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1 Introduction

It is a common belief now that whatever the Grand Unified Theory is, it is a version of
supersymmetric field theory. Incorporating supersymmetry is the only known natural way
to resolve the hierarchy problem.

An excellent playground to study supersymmetric dynamics is provided by SQM mod-
els. The simplest nontrivial such model introduced in [1] has the supercharges

Q= vlp+iW'(z)], Q=1vlp—iW'(z)] (1.1)
and the Hamiltonian
H =3 [+ (W) + W @) (i — )] (1.2)

In classical theory, p, z are the usual conjugated phase space variables and v, are canon-
ically conjugated Grassmann variables. In quantum theory (which we will be mainly con-
cerned with),  and 1) are still usual real and complex Grassmann numbers, while p and v
become differential operators, p = —id/0z, ¥ = /.



W (z) is an arbitrary function. The operators (1.1), (1.2) satisfy the simplest super-
symmetry algebra,

Q*=Q*=0, {Q.Q}=2H. (1.3)

Since [1], a lot of other models have been constructed. Many such models have a
rather complicated form. Some of them have extended supersymmetries — several pairs
of complex supercharges Q,, Q. satisfying the algebra'

{Q(MQb} = 07 {Q(M@b} = 25abH7 CL,b = 17 oy (14)

The models involving up to 8 such pairs are known.

One can write the action as an integral over the usual (¢,6,0) or extended (t,0;,0;)
superspace of a usual or extended real superfield expressed via fundamental superfields.
Such action is manifestly invariant under supersymmetry transformations. The problem is,
however, that many such superfields and many such invariant actions can be constructed.

In this paper, we suggest an alternative approach. Instead of working in superspace,
we restrict ourselves with supercharges and Hamiltonians expressed in components. Then
we observe that, in the all studied cases, an SQM system can be obtained from the basic
simple system describing the free flat complex dynamics,

Q = \/iwa'ﬁaa Q = \@&ﬁm H = 7,7y,
(@a=1,....d), (1.5)

where d is the complex dimension.

It is achieved by a combination of two operations: (i) Hamiltonian reduction and (i)
similarity transformation of supercharges.

As a warm-up, let us obtain in this way the model (1.1), (1.2). We start from the
model (1.5) with d = 1. The complex momentum 7 has the real and imaginary parts,
T = (pz +ipy)/ V2. The wave functions depend on z,y and the Grassmann holomorphic
variable ¢). At the first step, we impose the constraint p, ¥ = —i0¥ /0y = 0. We are allowed
to do it as p, commutes with the Hamiltonian. The reduced Hamiltonian is just p2/2.

The constraint commutes not only with the Hamiltonian, but also with the super-
charges. This implies that the reduced system enjoys the same A/ = 2 supersymmetry as
the parent one. The reduced supercharges are

eree — px@D, eree — pz,& )

It is just the free (W = 0) version of Witten’s model (1.1), (1.2).
The potential can be introduced at the second step by a similarity transformation.
Indeed, the supercharges (1.1) can be expressed via the free ones as

Q _ eWereee—W ’ Q _ e—WereeeW ) (16)

!Following the commonly adopted nowadays convention, N denotes the total number of real conserved
supercharges. For the models with physical supersymmetry of the spectrum that involve (at least) double
degeneracy of all excited states, N is always even.



The transformed supercharges @, Q are nilpotent if Q®¢, Q¢ are nilpotent and they hence
satisfy the same supersymmetry algebra. Note that this is a similarity transformation for
the supercharges. The operator €'V is not unitary such that Q and @ are transformed in a
different way. As for the Hamiltonian {Q, @}, it is not related to the free Hamiltonian by
any similarity transformation and has a distinct spectrum.

This example is trivial, but we will see in the next two sections that this philosophy
works in many other not so trivial cases and a complicated SQM model can be obtained
from the free model (1.5) by performing a proper Hamiltonian reduction and a proper

similarity transformation.

2 N = 2 sigma models

2.1 Dolbeault complex

Let us concentrate on @@ and perform the following similarity transformation of the free
supercharge in (1.5),

Q _ eRereee—R (21)

where R is not just a function of coordinates as in (1.6), but an operator, R = wq¥ats.
The supercharge ) will then be rotated with the operator e~ R (It will be convenient
for us later to introduce Q rotated with an extra scalar function reflecting the presence of
a nontrivial Hilbert space measure in the rotated system — see eq.(2.10) below. But let
us keep for a moment @ and @ Hermitially conjugate in the naive sense, without taking
R is unitary, Q,Q, and H are

rotated by the same operator, and this boils down to a canonical transformation of the

into account the measure.) When wg, is anti-Hermitian, e
phase space variables. On the other hand, when wg, is Hermitian, the supercharges () and
(Q are transformed differently, and their anticommutator is nontrivial.

The calculation can be done using the Hadamard formula,

e Xe ™ ® =X +[R,X]+ %[R, [R, X]] +... (2.2)

In our case, this implies

efMpee™ = 1hg (€¥) 4 (2.3)
efto.e ™ = 9. + (€) e (8067‘”)% Yoty . (2.4)

We thus derive
Q = V204 ()4, [ — 1 (¢¥), (0ue™) et (2.5)

The associated Hamiltonian has the kinetic term with a nontrivial Hermitian metric,

HA = (o) mom = (e e . ; 2.6
— b aTh e e ﬂ-kﬂ_j' ()



:I:w7 ein

The matrices e can then be interpreted as the complex wvielbeins,

(€)ae = €hs (7)€, (e“”) el (e‘“’*) e (27)
ca ac J

When w is Hermitian, the vielbein matrix el is also Hermitian. For generic w, the vielbein
is a generic complex matrix, with the anti-Hermitian part of w corresponding to tangent
space rotations.

