openset U C X gives a U (1)-gerbe over X,
where U (1) is the sheaf of germs of U (1)-valued functions. In general, for a U (1)-gerbe
G, we can construct a category KFg(X) similar to JCF p(X). On a manifold X, the
assignment U — KFg(U) becomes a stack and gives the generalization of Brylinski’s
2-vector bundle mentioned in Sect. 1.

4. Cohomology Theory KF

By means of KFp(X), we construct in this section a certain generalized cohomology
theory similar to twisted K -cohomology theory. Then we describe and prove some basic
properties.

4.1. Construction. Let X be a paracompact space, and P — X a principal PU (H)-
bundle. We define the support of a twisted vectorial bundle

E=U,sq, 8aBs (Eq, hq), ¢aﬁ) e KFp(X)

to be:

SuppE = {x € X| (hq)x is not invertible for some « }.
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For a (closed) subspace Y C X, we denote by KF p(X, Y) the full subcategory in
KF p(X) consisting of objects [E such that SuppEN Y = @. Then we define KFp(X, Y)
to be the homotopy classes of objects in ILF p(X, Y), where homotopies are given by
objects in CFpy (X x I,Y x I). Forn > 0, we put:

KF"(X,Y) = KFpun(X x I",Y x I"U X x 3I").

We also put KFII, X,Y) = KF;I(X, Y). By means of the pull-back, a morphism
(f,F): (X,Y;P)— (X,Y;P) in CAclearly induces a homomorphism (f, F)* :
KFp(X,Y) — KF3,(X',Y"). Inthe case of P' = f*P and F = f, we will write f*
for the induced homomorphism.

Proposition 4.1. The assignment of {KFp (X, Y)},<1 to (X,Y; P) € C has the follow-
ing properties:

(1) Homotopy axiom. If (f;, F;) : (X', Y'; Py — (X, Y; P), (i =0, 1) are homotopic,
then the induced homomorphisms coincide: (fo, Fo)* = (f1, F1)*.

(2) Excision axiom. For subcomplexes A, B C X, the inclusion map induces the iso-
morphism:

KFII;|AUB(AUBv B) = KF;§|A(A,AQ B).

(3) “Exactness” axiom. There is the natural complex of groups:
~1 iy 85! o0 0 0 8 1
o> KFp (Y) > KFp(X,Y) - KFp(X) - KFp |, (Y) - KFp(X,Y).

This complex is exact except at the term KFle Y).

(4) Additivity axiom. For a family {(X,,, Y»; P\)}rena in é\ the inclusion maps X, —
L1, X induce the natural isomorphism:

KEp, AL X0 1Y) = []&F:" X Y2).
A

The homotopy axiom and the additivity axiom follow directly from the definition
of KFp(X,Y). The excision axiom and the “exactness” axiom will be shown in the
following subsections.

Remark 8. The Bott periodicity for KF," (X, Y) is not yet established at this stage. This
is the reason that the “exactness” axiom in Proposition 4.1 is formulated partially. At
the end, the periodicity will turn out to hold, and we will obtain the complete exactness
axiom.

Remark 9. A generalization of KFp(X) is given by incorporating actions of Clifford-
algebra bundles into vectorial bundles. Another generalization is to use real vector bun-
dles with inner product instead of Hermitian vector bundles. These generalizations also
satisfy properties similar to those in Proposition 4.1.
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4.2. Excision axiom. We here prove the excision axiom in Proposition 4.1. For untwisted
KF(X,Y), the excision theorem is shown in [13]. The following argument is essentially
the same as that used in the untwisted case.

Lemma 4.2. (Meyer-Vietoris construction) Let X be a paracompact space, P — X
a principal PU(H)-bundle, and U,V C X open subsets such that U NV # (.
IfE € KFp,(U) and F € KFp, (V) are isomorphic on U NV, then there is
G e KFp|y,y (U U V) such that Gly = E and G|y = T.

Proof. Suppose that E = (U, &, Pye) and F = (V, Fg, Wggr). We can construct the
object G = W, G, T,,) as follows. We let VW be the open cover of U U V consisting
of the open sets belonging to I or V. The object G,, is &, or Fg. Then @y, Wggr and
the data of the isomorphism E|yny = Flyny together give the morphisms 1,,,. 0O

Proposition 4.3. (Excision axiom) Let X be a paracompact space, and P — X a prin-
cipal PU (H)-bundle. For an open set U and a closed set Y such that U C Y C X, the
inclusioni : X — U — X induces the isomorphism:

i* 1 KFp(X.Y) —> KFpjy (X —U.Y —U).

Proof. Tt suffices to construct the inverse of i*. Suppose that we are given
E e KFpjy (X -U, Y =U). Weput V. =X —Y and W = X — SuppE. We
let O = (U, Sa» &ap> (Eas ha), Pap) € KF ply, (W) be an object such that E, hy and
¢ap are trivial. Note that O represents 0 € KFpy,, (W). Clearly, the support of E does not
intersect V N W. Thus, there is a natural isomorphism E| vaw = = Olynw, so that Lemma
4.2 provides us an object = KF p(X) such that SuppE NY = @ and ]E|X U= = E.
Note that the construction in Lemma 4.2 is natural. Hence the construction of [E above
behaves naturally with respect to the pull-back. Consequently, the assignment E +— E
induces a well-defined map KFp|,_, (X —U,Y —Y) — KFp(X,Y), giving the inverse
toi*. O

Now, the excision axiom in Proposition 4.1 follows from the proposition above: Set-

tingX = AUB,Y = BandU = B—ANB,weget KFp(AUB, B) = KFp|,(A, ANB),
which leads to K Fp (AU B, B) = KF;’,‘A(A, ANB),(n <0).

4.3. Exactness axiom. We show the “exactness” axiom in Proposition 4.1 in a way
similar to that used in [1]. To define the connecting homomorphism §_,,, we begin with:

Lemma 4.4. Let X be a paracompact space, P — X a principal PU (H)-bundle, and
Z C Y C X subspaces. If Y — X is a cofibration, then we have the exact sequence:

KFp(X.Y) > KFp(X,Z) > KFp, (Y. 2).
wherei : (X,Z) — (X,Y)and j : (Y, Z) — (X, Y) are the inclusion maps.

