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1 Introduction

A natural starting point for exploring the moduli space of (0,2) heterotic compactifica-

tions is the study of the geometry of holomorphic vector bundles V over Calabi-Yau (CY)

manifolds M . Under suitable conditions such bundles determine, to all orders in α′, a

supersymmetric heterotic vacuum. For a long time it has been known [2] that worldsheet

instantons wrapping rational curves in M in principle generate a potential which destabi-

lizes the vacuum. In rather special cases, such as models with (2,2) supersymmetry [3] or

some specially fine-tuned (0,2) models [4, 5], the correction terms vanish for each instanton

separately, but this is not true in more generic models [6–8].

In this context, heterotic compactifications obtained as gauged linear sigma models

(GLSMs) [9] have received special attention, as they are believed to be stable under world-

sheet instantons, even in the generic case in which the contributions of individual instantons

do not vanish. This claim is then a nontrivial vanishing theorem about the total contribu-

tion from each instanton class. This was first proposed in [10] and further studied in [1].1

This work suggests that in these models the corrections vanish even when the contribu-

tions of individual instantons do not. If true, this would guarantee the existence of a vast

playground for tackling issues of (0,2) moduli spaces.

1In [11] an argument along rather different lines was pursued.
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Essentially, these arguments rely on the fact that in heterotic vacua determined by

(0,2) theories the space-time superpotential for gauge singlets can be determined by a

correlator C computed in a (half-) twisted version of the model. Unlike the twisted versions

of (2,2) theories, this is not a topological field theory, but the simplifications associated

to the existence of a nilpotent scalar charge, such as the decoupling of exact operators

from the correlators of closed operators, carry over to this case and show that C depends

holomorphically on the relevant worldsheet couplings.

This holomorphy together with compactness arguments can be used to show that the

correlator vanishes identically. The argument of [10] used the fact that the parameter

space of the GLSM is compact (or has a natural compactification). C was shown to be a

global section of a holomorphic bundle of negative curvature. If nonzero this must exhibit

poles, which in this theory arise from the finite-energy configurations with very large field

values which occur at special loci in the parameter space. At these loci the model is indeed

singular, but the large-field region can be studied semiclassically to demonstrate that these

configurations do not lead to any singularities in C. The absence of poles shows that this

vanishes identically. This was pursued explicitly in a simple example, but the argument

did not appear to rely on details of this example so seemed likely to generalize.

In turn, the argument of [1] relied on the compactness of an appropriate moduli space

of instantons. More precisely, these authors used the fact that the contribution to C at

any fixed instanton number can be related to a calculation in a model in which many of

the worldsheet couplings vanish. In this model, the moduli space of instantons is compact,

and a zero-mode counting argument shows that the contribution to C vanishes. Here too,

detailed calculations were done in simple examples but the argument seemed very robust

and likely to hold in general.

In this note, we follow up on this work with a systematic study of the conditions

under which the vanishing theorem of [1] applies. We find that in a generic gauged linear

sigma model the argument that the moduli space of instantons is compact fails, reviving

the question of whether these models are in fact destabilized by worldsheet instantons.

We do not resolve this question. We are, however, able to construct an extensive class of

models for which the argument holds — a sizable playground, if not as extensive as had

been hoped.

The rest of the paper is organized as follows. In section 2 we review the construction

of (0,2) linear models relevant for our analysis. In section 3 we show that there exist

models for which the vanishing of the space-time superpotential for gauge singlets is not

guaranteed and we present an example in detail. In section 4 we prove a vanishing theorem

for a particular subclass of (0,2) linear models. In section 5 we end with some implications

of this work and future directions.

Acknowledgments

We would like to thank Nick Addington, Paul Aspinwall, Chris Beasley, Ilarion Melnikov,

Eric Sharpe and Edward Witten for useful conversations. MB would like to particularly

thank Ilarion Melnikov for pointing out the problem and for countless discussions. This

– 2 –



J
H
E
P
0
8
(
2
0
1
5
)
0
8
1

work is supported in part by the NSF Grant PHY-1217109 (MB and MRP) and NSF

Grant PHY11-25915 (MB). We thank the organizers of the workshop on Heterotic Strings

and (0,2) QFT at Texas A&M University in May, 2014 where this project began. MRP

thanks the particle physics group at Tel Aviv University, and especially Yaron Oz, for their

gracious hospitality while pursuing this work.

2 The linear model

Our tool for investigating the issue of instanton corrections in this note is the (0,2) gauged

linear sigma model. For a suitably constructed bundle V on a CY space M presented as

a complete intersection HA = 0 in a Fano toric variety V ,2 the IR worldsheet dynamics is

expected to be the same as that of an Abelian gauge theory with (0,2) supersymmetry. In

this section we are going to review the construction of the (0,2) linear model [9] in order to

establish notation and define the class of models we consider. More details can be found

in appendix A.

