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1 Introduction

Dimensional reductions of string theory on compact manifolds produce the most promising
candidates for gravitational theories with UV completions in dimensions lower than ten.
While many such backgrounds are well understood at the classical level, a complete under-
standing of quantum string corrections remains a challenging task. Often, supersymmetry
provides a powerful tool for controlling these corrections, at least at the two-derivative
level.



In this paper, we focus on a class of theories which, while exhibiting an N = 2 vac-
uum, admit further (spontaneously broken) supersymmetries. Since these provide non-
renormalization theorems for some of the quantities in the off-shell supersymmetric action,
they can help to constrain quantum corrections. Upon supersymmetry breaking, masses
generated by the super-Higgs mechanism give rise to additional quantum corrections. How-
ever, they also are constrained by the spontaneously broken supersymmetry.

G-structure manifolds which admit nowhere vanishing spinors (see e.g. [1-6]) are natu-
ral candidates for internal spaces on which to reduce the supergravity action to four dimen-
sions in a supersymmetric fashion.! Tt has been argued in [9-11] that such reductions can
yield supersymmetric effective theories which do not necessarily possess supersymmetric
vacua.”? We want to illustrate in this work how such off-shell supersymmetries can help in
understanding quantum corrections.

In the following, our main focus will be on compactifications on Calabi-Yau three-
folds, an extensively studied class of backgrounds in string theory. These manifolds have
holonomy group SU(3) and hence permit a covariantly constant spinor 7, as opposed to
a spinor which is merely nowhere vanishing. Compactifications of type II string theory
on Calabi-Yau threefolds give rise to N = 2 supergravity in four dimensions. The gen-
eral form of perturbative and worldsheet instanton corrections is completely known at the
two-derivative level. While the worldsheet instanton corrections are computed by Gromov-
Witten invariants [16], the only perturbative o correction arises at cubic order and cor-
rects the cubic holomorphic prepotential of the complexified Kéahler structure B 4+ iJ by
a constant proportional to the Euler number of the Calabi-Yau threefold. Similarly, the
hypermultiplet sector gets corrected at one loop string order by a contribution which is
also proportional to the Euler number [17, 18]. This means in particular that if the Euler
number vanishes, there are no perturbative corrections at the two-derivative level. The
vanishing of these corrections suggests the presence of an additional symmetry. Indeed, we
will argue that this additional symmetry is a consequence of the Hopf theorem. It states
that any manifold with vanishing Euler number admits a nowhere vanishing vector field
¥ (and vice versa).? Applied to Calabi-Yau threefolds, this implies that we can define a
second nowhere vanishing spinor (9™I'),)n that is everywhere linearly independent of 7.
Therefore, Calabi-Yau threefolds of vanishing Euler number exhibit SU(2) structure, in
addition to SU(3) holonomy. One might therefore expect that compactification on such
distinguished Calabi-Yau manifolds yields a four-dimensional action admitting twice the
conventional number of supercharges, albeit off-shell.

SU(2) structures and reductions on SU(2) structure manifolds have been discussed
in [20-26]. In particular, it was shown that the dimensional reduction of the type II string

LA priori, a G-structure does not necessarily refer to the reduction of the structure group of the frame
bundle, but can be defined with regard to a larger bundle, such as the generalized tangent bundle, cf. [7, 8].

For conditions for the existence of four-dimensional supersymmetric vacua, see [12-15].

3In fact, the nowhere vanishing vector is complex, as can be seen by using the non-degenerate complex
structure of the Calabi-Yau, see the discussion at the beginning of section 4.1. More generally, the vanishing
Euler number on any compact six-dimensional manifold is a necessary and sufficient condition for the
existence of a pair of vectors that are linearly independent at any point of the manifold [19].



Calabi-Yau

c@paetiﬁca@n

N=28UGRA N =4 gauged SUGRA

@ vacua, @
- @

Figure 1. Compactifications on Calabi-Yau manifolds with vanishing Euler number yield N = 4
gauged supergravities with N = 2 vacua.

action on an SU(2) structure manifold gives rise to N = 4 gauged supergravity in four
dimensions. These reductions take subclasses of SU(2) structure manifolds as a starting
point, for which certain torsion classes are absent [21, 24, 25]. As we will explain below,
Calabi-Yau threefolds of vanishing Euler number always lie outside of these subclasses,
hence require a more general treatment of SU(2) structure backgrounds. In this work, we
will perform a reduction of the type ITA action on manifolds of general SU(2) structure.
The resulting gauged N = 4 supergravity will admit N = 2 Minkowski vacua, where half of
the supersymmetries are spontaneously broken. The effective action with eight unbroken
supercharges around such vacua yields the N = 2 supergravity of a standard Calabi-Yau
reduction in type ITA.

As N = 4 gauged supergravity does not permit perturbative corrections at the two-
derivative level, this would explain their absence for Calabi-Yau threefolds with vanishing
Euler number. Furthermore, even non-perturbative corrections at the two-derivative level
are restricted by N = 4 supersymmetry. One can thus expect simplifications even at the
non-perturbative level when compactifying on such Calabi-Yau manifolds, perhaps in the
form of relations among their Gromov-Witten invariants. In principle, all ten-dimensional
modes could be rewritten in terms of N = 4 massive multiplets in four dimensions. The
quantum corrections coming from these modes would then all have to fit into the framework
of N = 4 gauged supergravity, yielding further constraints on quantum corrections for
Calabi-Yau threefold backgrounds with vanishing Euler number.

This work is organized as follows. In section 2, we will review basic facts concerning
SU(2) structures. Section 3 contains the main work on the SU(2)-structure reduction of
the type ITA action to four dimensions, yielding an N = 4 gauged supergravity. Section 3.1
might be of particular interest, where we discuss the truncation ansatz. In section 3.5, we
identify the N = 4 gauged supergravity in terms of its gauging parameters, discuss the



four-dimensional gauge group and identify supersymmetric vacua. Section 4 contains the
discussion of Calabi-Yau manifolds of Euler number zero. The corresponding spontaneous
breaking of supersymmetry to N = 2 is discussed in section 5. In section 6, we collect
and further discuss our results. Details of the reduction have been assembled in the rather
technical appendix A, and the derivation of the gravitino mass matrix is performed in
appendix B.

2 Basics on SU(2) structure manifolds

Let us start by introducing the concept of an SU(2) structure on a six-dimensional manifold
Y. This section is meant as a brief review of the basic properties of SU(2) structures. For
more information, see for instance [20-23].