Proof. Clearly, j*i* = 0. Suppose that [E] € KFp(X, Z) is such that j*([E]) = 0.
This means that there is a homotopy F € KF py;(Y x I, Z x I) connecting E|y with
a trivial object O on Y. Then we have an object

G e KFpxpo (X U{0}UY x[0,1], Z x [0, 1])
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such that G|xx(0y = E and G|yx1; = O. We can construct such an object G by

applying Lemma 4.2 to F| v x(0,1] and the pull-back of [E under the projection X x {0} U
Y x [0, 1) = X x {0}. Now, because ¥ — X is a cofibration, we have a map n making
the following diagram commutative:

X x {0jUY x [0, 11— X x [0, 1]

idl //77/
A/

X x{0}UY x[0,1]

Then H = 5(-, 1)*G defines [H] € KFp(X,Y). Since the homotopy H = n*G e
KFpxi1(X x 1, Z x I) connects G|xx0) = E with H, we have i*([H]) = [E]. O

Lemma 4.5. For (X,Y; P) € a the group KF;"Jrl (X, Y) is isomorphic to
KFpypn (X x I" ' x {0yUu ¥ x I""UuXx xaI" 1) x 1,
Y x I" ' x {BUX x "' x I).

Proof. Recall KF;"H(X, Y) = KFpymi1(X X "Ny x 1"VuXx x oI by
definition. Consider the following maps:

X xI" U x{o)u@ xI"tux xar—hHxI,
Yx I"™ U x (HuX xal=tx1)
i

X x I ' x{0bu x " 'ux xar—yxI,
Y xI"™'UX xar x I

p J

(X x I""Vx {0}, (¥ xI"1uXx xar—1 x{op,

where i and j are induced from the inclusions, and p from the projection. The map
p' = p oi is also induced from the projection. We will prove below that p’* provides
us the isomorphism in the present lemma. For the aim, we show:

(a) p'*is injective;
(b) p*is surjective; and
c) i*is surjective.
]

For (a), we use the map H given by the homotopy extension property:

XxI"™ ' x{Qu x I TuXxalrHYxIc o xxI1m1xl]

iid P
_ - H
£

Xx It x{oyuy x 1" tux xar—H xI.
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If we put A(-) = H(-, 1), then p’ o h is homotopic to the identity of X x I"~! relative to
Y x I""'UX x 81" !, so that p’* is injective. For (b), it is enough to apply the excision
axiom. For (¢), we define X D )Y DO Z as follows:

X=XxI"Tx U x 1" tuxxarryxI,
V= xI""UXxar " xI,
Z=YxI""x{JUuXxal" " x1I.

Lemma 4.4 gives the exact sequence:
KFpx(X,Y) ——> KFpx(X,2) —— KFpxn(V, 2),

in which the first map coincides with i*. Hence the surjectivity of i* will follow from
KFpyxm(Y,2Z) = 0. To see this vanishing, we let (Z, Z) — (), Z) be the inclu-
sion, and (Y, Z) — (Z, Z) the map given by composing the following projection and
inclusion:

Y —— Y xI"™UuXx xalr ) x {1} —— Z.

These maps give homotopy equivalences between (), Z) and (Z, Z), so that we have
KFpyin(Y, 2) = KFpxn(Z,2)=0. O

Lemma 4.6. For (X, Y; P) € 5 the group KF;";(Y) is isomorphic to
KFpyp(X x I" ' x {ObU ¥ x I"™"UX x oI x I,
XxI"'x{0uy x I" ' x {1JUX x aI" ! x I).
Proof. The present lemma straightly follows from the excision axiom. O
Now, for (X, Y; P) € a we define the natural homomorphism
S_p: KF;l'}((Y) — KF;"“(X, Y), m>=1)

to be the composition of the isomorphism in Lemma 4.6, the following homomorphism
induced from the inclusion map:

KFpup (X x I"™ U x {0JU (Y x I""PUX xaI" ) x1,
XxI" ' x{Obuy x I" ' x {1}UX xaI" ! x I)

|

KFpyp(X x IV x {0y U (Y x I"™TUX xaI" 1)y x I,
Y x I U x {(1JUX x I x I,

and the isomorphism in Lemma 4.5.

Proposition 4.7. (Exactness axiom) For (X, Y; P) € Candn > 0, we have the follow-
ing exact sequences:

(@) KFp"(X,Y) — KF;"(X) — KFp\ (V).
(b) KF;l’;—l(Y) b KFp"(X,Y) — KFp"(X).
© KF"'(X) — KF;";’I(Y) Uy KFp"(X,Y).
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In the above, the maps KF,"(X,Y) — KF,"(X) and KF,"(X) — KF;IIZ' (Y) are
induced from the inclusions (X, %) — (X, Y) and Y — X, respectively.

Proof. We define X D )Y D Ztobe X = X xI",Y =Y x ["U X x dI" and
Z = X x 9I". Then we consider the diagram:

KFpypn(X,)) —— KFpyn(X,Z) ——— KFpyn(Y, 2)

| | |

KFp"(X.Y) ——  KF"(X) —— KFp/'(Y),

where the upper row is the exact sequence in Lemma 4.4, the lower row is the sequence
in (a), and the third vertical map is the isomorphism in the excision axiom. The diagram
above commutes, so that (a) is proved. We can prove (b) and (c) in the same way. For
(b), weuse X D Y D Z given by:

X=XxI"x{0QJu¥ xI"UX xI") xI,
YV=XxI"x{0}U2Z,
Z=YxI"x{1}UX xdI" x I.

For (c), we use X D Y D Z given by

X=XxI"x[-1,00UX xI" x{0}UY x I" x [0, 1],
V=XxI"x{-1JUXxI"x{0lUY xI"x[0,11UX xdI" x [-1,0],
Z=XxI"x{-1JUY xI"x{1}UY xaI" x[0,1TUX x oI" x [—1,0].

Then we obtain (b) and (c) by identifying the groups in the exact sequence in Lemma
4.4, and checking the compatibility of the identifications. The details of the check are
left to the reader (cf. [1]). O

Finally, to complete the proof of the “exactness” axiom in Proposition 4.1, we extend
the exact sequence obtained so far in Proposition 4.7 as a complex. For the purpose, we
let F = F° ®F ! be the Z,-graded Hermitian vector bundle over the unit disk D> ¢ C
defined by F! = D> x C. We also let T : F — F be the Hermitian map of degree 1
givenby T, = ((Z) (Z)) . Asisknown [1], the “Thom class” (F, T') represents a generator
of K(D?, Sh = 7.