The linear models we consider are gauge theories with gauge group U(1)R, along with

m neutral chiral supermultiplets we call Σµ = (σµ, λµ,+). We couple these to a collection

of charged supermultiplets determined by the geometric data:

fields Pα Φi ΓI ΛA S Ξ

U(1)a −ma
α qai Qa

I −daA ma − da da −ma

(2.1)

where

ma =
∑

α

ma
α , da =

∑

A

daA . (2.2)

The n chiral multiplets Φi = (φi, ψi) and their charges are determined by a presentation

of V as a symplectic U(1)R quotient. The model has Fayet-Iliopoulos D-terms whose values

ra correspond to the shift in the moment map for the U(1)R action. The moduli space of

classical vacua of a theory containing only these fields will be V when the ra lie in a cone

KV , the Kähler cone of V .

The N Fermi multiplets ΓI , with lowest components the left-moving fermions γI ,

satisfy a chirality condition3

DΓI =
√
2EI(Σ,Φ) , EI(Σ,Φ) = ΣµE

Iµ(Φ) , (2.3)

and their charges determine the bundle E → V by the short exact sequence (SES)

0 // ⊕µO EIµ
// ⊕IO(QI) // E // 0 . (2.4)

This collection of fields with these couplings comprises what we refer to as the V model [12].

It is not a conformal field theory, and will typically exhibit trivial IR behavior. The space

2We recall that a variety V is Fano if and only if the anticanonical bundle KV of V is ample.
3Unless otherwise specified, we use Einstein’s summation convention throughout the paper.
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of V models is parameterized by ra complexified by θ angles as well as the coefficients of

the maps EIµ.4

In general, there is a larger cone, which we call the geometric cone Kc, in which

the space of vacua has this character. More precisely, this is the cone in which the V

model as defined above has supersymmetric classical vacua. It is generated by qi, and it

is divided into phases. These correspond to subcones of Kc, one of which is KV , separated

by hyperplanes associated to U(1) subgroups of the gauge group which are unbroken at

large φ.

To construct our superconformal theory we augment the V model by the k chiral multi-

plets Pα = (pα, χα). For r ∈ KV the space of classical vacua for the theory including these is

the total space V + = tot (⊕αO(−mα) → V ). We introduce as well L Fermi multiplets ΛA,

whose lowest components are the left-moving fermions ηA, satisfying a chirality condition

DΛA =
√
2EA(P,Σ,Φ) , EA(P,Σ,Φ) = ΣµP

αEAµ
α (Φ) . (2.5)

The model with these fields and couplings will be referred to as the V + model. Like the

V model, it will not in general be conformal. In addition to the parameters listed above,

it is specified by the coefficients of the maps EAµ
α .

The conformal model in which we are interested — the M model — is obtained from

the V + model by adding a superpotential interaction

∫
dθ+

(
ΛAHA(Φ) + ΓIJI(P,Φ)

) ∣∣
θ
+
=0

+ h.c. , (2.6)

where

JI(P,Φ) = PαJIα(Φ) , (2.7)

subject to the conditions

∑

A

HAE
Aµ
α +

∑

I

JIαE
µI = 0 ∀α, µ , (2.8)

required in order to preserve (0,2) supersymmetry. For r ∈ KV and generic HA, the space

of classical vacua is the complete intersection M = {φ ∈ V |HA(φ) = 0}. When this

is nonsingular the Λ fermions all acquire a mass and the light left-moving fermions take

values in the bundle V → M defined by the restriction to M of the complex

0 // ⊕µO EIµ
// ⊕IO(QI)

JIα
// ⊕αO(mα) // 0 , (2.9)

as V = Ker J/ImE. We assume that E is everywhere injective and J everywhere surjective

on M , and that V is a nonsingular, stable holomorphic vector bundle. These are the

geometric models to which our methods apply. An intermediate step in the vanishing

argument below involves setting H = J = E = 0 in the M model — we refer to this as the

O model.

4These are in general subject to identifications, so this is an overparameterization.
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The chiral superfield S and the chiral Fermi multiplet Ξ are the “spectator” fields

introduced in [13] to maintain the Kähler parameters ra as RG invariant quantities. In

fact, the counterterm by which r gets renormalized at one-loop is proportional to the sum

of the gauge charges of the scalar fields in the theory. In our models this is in general

nonzero (this is related to the fact that V + is not Calabi-Yau). Introducing S as above

cancels this. The spectators earn their name because they interact via a superpotential
∫

dθ+ΞS
∣∣
θ
+
=0

+ h.c. . (2.10)

This means these are massive fields and have no effect on the IR dynamics of the theory,

so one might question the relevance of including them here. As we will see, in some cases

accounting for their presence allows the argument to proceed where it might otherwise fail.

This is, of course, a technical matter. If there are no instanton corrections in the presence

of spectators there are none in their absence. This demonstrates an important caveat to our

work, mentioned above. When the argument of [1] fails, we cannot assert that instanton

corrections do destabilize the model, only that this particular argument that they do not

is not valid.