A six-dimensional SU(2) structure manifold Y admits a pair of nowhere vanishing
spinors 7;, ¢ = 1,2, whose norm we fix by imposing

T =05 . (2.1)

Based on these, one can introduce a SU(2) triple of real two-forms J% a = 1,2, 3, and a
holomorphic one-form K, via

3 o g
= \/gi(aa)}ﬁianmidfm Adz", K = =€ iymns jda™ . (2:2)
We have here introduced the notation
Nyi =My N—i=1;, (2.3)

where the superscript ¢ indicates charge conjugation. The Fierz identities for these spinors
can now be parametrized as follows:

. L 1 1 _ mn . 2 -
(V1)) =04 @4 = 3 (1 + §(K AN K)mny ) (55(1 — @) + \/;1(aa)gqu7pq> :
i i n I mn % 2, i TQ
=i en =g (1= 508 A K™ (@-(1 )y 1(aa>ijqvm) ,
1 2. "
(Wo)ij =14 @75 = S Kmy™ <€ij(1 — V) + \/;1(Ga)z‘ijq’qu> ;

8
GV =i o = L am [ i 2 (o Yid ja ~pa
(Wo)V =n @iy = cKmy™ | €(1 =) =/ 31(0a)"Jp7™" |,
(2.4)
where (04)ij = (0a)¥er; and 504y = volypgrs ¥7"%. Taking the products of these bilincars
and using (2.1) yields the relations

JUA Jb = 5% voly (2.5)

and
K-K=0, K -K=2, tgJ*=0. (2.6)



Alternatively, one can define an SU(2)-structure with no reference to spinors, by specifying
an SU(2) triple of real two-forms J%, a = 1,2,3, and a holomorphic one-form K which
satisfy the conditions (2.5) and (2.6).

The existence of the one-form K permits the introduction of an almost product struc-
ture P : TY — TY on the manifold, defined locally via

Py = KpK" + K K™ — 6, . (2.7)

The eigenspaces 1Y and T4Y of P to the eigenvalues +1 and —1 respectively yield a global
decomposition of the tangent space,

TY =LY & TyY . (2.8)

The subbundle T3Y is trivial, spanned by K' = Re K and K? = Im K.
Let us now discuss the frame bundle over spacetime xY. We choose a section (vielbein)*

et = (et K' e%), (2.9)

where the e live in spacetime and depend only on spacetime coordinates. In contrast,
the K = k:; (v + G7) consist of a one-form v' in Ty and two spacetime gauge fields G*
(the Kaluza-Klein vectors) that parameterize the fibration of T over spacetime, as well as
the coefficient k;'-, which is a spacetime scalar.” Furthermore, the e* are one-forms on Ty
such that

ﬂ:%@W%wﬁ (2.10)

with constant coefficients Igs that span the SU(2) algebra of complex structures on the
frame bundle, i.e.

(I“)?Y‘(Ib)g = eabc(IC)g — (5“1’(5% ) (2.11)
The dual vielbein to (2.9) is
ea = (b Kis ) = (0 — Gy0i, (K71)]0, €0, (2.12)

where ©; is the vector field dual to the vielbein component v*.
Next, we consider the Levi-Civita connection one-form €2, which is the unique torsion-
free connection satisfying the Maurer-Cartan equation

De=de+QANe=0. (2.13)
The corresponding curvature two-form is defined by

R=dQ+QAQ. (2.14)

4The first two equations in (2.6) imply that the K ¢ can be chosen as components of the vielbein.

®Due to the mixed spacetime/internal components of the ten-dimensional metric, the components K°
of the vielbein are not purely internal. We will nevertheless retain the same nomenclature as in (2.2) for
simplicity.



The Ricci tensor (in flat indices) is defined by contraction with the dual vielbein,
Ricap = RS (éc,ép), (2.15)

and the Ricci scalar as its trace

10 = RiCAB(SAB . (2.16)

Let us decompose the ten-dimensional connection under SO(1,9) — SO(1,3) x SO(2) x
SO(4) as

45 = (6,1,1) & (4,1,49) & (4,2,1) & ((1,1,1)® (1,2,4)®(1,1,6)),

(2.17)
0 = w + [A] + vl + ©,

where we have called the full SO(6) connection ©. From the decomposition of the adjoint
representation of SO(6) under the breaking SO(6) — SO(2) x SO(4) = SO(2) x (SU(2) x
SU(2))/Zsa, we find

s0(6) = s0(2) @ su(2) @ su(2) @(2,2,2),

o= W + 0 + [ + [ (219

where su(2) is the adjoint of the SU(2) structure group and su(2)’ is spanned by the .
The so(2) is generated by the almost complex structure I° on T, given by (I O)ij = €;.
The component 6 is the torsionful SU(2) connection. Its internal torsion on T5Y is given
by T% = dK* and the component on T} is

T =de® + 05 ne = —(I")50" NeP — 7P NKT (2.19)

We can also decompose the Ricci tensor group-theoretically. In particular, we are interested
in the ‘symmetric’ representation S?T*Y, which decomposes as

STy = S2T3Y @ Re\” @ S2T1Y @ R\ @ (T3Y ® T}Y)

(2.20)
~(2,1,1)®(1,1,1) & (1,3,3) & (1,1,1) & (2,2,2) .

Here, the (1, 3, 3) representation S(Q)T 1 is spanned by the products of generators of the two
su(2). In other words, since the elements of su(2) and su(2)’ commute, the representation
can be written as

SoTy = {ISTH|T € su(2), I € su(2)'} . (2.21)
The Maurer-Cartan equations (2.13) in components now read
det +wh Ae’ + N Ne* + P ANK =0,

dK" + €;0° NK7 + 1L Ne® +9), Net =0, (2.22)
de® + 05 e + (150" N’ + T ANK + A% Aet =0 .



3 Dimensional reduction

In this section, we will reduce the ten-dimensional type ITA action

Stia = % / e 2% ((x101)r10 + 4d® A %10d®) — %e—%H?, A s10H3

. oo i (3.1)
- 4/10F4/\*10F4+F2/\*10F2+F4/\F4/\BQ
to four dimensions. Here, H3 = dBj is the form field strength of By, Fj41 = dC), and
F4 = Fy — Cy N H3. The scalar ® is the ten-dimensional dilaton. We will discuss the
truncation ansatz for manifolds of SU(2)-structure that we will use in section 3.1. We next
study the reduction of the metric sector and of the form fields in sections 3.2 and 3.3. To
obtain the four-dimensional action in standard form, various field dualizations must be

performed. We discuss these in section 3.4.

3.1 The reduction ansatz

We now discuss the reduction ansatz which is to yield N = 4 gauged supergravity in four
dimensions. We will perform the reduction at the level of the action. Any reduction ansatz
parametrizes a subset in the space of ten-dimensional fields. A ten-dimensional solution
lying in this subset will necessarily be the lift of a solution of the reduced four-dimensional
action. By contrast, a field configuration which is the lift of a four-dimensional solution
yields a minimum of the action on this subset, but the evaluation of the action might
decrease further as we move off of the subset. A reduction ansatz which excludes this
possibility is called a consistent truncation. Under such happy circumstances, all four-
dimensional solutions lift. If we imagine deriving four-dimensional equations of motion
for all modes of the theory, dividing these into ®yeep and Pgiscara (and the corresponding
internal modes into Queep and Qgiscard), the subscript indicating their future fate, the
requirement of a consistent truncation translates into the vanishing of all source terms for
the fields belonging to ®@giscard, once the fields themselves are set to zero. We must hence
exclude that linear terms in ®gjscarq Occur in the action. As a first requirement, let us
demand that Qeep be closed under wedge product, and choose €gjscara in an orthogonal
complement to Qyeep. Mixed terms between ®yeep and Pgigcarg in the action that are linear
in ®giscara Will then be traceable to the action of d and *.° In such terms, integration
by parts or % being proportional to its adjoint operator will allow us to restrict attention
to the action of these operators on (eep. Requiring that e, be closed under d and *
therefore insures the vanishing of these terms, and the consistency of the truncation. In the
following, in contrast to the reduction ansatz in conventional Calabi-Yau compactifications,
we will hence choose to reduce in a set of forms that close under the three operations of
exterior derivative d, wedge product A, and Hodge star x.