One can note now that the supercharge (2.5) can be rewritten as

Q = V2 (mj +iQ; 3 0athy) (2.8)

with €, 3, being the so called Bismut spin connection corresponding to the metric h = ewtew
and the vielbein e = % .2

A nontrivial metric introduces a natural covariant measure in the Hilbert space,

p=deth [[dz/dz’ . (2.9)
J

It is convenient to define @) to be Hermitially conjugate to @) with respect to this measure,
Q = (det h)~1Q" det h, (2.10)

where QT is the “naive” Hermitian conjugation.

The supercharges thus obtained exactly coincide with the supercharges (3.26) in ref. [4],
if setting there W = Indet h/4. These supercharges were obtained from Nother super-
charges of a certain SQM model with a nontrivial superspace Lagrangian [4, 6],

1 5 _
L= —Zhj,;DZJDZk +W(2,72), (2.11)

where Z7 and Z7 are chiral d = 1 superfields and D, D are supersymmetric covariant
derivatives.

As was explained in details in [4], the Hilbert space of the functions W (z7, 2/, 4),) with
the measure (2.9) can be mapped onto the space of holomorphic p-forms realizing the
Dolbeault complex. The supercharges (2.8), (2.10) can then be mapped to the exterior
holomorphic derivative operator 0 and its Hermitian conjugate.

As was just mentioned, the supercharges (2.8) and (2.10) correspond to a particular
choice of W in the Lagrangian (2.11). One can, however, obtain the model with any W by
applying an extra similarity transformation,

Q — eCQe ¢ (2.12)

2The Bismut spin connection is related to the Bismut affine connection [2, 3], which is a torsionfull
affine connection such that (i) the covariant derivatives of the metric and the complex structure matrix
vanish; (77) the torsions are completely antisymmetric. See [4, 5] for all definitions and notations. To avoid
a confusion, note also here that the Bismut spin connection does not coincide with the structure —el, (9;e})
entering (2.5), but involves extra terms. These terms vanish when multiplying by ¥71,. cf. eq. (3.13)
of ref. [4].



with G = W — %ln det h.? This gives what mathematicians call a twisted holomorphic
Dolbeault complex.

Another distinguished choice, besides W = iln det h corresponding to G = 0, is
W = —%ln det h corresponding to G = —% Indet h. This amounts to the overall simi-
larity transformation with exp{—wa¥ptbs} and gives the antiholomorphic untwisted Dol-
beault complex.

In the physical language, this complex describes the dynamics of a Dirac operator
in the presence of Abelian gauge field, Ay = {—i0,,,W,i07W}. The models with non-
Abelian gauge fields can be obtained from the model (2.11) with W = 0 by a similarity
transformation (2.12) with a matrix-valued G.

The supercharge @) can be further rotated with a holomorphic* operator

exp {Bjkww’f + B pF ™ + } (2.13)
One obtains in this way complex sigma models with torsions studied in [8].

2.2 De Rham complex

Note first that, representing m, = [pé‘” + z'pg(f)] /v/2 in (1.5) and imposing d constraints

pg(,a)\lf = 0, we obtain the model describing free flat real dynamics. The supercharges are

Q = pava, Q=patha. (2.14)

(with py = pg(va), A=1,...,d).
Let us apply now a similarity transformation (2.1) with

R =wapats. (2.15)

When w4p is anti-Hermitian, this amounts to a unitary rotation. New nontrivial models
are obtained for Hermitian w4pg.

Let first wap be real and symmetric. By the same token as in the complex case,
one obtains

Q =vp (¢*)pe [pe — i (e“0ce™) ,p ¥aths] =™ (py — iQu,aYatB) . (2.16)
where M = e% 14 with the real vielbeins

el = ()27, ena= (") ya (2.17)
giving the metric

gun = (€7) yn - (2.18)

3For a compact complex manifold, there is no global expression for the metric valid everywhere. One

should introduce charts. The expressions like In det h are in fact not nonsingular functions on the manifold,
but should be understood as sections of a certain line (Abelian) fiber bundle. Matching the local expressions
for these sections in the regions where the charts overlap imposes the restrictions on W associated with the
quantization of topological charge. If these restrictions are not fulfilled, supersymmetry is lost [7].

41t is holomorphic with respect to fermion variables, but Bj etc. are arbitrary functions of 27 and 7.



Profiting from anticommutativity of ¥ and 14, we have expressed the 3-fermion structure

in the supercharge via the spin connection
Qun,ap = ean (Omel +Digel) - (2.19)

The supercharge (2.16) is well known. It can be mapped to the exterior derivative
operator d of the de Rham complex [9, 10]. The supercharge @Q is convenient to define as
Q = (det g)*l/QQT(det g)l/2 such that it is Hermitially conjugate to (Q with the Riemann
covariant measure \/det g. It can be presented as

Q =YM (prr — i aBYAYE) - (2.20)
The Lagrangian of this model can be easily written in terms of d real superfields
XM =M g™ 4 Mo+ M4 . (2.21)
It has the form [11]
L= ;/d@ngMN(X)DXMDXN. (2.22)

The de Rham complex can be deformed by adding the potential, which amounts to a
similarity transformation Q — eV Qe="W (in contrast to the complex case, here W must be
a well-defined scalar function) or adding torsions [8, 12] which amounts to a holomorphic
similarity transformation with the operator exp{By ™y + ... 1.