Symmetries. The action (A.9)–(A.14) we have described is invariant under (0,2) SUSY

and the gauge symmetry U(1)R, as well as a global U(1)R ×U(1)L symmetry acting as

fields Pα Φi ΓI ΛA S Ξ Σµ Υa

U(1)L 1 0 −1 0 1 −1 −1 0

U(1)R 1 0 0 1 1 0 1 1

(2.11)

While U(1)R is believed to be the R-symmetry of the SCFT to which our model is supposed

to flow, the global U(1)L symmetry is equally important for our purposes: in heterotic

compactifications, it can be used to construct a left-moving spectral flow operator and

it provides a linearly realized component of the space-time group. The action of global

symmetries on charged fields is of course defined up to an arbitrary action of the gauge

symmetry generators. We have here chosen a representative action that is manifestly

unbroken in the classical vacua (when r ∈ KV ) comprising M .

These symmetries are respected by the classical action, but are in general anomalous

in the presence of non-trivial gauge fields. The anomalies vanish when the charges satisfy

da =
∑

i

qai ,

ma =
∑

I

Qa
I ,

∑

α

ma
αm

b
α +

∑

i

qai q
b
i =

∑

A

daAd
b
A +

∑

I

Qa
IQ

b
I . (2.12)

In terms of our geometric data, the first two conditions reflect the fact that

c1(TM ) = c1(V) = 0 , (2.13)
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while the quadratic condition implies

ch2(TM ) = ch2(V) . (2.14)

Under these conditions, the M model is believed to flow at low energies to a nontrivial

superconformal field theory which is in the same moduli space as the nonlinear sigma

model determined by the pair (M,V). Nonperturbative effects (worldsheet instantons)

which can destroy conformal invariance are captured by GLSM gauge instantons, which

are the subject of our investigation here.

3 The argument

Let us first review the argument prescribed in [1] for the vanishing of the instanton contri-

butions to the superpotential W for space-time gauge singlets in a (0,2) linear sigma model.

The goal is to probe for a background space-time superpotential W . A simple and

direct way to achieve this is to compute the correlator Cabc = 〈RaRbRc〉, where Ra is

the vertex operator representative for the Kähler modulus Ra of V . In fact, for each

instanton the exponential factor eI0 , where I0 is the instanton classical action, contains all

the dependence on Ra [2, 14]. The correlator Cabc computes the third derivatives of W with

respect to Ra, thus it determines W up to quadratic terms in the Ra. These terms are

forbidden by standard α′ non-renormalization theorems, hence Cabc determines W directly.

The computation is most easily done in the half-twisted model (see appendix B). In this

model, the supercharge Q+ becomes a nilpotent scalar symmetry generator, and correlators

of Q+-closed operators can be computed in its cohomology. On a genus-zero worldsheet,

the twist can be realized by spectral flow insertions and calculations in the twisted model

produce suitable correlators of the untwisted (physical) model.

In order to determine the linear model representative of the space-time mode Ra we

restrict our attention to the (0,2) gauge multiplets. In fact, Ra appears in the linear

model through a F-I term. Moreover, gauge singlets must have qL = 0 and bosonic vertex

operators have qR = 1. Finally,

Q+λa,− = 0 , Q+λa,− =
1

2
(Da − ifa,01) (3.1)

determine Ra = λa,−.

The first step of the argument is to show that Cabc vanishes in the O model. The idea is

that the theory without superpotential has a very large symmetry, G = U(1)⊕(n+N+k+L+2),

where each matter superfield is rotated separately, and the vertex operators Ra are invariant

under this. This symmetry is generically broken by superpotential couplings down to U(1)L.

If the zero-mode path integral measure5 in nontrivial topological sectors turns out not to

be invariant under G, i.e. the symmetry is anomalous, then contributions to the invariant

correlator Cabc from this sector will vanish. In practice, we follow [1] and construct a

5We recall that the path integral for a correlator of Q+-invariant operators localizes on fixed loci of Q+,

given by zero-modes.
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U(1) subgroup of G that is rendered anomalous in all topological sectors by the twisting

procedure, demonstrating that Cabc = 0 identically in the O model.

The second step uses the fact that Cabc depends holomorphically on J, H and E. One

can then examine the contribution at arbitrary order in an expansion in these couplings.

If there is no term that can possibly absorb the fermion zero-modes in the anomalous

measure, then the correlator vanishes identically. This computation can be performed in

each topological sector of the path integral.

In the untwisted model, the limiting point J = H = E = 0 is of course highly

singular. Both σ and p acquire zero-modes and the space of classical vacua is non-compact.

Such a singularity can invalidate the order-by-order calculation described above. The key

observation of [1] is that in suitable examples these dangerous zero-modes are absent in the

half-twisted model. For example, the bosons σ always have zero-modes, but in the twisted

model (see appendix B) these fields acquire a spin and their zero-modes are absent. In

general, as we shall see below, p zero-modes are not completely removed by the twisting.

Another approach was presented in [1], where the vanishing of Cabc at any instanton

number follows from an appropriate counting of fermi zero-modes in the half-twisted model.

This was applied in detail for heterotic compactifications described by half-linear sigma

models, but it also extends to linear models as well. However, as pointed out above, the

same assumption of compactness is required for this argument to be valid. For definiteness,

we present our analysis of the linear model following the approach of [1] reviewed above,

as our results will not depend on this choice.