It has been extensively discussed in [23] how the ten-dimensional fields decompose into
representations of the SU(2) structure group and then automatically assemble into four-
dimensional N = 4 multiplets over each point of the internal manifold. The components of

5For non-linear terms, we would also have to study the behavior of Q4;scqra under wedge product.



the type IIA fields in ten-dimensions that are singlets under SU(2) assemble into the grav-
ity multiplet and three vector multiplets. Similarly, the SU(2) triplet representation gives
exactly one (triplet of) vector multiplet(s). This triplet representation forms a non-trivial
bundle over Y from which we will choose a finite number (n—3) of sections in our reduction
ansatz. The remaining degrees of freedom all sit in SU(2) doublet representations. These
modes assemble into two (doublets of) N = 4 gravitino multiplets. As we do not expect
to be able to preserve more than sixteen supercharges in the reduction of the action, all of
these gravitino multiplets should correspond to towers of only massive modes in four di-
mensions. This means that these multiplets cannot contribute on the N = 4 massless level.
We will hence exclude SU(2) doublet representations from our ansatz. This restriction
has important consequences when considering reductions on Calabi-Yau manifolds with
vanishing Euler number. We will discuss these consequences in sections 4 and 5.

The almost product structure (2.7) on Y will play a central role in the choice of our
reduction ansatz. T5 has trivial structure group and is therefore parallelizable. We hence
introduce a basis of two global one-forms v*, i = 1,2, on this subbundle, yielding two
one-forms and a two-form (their wedge product) as expansion forms. On T}, as discussed
above, our ansatz is to only contain SU(2) singlets and triplets. It is easily checked that
SU(2) doublets exactly correspond to odd forms on Ty. Therefore, the ansatz will consist

of two-forms w!, I =1,...,n, that all square to the same volume form Volflo) on Ty, i.e.
Wl Aw! =n! VOL(lO) , (3.2)

where 7 is a metric with signature (3,n — 3), reflecting the number of singlet and triplet
representations as discussed above. Furthermore, we include all wedge products of w! and
v* in the reduction ansatz. For instance, we expand the forms J* and K of (2.2) that
specify the SU(2) structure in the set of modes w!, I =1,...,n, and v’, i = 1,2, i.e.

T =20’ K = (k] + 1K) (0 + G, (3.3)

where —ik;ek; = 2det(k) > 0 with k; = k} +1k? and k = (kf) Equivalently, by using
the parameterization
k=e?(Imr)" V2 (1, 1), (3.4)

with Im 7 > 0 and such that det(k) = e”?, we obtain
K = e 2Im7) V(v + GY) 4+ 7(v® + G?)) . (3.5)

Note that the presence of internal one-forms in our ansatz gives rise to Kaluza-Klein vectors
G', i.e. mixed spacetime and internal components of the ten-dimensional metric. The
expansion coefficients Cf, ps4, p2 and 7 depend on the spacetime coordinates and give rise
to scalar fields in four dimensions. Furthermore, (2.5) yields the relations

¢t =0, (3.6)

and
voly = e” vl . (3.7)



The four-dimensional fields py/4 describe the volume moduli of 75,4 while the (7 describe
the SU(2)-structure geometry.

The form fields Bs, C7 and Cs of type IIA supergravity must be expanded in the same
set of forms, giving

By = B+ B;(v' + G%) 4 bia(v! + GY) A (v 4 G?) + bt

C1 = A+a;(v' +GY),

C3=(C—AANB)+(C; —AANB) AW +GY) + (C; —brA) Aw!
+ (C1g = b12A) A (v 4+ G A (02 + G?) + cir(vP + G AT,

(3.8)

where we have shifted the components of C3 = C35 — A A By by some combination of the
components of By and C; for later convenience.

The Hodge star splits into a purely space-time component and two components *2 and
x4, defined with regard to the respective component of the tangent space (2.8). Both are

completely determined by the SU(2) structure via’

%9 K' = ¢;; K7, w91 = KP AN K? = P2 (vl + G A (02 + G?), (3.9)

and by the requirement that the J¢ are self-dual under *4, which implies for the ansatz (3.3)
that
spwl = (2007¢8 — 6Dy’ = Hiw’ | %41 = voly = e?* vol¥ (3.10)

In the following reduction, we will assume that the internal volume is normalized,

/vl A v A Volio) =1. (3.11)
6
To perform the reduction, we must next specify the differentials of the expansion forms
{v’,w’}. As remarked above, we will require that the differential algebra of modes they
span closes, i.e.
dv® = t'ol Av? !
i (3.12)
dw' =T ;0" ANw” .
Note in particular that we exclude any terms on the right hand side of the above equations
involving SU(2) doublets.
The t¢, t§ and TZIJ specify the torsion classes of Y. We choose them and hence the
torsion classes of Y constant. These constants are constrained by the fact that the exterior
derivative squares to zero and the integral of d(v* A w! A w”’) over Y should vanish. The

constraints are encapsulated by algebraic relations, given by

t'tfer; + 5T =0,
T/ m  t =0,

T/t — Tiee TS5 =0,

" — e Ten™ — e Tien™ =0 .

(3.13)

"We choose our conventions such that e;o = 1.



The last equation determines the symmetric part of TjIKnK J j=1,2, so that
- 1 A
TiIKnKJ = TiIK’UKJ - 5%‘75]77”» (3.14)

where TjIK is a pair of so(3,n — 3) matrices, i.e.

Then™ + Tign™ ' =0 (3.15)

The third condition just states that the Tl{] form a solvable so(3,n — 3) subalgebra S
defined by

TixeiTly = Tyt . (3.16)

In particular, S is Abelian if t* = 0. The remaining condition is

. . 1 .
Tty = ejn(tth + §t}tk) . (3.17)

If ' is zero, the tf] are invariant under TJJI If ¢ is non-zero, the tf] form a non-trivial
representation under S.

Before we close this section, we want to stress that the main conditions we impose on
the reduction ansatz are (3.2) and (3.12). These conditions must be checked case by case
for each SU(2)-structure compactification individually. In section 4.2, we will construct a
set of modes on the Enriques Calabi-Yau that satisfies all of these conditions.