Consider now the case of generic Hermitian wap. The supercharges can, again, be
represented as in (2.16), but neither the vielbeins (2.17) nor the “metric” (2.18) are real
anymore. As is shown in [13], the corresponding Lagrangian has the same form as in (2.22),
but with the complex Hermitian gasn. Complexity of the metric means that this system
cannot thus be interpreted anymore as a de Rham complex. It is something new.

It is further shown in [13] that this new complex can be obtained by a Hamiltonian
reduction of the Dolbeault complex for some special complex manifolds whose metric does
not depend on imaginary parts of complex coordinates. Indeed, consider a manifold of the
complex dimension d with isometries corresponding to the imaginary coordinate shifts. We
can then impose d constraints G;¥ = ¥ /9(Im 27) = 0. These constraints commute with
the Dolbeault Hamiltonian (allowing for the Hamiltonian reduction) and the supercharges
(meaning that the reduced system enjoys the same supersymmetry as the original one).
A not so difficult analysis shows that, after such reduction, the supercharge (2.8) (it is
convenient to write it in terms of the fermion variables with world indices /) goes over
into (2.16), written in terms of ™ M.

In other words, the model of this type (we called it a quasicomplez sigma model [13])
can be obtained from the basic model (1.5) by a subsequent application of two operations:
similarity transformation and Hamiltonian reduction. And, as illustrated in figure 1, the
result does not depend on the order in which these operations are performed.

We would also like to note here that the supercharges Q = /21,7, and Q = ¥ 4pa can
in principle be rotated by a similarity transformations with antiholomorphic operators like

R = exp{Capav¥p} . (2.23)

Such models were never considered, and it would be interesting to do so.
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Figure 1. A rhombus of sigma models. The solid arrows stand for a similarity transformation and
the dashed arrows — for a Hamiltonian reduction.

3 Extended supersymetries

An arbitrary similarity transformation (2.1) leaves the supercharge @ nilpotent and hence
keeps supersymmetry. For a model with extended supersymmetries, it is not always the
case. Le. the minimal A/ = 2 supersymmetry is always kept, but if we want to preserve
extended supersymmetries, the operator of similarity transformation should satisfy certain
extra conditions. The same concerns the Hamiltonian reduction procedure. If we want the
reduced model to keep all the supersymmetries of the original one, the constraints should
commute with all supercharges.

Consider some examples.

3.1 Kaéhler sigma models

Consider the real free dynamics with the supercharges (2.14) and the Hamiltonian H =
pi /2. Assume that the dimension D is even. It is easy to see that one can add extra pairs
of nilpotent supercharges whose anticommutator gives the same Hamiltonian and which
commute with @, Q. They form thereby together with (2.14) an extended supersymmetry
algebra. Each such pair of supercharges can be represented as

S =palapys, S =palap¥p. (3.1)

where 145 is a real antisymmetric matrix satisfying the condition I? = —1.°

Suppose that there is only one such extra pair. It is convenient to introduce complex
coordinates {z,—1, . p/2, Ze=1,..p/2} (the eigenvectors of I), trade 1 for x40, @ = 1,2 and

5Tt is, of course, recognizable as a flat complex structure matrix.



deal with the supercharges®
To = \@WaXaaa Ta = \@ﬁa)—(aa . (3-2)

They represent the following linear combinations of @, S, @, S,

T = Q;;S, Ty = Q;;S, T, = Q\};S, Ty = Q\;;S. (3.3)
Let us perform now a similarity transformation
T, — eWabXabXos T, ~WabXapXbp (3.4)
with a Hermitian wgy. In the full analogy with (2.5), (2.8), we obtain
T = V2Xda (€9) 4o [Te = 1 () e (0e€™) , XaBXb5) (3.5)
which can be represented as
To = V2x} () + 1) 5uXapXb8) - (3.6)

However, in a generic case, the supercharges (3.6) and their conjugates do not form the
extended supersymmetry algebra — the anticommutator {7}, T>} does not vanish and
{Ty, Ty} does not coincide with {T},7;}. But, for some special w when the metric e*'e¥ is
Kéhler, the N' = 4 superalgebra holds [14-16]. In this case, Qjte = egaje% entering (3.6)
are the standard torsionless spin connections.

As is written in (3.3), the supercharge T; is expressed via @ and S, while the super-
charge Ty is expressed via @ and S. This means that the similarity transformation (3.4)
of T, corresponds to a rather complicated transformation (not a similarity one) of the
“original” supercharges @, S.

Alternatively, one can rotate, as we have seen, the flat supercharge Q with the opera-
tor (2.15) to obtain the de Rham supercharge (2.16). If the metric thus obtained is Kéhler,
the same similarity transformation applied to S gives us the second pair of supercharges,
keeping the N = 4 supersymmetry. Indeed, the result of such rotation of Sft is

grotated — M N (py — iQn,aBYAYE) - (3.7)

An accurate proof of the fact that, for Ké&hler manifolds, the operators (3.7) and (2.16)
together with their conjugates satisfy the same commutation relations of the N' = 4 super-
algebra as the flat supercharges is presented in the appendix.