For amoment, let X be a paracompact space and P — X aprincipal PU (H)-bundle.
Multiplying E = ({Uy}aets Sa» 8aps (Eas ha), Pap) € KF p(X) and (F, T), we get the
following object B(E) in KCF p, p2 (X x D?, X x S'):

({Us x D¥gent, TSar T 8ap, (M3 Ea® i F. iha@ 3, T), thap ® 1),
where 7y and 7y are the projections from X x D? to X and D? respectively. The
Hermitian map n;ha@m;zT of degree 1, acting on the Z,-graded tensor product

nx Eoa®my, F, is given by:

Txhoa @[T =nxhe @ 1+€ Q7)) T,
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where € is 1 on the even part of 7§ E,, and —1 on the odd part. The assignment E +— B(E)
gives rise to a functor, and induces a natural homomorphism:

B: KFp(X) —> KFp*(X) = KFpypo(X x D% Y x S').

Now, we complete the proof of the “exactness” axiom in Proposition 4.1:
Proposition 4.8. For (X, Y; P) € C, we define & : KFgly(Y) — KFL(X,Y) to be
80 = 8_2 o B. Then the following maps compose to give the trivial map, i.e. Sy oi* = 0.

KFS(X) ", KFO| (Y) —— KFL(X,Y).

Proof. Notice the commutative diagram:

KFY(X) LN KF) b, () _ KFL(X,Y)

) i* ) 2 -1
KFp,“(X) —— KFP|Y(Y) — KFp, (X,Y).

Now, Proposition 4.7 (c) completes the proof. O

5. Finite-Dimensional Approximation

In this section, we construct a natural transformation between K }", (X,Y)and KF ;3 (X,Y).
The key to the construction is a notion of a finite-dimensional approximation of a family
of Fredholm operators. We then study some properties of the natural transformation to
prove our main theorem (Theorem 5.13).

5.1. Approxzmatzon of family of Fredholm operators. First of all, we introduce some
notations: let 7 be the Z,- -graded Hilbert space H=H&H, and F (H) the space of

self-adjoint bounded operators on H of degree 1 whose square differ from the identity
by compact operators:

F(H) = {A : H — H| bounded, self-adjoint, degree 1, A2 — 1 € K(H)}.

0 A*
A 0

For A € F(H), we write p(Az) for the resolvent set of the operator A2 and o (A2) =
C—p(A?) forthe spectrum set. If pis suchthat0 < p < 1,theno (A%)N[0, w) consists

of a finite number of eigenvalues, since A2 1is compact. In particular, corresponding
eigenspaces are finite-dimensional, and so is the following direct sum:

We identify F(H) with F(H) through the assignment A — A = (

(H. A<y = P Ker(A? — ) = P& € H| A% = 2¢).

A<p A<

The purpose of this subsection is to establish:
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Proposition 5.1. Let X be a topological space, and A : X — F(H) a continuous map.
For an open set U C X and a number n € (0,1) N,y p(A%) given, the family

of vector spaces Uer(ﬂ, Ax)<ﬂ CUxH gives rise to a (finite rank, Z»-graded,
Hermitian) vector bundle over U.

The restriction of A, to (H, A,) - 1 approximates the original family {Ay).
Notice that the next lemma ensures the hypothesis in the proposition:

Lemma 5.2. Let A : X — F(H) be a continuous map. For each point xy € X and a
number |1 € p(Aio), there is an open neighborhood U of xo such that:

e () p(ad).

xeU

Proof. This lemma follows from the following facts: (i) the map X — B(?’Al)norm,
(x — A)ZC — () is continuous; (ii) the operator A%O — w is invertible; and (iii) invertible

bounded operators on H form an open subset in B (ﬂ)norm. O
For the proof of Proposition 5.1, we show some lemmas.

Lemma 5.3. Let U and (v be as in Proposition 5.1. For each point xoy € U, there exists
an open neighborhood V. C U of x¢ such that:

dim(H, Ay) <y = dim(H, Ay) oy < +00
forallx € V.

Proof. Because A)zm — 1 is compact, (7:[, AXO)<M is finite-dimensional. We put

r = dim(ﬂ, Axo)<u. Let A1(x) < Az(x) < --- denote eigenvalues of A%, where each
eigenvalue is included as many times as the dimension of its eigenspace. As is known,
Ak (x) is a continuous function in x, because of the expression:

u, A2u
A(x) = sup inf #
ECH ueEl—{0} [u]
dimE=k—1

We choose ¢ so asto be 0 < 2¢ < min{u — Ar(x0), Ar+1(x0) — i}, and define the open
set V such that xo € V C U to be:

r+l

V= € Ul 12i(x) = 4i(xo)| < e}

i=1
Forall x € V, we have A, (x) < u < Ap41(x), so that dim(ﬂ, Ax)<M =r. O

Lemma 5.4. Let U and v be as in Proposition 5.1. The orthogonal projections my :
H — H onto (H, A%)_,, constitute the continuous map

T ={my}xev 1 U — B(H)nom.
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Proof. It suffices to prove that, for a point xo € U, we have ||y — 7y || — Oasx — xo.
For this aim, we choose ¢ and V as in the proof of Lemma 5.3. If x € V, then &, has
the expression:

1 .
= | R(z: A®)dz,
T 2mi C (Z x) .

where R(z; A%) =(z— Ai)_l is the resolvent, and C is a counterclockwisely oriented
circle in C such that: its center lies on the real axis; and the open disks B(A; (xg); 2¢),
(i = 1,...,r) are inside C, but B(A,+1(xp); 2¢) is outside. Notice ¢ < |z — A| for
(z,2) € C x J,cy 0(A2). Thus, for (z, x) € C x V, we have:

~ R ;AZ ) |
IR (z; Az)” = sup IR (z x)u” = sup vl _ oy

w0 el k0 1= ADY a0 n<z]§”§>vn e

Now, thanks to the integral expression of 7, we get a constant M such that ||, — 7y, || <
M||AZ — A2 || for x € V. Hence ||y — 7y | = Oasx — xo. O

Lemma 5.5. Let U and u be as in Proposition 5.1. For xy € U, there is an open neigh-
borhood W C U of xo such that: the projection p : H — (H, Ay,) <y induces an
isomorphism (H, AX)QL = (H, Axo)<uf0r allx e W.