3.2 Reducing gravity to four dimensions

We start with the task of dimensionally reducing the gravitational term in the ten-dimen-
sional supergravity action (3.1),

1 _
Sgrav = 2/ e 2P (x101)r10 (3.18)
10

where 71¢ is the ten-dimensional Ricci scalar and ® is the ten-dimensional dilaton with the
kinetic term

Se = 2/ d® A x10d® . (319)
10

The main task is the computation of the ten-dimensional Ricci scalar in terms of the
ansatz of section 3.1. This is performed in detail in appendix A. We first compute the
ten-dimensional Levi-Cevita connection in appendix A.2 from (2.22) for the ansatz (3.12),
up to the SU(2) connection €, which cannot be computed explicitly, but also does not

~10 -



appear in the four-dimensional expressions. The connection components read
wh =&l + DG, - k" K,
W’Z = k;D[MGi}e” + %D#szi — %(Im T)_lDM Im 7(03)§Kj
+ %(Im 7)"'D, Re T(O‘l)é-Kj ,
Np = 3¢ Do + AT 0 — 0D,
dRer 1

0 o Pt . kT K — Zt-q" -
¢ e 5Tms T2t G,

¢a — (4 abccbgcJTI (k ) ;e p4/2CaItjk'L) Kt —

1 ~
1 eabcC})Cc JflwiIJGz

]_ .
= fklt Tl gef + Ze*f’%ijkitkea
bl b
+ 2ep4/2( ) CK ( §—C I¢ J)Wiy(fa)geﬁ,
where we have defined the covariant derivatives as

Dpy=dps —G-€-t,
Dpy=dps +G-€-t,
Dr=dr—((1,7)-G)((1, 1) - 1),
D¢ = d(f - G'THCY

DGiszi+§tiG-e.G.

(3.20)

(3.21)

These covariant derivatives will appear in the four-dimensional action and are related to

the gaugings of the theory. From the explicit form of the connection in (3

.20), we can

compute the ten-dimensional Ricci scalar 19 in a straight-forward way. The computation

is performed in the appendix. Its result reads

) } 3
r10 =74 — e D),G, - g7 - Dyl — 2VH D, pa — i(D“pg)(Dupg)
1 B i 5 5 .
- §(Im 7)"3(D,7)(D*7) — 2V D,ps — ZDM/MD“/M —7° P2t. g
—der2 ity g7ty e (! = I GGET (g7 T

— 2DyupaD*py + DuCi(n™ = ¢ 1) DRCy,

1 Re
g = (Im7)~! e
Rer |7|

With this, the reduction of the ten-dimensional action

where we have defined

1 _
Serav,® = Sgray + So = 2/ e 2% ((x101)710 + 4dD A x10dP)
10

- 11 -

T (3.22)

(3.23)

(3.24)



1 [ . N 1
Sgrav,d = B /46 2¢(*41)(T4 —e”D,Gy g -plrg — E(Dup2)(DuP2)
L (tmr) 2 (Dr)(D#7) — S D, puDps — Je i g
= 5 (Im ) (Dur) (D7) = 2 DupaDfps — pe™t - g7 -t (3.25)

—de Pty g7ty e = TG GET (g TS
+ D" =PI DICG + 40,00¢ )

where we have defined the four-dimensional dilaton ¢ = ® — %(p4 + p2). In order to obtain
the action in the four-dimensional Einstein frame, we perform the Weyl rescaling

et — et (3.26)
which leads to the final result

1 1
Sgrav® = 5 / (+a1)(ra — e 272D, Gyy - g7 - DG — - (D*p2) (Dyup2)

2 Ja
L (tm ) 2(Dyr) (D7) — 2DpuD? D20y g7y
= 5 (Im7) (D7) (D7) — 2 DypaD¥py — e g (3.27)
— 4Pty T gl 4 RO — (IR TE - (g7) - T
+ Dyl (" — ¢ DICG — 20,00 9) .
We see that several fields appear through their covariant derivative, defined in (3.21). These

scalars are gauged under the Kaluza-Klein vectors G*. This is already a first indication
that the reduced action will include gaugings as a standard feature.

3.3 The form fields

Now let us complete the dimensional reduction of the action (3.1) by reducing the terms
involving the form fields By, C; and C3. The ansatz for these fields has been given in (3.8).
Let us start with the NS-NS two-form By. From (3.8), we find

Hj3 = (AB — B; A DG") + (DB; — €;;b1aDG?) A (v' + G') + Dby A w'

+ Dbyo A 1 1 2 2 J J o N(nt i I (3‘28)
192 (’U +G)/\(U —i—G)—i—(bJTZ-I—i-letleﬂ)(’U +G)/\w ,

where the covariant derivative of G* has been given in (3.21) and we have further defined

the covariant derivatives

DB, =dB; — Gijthj A By, ,
Dby = dbyg + biat - € - G — Bit", (3.29)
Dby = db; — Bith — by TG .

In the derivation of (3.28), we have used (3.12) and in particular the thereby implied
identity

d(v' + G') = DG + t' (v + GY) A (v + G?) — tlejn (v + GIYANGF +tiw! . (3.30)
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The ten-dimensional kinetic term Sy = —i flo e 2% [y A x10H3 becomes

1 i J
4

+e 2 (gT)_lij(DBi — GikblgDGk) A >?<4<DBJ — ejlb12DGZ)
+ e_p4HIJDb[ A %*4Dby + e_2p2Db12 A %4 Db1o
+ (*41)e_p4_p2 (gT)_linIJ(bKTiII( + blgt’;eki)(bLTﬁ] + blgtfjelj)) .

(3.31)
The Weyl rescaling (3.26) of the metric by ¢ gives
1 A ,
S = -7 / (e7*(dB — B; A DG") A x4(dB — B; A DG")
4
+ e 207p2 (gT)ilij (DB; — EikblgDGk) A *4(DBj — EﬂblgDGl) (3.32)

+ e_p4HIJDb[ N *x4Dbjy + e_2p2Db12 N x4 Db1g
+ (*41)62¢>7p47p2 (gT)flinIJ(bKTi[I( + b12t’;€ki)(bL1}Ij] + blgtljelj)) .

We can combine Sy with Sgrav.e to find the reduced action for the entire NS-NS sector,

1 1 . .
S = 2/ ((e41)rs — 5 (AB — Bi A DG') A #4(dB — B A DG)
4
1 . )
= 5e g DG N x4 DG
1 L
— 56_2(15_/)2 (gT)_lm (DBZ — EikblgDGk) A\ *4(DBj — EﬂblgDGl)
1
— dep A xqdep — §e—2p2 (Dbig A x4 Db1g + DeP? A x4Def?)

1
4

1 5
- ie””H”DbI A %4 Dby — Ze%’*mt g7t

1 1
(Im7)72D7 A %4 DT — gD,o4 A x4Dpy — Z(HU —tYDC4 A x4 DCY)

+ eQ(;S—pQ (nIJ _ CbICbJ)C?(C%TIK . (gT)—l . j”} _ 462¢+92—P4t1 . gT . tJnIJ

+ (x41)e*0 P22 (q) TP HY (b T + bioters) (b Ty + biather;)) -
(3.33)
Let us now turn to the Ramond-Ramond fields C1 and C3. From (3.8), we find

Fy=(dC —dAAB+ ANdB +(C; — AN B;) A DGY)
+(DC; — dA A B; + AN DB; + €;;(C12 — biaA) A DGY) A (v* + GY)
+ (DC12 + A A Dby — b1odA) A (01 + G A (02 + G?)
+ (DCy + A A Dbr — brdA + ¢;1 DG?) A w! (3.34)
+ (Deig 4 (Tby — €ijthbia) A) A (V) + G A W'
+ (cirt' — ciJeijT]f]I)(vl +GYH A (02 + G AW+ et VOL(LO) ,
Fy = (dA + a;DG?) + Da; A (v' 4+ GF) + ait' (v + GY) A (v + G?) + aitbw!
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where we have defined the covariant derivatives
DC; = dC; + €;;GI Nt Cy,
DCio =dCi1a+ Cit' + C1a AG - € ¢,
DCr =dCy + Cits + THCy NG, (3.35)
Dc;ip = dejr + Eijtz;ClZ — OyT;] + €ijGIepth — Cz’JTjJIGj ;
Da; = da; + eijGjtkak .