3.1 The quintic

Let us review how all of this works for the linear model describing the deformations of the

tangent bundle TM over the quintic hypersurface M in V = P
4. The gauge charges for the

(2,2) multiplets Φi = (Φi,Γi) and P = (P,Λ) are

fields P Φ1 Φ2 Φ3 Φ4 Φ5

U(1) −5 1 1 1 1 1

(3.2)

The Kähler cone KV = Kc here is simply given by r ≥ 0 and the relevant instantons

are defined by K∨
V = {n ≥ 0}. The O model has as a target space the total space of

the anticanonical bundle on V , tot
(
O(−5) → P

4
)
. First of all, we check that the moduli

space of gauge instantons for this model is compact. Indeed, we verify that there are no

holomorphic sections of

p ↔ Γ
(
K

1

2 ⊗O(−5n)
)
, (3.3)

and thus p has no zero-modes. This, together with the fact that there are no zero-modes

of σ shows that the space of zero-modes is compact in any topological sector. Next, by

looking at the degree of the line bundles of the half-twisted model in (B.7) we see that the

– 7 –
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relevant fermions zero-modes are

fields ψ
i

γi η χ

bundle O(n) O(n− 1) O(5n) O(5n− 1)

# z.m. n+ 1 n 5n+ 1 5n

(3.4)

The fermion contribution to the zero-mode path-integral measure is then given by

dµF = dλ−dηdχ
∏

i

dψ
i
dγi . (3.5)

Now, the O model is invariant under a symmetry U(1)C which assigns charge +1 to the

multiplets Φi and leaves everything else invariant. Under this symmetry the measure

above transforms with charge +5. Hence, the correlator C vanishes in the O model. The

holomorphic superpotential couplings are given by

LYuk

∣∣
J=H=E=0

= −γiEiλ+ + γiJiχ+ ηH,jψ
j , (3.6)

where H is a quintic polynomial defining the hypersurface M , Ji are generic quartic poly-

nomials and Ei are generic linear polynomials subject to (2.8). Clearly, each coupling

transforms under U(1)C with either charge +5 or is neutral. By the argument above

the correlator C vanishes in the full theory and there are no instanton corrections to the

space-time superpotential.

3.2 A counter-example

Let us consider a two-parameter model with the following charge assignments

fields Φ1,2,3 Φ4,5 Φ6,7 Λ1 Λ2 Γ1,2 Γ3 Γ4,5,6,7 P 1 P 2

U(1)1 1 1 0 −3 −2 2 1 0 −4 −1

U(1)2 1 0 1 −3 −2 0 1 1 −2 −3

(3.7)

In the geometric phase it describes a complete intersection M of degree (3, 3) and (2, 2)

hypersurfaces in the toric variety V defined by the charges

(
1 1 1 1 1 0 0

1 1 1 0 0 1 1

)
. (3.8)

It is useful to write the maps defining the superpotential more explicitly. For ease of

notation, let us denote x = {φ1,2,3}, y = {φ4,5}, z = {φ6,7}, as well as Γ(1) = {Γ1,2}, Γ(2) =

{Γ3}, Γ(3) = {Γ4,5,6,7}, and a condensed notation in which, e.g. xk denotes a generic

homogeneous polynomial of degree k in φ1,2,3. With this notation the maps are given as

J(1) = p1(x2 + xyz + y2z2) ,

J(2) = p1(xy2 + y3z) + p2z2 ,

J(3) = p1(xy3 + y4z) + p2(xz + yz2) , (3.9)

– 8 –
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while the equations defining the complete intersections are

H1 = x3 + x2yz + xy2z2 + y3z3 ,

H2 = x2 + xyz + y2z2 . (3.10)

The complete intersection M is realized in the cone KV = {r1 > 0, r1 − r2 < 0}, where
the irrelevant ideal is B = (xy)(z). Since the z’s are not both allowed to vanish and the

coefficients in the expressions above are generic, we have that

(xz + yz2)︸ ︷︷ ︸
4 of these

= x3 + x2yz + xy2z2 + y3z3 = x2 + xyz + y2z2 = 0 ,

(x2 + xyz + y2z2)︸ ︷︷ ︸
3 of these

= xy2 + y3z = (xy3 + y4z)︸ ︷︷ ︸
4 of these

= x3 + x2yz + xy2z2 + y3z3 = 0 , (3.11)

have no solutions compatible with the ideal B. Thus p1 = p2 = 0 and there are no flat

directions in this phase.

Now, note that −p2 ∈ KV but −p1 /∈ KV . Therefore there are instantons contributing

for this phase for which p1 develops zero-modes in the O model. We can see this explicitly.

Gauge instantons in this model have instanton numbers na ∈ K∨
V , i.e. n2 > 0 and n1+n2 >

0. From appendix B we see that the zero-modes of p1 are in one to one correspondence

with holomorphic section of the bundle

p1 ↔ Γ(K
1

2 ⊗O(−4n1 − 2n2)) , (3.12)

and the number of such sections is non-zero when 2n1 + n2 < 0. The subcone defined by

(2n1 + n2 < 0) ∩ K∨
V is non empty, and the moduli space of gauge instantons of the O

model is not compact. The twisted O model calculation in these sectors is ill-defined and

the argument from holomorphy does not exclude instanton corrections to Cabc.