Note that this similarity transformation of @) and S corresponds to a complicated
transformation of T, and Tj,.

SWhen D = 2 and Iup = €aB, the explicit conventional form of the combinations entering (3.2) is

X1 = %Wl +itha), X2 = %(&1 +ithg), m= %(pl —ip2)

and complex conjugates. This is trivially generalized to any even D, if choosing I = diag(e,...,¢€).



3.2 Hyper-Kahler sigma models

In flat space of real dimension 4 or multiple integer of 4, D = 4m, one can write three
additional pairs of supercharges,

1,2,3 al1,2,3 _ 1,23 7
Shd = pal g ¥n, S = Palyp" Vb . (38)

7273

associated with three complex structures 123 satisfying the quaternionic algebra.

I°7° = —§9 4 eabeye (3.9)
By an orthogonal transformation, one can bring them into a canonical form

(IQ)AB - diag{_nZw SRR —UZV} ) (310)

where 7, are 't Hooft symbols.

The supercharges @, Q, S, S® form the N' = 8 supersymmetry algebra, which the flat
Hamiltonian H = p124 /2 thus enjoy. In a special case when the metric of the manifold corre-
sponding to the de Rham supercharges (2.16) obtained after a similarity transformation of
the flat supercharge @ is hyper-Kéhler, the Hamiltonian thus obtained also admits 3 extra
pairs of conserved supercharges [17]. Three of these six extra supercharges are obtained
from the flat supercharges S in (3.8) by the same similarity transformation as the one
applied to the supercharge ). Their explicit form is

Stotated = VMY (b — iQN,ABYAYB) - (3.11)

The explicit proof of the fact that, in the hyper-Kéhler case, the supercharges (3.11) and
their conjugates form together with the supercharge (2.16) and its conjugate the standard
N = 8 superalgebra is given in the appendix.

Alternatively, in the full analogy with the Kéhler case, the supercharges (3.8) together
with (2.14) can be rearranged by defining

T, = (WDfok)a (3.12)

and their conjugates T,, In the expression above, p,a = 1,2,3,4, k = 1,...,m, Yu are
Euclidean 4-dimensional y-matrices and x* are Dirac 4-component spinors.

R = exp{wrexExd} and, when the metric

One can then rotate T, with a matrix e
e“'e¥ thus obtained is hyper-Kéhler, arrive at the hyper-Kéahler supercharges in the form
written in [18].

This similarity transformation of T, corresponds to a complicated transformation of
Q,Q, 5% 5 On the other hand, the similarity transformation of @ and S discussed above

corresponds to a complicated transformation of Ty, T,.

3.3 HKT and OKT

Kahler and hyper-Kéahler sigma models represent special cases of the generic de Rham
sigma model that admit extra supercharges. There are also special complex Dolbeault



sigma models admitting extra supersymmetries. In particular, in flat complex space of
even complex dimension d = 2m, one can add to the supercharges (1.5), the supercharges

S = V2 "7l 8 = 2euFnl . (3.13)

Performing a similarity transformation (2.1) with a special class of R respecting N' = 4
supersymmetry, one obtains the so called HKT sigma models [19, 20]. To see that, consider
the simplest d = 2 case. By introducing real and imaginary parts ©¥4—1234 of 1q—12, we
can bring (1.5), (3.13) to a more familiar form including four pairwise anticommuting
Hermitian supercharges [21, 22],

Q = wApA ) Sa = _nijApB ) (314)

where a = 1,2,3 and 7% 5 are ‘t Hooft symbols [23].

This looks similar to (3.8), but the variables ¢4 are now Hermitian. They satisfy
the Clifford algebra, {14,v¥p} = dap and can be mapped to gamma matrices. For our
approach, we need, however the holomorphic supercharges @, S in (1.5), (3.13). It is they
who are going to be rotated with a similarity transformation (2.1), the supercharges @, S
being transformed with e~B". Let us choose R = 9(2)Yathe. We derive

f

5 > Vet (7o+ 2L ode) (315)

Q — \/Efd)a <7Ta + iaaf¢c¢c) >

with f = e9. The corresponding metric is conformally flat, ds®> = e_dixi, the simplest
HKT metric.” The supercharges (3.15) (derived first in [25]) together with their conjugates
satisfy the N' = 4 superalgebra.

Dolbeault models enjoying N' = 8 supersymmetry are known as OKT manifolds. Their
real dimension is a multiple integer of 8. Indeed, flat 8-dimensional space admits 8 anti-
commuting Hermitian supercharges: the supercharge Q = pat4, where A =1,...,8 and
1, are now real, and the supercharges S*=b7 = (I'*)appatp, where I'* are 7-dimensional
real antisymmetric gamma matrices. One of the convenient representations for the latter is

_=a a 1
R CE I I I CH A

"The formal definition is the following [24]. The manifold is called HKT if it admits three complex
structures satisfying (3.9) which are covariantly constant with respect to one and the same affine connection.

Generically (and, in particular, for conformally flat 4-dimensional manifolds), this connection (the Bismut
connection) involves torsions. In some special cases, the torsions vanish, the Bismut connection boils down
to the usual Levy-Civita connection and the HKT (i.e. hyper-Kdhler with torsion ) manifolds boil down
hyper-Kéahler manifolds.