Furthermore, the twisted field strength Fy = Fy — C} A Hj is given by

Fy = (dC —dAA B+ C; A DGY)
+(DC; + a;dB — dA A B; + (€;;C12 — a;Bj) A DG7) A (v + G*)
+ (DCh2 — biadA — ai(e;;Db; + b1 DGY)) A (v' + G A (v + G?)
+ (DCf — brdA + ¢;; DG A w! + (Deir 4+ a;Dbp) A (vF + G A w!
+ (cirt’ — asbiath — (cig + az-b])eijTﬁ)(vl +GHA W+ G AW

+ ci[t?}nlj VOIELO) .

(3.36)

We can now insert these results into the ten-dimensional action for the RR fields, consisting
of the kinetic term

1 . 5
SRR = —4/ (F4 A *10F4 + 5 A *10F2) , (337)
10
and the Chern-Simons term
1
Scs = —/ FyNF4 N\ By . (3.38)
4 J1o

The kinetic term can be reduced in a straight-forward way. After taking into account the
Weyl rescaling (3.26), we find

1 )
Sre =~ / (e—4¢+P2+P4yd0 —dAA B+ C; ADGY?
4

+ e 20%P1 (g™ VU (DCy + a;dB — dA A B; + (€,C12 — a;By) A DG*)
A *4(DCj + a;dB — dA A Bj + (€;;C12 — ajB;) A DG)
+e P24 DChg — byad A — a;(e;;Dbj + b1 DGY)|?
+ e HI(DCy — bjdA 4 ¢;;DG) A %4(DCy — brd A + ¢;; DGY)
+ P2t P4 |dA 4 a; DG 4 29171 (g7) 1 Da; A %4Daj
+e*H!7 (g7 7 (Deir 4 a;Dby) A %4(Dcjg 4 ajDby)
+ e4¢’p2HU(cﬂti — a;bioth — (cir + aibK)eikT,Z)
(cjut! — ajblgt(j] — (¢jr + ajbr) e ) (x41)
+ etotr2—ps ]ciltfmu\Q(Ml) -+ e4¢*p2+p4\aitil2(*41)
+ e4¢+p2(aﬁé)H”(aﬂﬂ)(*ﬂ)) .
(3.39)
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Let us now compute the Chern-Simons term (3.38). First, we use partial integration
to write it as

1 ~ ~ ~ 1
Scs = —4/ (BQ/\ng/\dC3—BQ/\BQ/\dA/\dC,g+§BQ/\B2/\BQ/\dA/\dA) . (340)
10
Then, inserting the expansions (3.8) and using (3.13) yields

1 . )
Scs =~ /4 (dC — dA A B+ C; A DGY)(biacirt!m"™ + brejrn™ e T )

1 .
— 5 /(DCZ + Gijclg ADGIT —dA A Bi)eik(Bkc”tf]nU + DCk[’I?IJb])
4

1 )
+ Z /(dB — Bp A DGk) VAN Ci[n[J(EijDCjJ + GWTJKJCK + tf]Clg)
4

1 A A
+ - /Bkcunu N (DGk N (EijDCjJ + EZ']'Tij]CK + tf]Cn) — Ekjtf]Bj A dA) (3.41)
4

4
1 . 1 .
— 5 /EikBk VAN (DC[ + Cj[DGJ) A DCZ'JUIJ + 5 /blgb[n]JCinA A DG?
4 4
1 . )
— 1 /b12771J<DC[ + CZ'IDGZ> A (DCJ + CjJDG])
4
1 1 ;
-3 / b’ (DC1a — biadA) A (DCy — bsdA + iy ADG)
4

Note that the dimensional reduction of the action for the form fields yields, beyond
four-dimensional fields in canonical form, also a three-form C' and three two-form fields B
and C;, ¢ = 1,2. In order to compare the action we have obtained to a four-dimensional
supergravity in a conventional presentation, we must eliminate these form fields or tranform
them into standard four-dimensional fields. In four dimensions, a three-form C' has no
dynamical degrees of freedom, as its four-form field strength is a top form. We can thus
eliminate this field simply by replacing it by its equations of motion. The 2-form fields
however are dynamical. They are dual to scalar fields, as a three-form field strength is
Hodge-dual to a one-form, the field strength of a scalar.

In the next section, we will integrate out C' and perform field dualizations for the
tensor fields B and C;.

3.4 Field dualizations

In this section, we will follow the strategy of [25] of eliminating the three-form C' via its
equation of motion and of dualizing all three tensor fields B and C; to dual scalars g and
~;. The latter task involves a subtlety in the generality in which we are performing the
reduction which did not arise in the treatment of [25]. We will explain this below.

Let us start with the three-form C. It does not carry any degrees of freedom and can
be integrated out. The part of the action involving it reads®

. |
Sp= 1 / (e7¢++011dC —dAN B+ Ci A DG

4 (3.42)

+2(dC — dA A B + C; A DG (byae; ™ + blchnKJejkT,fJ))

8Here and in the following, all integrals and Hodge operations will be in four-dimensional spacetime. We
will hence simplify our notation by dropping this specification.
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The corresponding equation of motion is
dC —dA A B+ C; A DG = —*=P2=Pa(byoe; it + brejen® e T+ 1. (3.43)
Substituting this back into the above action gives the potential term

~ 1 ;
Sc = 1 /e4¢‘p2_"4|b120ﬂt§n” +brejrn™ e Tyl - (3.44)

Next, we want to dualize the two-forms C; and B to scalars «; and 5. However, the C;
appear in the action not only through their covariant derivatives, but also in the covariant
derivative of the vectors Ci9 and Cf, cf. (3.35), giving a Stiickelberg-like mass term. In [25],
this complication was addressed by also dualizing these vectors. At first blush, the more
general gaugings (3.35) that arise in our reduction do not allow us to stop here, as the
vectors C12 and C7 in turn appear in the covariant derivative of the ¢;; — the dualizing
of which would reintroduce two-form fields into the action. Fortunately, the quadratic
constraints (3.13) imply that the combinations of C12 and Cj appearing in the covariant
derivative of the ¢;; are orthogonal to those combinations that need to be dualized due to
the two-forms C; appearing in their covariant derivative. To compute the contributions to
the action involving ~;, we will for simplicity introduce the magnetic duals to all vectors
C12 and C as Lagrange multipliers for the respective Bianchi identities. The dualization
procedure for C; will automatically pick out the linear combinations of the vectors in whose
covariant derivative the C; appear; the action we will obtain for 7; will only depend on
these linear combinations.