4 The vanishing theorem

The example of the previous section shows that a generic (0,2) GLSM is not protected from

worldsheet instanton corrections. In this section we undertake the task of constructing a

class of models for which the vanishing theorem holds. In fact, a necessary condition for

the vanishing argument to apply is that there exists a cone KV ⊆ Kc such that

1. the M model defined in KV is nonsingular;

2. the O model of the half-twisted theory has a compact moduli space of gauge instan-

tons for any na ∈ K∨
V .

Notice that as advertised above, due to the twist the bosons σ acquire a spin and do not

have zero-modes. A quick inspection at the form of the E-couplings (2.3) and (2.5) implies

that setting E = 0 does not lead to any singularities in the half-twisted theory.

– 9 –
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4.1 O model gauge instanton moduli space

While the moduli space of gauge instantons for the V model is compact, as we have seen

above, there can be unbounded zero-modes coming from the pα fields. This occurs when,

for a given subcone KV ⊆ Kc we have mα /∈ KV for some α. Hence, a necessary condition

for the argument to work is that there exists a nonsingular subcone KV ⊆ Kc such that

mα ∈ KV ∀α.
The discussion so far did not take into account the spectator boson s, whose expecta-

tion value is set to zero, and whose zero-modes could also be fatal for our assumption of

compactness. In order to establish when this is the case, we need the following simple fact:

the cone K̂c defined by adjoining the vector m − d to Kc is convex unless d −m ∈ Kc. In

fact, K̂c fails to be convex if we can write
∑

i

αiqi + β(m− d) = 0 , (4.1)

with αi, β ≥ 0 and not all vanishing. Because Kc is convex by assumption, we must have

β strictly positive. This means β(d−m) =
∑

i αiqi, i.e. (d−m) ∈ Kc.

This little result suggests there are three separate cases we should consider:

1. d−m ∈ KV . By (B.7) s has no zero-modes. In fact, by looking at the degree

dS = (ma − da)na, (4.2)

we have dS ≤ 0 ∀n ∈ K∨
V .

2. d−m ∈ Kc but d−m /∈ KV . In this case there exist n ∈ K∨
V such that dS > 0 and s

has zero-modes. The half-twisted O model develops s-flat directions and is therefore

singular.

3. d − m /∈ Kc. In this case s always has zero-modes, but by the result above, to-

gether with the fact that a toric variety is compact if and only if the geometric cone

is strongly convex, the moduli space of instantons for the O model is nevertheless

compact.

We can now summarize the set of conditions we are going to assume for our vanishing

theorem: there exists a nonsingular subcone KV ⊆ Kc such that the gauge charge vectors

for the fields pα and s satisfy

mα ∈ KV ∀α , d−m ∈ KV or d−m /∈ Kc . (4.3)

4.2 A classical symmetry

For the remaining of this section we restrict our attention to models obeying the conditions

above. To proceed with the argument we need to construct a suitable U(1)C subgroup of

the symmetry group of the O model. Let us choose the charges for the matter fields under

this “classical” symmetry as

fields Pα Φi ΓI ΛA S Ξ

U(1)C 0 qCi QC
I 0 qCS QC

Ξ

(4.4)
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while the gauge fields are invariant. This symmetry will be non-anomalous (before twist-

ing) if
∑

i

qai q
C
i + (ma − da)qCS =

∑

I

Qa
IQ

C
I + (da −ma)QC

Ξ , (4.5)

for a = 1, . . . , R.

The measure. First, let us look at the zero-mode contribution to the path integral

measure. In particular, we are going to focus only on the fermionic part of the measure.

In fact, the form of the maps (B.7), together with our assumption of compactness yield

an exact balance between holomorphic and anti-holomorphic bosonic zero-modes. It is

convenient to write the fermionic measure as

dµF = dµGdµMdµS , (4.6)

where the three factors correspond to the measure for the gauge, matter and spectator

fields respectively. From (B.6) it follows that the gauge measure is simply given by

dµG =
∏

a

dλ−,a . (4.7)

For the matter fields we have

fields χα χα ψi ψ
i

bundle K
1

2 ⊗O(−dα) K
1

2 ⊗O(dα) K ⊗O (−di) O (di)

# z.m. max(0,−dα) = −dα max(0, dα) = 0 max(0,−di − 1) max(0, di + 1)

(4.8)

where we used the fact that mα ∈ KV implies dα ≤ 0, as well as

fields γI γI ηA ηA

bundle K
1

2 ⊗O (DI) K
1

2 ⊗O (−DI) K ⊗O (DA) O (−DA)

# z.m. max(0, DI) max(0,−DI) max(0, DA − 1) max(0,−DA + 1)

(4.9)

The matter measure then reads

dµM =
∏

α

dχα
∏

i|di≥0

dψ
i
∏

i|di<0

dψi
∏

I|DI≥0

dγI
∏

I|DI<0

dγI
∏

A|DA>0

dηA
∏

A|DA≤0

dηA , (4.10)

and it is easy to check that it is gauge-invariant.