,10,



Omne can also relate the matrix elements in (3.16) to the structure constants of octonion
algebra [20] — that is why the name OKT (octonionic Kihler with torsion) was choosen.®
The simplest example of a nontrivial OKT manifold is a conformally flat 8-dimensional
manifold where the conformal factor f(z™) represents a harmonic function, i.e. f(zM) =
1+ ClaM|~7.

The OKT models represent a particular case of Dolbeault models with extra holomor-
phic torsions (see [27] for a detailed discussion). Thus, they can be obtained, as discussed
above, from the flat models of the corresponding dimension by a similarity transformation
of the supercharge @ in (1.5). It remains to be seen whether one can conveniently define
in this case three other complex supercharges obtained from the flat ones by the same

similarity transformation.

3.4 Reduced models

Consider an HKT model on a 4-dimensional conformally flat manifold with the super-
charges (3.15). Suppose that the conformal factor f(z*) does not depend on one of the

variables, say, z*.

It is then straightforward to observe that the operator ps commutes
with the supercharges and the Hamiltonian and can thus be used to perform Hamiltonian
reduction. As a result, we obtain a N' = 4 supersymmetric QM model describing dynamics
on a conformally flat 3-dimensional manifold. This model® was first constructed in [29]
and described in superfield language in [30, 31]. Taking a 4m dimensional HKT with the
metric not depending on m variables, one obtains a generalised 3m-dimensional model
considered in [30].

One can, of course, consider many other HKT models (or, in the language of [28],
the models with several root [32] (4, 4, 0) multiplets) living on manifolds with various
isometries. Factorizing over these isometries gives a multitude of models. Hamiltonian
reduction of the model in a flat or conformally flat 4-dimensional space with respect to its
U(1) isometry was considered in [33]. One obtains in such a way the N' = 4 models with an
extra magnetic monopole [29, 34]. For another example, one can take a flat A' = 4 model
endowed with a self-dual instanton field,'?

_2n,at”

B .%'2 +p2 (317)

8In contrast to HKT, the matrices (3.16) cannot, of course, satisfy non-associative octonion algebra.
Moreover, one cannot choose among the matrices (3.16) three matrices satisfying the quaternionic alge-
bra (3.9). This means that an OKT manifold need not to be an HKT manifold. Note also that one can
deform the flat model with breaking N’ = 8 supersymmetry but keeping the A/ = 4 supersymmetry associ-
ated with the unity matrix and, say, the matrices I''**®. One obtains in this way a class of ' = 4 models,
so called Clifford models that are not HKT [6, 20, 26, 27].

%A (3, 4, 1)-model in the notation of [28], where the first numeral stands for the number of bosonic
dynamic degrees of freedom, the second — the number of fermionic d.o.f. and the third — the number of
auxiliary fields in superfield description.

10Tt was mentioned above that a non-Abelian gauge field can be brought about by a matrix-valued
similarity transformation. The transformations of this kind that give a self-dual gauge field respect the
N = 4 supersymmetry of the flat model [25].

— 11 —



The supercharges of this model were presented in ref. [25] in the form

Qo = (U[LQE)O{O?}L - A,u) s Qa = (¢0L)°‘(pu - A#) (3'18)

with the following conventions (an Euclidean counterpart of the Wess and Bagger nota-
tions [35]):

(i) (04)ap = i Yo (o) = {=i, o}

(ii) The fermion variables ¢4 and Y% = (¢g)! ({@Zd,wg} = 52‘) carry only the dotted
indices (in constrast to the supercharges (3.18) having undotted indices; in Euclidean
space, the SU(2) groups acting on the dotted and undotted spinors are completely
unrelated).

(iti) The indices are raised and lowered with €5 = 9B,

One can observe now that the supercharges (3.18) and hence the Hamiltonian commute
with the SU(2) generators,

1 _
Lo =2 — it (muﬁy + 4w0LUV¢) . (3.19)

Performing the Hamiltonian reduction with respect to L% gives us a (1, 4, 3) model with
only one dynamic bosonic degree of freedom. At the distances much larger than the in-
stanton size p , the Hamiltonian thus obtained should go over to the conformal matrix
Hamiltonian derived in [36],

H:1<2+3>+2“‘1(W‘ (3.20)

2 42 x2

In that paper, also a 2-center model not enjoying the rotational symmetry was worked
out. Probably, it can also be obtained from a certain known model by applying two opera-
tions (similarity transformation and Hamiltonian reduction). It would be interesting to see
whether it is the case and, if yes, in a what particular way. The same concerns many partic-
ular SQM models with A" = 4 and N = 2 supersymmetries constructed in recent [37, 38].
They were constructed using “semi-dynamic” spin variables technique [39-45]. The math-
ematical structure of these models, their raison d’étre is, however, not clear by now. It
would be interesting to find out by what particular operations from what particular known
models are they obtained.

The OKT models with one or several root (8, 8, 0)-multiplets also generate many
different models after Hamiltonian reduction. One of them is the beautiful N' = 8 (5, 8,
3)-model with the metric ds? = (1 + C/r3)(dx™)? [46-48].11

There are many others.