Proof. Let F+ be the orthogonal complement of F = (7:(, A xo) < We write pt: H—
F* for the projection, and i+ : F- — H for the inclusion. The operator 75 = 1 — 7,
is apparently Fredholm, and x +— rrj- is norm continuous by Lemma 5.4. Thus, in the
same way as that used in the appendix of [1], we can find an open neighborhood V’ of
xo such that: the map ptwlit : FLX — F is bijective for all x € V’. Now, by the

map of exact sequences:

Pl

0 Ft > 1t 2, F 0
plﬂii% lﬂlﬂ% l
0 Ft Ft 0 0,

we see that p induces an isomorphism Keranxl =~ F for x € V’. Note that
Kerpj-nj' ) Kerrrj = (7:l, Ax)<u. By Lemma 5.3, the dimension of (ﬂ, Ax)<ﬂ is
equal to that of F = (ﬂ, AAX0)<//«’ provided that x € V. Thus, p induces an isomor-
phism (H, A,) ., = (H, Ay) <y forallx e W=V NV. O

Proof of Proposition 5.1. 1t suffices to see that the family J, . U(7:l, Ax)<u is locally
trivial. We consider the open neighborhood W of a point xo € U in Lemma 5.5. Then,
on W,themapid x p : W xH — W x (H, Ay)<, induces a local trivialization

Uer(ﬂv AAx)</4 — W x (7:(, AAxo)<u- O

Remark 10. Instead of F (H), we can use the space of Fredholm operators with the norm
topology to obtain the same claim as Proposition 5.1. A key to this case is that 0 is a
discrete spectrum of a non-invertible Fredholm operator.
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5.2. Natural transformation. Let X be a paracompact space, and P — X a principal
PU (H)-bundle. We construct a natural homomorphism:

a: Kp(X) — KFp(X)

as follows: suppose that a section A € I'(X, P x 49 F(H)) is given. We choose an open
cover Y = {Ugy}req such that there are local sections s, : Uy, — Ply, and lifts of
transition functions gug : Ugg — U (H). The local sections of P allow us to identify
A with a collection of maps Ay : Uy, — F(H) such that A, = go,,gAﬁg‘;ﬂl on Ugygp.
Because of Lemma 5.2, taking a refinement of ¢/ if necessary, we can find a positive
number pq such that g € xeu, p((Ag) +)- By Proposition 5.1, we get a finite rank

Zy-graded Hermitian vector bundle E, = |, U, (7:(, (Aa) 1)< Over Uy. The restric-

tion of Aa to Ey defines a Hermitian map hy : Ey — Ey of degree 1. On Ugyg, we
define ¢op : Eg — E, to be the composition of the maps:

~ ~ A idxgaﬁ ~ ~ ~
U A (Ap)i)cpy = Unp x H —" Usp x H— | (H. (Aa)i) <y,

xe€Uqyp xeUqyp
where the first and third maps are the inclusion and projection, respectively. The datalE =
U, Sas 8ap (Eq, hy), dop) is a P-twisted vectorial bundle over X. The isomorphism
class of I is independent of the choice of iy, S«, g and U. Now, the homomorphism
o Kp(X) — KFp(X) is given by a([A]) = [E].

The same construction yields anaturalmapo : Kp(X,Y) - KFp(X,Y)forY C X,
and hence a, : K (X,Y) — KFp(X,Y).

Lemma 5.6. For a paracompact space X and a principal PU (H)-bundle P — X, the
following diagram commutes:

Kp(X) —2 Kp pa(X x D% X x 81

al la
KFp(X) —L s KFp pp(X x D2, X x 1),
where the upper map B induces the Bott periodicity K ?, X)=K ;2(X ).
Before the proof of this lemma, we explain the map 8 inducing the Bott periodicity

for twisted K-cohomology. Roughly, the map is a “multiplication of a Thom class”.

To be more precise, recall the identification of F(H) with F (7:{) This identification
is compatible with the conjugate actions of PU (H), through the dlagonal embedding

UH) - U (H) So we can represent an element in K p (X) by a section A of the asso-

ciated bundle P x 44 F (H) over X. We identify the section with a map A:P—>F (H).
For (p, z) € P x D?, we define a degree 1 self-adjoint Fredholm operator B(A)(,.-) on

the Z;-graded Hilbert space HQ(C®C) by
BAYpy =hA,®1+e®T,
0 A 10 1 0 0 z
— p
=(, B)e(o 1)+ (0 H)=(t0)

This operator defines a section ,B(A) of (P x D?) x a4 }"(ﬂ ® (C® C)) over X x D2,
and induces the Bott periodicity map B : Kp(X) = Kp, p2(X X D?, X x Sh.
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Proof of Lemma 5.6. Let AeT (X, PXpqF (7:()) be a section given. First, we describe
Ba([A]) € KF;Z(X) as follows: let an object

E = ({Us}ae2ts Sa; 8ap (Eq, ha), Pup) € KFp(X)

represent the element a([A]) € KFp(X). We suppose that E, is given by
E, = Uera (7:[, (Aa)x)qm under a choice of a positive number (. Taking a finer
open cover if necessary, we can assume that the rank of E, is 7y, and that there exists a
positive number €, such that €, < min{ug — A, (X), A 4+1(x) — g} forall x € U,.
Here X (x) is the j™ eigenvalue of (Ai)x, which varies continuously in x (cf. Lemma
5.3). We define an open cover {V (s; €4 )}se[0,1] Of D? by setting

Visiee) ={z€D’|s—€y < |2]> <s+e€a}, se[0,1].
Then we can represent ﬁa([A]) € KF;Z(X) by
{Ua x V(s €)}, TS T58aps (TxEq @ (CHC), txha®m3,T), Txdap)-

Next, we consider the element o8 ([A]) € KF, 2(X ). In applying Proposition 5.1 to the
section ,B(A) of (P x D?) xAdj’-'(ﬂ@((CGB(C)), we use the open set Uy, X V (s; €) and the
positive number j,+s. The jth eigenvalue of the square of (Aa )x®1+e@T;is 4 j (x)+|z |2.
Since A, (x) + [z]* < ftg +5 < Ap41(x) + 2] holds for (x,z) € Uy x V(s; €4) by
construction, we obtain:

(7:( ® Co0), (AAa)x Q1l+e®T,)<py+s = (7:[7 (Aa)x)<u ® (Co ).
Hence the representative of ,Ba([A]) also represents a,B([A]). ]

Proposition 5.7. The homomorphisms oy, : Kp(X,Y) — KFp(X,Y), (n < 1) consti-
tute a natural transformation of cohomology theories.