Finally, for the spectators

fields ξ+ ξ+ ξ− ξ−

bundle K
1

2 ⊗O (−dS) K
1

2 ⊗O (dS) K
1

2 ⊗O(−dS) K
1

2 ⊗O(dS)

# z.m. max(0,−dS) max(0, dS) max(0,−dS) max(0, dS)

(4.11)
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Here we need to distinguish two cases, according to whether d −m ∈ KV or d −m /∈ Kc,

and we obtain

dµS =




dξ+dξ− if dS < 0 ,

dξ+dξ− if dS > 0 .
(4.12)

Of course, if dS = 0 we simply ignore this factor.

Now we can finally determine how the measure transforms under the symmetry U(1)C
defined above. The gauge measure is invariant, while for the matter factor we obtain

qC(dµM ) =
∑

i|di≥0

(di + 1)qCi +
∑

i|di<0

(−di − 1)(−qCi ) +
∑

I|DI≥0

DI(−QC
I ) +

∑

I|DI<0

(−DI)Q
C
I .

(4.13)

Finally, for the spectator measure in both cases of (4.12) we get

qC(dµS) = dS(q
C
S +QC

Ξ ) , (4.14)

Let us observe at this point that a very simple solution to (4.5) is given by

qCi = QC
I = qCS = 1 , QC

Ξ = 0 , (4.15)

where it is easy to verify that the equality holds by (2.12). Plugging these values into

the expressions above we find that the total fermionic zero-mode measure in the twisted

model transforms with charge qC(dµF ) = n, where we recall that n is the number of

one-dimensional cones of the fan ∆V for the toric variety V , and in particular is strictly

positive. Thus, the fermion zero-modes cause U(1)C to be anomalous, and Cabc vanishes in
the O model.

The superpotential couplings. Let us turn to the analysis of the superpotential cou-

plings in the action. The relevant Yukawa couplings are

LYuk

∣∣
J=H=E=0

= −γIEI
,µλµ,+ + γIJIαχ

α + ηAHA,jψ
j , (4.16)

where we have set σµ = pα = 0, as they have no zero-modes. We immediately see that all

couplings, when non-zero, have the following lower bounds on the charges

couplings γIEI
,µλµ,+ γIJIαχ

α ηAHA,jψ
j

U(1)C ≥ 0 ≥ 2 ≥ 1

(4.17)

In particular, we note that these values are all non-negative and therefore it is not possible

to absorb the zero-modes in excess in the measure by bringing down fermion terms from the

action. The correlator Cabc thus vanishes at all orders in the superpotential couplings, which

concludes the proof that instantons do not contribute to the space-time superpotential in

our class of models.

Note that we ignored the anti-holomorphic functions J, H and E in (4.16). This is

in fact legitimate since, as observed above, half-twisted correlators of Q+-closed operators

have a holomorphic dependence on J, H and E.
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5 Outlook

In this work, we investigated the details of the elegant argument of [1] for the absence of

instanton corrections to the space-time superpotential in heterotic compactifications based

on (0,2) GLSMs. We have not been able to extend the argument to the most general case.

The immediate question raised is: are some of these vacua in fact destabilized by

instantons? One clear way to resolve this would be to produce an argument that holds

in more generality. It is possible, however, that no such argument can be found and that

in fact instanton corrections do arise. One way to detect such corrections would be an

indirect approach, in which properties of the solution, such as the dimension of the space

of massless gauge-neutral scalar fields, are compared at different limiting points in the

moduli space. A more direct approach would be to compute the instanton contributions

explicitly. Perhaps the GLSM can provide a framework within which these calculations,

which have proved difficult in general, are tractable.

On the other hand, we have now an extensive class of (0,2) models which are truly

conformally invariant. These can be used to explore the moduli space of (0,2) theories

without a (2,2) locus, extending recent work that has focused on deformations of (2,2)

models [15–17]. In particular, one could look for special loci, e.g. good hybrid models [18]

or Landau-Ginzburg points and hope to learn something about the structure of the re-

sulting theories. In particular, hybrid models could be a promising laboratory for explicit

computations of worldsheet instantons, given the simpler structure of rational curves on

the lower dimensional base instead than on a CY three-fold.

Recently it has been shown that other “bad” things can happen in (0,2) models [19].

In particular, it is shown, in the context of Landau-Ginzburg models, that the common

assumption that accidental IR symmetries do not spoil the correspondence between op-

erators in the IR and the ones in the UV is not guaranteed in (0,2) models. When this

occurs, the structure of the conformal manifold is dramatically modified. There is a priori

no reason that would prevent the same phenomenon from happening in a generic phase of

a GLSM. For example, one could realize one of the “accidental” LG theories as a phase of

a GLSM and study how this pathology is realized in the geometric phase. This could shed

new light on the conditions for the data (M,V) to lead to consistent heterotic backgrounds.