With regard to the fields Cio and Cj, we will follow a different path than the one
pursued in [25]. While we will introduce the magnetic duals of the appropriate linear
combinations of these vectors, we will not integrate out the corresponding field strengths.
The action will hence depend on both electric and magnetic potentials, in the fashion of
the embedding tensor formalism [27], with the magnetic duals remaining non-dynamical.
In a final step, we will rewrite our results in terms of the embedding tensor formalism [27]
and find that they fit into its N = 4 supergravity version, discussed in [28].

Let us now proceed with the dualization of C; and B. First, we replace these tensor
fields by their field strengths F; and H, defined by

F;, = DC; + Eijclg A DGY
=dC; + eijGj At-C+ Gijclz A DGY , (3.45)
H =dB - B; ADG",
respectively. Their Bianchi identities
dF; =t-F A EijGj + EijDCm A DGY , (3.46)
dH = —-DB; A DG*, ‘

will be imposed via Lagrange multipliers v;¢;; and 8. As discussed above, we will also
introduce the field strengths

Fr=DCy —i—Ci[DGi =dCy —i—tiICi +1_1[§C(] AGE + CZ'[DGi,

| (3.47)
Flo=DCio=dCs +t'C; + C1o NG -€- 1.
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For their Bianchi identities, we find

dF; = t'F; + T} F; A G* + Deir A DG

‘ (3.48)
dFis =t'F;,+ Fiao NG -e-t .

Now we introduce Lagrange multipliers C; and C}s together with the before-mentioned
vi€;j and (3 in the action, by adding

1 ) . 1 .
Spr = 2/’}’i(€idej +t-F/\Gz+F12/\DGl)+Q/ﬂ(dH—l-DBi/\DGZ)
1 [ -~ A . ,
- 2/CKnKI/\(dFI—t}F,;—T,L-‘}FJ/\G’—l—Dcu/\DGZ) (3.49)
1 [ -~ .
+2/012/\(dF12t1FiF12/\G-€-t)

to the action. We furthermore replace the two-form fields B and C; by their field strengths
throughout. The action for the F; then reads

1 g
Sr = /e—2¢+ﬂ4 (67) " 9 (F, + a;H — dA A Bi) A #(F; + a;H — dA A B;)
1 1 ) 1 . (3.50)
— 5 /(FZ —dA A Bi)eikLk — 5 /Fz A GijD’)/j + 5 /’}/Z’F12 AN DG",
where we have used the abbreviations
D’yi =dvy; — eijtj’y -G+ Eijt?nIJéJ + Ez‘jtjéu , (3 51)
L; = Desin™by + Bit]InchJ )
The equations of motion for the F; are
Fi =dA A Bi — aiH — 62¢_’D4g;jejk * (D’yk + Lk) . (3.52)

We can insert this into (3.50) and find

Sy == [T D+ b Desy) A (D + brcn LDy
+ % /H A aieij (D + b[T]IJDCJ’J) — % /dA A B; A €ij(Dyj — Bithn!/ ;) (3.53)
+ % /%‘Fm A DG",
where we have defined the covariant derivative

D’yi = d’)/i — eijtj’y . G + Eijt]I'UIJéJ + Gijtjém + BitJI'HIJCjJ . (354)

Having obtained this action, we can also take a different point of view, generalizing the
example of [29]. Starting with the action for the two-form fields C; and the related vectors
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Cr and Cqg, we can also directly introduce new scalar fields ; and auxiliary vector fields
C1, Ch by replacing the action for the C; by
1

Sy =—7 / **7P4(g™) " (D + by’ Deig) A #(Dv; + ben™F Dej1)

1 1
+ 3 / H A ajeij(Dvy; + bm”DCjJ) ~3 /dA A B; A €ij(Dyj — Bjthn' 1) (3.55)

1 . S . 1 .
— 5 /(DCZ + Eiij A DG]) A Eij(t][nIJCJ + t]Cm) + 5 /’yiFlg A DG ,

where the covariant derivative of 7; is given by (3.54). Note that by removing the kinetic
term, the dynamical two-form fields C; as they descend from string theory are rendered
non-dynamical, befitting the two-form fields of the embedding formalism. Given the action
in the form (3.55), the equations of motion for the vectors C; and Cis give the duality
equation (3.52), while the equations of motion for C; imply in turn that the vectors C';
and C~’12 are the magnetic duals of C; and (2. Inserting these equations of motion back
into the action brings one back to the original action for the C; and the vectors C; and
(2 as obtained directly from string theory. This action is reformulated in (3.55) in terms
of the embedding tensor formalism of [27, 28].

Dualizing B proceeds along the same lines as the dualization procedure for the Cj.
The starting point is the action

1 1 '
SH:—4/e_4‘z’H/\>l<H+2/5DBi/\DGZ

1 1 (3.56)
+7 /H N (D — ajeiDyj — Gij(56i1 — a;br)n"’ Dejy),
where we have defined the covariant derivative
1 .
DB =dB — 5cim”(eijTﬁcK +t5C12) (3.57)

As B does not appear in any covariant derivatives, no further fields need to be dualized in
its wake. Note that the combinations of C; and C1s appearing in this covariant derivative
are orthogonal to those that required dualization above. Integrating out H in (3.56) finally
yields the action

1 1
Sg = - /e4¢(D6 — aeig Dy — €z'j(§ci1 —aibr)n'’ Dejy)

1
A *(Dﬁ — akele'yl — 6kl(§CkK — aka)T]KLDClL) (358)
1 .
+2/5DB,-ADGZ .

For later convenience, we collect all relevant covariant derivatives from (3.21), (3.29),
(3.35), (3.57) and (3.54): the covariant derivatives of the vectors are given by

. 1.
DG* :dGZ+§th~e-G,

DC19 =d012+0iti+012/\G-6-t,

DC; = dCy + Citt + THCy NG,
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and the covariant derivatives of the scalars read

Dpy=dps—G-€-t,
Dpy=dps+G-e-t,
Dr=dr—((1,7)-G)((1, 1) - t),
D¢f = d¢f — G'T3¢5,
Dby = dbig + bigt - € - G — Byt
Dby = dby — Bith — b;T;GY (3.60)
Deir = dejg + €3t} Cha — CyTy) + €3G eprth — ¢y TG
Da; = da; + eijGjtka,k )
Dy =dv; — eijtj’y -G+ eijt;nl‘]é] + eijtjé'lz + Bit'}'nIJCjJ,

1 .
Dp=dp — §CZ'IT]IJ(€Z‘J‘T7-I§CK + t;clz) .

3.5 N = 4 gauged supergravity

The reduced action that we found above should fit into the constrained framework of N = 4
gauged supergravity. For the case tiI = 0, this was already shown in [25]. In this section,
we will read off the embedding tensor components from the action derived above and thus
determine the gauge group of the theory. One can subsequently check that the action
derived in section 3 falls into the class of N = 4 gauged supergravities.