Proof. 1t suffices to see that the natural homomorphisms «, are compatible with the
axioms in Proposition 2.2 and 4.1. The homotopy axioms, the excision axioms and the
additivity axioms are clearly compatible with «,,. For n < 0, inclusion maps define §,,,
so that §,,«;, = o416, This formula also holds for n = 0, because of Lemma 5.6. As a
result, the “exactness” axioms are compatible with ;. O

5.3. Finite-dimensional approximation in untwisted case. In untwisted case, the map o
has the following property:

Proposition 5.8. If (X, Y; P) € Cissuchthat P — X is trivial, then the homomorphism
a:Kp(X,Y)— KFp(X,Y) is bijective.

If P is trivial, then we can identify K p (X, Y) with the set of the homotopy classes
of maps A : X — F(H) such that Ay, (y € Y) is the identify. Accordingly, we identify
the map in Proposition 5.8 with:

a:[(X,Y),(F(H),)] — KF(X.,Y),

where the group KF (X, Y) consists of homotopy classes of vectorial bundles whose
supports do not intersect Y.
For the proof of Proposition 5.8, we notice Furuta’s result:
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Theorem 5.9 ([13]). For a compact space X and its closed subspace Y C X, there is
an isomorphism K(X,Y) — KF(X,Y).

The K-group K (X, Y) above is formulated by means of vector bundles, rather than
Fredholm operators. In the case of ¥ = ), Theorem 5.9 gives Theorem 3.4. The proof
of Theorem 5.9 is also included in the Appendix.

Thanks to the above result of Furuta, we have:

Lemma 5.10. For a compact space X, the map o : [X, F(H)] — KF(X) is bijective.

Proof. For (a), we consider the following diagram:

(X, F(H)]

ind \

K(X) KF(X),

where ind : [X, F(H)] — K(X) is the isomorphism constructed in [1,3]. The homo-
morphism K (X) — KF(X) is introduced in Subsect. 3.1. The method showing the sur-

jectivity of ind in [1] allows us to realize any vector bundle £E— X as E=]J ..y KerA,

by means of amap A : X — F(H) such that O(AA)%) = {0, 1} for all x € X. Thus, the
above diagram is commutative, so that Theorem 3.4 implies the present lemma. O

Lemma 5.11. For (X, pt) € C, the map o : [(X, pt), (F(H), 1)] — KF (X, pt) is bijec-
tive.

Proof. We use the exact sequences for (X, pt). By Proposition 5.7, the diagram
[((1,31), (F(H), D] —— [(X, pt), (F(H), D] —— [X, F(H)]
KF(1,01) —_— KF (X, pt) —> KF(X)

is commutative. Because F(H) is a representing space for K-theory [3], we have
m1(F(H), 1) = 0. By Theorem 5.9, we also have KF(I,d1) = K(I,d1) = 0. Hence
Lemma 5.10 leads to the present lemma. O

The following is also a result of Furuta:

Lemma 5.12 ([13]). If X is compact and Y C X is closed, then the quotient map
q : X — X/Y induces an isomorphism KF (X,Y) = KF(X/Y, pt).

Proof. Under the assumption, the topology of (X/Y) — pt induced from X/Y coin-
cides with the topology of X — Y induced from X. Hence the isomorphism classes in
KF(X,Y) correspond bijectively to those in ICF (X/Y, pt) via g. Since this correspon-
dence respects homotopies, the lemma is proved. O

Proof of Proposition 5.8. The quotient g : X — X/Y gives the diagram:

[(X,Y), (F(H),1)] —— KF(X,Y)

q*T Tq*

[(X/Y,pv), (F(H), D] —— KF(X/Y,pb).
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By Lemma 5.12, the right ¢* is bijective. Since ¥ — X is a cofibration, the left ¢*
is also bijective, and the diagram above is commutative. Now Lemma 5.11 establishes
Proposition 5.8. 0O

5.4. Main theorem.

Theorem 5.13. For a CW complex X and a principal PU(H)-bundle P — X, the
homomorphism a_, : Kp"(X) — KF,"(X), (n = 0) is bijective.

To prove this theorem, we begin with the case that X is finite.

Lemma 5.14. Let X = ¢9 UY be a finite CW complex given by attaching a q-cell to
another finite CW complex Y. Then, for any principal PU (H)-bundle P — X, we have
natural isomorphisms compatible with o_,:

Kp"(X.Y) = K"(D?, 8971,

KF,"(X,Y) = KF (D7, 5771,
Proof. Let f : DY — X denote the map attaching the g-cell. By definition, f induces
a homeomorphism from D? — §97! to its image ¢? = f(D? — S9~'). We write &7 for
the closure of ¢ in X, and de? for its boundary. Regarding DY as the unit disk in R?,
we decompose it as D¢ = D'U A, where D’ is the disk of radius 1/2, and A the annulus
whose radius r ranges from 1/2 < r < 1. Then, setting D = f(D’) and &/ = f(A),
we can describe 7 as the union ¢ = DY U &?. Since de? is homotopy equivalent to
¢’ , the excision axiom gives

Kp"(X.Y) E Kpp! (27, 0e") = K" (&7, ¢!y = K;‘"Dq(DZ, aD?y.

Because all principal PU (H)-bundles over the disk D are trivial, we have K;l” .
D+

(D?,aD%) = K~ (D?,3D), and hence the first isomorphism. The same argument
is valid for the second isomorphism. These isomorphisms come from the axioms in
Proposition 2.2 and 4.1, so that the compatibility with «_,, follows. 0O

Lemma 5.15. Let X be a finite CW complex. Then, for a principal PU (H)-bundle
P — X, the homomorphism a_, : K" (X) — KF,"(X), (n = 0) is bijective.