A Linear model conventions

A.1 (0,2) superspace

We work in (0,2) superspace6 with coordinate x±, θ+, θ
+
. The supercharges are given by

Q+ =
∂

∂θ+
+ iθ

+∇+ , Q+ = − ∂

∂θ
+ − iθ+∇+ , (A.1)

where ∂+ = ∂/∂x+ and ∇+ is the covariant gauge derivative. We also have the

superderivatives

D+ =
∂

∂θ+
− iθ

+∇+ , D+ = − ∂

∂θ
+ + iθ+∇+ . (A.2)

6More details may be found in [20].
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The non-trivial anti-commutation relations are

{Q+,Q+} = −2i∇+ , {D+,D+} = 2i∇+ . (A.3)

A.2 Field content

There are two types of multiplets in the (0,2) models we consider in this work.

1. Gauge fields multiplets. We have

Va,− = va,− − 2iθ+λa,− − 2iθ
+
λa,− + 2θ+θ

+
Da ,

Σµ = σµ +
√
2θ+λµ,+ − iθ+θ

+
∂+σµ , (A.4)

where a = 1, . . . , R and µ = 1, . . . ,m. The multiplets Σµ are neutral chiral multiplets

which in (2,2) theories7 combine with the (0,2) gauge multiplets into (2,2) gauge

multiplets. The twisted chiral gauge invariant field strength is defined as

Υa = [D+,∇−]

= iD+Va,− + θ+∇−va,+

= −2λa,− − iθ+(Da − ifa,01)− iθ+θ
+
∂+λa,− . (A.5)

2. Matter multiplets. Here we have bosonic chiral (anti-chiral) multiplets

Pα = pα +
√
2θ+χα − iθ+θ

+∇+p
α , P

α
= pα −

√
2θ

+
χα + iθ+θ

+∇+p
α ,

Φi = φi +
√
2θ+ψi − iθ+θ

+∇+φ
i , Φ

i
= φ

i −
√
2θ

+
ψ
i
+ iθ+θ

+∇+φ
i
,

S = s+
√
2θ+ξ+ − iθ+θ

+∇+s , S = s−
√
2θ

+
ξ+ + iθ+θ

+∇+s , (A.6)

where α = 1, . . . , k and i = 1, . . . , n. We also have fermionic matter multiplets, which

we again divide into three groups

ΓI = γI −
√
2θ+GI − iθ+θ

+∇+γ
I −

√
2θ

+
EI(Φ,Σ) ,

ΛA = ηI −
√
2θ+FA − iθ+θ

+∇+η
A −

√
2θ

+
EA(P,Φ,Σ) ,

Ξ = ξ− −
√
2θ+K − iθ+θ

+∇+ξ− , (A.7)

as well as their complex conjugate

Γ
I
= γI −

√
2θ

+
G

I
+ iθ+θ

+∇+γ
I −

√
2θ+E

I
(Φ,Σ) ,

Λ
A
= ηI −

√
2θ

+
F

A
+ iθ+θ

+∇+η
A −

√
2θ+E

A
(P ,Φ,Σ) ,

Ξ = ξ− −
√
2θ

+
K + iθ+θ

+∇+ξ− . (A.8)

Here the indices are I = 1 . . . , N and A = 1, . . . , L.

7In (2,2) theories we have R = m.
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A.3 The action

Let us list the various terms that appear in the action for the (0,2) linear models we consider

in this work. We have the kinetic term for the gauge fields8

LG,K =
1

8e2

∫
d2θ+TrΥaΥa =

1

2e2
[
2iλa,−∂+λa,− +D2

a + f2
a,01

]
, (A.9)

as well as the kinetic term for the Σµ fields

LΣ,K =
i

2e2

∫
d2θ+Σµ∇−Σµ =

1

e2
[
∂+σµ∂−σµ + iλµ,+∂−λµ,+

]
. (A.10)

Then we have the kinetic terms for the various matter fields. These are given as

LΦ,K =
i

2

∫
d2θ+Φ

i∇−Φ
i =

1

2

(
∇+φ

i∇−φ
i +∇−φ

i∇+φ
i
)
+ iψ

i∇−ψ
i

+ i
√
2qai

(
ψ
i
λa,−φ

i − φ
i
λa,−ψ

i
)
+ qai Daφ

i
φi ,

LΓ,K =
1

2

∫
d2θ+Γ

I
ΓI = iγI∇+γ

I +G
I
GI − E

I
EI

− γIEI
,jψ

j − γIEI
,µλµ,+ − E

I
,jψ

j
γI − E

I
,µλµ,+γ

I , (A.11)

and similarly

LP,K =
i

2

∫
d2θ+P

α∇−P
α =

1

2
(∇+p

α∇−p
α +∇−p

α∇+p
α) + iχα∇−χ

α

− i
√
2ma

α

(
χαλa,−p

α − pαλa,−χ
α
)
−ma

αDap
αpα ,

LΛ,K =
1

2

∫
d2θ+Λ

A
ΛA = iηA∇+η

A + F
A
FA − E

A
EA

− ηAEA
,jψ

j − ηAEA
,µλµ,+ − E

A
,jψ

j
ηA − E

A
,µλµ,+η

A ,

LS,K =
i

2

∫
d2θ+S∇−S =

1

2
(∇+s∇−s+∇−s∇+s) + iξ+∇−ξ+

+ i
√
2(ma − da)

(
ξ+λa,−s− λa,−ξ+s

)
+ (ma − da)Dass ,

LΞ,K =
1

2

∫
d2θ+ΞΞ = iξ−∇+ξ− +KK . (A.12)