"1t enjoys O(5) = Sp(4) symmetry and has many common features with the (3, 4, 1) model of ref. [29]
which is 3-dimensional and knows about O(3) = Sp(2). That is why we called this type of sigma models
symplectic.
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4 Gauge models

It is known since Dirac that gauge theories can be interpreted as Hamiltonian systems
involving first class constraints, the operators Go commuting with the Hamiltonian. One
then performs a Hamiltonian reduction with respect to G such that the Hilbert space of
the large system is reduced to the small physical Hilbert space including only the wave
functions annihilated under the action of G®. This is rather similar to the ideology of the
present paper, but there is also an important dictinction.

Consider a supersymmetric field theory and assume that nothing depends on spatial
coordinates (such dimensional reduction is, of course, a variety of Hamiltonian reduction).
We obtain a certain quantum mechanical system. To give a nontrivial enough but not
too complicated example, consider the dimensionally reduced (2+1)-dimensional super-
symmetric Yang-Mills model with SU(2) gauge group. The supercharges of the model are

Q = TI%¢* + iB%)°, Q = %y* —iBY%°, (4.1)

where 11 = II{ £¢1I§ are holomorphic combinations of canonical momenta, 1 and Y are
canonically conjugated fermion variables, and

B® = e ALAS = _%eabmb_ A% (4.2)

is the non-Abelian magnetic field strength. The coupling constant dependence is suppressed
by choosing proper units.
The Hamiltonian H = {Q, Q} has the form
abe 7a,7b gc a, b gc
A F A (43)

Note, however, that the supercharges written in (4.1) are not nilpotent. One easily derives

Q* = A‘iéa, where

1€

]‘ a 1 a a a a
H = 5(Hj)Q + Z[(AjAj)2 — ASARALAD) +

G = ™ (APTIS — igphy) (4.4)

are Gauss law constraints — generators of gauge transformations. If we want to keep
supersymmetry, one should perform the Hamiltonian reduction and impose the constraint
GO = 0.

One can now resolve the constraints, i.e. get rid of three variables on which noth-
ing depends (gauge degrees of freedom) and to write the Hamiltonian in reduced phase
space. For field theories, this is practically impossible, but, for quantum mechanical sys-
tems, it is quite feasible. It is convenient to use the polar representation for the vector
potential [49, 50]. In the (2+1)-dimensional case, it boils down to

A = U Vi (4.5)

where Uji(a) is an O(2) matrix describing spatial rotations, Vi(¢®) is an O(3) gauge
rotation matrix and Akb is a quasidiagonal matrix,

AP = <828> . (4.6)
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Choosing the gauge Vi, = dpq, we are left with just three gauge invariant bosonic vari-
ables: a, b, a. In addition, reduced phase space inherits all three complex fermion variables
1%, 1p*. The explicit expressions for the reduced supercharges and Hamiltonian are rather
complicated [51]. We will present here only the supercharges.

cov —ia .aPo + bJ3 . bpa + aJ3
Q™ = e g0 |01 (i ) 0t (i P

J? iJ1>} tab —

3 3
7

v ( a 90 v

b
Acov _ o | 71 .aPq + bJ3 -2 [ . bpoc + ajg
Q = 9Joe€ |:w <pa+1a2_b2 + 7 | ipp + T2
o (J* 0! iab
— ¢ < — )] - —?, (4.7)
a b [’[s}

where J¢ = ety

This is a kind of sigma model, the metric in the space {a,b,a} induced by the flat
metric in the space {A?} being nontrivial. The configuration space involves a complex
fermion variable for each bosonic variable, i.e. the number of degrees of freedom is the
same as for the de Rham complex. But it is not a de Rham system: for the latter the
fermion charge is conserved, while the supercharge @ in (4.7) involves the terms o< 1) on
top of the terms o .

If our conjecture is true, the supercharges (4.7) can be obtained by a similarity trans-
formation and Hamiltonian reduction from a free system. However, in this case, a pure
similarity transformation of the system (2.14) of real dimension 3 would probably be not
sufficient. Indeed, the only imaginable to us way to obtain the term o< 13 out of a ”flat” su-
percharge like Path(® —|—pbw(b) +paw(a) is applying an antiholomorphic transformation (2.23).
But such a transformation can generate only the terms ~ 1) that multiply canonical mo-
menta and in addition the unwanted terms oc 1)1).

Thus, to derive (4.7), one should start from a free system of larger dimension. Indeed,
as was discussed above, the system (4.7) can be obtained by a Hamiltonian reduction of a
more simply looking system (4.1), (4.3) with extended phase space. But, in constrast to
the examples with Hamiltonian reduction discussed in the previous section, such extended
system s not supersymmetric — this is the distinction that we were talking about. The
absence of supersymmetry in the large system can be traced back to the fact that, when
writing (4.1), (4.3), we have already partially fixed the gauge (Wess-Zumino gauge) and
got rid of some number of components in the spinor superfield I', describing 3D SYM
theory. Supersymmetry is broken by such partial gauge fixing and is restored when the
gauge is fixed completely. The question is thus reduced to the question whether this large
SQM system involving all components of I', can be obtained by our recipe. We hope to
address it in later studies.

The same set of question can be asked to a system obtained by the dimensional reduc-
tion of (3+1)-dimensional, (5+1)-dimensional, or (9+1)-dimensional SYM theory with or
without extra matter multiplets. For example, pure (34+1) SYM theory involves 3-3—3 = 6
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gauge invariant variables. The explicit expressions for its reduced supercharges and Hamil-

tonian are given in ref. [16].