Proof. We prove this lemma by an induction on the number r of cells in X. If r = 1,
then X consists of a point, so that @, (n > 0) is bijective by Proposition 5.8. If r > 1,
then we can express X as X = ¢4 U Y, where ¢4 is a g-dimensional cell, and Y is a
subcomplex with ( — 1) cells. Proposition 5.7 gives the following commutative diagram
forn > O:

K;l’;—l(Y) - K;” (X,Y) — K;n(X) . Kf:lr; (Y) — K;"H(X, Y)

T

KF;(;_I(Y) — KF;”(X, Y) — KF;”(X) — KF;(;(Y) — KF;nH(X’ Y)

As the hypothesis of the induction, we assume the first and fourth vertical maps are
bijective. Lemma 5.14 and Proposition 5.8 imply that the second and fifth maps are
bijective. Therefore the third map is also bijective. Notice that the five lemma works
even if the lower row is not exact at KFgly (Y). O
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Proof of Theorem 5.13. Let X9 C X be the subcomplex consisting of cells whose
dimensions are less than or equal to ¢. Identifying X7 x {g + 1} C X7 x [q, g + 1] with

X9 x {g+1} C X9 x [q + 1, ¢ +2), we get the “telescope” X of X:
X=X"x[0,11UX" x[1,21UX* x [2,3]U---.

In a similar way, we get a principal PU (H)-bundle P — X from P — X. As is known
[18], the prOJecuons X9x[q,q+1] = X4 1nduceah0motopy equlvalence w: X — X.
Since w*P = P, we have K_"(X) = Kp"(X) as well as KF (X) = KF,"(X).

Thus, to show Theorem 5.13, it suffices to prove that o_,, : 13 (X) — KF}5 " ()~()

is bijective for n > 0. For this purpose, we let ¥ be the subcomplex in X given by
Y = ]_[q X1 = ]_[q X4 x {q}. For n > 0, Proposition 5.7 gives:

K"y -n/ v v —n K=" (Y —n+l /5 ¥
ply, X —=K;"(X, V) —= K"(X) — K5 (V) — K" (X, ¥)

R T R S

KF3"'(Y) ~ KF;"(X, V) — KF;"(X) — KF;"' (V) — KF;"* (X, 7).
Y P P P|y P

The first and fourth columns in the commutative diagram above are bijective: the addi-
tivity axiom in Proposition 2.2 implies

qy =~ q

P\Y(Y) U Plxq H X )_HKPb(q(X )-

Similarly, we have KF};'”~ (17) = ]_[q K ;Ilj(q (X?). Because X7 is a finite CW com-
Y

plex, the map a—, : K}’ (XD —> K ;l';q (X7) is bijective by Lemma 5.15, and so is
oy H KPI . (X?) — H KF,, " (X‘I). The second and fifth columns can be shown
to be bl]eCthe in the same way, smce we have

—ney vy~ g q q
Kﬁ (X,Y)_KHququl(]_[qX x 1, ]_[qX x al)

~ — 1
~ HKP";M,(X‘I x I, X7 x dI) =HKP|”q (xX7).
q q

Now, the five lemma leads to the bijectivity of the third. O
We have Theorem 1 by setting n = 0 in Theorem 5.13. We also have:

Corollary 5.16. (Bott periodicity) Under the assumption in Theorem 5.13, there is a
natural isomorphism KFp" (X) = KF;”fz(X) forn > 0.

Thus, on CW complexes, we can extend Proposition 4.1 to get a cohomology theory
{KFp (X, Y)}uez equivalent to twisted K -cohomology.
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Appendix A. Proof of Furuta’s Theorem

We provide proof of Furuta’s theorems (Theorem 3.4 and 5.9) culling from [13]. Most
parts of this appendix are devoted to the proof of Theorem 3.4, since the proof of The-
orem 5.9 is almost the same. To prove Theorem 3.4, we begin with preliminaries in
Subsect. A.1, and then construct a vector bundle from a vectorial bundle in Subsect. A.2.
We use the vector bundle to prove that the map K (X) — KF(X) is surjective in Sub-
sect. A.3. Finally, the injectivity of K (X) — KF(X) is shown in Subsect. A .4.

A.l. Preliminary. Let E = ({Uy}gent, (Ea, ha), 9ap) € KF(X) be a vectorial bundle
on a compact space X. Taking a finer open cover if necessary, we can assume that Ey, is
a trivial bundle £, = U, x V,, where V,, = VOE) ® VO} is a Zp-graded Hermitian vector
space of finite rank. Since X is compact, we can also assume that {U, },cg is a finite
cover of X. Forx € X, we put A(x) = {o € U x € U, }.

Lemma A.1. There is a positive number A such that: for x € X and o, B € UA(x), the
map (¢ap)x : Vg — Vo induces an isomorphism

(Vﬂ, (hﬁ)x)<)\ = (Va, (ha)x) <a-

Proof. By the definition of vectorial bundles, we can find, for each point x € X, an open
neighborhood U, of x and a positive number A, such that: for y € U, and o, 8 € A(x),
the map (¢qp)y induces an isomorphism (Vg, (hg)y)<x, = (Vi, (ha)y)<a, - Because X
is compact, we can choose a finite number of points x1, ..., x, € X sothatUy,, ..., Uy,
cover X. The minimum among Ay, ..., Ay, givesthe A. O

We choose and fix a positive number A in the lemma above. Then, for x € X, we
define a Z;-graded Hermitian vector space (E), to be

E)e =[] Var ha)e)a/ ~,
aclA(x)

where ~ is an equivalence relation: for v, € V,, and vg € Vg, we have v, ~ vg if and
only if (¢pug)xvg = vy. We also define a Hermitian map of degree 1,

(hp)x 1 (E)x — (BE)x, [ve]l = [(ha)xval,
where [vy ] stands for the element in (E), represented by vy € (Viy, (hg)x)<a-

Lemma A.2. For a point xo € X and a number p such that u € (0, 1) N p((hE))ch),
there is an open neighborhood U of xo on which the family of vector spaces

U (B, he)o) <

xeU

gives rise to a vector bundle.