The vectors and scalars of our description map to the N = 4 vectors and scalars of [28].
The correct identification in the standard N = 4 frame has been worked out in [25]. The
electric and magnetic vectors VM+ and VM~ given by

VM+ = (Gla Bia A7 C~1127 UIJOJ) 3

oL ~ - 3.61
VM = (B, G",Ci2, A" Cy), (361
are in the fundamental representation of SO(6,n) defined by the the metric nysn

0 d&; 0 00
0 0 0 0 O

nun=10 0 0 1 0 (3.62)
0 0 100

0 0 0 0 n

We can now read off the embedding tensor components as they appear in the formulation
of [28]. The N = 4 axiodilaton ¢ is given by o = $(—b12 +1ie #2). From its kinetic term
we find the gauging [25]

§+M — —€ijt] , E =0, (3.63)

so that )
Do =do + VMePNE yitos =do+ (t-e- G)o + 5t B (3.64)
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where t,3 are the generators of SL(2) so that t92 and t(12) generate real shifts and rescalings
of o.

The SO(6,n) matrix M,y collecting all other scalar fields has been worked out in [25].
We can read off the covariant derivative of its scalar fields from (3.21), (3.29), (3.35), (3.57)
and (3.54). We thereby find the following for the gauged Killing vectors of N = 4:

(0 0 0 0 0 -
4] Z ) _TqJra
kl-i— Gl]t <ap + b12 8[) B 8/)4 + 8’)/ + O'aa_> 117,[(]

0 0 0
— Tiby—— + t/ (einghy + €9l — €ijon t
il J@b + (ngjl + €iLgjx Ewgkl)agkl €ij(t-a)—— Ba;
0
kst | sk
— (&5t"07 + 5sz'I)CkJ$ﬂ,
0

kot = —t'eij5—,
a .
K (3.65)

0 1 0
kro = —nieTHE [ — — Ze;n'Feip—
I+ N4y (ac“ 26ﬂ7 chaﬂ )

b=t 0 a+t Ve 0 10
= e ey T g el g,
5— — 1\ €ij 3Cﬂ 2011 B >

: 0
k,:—tlﬁi'i.
1 I ]a')/j

The general covariant derivative hence reads
D=d+ VMakMa =d+ leﬂr + 612k6+ + CIHIJkJ+ + Blkl, +Choks_+ é[nljkjf . (366)

The only non-vanishing entries of the totally anti-symmetric embedding tensor component
famnp) are thus

1
frije = —§Eij5zktk ;
Lo
fyise = §€z‘jt ; (3.67)
frirg = =Tk,
f-irs = €i5t] .
The embedding tensor components in the last line are those that did not appear in [25].

They correspond to magnetic gaugings in the electric-magnetic duality frame of choice. We
find that {aas and fuarnvp) given in (3.63) and (3.67) obey

Eartéann™ =
Cariépne™” =

0
0
Eam fanpon™™ =0,
3farmn f3risn™ + 28 faynpg = 0

0

P (farnrfarqsn™ — 1" ar fospapnQing — Napr fNPQs + Sarpforins) =
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using the conditions (3.13). This implies the usual quadratic constraints on the embedding
tensor [28].

The algebra of Killing vectors kj; can be easily computed from (3.65), using (3.13). The
Killing vectors (k;—, ks—, ke+, kr+,kr—) commute with each other. Only the Lie brackets
with k; are non-vanishing. They are given by

kigs kjt) = —€ijt ke ki, k] = etk
kiv koy] = €ijt’ ks kit ks—] = =2t ks | (3.69)
[Kiv kel = —ejt’kry — Tikyy, (ki ko) = et/ k.

Therefore, the algebra is solvable. It consists of a semi-direct product of a two-dimensional
solvable algebra spanned by k;+ with an Abelian algebra spanned by the other vectors.
Note that in fact, t'k;; commutes with all Killing vectors except the k;; and kr,. These
facts are also manifest in the covariant derivative of the vector fields in (3.21), (3.29)
and (3.35), as all non-Abelian parts of the field strength are proportional to G*.

We could have performed a similar reduction of M-theory to five dimensions. The
resulting five-dimensional N = 4 gauged supergravity would exhibit the same gaugings as
the ones discussed above. However, the global symmetry group would be Ry x SO(5,n —
1). The above gaugings must hence necessarily be contained in this subgroup of SI(2) x
SO(6,n).

In appendix B, we find an expression for the four-dimensional gravitino mass matrix
in terms of the internal geometry of SU(2) structures. It is block-diagonal if we set the
internal field strengths to zero. In this case, each block is proportional to (o,)¥ P® with

<P“:L£e¢_”_ml(A(BfAdKUNJ“+wﬂwaAdJﬂ. (3.70)
We furthermore argue there that the theory admits a supersymmetric vacuum if the forms
J:ﬁ+;KAK, Q=KA(J +iJ%), (3.71)

satisfy the Calabi-Yau condition

dJ =0, dQ=0. (3.72)

4 Calabi-Yau manifolds with vanishing Euler number

4.1 SU(2) structures on Calabi-Yau manifolds

In the following, we want to study Calabi-Yau threefolds Y with vanishing Euler number.
By the Hopf theorem, Euler number zero implies the existence of a nowhere vanishing
vector field K on the space.” For a Calabi-Yau threefold, which has SU(3) holonomy, this
implies the reduction of the structure group to SU(2), as follows. The complex structure
I on the Calabi-Yau relates K' to a second nowhere vanishing vector K? = IK!, which

9The explicit construction of such a nowhere vanishing vector field on Y might be difficult.
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is everywhere linearly independent of K. They can hence be combined into a complex
vector K satisfying the first two equations in (2.6). This already provides the structure
needed to define an almost product structure P via (2.7). Since K is a holomorphic vector
with respect to I, we can define J* a = 1,...,3, in terms of the Kahler form J and
the holomorphic three-form €2 of the Calabi-Yau manifold via the relations (3.71). These
satisfy the third condition in (2.6). Moreover, we can rescale € such that (2.5) is fulfilled.
This thus completes the definition of an SU(2)-structure on Y.

In general, we cannot expect all moduli of a Calabi-Yau manifold to decompose into
SU(2) singlets and triplets; some of them might have an SU(2) doublet component. These
moduli will lie outside of the reduction ansatz outlined in section 3.1 and will thus not
appear in the effective action that we have derived for compactification on manifolds with
SU(2) structure. Instead, the SU(2) doublet components will be part of N = 4 massive
gravitino multiplets that must be coupled to the NV = 4 gauged supergravity that we have
derived in section 3. We will comment on these modes further below.

For a given Calabi-Yau manifold, it is non-trivial to find a reduction ansatz which
closes under exterior differentiation, i.e. a set of forms that satisfy (3.12). This set must be
constructed on a case by case basis. It is not clear that this is always possible. In section 4.2,
we provide such a set of expansion forms in the case of the Enriques Calabi-Yau. Further
examples of Calabi-Yau manifolds of vanishing Euler characteristic can be found in [26, 32].
It would be interesting to construct analogous forms in these cases as well.