5 Field theories

A natural question to ask is whether our conjecture formulated for SQM systems works
also for field theories.
The fast answer that it should, because quantum field theory is nothing but a SQM
system with an infinite number of degrees of freedom. The devil is, as usual, in the details.
Consider the simplest example — the 4D Wess-Zumino model. To make the things
still simpler, let it be free massless WZ model with the Lagrangian

L= / iz [0,80,0 + itb0,0, 7] (5.1)

where 1%, 1% are complex conjugate Minkowskian Weyl spinors and (Ju)aﬁ' = (1, Uj)aﬁ'.lz

The corresponding Hamiltonian
H= /dx [T + 8;00;¢ — i1ha;0;v] (5.2)
is supersymmetric. There is the Weyl doublet of supercharges,
Qo = \/5/dx [Mpe, + 050 (05)ax 6 70y ]
Qs = V2 [ dx s+ 0560)5307 (07)2a (5:3)
They satisfy the algebra
{Qa, Qa} = 2(0)ac Py = 2 [0acH + (0))acFj] (5.4)
where P is the 3-momentum operator.

Put the system in a finite box of size L, which we set to 1, and expand ¢(x), ¥ (x) in
the Fourier series,

¢(X) _ Z ¢n627rinx7 ¢(X) _ Z¢n62winx
QB(X) = Z ane_anxa &(X) = Z&ne_zmnx (5.5)
The Hamiltonian (5.2) is expressed via the modes as follows,

H = Z [ﬁan + (271'n)2 Gndn — Qan@ZJanlan} (5.6)

20ur conventions are almost the same as in ref. [35], but the metric is chosen with the opposite sign,
Nue = diag(1, -1, -1, —1).
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(I, = gfgn) and the supercharges are
ch = \/52 [Hnwan - 27Tinj (Jj)aﬁwﬁnd_)n] ,
n

Qo = V2 [Mnthan + 27in; ¥sn(0;) patn] (5.7)

(The finite box breaks Lorentz invariance and there is no point to distinguish the usual
and dotted indices anymore).

This is an SQM model with an infinite number of degrees of freedom, indeed. One can
observe, however, that from the SQM viewpoint,

e it is not a basic system (3.2) as, besides the terms o IIt), the supercharges involve
extra terms.

e the supercharges (5.7) satisfy not the standard N/ = 4 superalgebra, but the alge-
bra (5.4) involving the 3-momentum playing the role of a central charge.

Furthermore, the supercharges (5.7) do not seem to be related to the basic supercharges
Y o nYan, 2o, IIhtan by a similarity transformation.

It is still possible to write down a similarity transformation of the de Rham free (in
the SQM sense) supercharge Q = pa1p4 such that the anticommutator of the transformed
supercharge Q and its conjugate would give (5.6).

Consider one particular term Hy, in the sum (5.6). Let first n # 0. One can observe that
the matrix n;o; has two eigenvalues A\j o = +vn2. If denoting by X111’2 the corresponding
normalized eigenvectors, one can represent

njd}naﬂz_}n =V n2(X111>_(111 - X?Q_C?l) (5'8)
Then one can define
QO = \L (Pg + 2i7rf,11\/n2) T2 (P§ - 2mf§\/n2) (5.9)

(Pa?/v/2 and fa? /3/2 being the real and imaginary parts of IT,, and ¢y,). The operator (5.9)
is nilpotent and

{Qn, Qn} — 2}In . (510)

This holds also in the case of degenerate eigenvalues, n = 0, if choosing for X}{Q arbitrary
orthonormal vectors.
Obviously, the full supercharge

Q=> 0, (5.11)

is also nilpotent, and {Q, Q}/2 gives the Hamiltonian (5.6). In fact, this model repre-
sents a multidimensional (with an infinity of degrees of freedom) generalization of the
model (1.1), (1.2) with the superpotential

W=> "avn2 [(f1)* - (£2)?] (5.12)
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Hence, the supercharge (5.11) can be related to the ”free” supercharge

Q) = Z (Pﬁx,}l + Pﬁx%) (5.13)
n
by the similarity transformation (1.6).

Thus, we showed that, when expanded over the modes, the field theory (5.1) can be
obtained by a similarity transformation from the ”free” supercharge (5.13), as it should
according to our conjecture.

The problem, however, is that this transformation and both the supercharges (5.13)
and (5.9) are highly nonlocal. None of them does have therefore a lot of physical sense.

It might be more reasonable to treat the Lorentz-invariant model (5.1) as the free one
and ask whether the supercharges of the interacting WZ model could be obtained from the
free supercharges (5.3) by a similarity transformation. Unfortunately, the answer to this
question seems to be negative.

Indeed, the interacting WZ supercharges are obtained from the free supercharges (5.3)
by adding the following extra terms,

Qi = Qi+ V3 [ W ()5t
Qint — Qfiee _ i\/i/de/(¢)5aa¢a7 (5.14)

where W(¢) is the WZ superpotential (having nothing to do with (5.12)). And we do not
see how to obtain Q™ out of Q°® by a similarity transformation. The problem is the same
as with the supercharge Q°" in eq. (4.7). The only known to us way to generate the term
o 1) in the supercharge @ is to apply an antiholomorphic transformation, like in (2.23).
But such a transformation would produce the terms where 1 is multiplied by II or else the

terms oc Y. . .

6 Discussion and outlook

Our main point is the

Conjecture. Any SQM model can be related to a free complex model (1.5) by a combination
of two operations: (i) similarity transformation of properly chosen complex supercharges
and (ii) Hamiltonian reduction.