We remark that the family of vector spaces | . y (E) is not generally a vector bundle
over X since the dimension of (E), may jump as x varies.

Proof. We take and fix o € 2A(x¢). The same argument as in Subsect.5.1 implies that
there is an open neighborhood U of xp on which Uer(Va, (ha)x) <y gives rise to a
vector bundle over U. Hence the natural bijection between |, cv Va, (he)x) < and
Uyer ((E)x, (hg)x) < establishes the lemma. O
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A.2. Construction of vector bundle. Let {pg, pgo} be a partition of unity subordinate to
the open cover {[0, A), (0, 0c0)} of [0, 0c0). For x € X and « € 2A(x), the functional cal-
culus induces the Hermitian map pg((ho,))%) : Vo — Vy. We can think of pg ((ha))%) as
an “approximation” of the orthogonal projection onto (Vy, (hy)x)<x. In fact, the image
of V, under pg((ha))%) is in (Viy, (hg)x)<x- In particular, the image of the odd part VO}
isin (Vq, (ha)x)ld = Val N (Vy, (hq)x) <i, since pg((ha))zc) is of degree 0.

Now, we use a partition of unity {04 }4c9( subordinate to the open cover {Uy}yeg of
X to define the linear map (g)y, (x € X) as follows:

@ EPVa — (ENx. Py vd = X, 000103 ((ha)?)01],
aell

where (E), = (E%), @ (E"), and (E"); = [[yenr)(Va (ha)x)’;/ ~. By means of
(g)x, we also define the linear maps

&) (ENco@ V) — (EY
ae
to be

€N ® (D, v0)) = P ((hE)2)(hE) 0 + (8)x (D, V),
(g (' @ (@, v))) = poo((hE)DHV + () (D, vl).

Lemma A.3. The maps (g°), and (g"), are surjective at each x € X.

Proof. Consider the eigenspace decomposition (E Hy = @D, Ker((h E)ﬁ — k). For each
i, we have ,og(/c) # 0or ,ogo (k) # 0. 1In the case of pg(K) # 0, we can see Ker((hE))zc —
k) C (g)x(VOf) for an o € 2A(x) such that o, (x) 7# 0. In the case of ,ogo(/c) # 0, we
clearly have Ker((hE)ﬁ — k) C (gHe((EMy). Since k # 0 in this case, we also have
Ker((hp)i — k) C (g0):(E%,). O

Accordingly, we have the following exact sequence at each x € X:

(&)x
Eam—

0 —— (F)y — (E"), & PV, (EY)y — 0,

ae

where (F'), = Ker(g"),. The exact sequence implies that dim(F"), is locally constant
in x, because dim(E"), — dim(E"), is. While the family of vector spaces Usex(EDx
is not generally a vector bundle, we have:

Proposition A.4. Fori = 0, 1, the family of vector spaces F' = UxeX(Fi)X gives rise
to a vector bundle over X.

Proof. We take and fix xo € X and o € A(xp). For x € Uy, we introduce linear maps
as follows:

(Tglo)x : (Ei)x - Voio’ [Utl;z] = (d’aoa)xvéy
(8ag)x © BaeaVa — Varo B v > D 0 () (Paga)x 05 (ha) L.

Note that (goy)x = (rolo)x o (g)x. We also introduce

(géfo)x : Vtio D @ Vt)} - Valo
aeA
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by setting

(8ay)xr (10 & Dy v8)) = Poo((hag)?) (hag)xv” + ()2 (B va),
(8a)x (0" @ (B4 v0) = Poo((hag)DV" + (2)x (Bg Vi)

In the same way as in the proof of Lemma A.3, we see that (g(’;(0 )x are also surjective for
x € Ug,. Now, we have the commutative diagram:

. . (gl
0 —— Ker(gl )y —— VioPvi —— vl ——0
aeA
T (rgo)xeaidT T(r,}on
0 —— (F), —— ERePV, L5 E), — 0.
aed

Since (r/,)x is injective, so is the map (F'), — Ker(gl, )r. Because dim(E”), —
dim(E"), = dim V) — dim V,} , we have dim(F'), = dimKer(g/, ).. This implies
that the map (F'), — Ker(géo)x is bijective. Consequently, we can identify F'| Uag
with the family of vector spaces |J eUsg Ker(géo) +- Because (gl’;lo) » 1S continuous in
x € Uy, the family | J

tion makes F’ into a vector bundle. 0O

xeUs, Ker(g(’;(0 )x becomes a vector bundle. Hence the identifica-

A.3. Surjectivity. In this subsection, we prove:
Proposition A.5. If X is compact, then K (X) — KF(X) is surjective.

So far, a Zo-graded vector bundle F = FO @ F! over X is constructed from a given
vectorial bundle E € CF(X). To prove the proposition above, it suffices to introduce
a Hermitian metric and a Hermitian map 4 on F so that (F, k) is isomorphic to E as a

vectorial bundle. '
For x € X, we define a Hermitian metric on (E'), ® (D, o Val) by:

1
10" & @, vl = 1012+ 5 D lva i,
o
o' & @ v)II? = 0" 117+ D llvall.
o

We induce the Hermitian metric on (F?), by restriction. We then define

(h10)x : (FOx — (Fhy, 0" @ @, vd) = (hp)® ® (@, vl).

We put i, = (h19)x + (ho1)x, Where (ho1)y is the adjoint of (h10)y:

(hov)x : (FYy — (FO)y, v' @ (@, v) — (hp)xv' & (@, rv)).
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Lemma A.6. Let (1o > 0 be such that oo(r) = 1 forr € [0, uol. Then for x € X the
composition of the inclusion and the projection

(Fy — (EN, © P V) — (BN,
aeA
induces an isomorphism (F, h)x <o = (E)x, (hE)§)<MO.
Proof. The point x € X will be fixed in this proof. So we omit subscripts x from

(F')x, (E")y (hg)2, and so on. The map h% & (€D, h2) is Hermitian with respect to the

Hermitian metric on E' @ (,cy V,)) introduced just before this lemma. Hence we get
the orthogonal decomposition

E'® @ vi= @F . Fy=Ker(h% ® (@, h2) — ).
ae n=>0

Since g’ o (h% & (P, h2)) = h3, o g', we also get the orthogonal decomposition

F=@F. F.=FnFk,
u=0

Because o (h%, ® (B, h2)) = (h3, & (@, h3)) o h, the map h preserves the orthog-
onal decomposition of F. Thus, in the following, we will verify the present lemma on
each space F,.