The Fayet-Iliopoulos terms action arises as a linear twisted superpotential for the twisted

chiral fields Υa

LF-I =
1

4

∫
dθ+Υaτ

a
∣∣
θ
+
=0

+ h.c. = −Dar
a +

θa

2π
fa,01 , (A.13)

where τa = ira + θa/2π are the complexified F-I parameters. Finally, the matter superpo-

tential is a sum of three terms

LJ = − 1√
2

∫
dθ+ΓIJI(P,Φ)

∣∣
θ
+
=0

+ h.c. = GIpαJIα + γIpαJIα,jψ
j + γIJIαχ

α + h.c. ,

LH = − 1√
2

∫
dθ+ΛAHI(Φ)

∣∣
θ
+
=0

+ h.c. = FAHA + ηAHA,jψ
j + h.c. ,

LS = − 1√
2

∫
dθ+ΞS

∣∣
θ
+
=0

+ h.c. = Ks+ ξ−ξ+ + h.c. . (A.14)

8For simplicity, we have set equal all gauge coupling constants.
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The last term explicitly shows that all the excitations of the spectator fields are massive

and they do not affect the low energy physics. In (A.14) we implemented the form for the

superpotential (2.7).

B The half-twist

In order to probe for a background space-time superpotential W it is convenient to half-

twist the model, that is we twist by JH = JR/2, where JR is the generator of the right-

moving R-symmetry. We implement this by redefining the Lorentz generator JL as

J ′
L = JL − JR/2 . (B.1)

Explicitly, for the gauge fields we have

fields σµ σµ λ+,µ λ+,µ λ−,a λ−,a

JL 0 0 1
2

1
2 −1

2 −1
2

J ′
L −1

2
1
2

1
2

1
2 −1 0

(B.2)

while for the matter fields we have instead

fields pα pα φi φ
i

χα χα ψi ψ
i

JL 0 0 0 0 1
2

1
2

1
2

1
2

J ′
L −1

2
1
2 0 0 1

2
1
2 1 0

(B.3)

and

fields ηA ηA γI γI s s ξ+ ξ+ ξ− ξ−

JL −1
2 −1

2 −1
2 −1

2 0 0 1
2

1
2 −1

2 −1
2

J ′
L −1 0 −1

2 −1
2 −1

2
1
2

1
2

1
2 −1

2 −1
2

(B.4)

In the twisted model the supercharge Q+ becomes a worldsheet scalar. Q+-exact operators

will decouple from the correlators of Q+-closed fields, to which we restrict our attention. In

particular, the kinetic terms for all fields are Q+-exact up to a topological term determined

by the gauge bundle on the world-sheet Σ = P
1 via the instanton numbers

na = − 1

2π

∫
fa,01 . (B.5)

The integral over field configurations breaks up into a sum over topological sectors indexed

by na. For r ∈ KV , these lie in K∨
V , and the classical action weights the contribution of

each sector by
∏

a q
na
a where qa = e−2πra+iθa . Extracting this topological contribution we

can perform the computation within each topological sector semiclassically, and the path

integral reduces to an integral over the zero modes of the fields.
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The space of zero modes to which the path integral reduces in each sector can be

represented as the space of (anti-) holomorphic sections of appropriate line bundles over

Σ. Explicitly, the gauge fields take values in

σa ↔ K
1

2 σa ↔ K
1

2

λ+,µ ↔ K
1

2 λ+,µ ↔ K
1

2

λ−,a ↔ K λ−,a ↔ O

(B.6)

where K = O(−2) is the canonical bundle. For the matter fields we have instead

pα ↔ K
1

2 ⊗O(dα) pα ↔ K
1

2 ⊗O(dα)

φi ↔ O(di) φi ↔ O(di)

ψi ↔ K ⊗O(−di) ψ
i ↔ O(di)

γI ↔ K
1

2 ⊗O(DI) γI ↔ K
1

2 ⊗O(−DI)

ηA ↔ K ⊗O(DA) ηA ↔ O(−DA)

χα ↔ K
1

2 ⊗O(−dα) χα ↔ K
1

2 ⊗O(dα)

s ↔ K
1

2 ⊗O (dS) s ↔ K
1

2 ⊗O (dS)

ξ+ ↔ K
1

2 ⊗O (−dS) ξ+ ↔ K
1

2 ⊗O (dS)

ξ− ↔ K
1

2 ⊗O (−dS) ξ− ↔ K
1

2 ⊗O (dS)

(B.7)

where the various degrees are defined as

dα = −ma
αna , di = qai na , DI = Qa

Ina , DA = −daAna , dS = (ma − da)na . (B.8)

Note that it turned out to be convenient to use a hermitian metric on the appropriate

bundles on P
1 to redefine some of the fields [21]. By examining the half-twisted action it

is possible to show that the couplings τa as well as H, J and E only appear in Q+-exact

terms. One very important consequence of this for us is that in the half-twisted theory,

correlators of Q+-closed operators are holomorphic in J, H and E, thus for the purpose of

our computations we can set J = H = E = 0.
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