We have not proven it, but checked in many nontrivial examples. In particular, we
discussed nontrivial sigma models with extended supersymmetries and showed that, for the
Kahler de Rham sigma models, hyper-Kahler de Rham sigma models, and HKT models,
all complex supercharges are derived from the free supercharges by the same similarity
transformation.

On the other hand, we have not seen yet that this conjecture also works for gauge
SQM models. We noted that this question can be clarified if analyzing the supercharges
and the Hamiltonian of gauge models before gauge is fixed such that supersymmetry is
realized linearly.
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In section 5, we discussed field theories and found out that, though our recipe seems to
work (it works in the simplest case that we analyzed), the similarity transformation turns
out to be highly nonlocal and therefore useless.

The last remark is the following. Philosophically, similarity transformations considered
in this paper remind the Nicolai map [52]. In both cases, an interacting model is related
to a free one. However, the ways they are related are rather different. The Nicolai map
is a nonlocal transformation of bosonic variables that renders the functional integral for
the index Gaussian allowing one to do it. For the simplest nontrivial SQM model (1.2), it
amounts to the change

i+ W (z) =5 (6.1)

It is not similar to the local transformation of the supercharges studied in this paper,
though more meditations in this direction are definitely welcome.
I am indebted to S. Fedoruk and E. Ivanov for many illuminating discussions.

A Kahler and hyper-Kahler superalgebras

We will prove here some well-known to mathematicians facts [24] in the SQM language
understandable to physicists.

We will be interested in extra supersymmetries of the de Rham ({1, 2, 1}) sigma models
that come into existence when the manifold is Kéhler. We are using the method that was
used earlier to study extra supersymmetries for the Dolbeault ({2,2,0})) models for hyper-
Kahler [21] and HKT [22] manifolds.

We start with reminding

One of the possible definitions. The complex manifold is called Kahler if its complex

structure tensor,'3

Iy = —Inw, LN =—5% (A1)
is covariantly constant,
Dplyy = 0pIyy — TPy Isy — TonIns =0 . (A.2)

Similarly: the manifold is called hyper-Kahler if it admits three different covariantly
constant complex structures I* satisfying the quaternionic algebra (3.9).
We will prove now two theorems.

Theorem 1. If the manifold is Kdhler, the supercharges (2.16), (3.7) and their conjugates
satisfy the N' = 4 superalgebra with the only nonvanishing anticommutators

{Q.Qt={5.5} . (A.3)

13For the manifold to be genuinely complez and not just almost complez, the tensor Insn should satisfy

besides (A.1) also a certain integrability condition. But if the tensor I is covariantly constant, this condition
is satisfied automatically.
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Proof. (i) Nilpotency of @, S and the property {@, S} = 0 follow from the proven above
fact that Q and S are obtained by the same similarity transformation of the corre-
ponding flat supercharges and the validity of the A/ = 4 superalgebra for the latter.

(ii) To deal with the commutators like {@Q, S}, introduce the operators
1 —Af - 1
Fy = SIuno™o™, Fo= Syt (A4)

Their commutator gives the fermion charge operator, Fy = ¢¢™. The operators
{F_, Fy, F; } form an SU(2) triplet.

(#i) Consider now the commutator [@), Fly]. Capitalizing on the scalar nature of Fy, one
can upgrade the ordinary derivatives in the combination Oy + Qy, ABYAYB to the
covariant ones, dy; — Dys. The supercharge (2.16) acquires then the form —iyp™ VvV,
where V), is the full covariant derivative involving also the fermion (spinor) part.

Then one notes that
Vi = (Dyell )ba — Qupaep da =0
and uses the condition (A.2) that the manifold is Kahler to derive
Q. Fy] = ip®1" Vi = -8, Q. F.]=-8,
S, F:] = Q, [S,F.]=Q (A.5)
(the commutators [Q, F] and [@, F] vanish). The vanishing of {Q, S} ={Q, [Fy,Q]}
follows from nilpotency of ) and the Jacobi identity.

w e anticommutator ,7 = s 1P, is reduced to the anticommutator
w) Th i S, S S, Fy,Q duced h
{[S, Fi],Q} = {Q,Q} by the Jacobi identity.
O

Theorem 2. If the manifold is hyper-Kdhler, the supercharges (2.16), (3.11) and their
conjugates satisfy the N = 8 superalgebra with the only nonvanishing anticommutators

{Q,Q) = {s", 5} = {5%,5%} = {5°,5°}. (A.6)
Proof. (i) Bearing in mind the results of the previous theorem, we have only to prove
that {5, 5%} = 0 and {S% S°} = 0 when a # b. The first equality follows from the

fact that all S are obtained from the flat holomorphic supercharges in (3.8) by one
and the same similarity transformation.

(i4) To calculate {S¢, S}, introduce the operators

a 1 a M a 1 a
Fr= §IMN¢M¢N7 F2 = §IMNT/JM¢N : (A.7)
The same reasoning as above and the quaternionic algebra (3.9) allow one to derive
[SG,F_?_] _ 5ab@ o 6abcsfc7 [SG,FE] _ 5abQ o Eozchc (AS)

and [S9, F?] = [S¢, F?] = 0. Then e.g. {S*, 52} = {S1,[S%, F3]}, which vanishes due
to nilpotency of S7 and the Jacobi identity.
O]
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