First, we suppose 1 > 0. Then we have (F, h) ., N F,, = {0}. To see this, notice
A > uo. For a vector 0@ (B, v,}l) in the even part F;(L) of F},, we have

h UO vl 2 UO 2+ Ul 2
[ o ) g Ul oA P S
10 ® @, vlP 1002+ F X, vl

Hence the eigenvalue of /7 is greater than or equal to /1o on the even part FC, and so is
on the odd part Fll.

Next, we consider the case of u© < wg. Because go(n) = 1 and oo (t) = 0, a vector
vl @ (@, vl) in ﬁ;i belongs to Fli if and only if >, 04v. = 0. Hence FL has the
orthogonal decomposition F}, = E!, & V|, where

E/iL =EN Ker(th — ),
V= (D, v} € Byea Vil Xy 0avl =0} N Ker (B, h2 — ).

The Hermitian map 42 preserves the decomposition. In particular, /2 = X on VJ, so that
(F,h) <y NFy = E,.Thus, (F,h) <y, = (E,hg)<y,- O

The isomorphism in Lemma A.6 is compatible with the Hermitian maps (4), and
(hEg)x. In addition, the isomorphism in Lemma A.6 induces an isomorphism of vec-
tor bundles locally, provided that (g is chosen suitably. Now, the construction of (E),
implies that (F, i) is isomorphic to E as a vectorial bundle, which completes the proof
of Proposition A.5.

If Y C X is aclosed subspace and SuppE NY = ¢J, then we also have Supp(F, h) N
Y = . This means that we have the pair of vector bundles (FO, Flyandho : FO - Fl
is invertible on Y. As is known [1], such data (F 0O Fl h 10) constitute the K-group
K(X,Y). Thus we get:
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Proposition A.7. For a compact space X and its closed subspace Y C X, there is a
surjection K(X,Y) - KF(X,Y).

A.4. Injectivity.
Proposition A.8. If X is compact, then K (X) — KF(X) is injective.

Proof. Suppose that two Z,-graded Hermitian vector bundles F and F; over X give
the same element in KF (X). Then there is a vectorial bundle [F on X x [0, 1] such that
IF| x x iy 1s isomorphic to (F;, h;) as a vectorial bundle, where A; is the trivial Hermitian
map h; = 0. Thanks to the construction proving Proposition A.5, we can replace F
by a palr (F h), where F is a Z»- -graded Hermitian vector bundle on X x [0, 1] and
h : F — F is a Hermitian map of degree 1. That (F;, h;) = (F h)|Xx{,} as vectorial
bundles means that F; = Kerh? |xx{i) as vector bundles. This implies that the pairs
(F2, F'y and (F|xx(i}, F'lxx(;)) are in the same class in K (X). Therefore the pairs
(Fg, FOI) and (F?, Fll) represent the same class in K (X). O

Proposition A.9. For a compact space X and its closed subspace Y C X, the map
K(X,Y) —> KF(X,7Y) is injective.

Lemma A.10. Fori =0, 1, let F; = Fi0 ® Fl-1 be a Z»-graded Hermitian vector bundle
over a compact space X, and h; : F; — F; a Hermitian map of degree 1. If (Fy, ho)
and (Fy, hy) are isomorphic in KF (X), then Fg @ Fl1 and FO1 ® Fl0 are isomorphic as
vector bundles.

Proof. By the definition of the equivalences in XF(X), we have amap g : Fp — F
of degree 0 compatible with &g and & such that: for each x € X, there are a positive
integer A, and an open neighborhood Uy of x such that: (g), induces an isomorphism
(Fo, ho)y,<a, = (F1, h1)y, <), forall y € X. Since X is compact, we can find a positive
number A such that: (g), induces an isomorphism (Fo, /19)x,<x = (F1, h1)x, <5 for each
x € X.

We choose such A as above, and take a partition of unity { pg, pgo} subordinate to the
open cover {[0, 1), (0, c0)} of [0, o). The Hermitian map po((hl))%) S (F))y — (F1)y
plays a role of a continuous “approximation” of (a square root of) the orthogonal projec-
tion onto (F1, h1)x, <. In fact, the image of po((hl))%) isin (F1, h1)x, <. Hence the map
(g);lpo((hl)?c) 1 (F1)x — (Fp)x makes sense. In particular, this map is continuous in
X, so that we obtain a vector bundle map g_l ,oo(h%) : F1 — Fp of degree 0. Similarly,
the image of poo((hl))%) isin (F1, h1)x>n = @B,=y Ker((hl)ﬁ — k). Thus, we obtain a
vector bundle map sgn(hl),ooo(h%) : F1 — Fj of degree 1, where sgn(t) = t/|t].

Now, we define h: Fo® F1 — Fy® F; tobe h = fzo + fzoo, where

ho = gpo(hd) + g~ po(h}),
fioe = sgn(ho) poo(hd) — sgn(h1) poo(h?).
Then 73 = po(h2)? + po(hd)%, h = poc(h?)? + poo(hd)? and hoheo + hocho = 0.

Therefore 72 = 1 and & is an isomorphism. By construction, / carries the component
F) @ F| to Fj @ F), and vice verse. O
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Proof of Proposition A.9. Fori = 0, 1, welet (F;, h;) represent an element in K (X, Y),
where F; = Fi0 &) Fi1 is a Z,-graded Hermitian vector bundle on X and 4; : F; — F;
is a Hermitian map of degree 1 such that %; is invertible on Y. Suppose that (F;, h;)
define the same element in KF (X, Y). Because X x [0, 1] is compact, the construction

showing Proposition A.5 gives a Z,-graded Hermitian vector bundle F on X x [0, 1]
and a Hermitian map /& of degree 1 such that: / is invertible on ¥ x [0, 1] and we
have (F;, h;) = (F, h)|xx iy in CF(X, Y). Now, Lemma A.10 implies that (F;, k;) and
(I:", fz)|XX{,-} represent the same class in K (X, Y). Thus (Fy, ho) and (F1, k1) are in the
same class in K (X, Y). O
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