Let us now assume that a reduction ansatz satisfying the requirements of section 3.1
exists and discuss its special form for the case of a Calabi-Yau manifold. A first requirement
on the charges that appear in (3.12) comes from the fact that for proper Calabi-Yau spaces,
the holonomy group is exactly SU(3) and the first cohomology of ¥ must therefore be zero.
This translates into the fact that the exterior derivative on any linear combination of the
nowhere vanishing one-forms v’ is non-zero.'® This implies that either tieijti; #0or t} and
t2 are linearly independent. In other words, the rank of the matrix (¢!,t%) is maximal (i.e.
two). The almost product structure of Calabi-Yau manifolds of Euler number zero hence
cannot be integrable. As announced in the introduction, they thus lie outside of the ansatz
of [21, 24, 25]. This implies furthermore that the charges of the corresponding N = 4
gauged supergravity will always include some magnetic gaugings, cf. (3.65) and (3.67).

Now let us determine the number of harmonic forms included in the reduction ansatz
of section 3.1. Since (#!,t}) has rank two, two linear combinations of the forms (v! Av?, w?)
are exact. Furthermore, the rank of the matrix

= (—eijt], TyT) (4.1)

determines the number of closed forms among the two-forms (v! Av2, w!). Tt is n+1—rk(T),

giving rise to n — 1 — rk(7T") cohomology classes. This is the number of massless fields we

A~

expect to find parametrizing the N = 2 Kéhler moduli space. Similarly, there are rk(7")
exact three-forms within the 2n three-forms of the truncation ansatz, and 2n —rk(T’) closed

0Note that on a compact manifold Y a nowhere vanishing one-form can never be exact, as any function
on Y acquires its extremal points.
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three-forms. This gives 2(n—rk(’f)) third-cohomology classes within the truncation ansatz.
From this counting, we see that the number of massless modes parametrizing the complex-
ified Kéhler and complex structure moduli spaces agree. In section 5, we will re-encounter
this condition in the general analysis of supersymmetry breaking from N =4 to N = 2.
In the following, we want to discuss the Calabi-Yau condition for an SU(2)-structure
geometry of the form (3.3). The Calabi-Yau condition should define the N = 2 vacuum
condition inside the N = 4 scalar field space. It says that the holomorphic three-form and
the Kéhler form of the Calabi-Yau threefold, given in (3.71), should be closed. This implies

1 _
AP HiJHAK + (JP+iJH)AAK =0,  dJP + SIAEARK)=0.  (42)
In terms of four-dimensional fields, the above relations can be rewritten as
kit ¢ =0,
kie!Tien™ /¢ =0, (4.3)
PP = (k- e k)igt]

where we have used (3.13) to simplify the second equation. Using the parametrization (3.4),

we find . o 1
(ty + 75’ =0,

(T{x + 7T )™ ¢ =0, (4.4)
PTG = eijtye’ .
Equations (4.4) describe the N = 2 conditions for the scalars coming from the metric.
For the N = 2 vacuum, the ten-dimensional form fields should be closed as well,

dB =0, dC; =0, dC3=0. (4.5)
Inserting the parametrization (3.8), this yields the following conditions on the scalar fields'!

tibia + € Tby =0,

a; = 0,
C;=0, (4.6)
fﬂTHCiI == 07

(t'6h + eijTjIJ)ci[ =0.
Similarly, we find for the vector fields
G'=0,
B; =0, (4.7)
t@Clz + eijT]JICJ =0.
We will discuss this in further detail in section 5.1. In particular, we will find that these

equations fix the values of all vector fields that acquire a mass due to the Higgs mechanism,
while the modes ‘eaten’ correspond to the exact forms on Y.

'We also list the conditions on the two-forms C; here as they can be dualized to scalars.
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4.2 The Enriques Calabi-Yau

An example of a Calabi-Yau threefold of Euler number zero has been given in [33]. It is
constructed by quotienting K3 x T? by a freely acting involution 7. 7 acts as the Enriques
involution on K3 and as the standard involution on the torus.'? The resulting manifold,
also referred to as the Enriques Calabi-Yau, has very special properties. It is self-mirror
and thereby does not have experience any worldsheet instanton corrections at the two-
derivative level [33]. There is however a non-trivial pattern of higher-derivative corrections
for this background (graviphoton-curvature couplings), some of which have been computed
in [35, 36].

We begin by considering the harmonic forms on the Enriques Calabi-Yau Y = (K3 x
T?)/Z3. For their construction, let us consider the orbifold limit 7%¢/Z3 of K3. o here is
the standard involution on the four-torus. If we introduce coordinates z%, a =1,...,6, on
T® with periodicity 2 = 2% + 1, the involutions ¢ and 7 are given by [37]

. 1,2 .3 .4 .5 .6 1 2 3 4 .5 6
o: (7, x5 2°, 2%, 2°,2°) = (—x", —2*, —2°, —a",2°,2")

(4.8)

T: (b, 22, 23, 2t 2, 2%) = (2!, 2? + 1/2, —23, -2t + 1/2, =2, —2F) .

The involution o has sixteen fixed points. Blowing up the resulting orbifold singularities
. ) %a
x'-coordinates of the fixed point. By considering the linear combinations

yields sixteen exceptional divisors E(; j11), %, k,l = 0, 3, with the subscript denoting the

Eligkn) £ Byl ki) (4.9)

we obtain two sets of eight cycles E¢, with the subscript denoting the transformation
behavior under the involution 7. The intersection matrix of both E¢ and E¢ is minus
twice the Cartan matrix of the exceptional Lie group Eg.

The harmonic forms on Y can be read off from (4.8). They consist of all anti-symmetric
combinations of the dx® that are even under both ¢ and 7. There are no harmonic one-
forms on Y, a necessary condition for a proper Calabi-Yau manifold. The harmonic two-
forms are given by combinations of dz!' A dz?, da? A dz?, dz® A da®, which define volume
forms of sub-two-tori of the original unquotiented 7%, and the (1,1) forms E} dual to the
exceptional cycles. The harmonic three-forms are given by those combinations of the one-
forms that have one leg on each such two-torus, i.e. do! Adz® Adad etc., as well as E, Adz®
and E; AdzS Thus, Y has k%! = 11 and h*! = 11, and its Euler number vanishes, as
announced.

The massless spectrum of a conventional Calabi-Yau compactification on Y gives an
ungauged N = 2 theory with moduli space

Ve _ SU2R) SO(2, 10) SO(4,12)
N=2=790(2) " SO(2) x SO(10) * SO(4) x SO(12) °

(4.10)

12For a review of the the Enriques involution on K3, see [34].
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The first two factors together carry a special Kéhler structure, the last factor a quaternionic
Kihler structure. As Y is obtained as a quotient of K3 x T2, M is naturally a submanifold
of the N = 4 moduli space associated to this compactification manifold,

CSI2R)  SO(6,22)
Misxr2 = "55@) * 50(6) x S0(22) °

(4.11)

Now let us describe the construction of expansion forms on Y. The first step is to
define two nowhere vanishing one-forms v, i = 1,2, on Y that are linearly independent at
any point, yielding a nowhere vanishing two-form

voly = v! Aw? . (4.12)

We start by constructing such one-forms on 7. If they are well-defined on the quotient
and survive the blow-up, they sit in the image of the pullback map T*Y — T*T° hence
give nowhere vanishing one-forms on Y. We define

vl = sin(272?)da? + cos(2rx?)dz® v? = sin(2r2?)dz? + cos(2rx?)da®, (4.13)
so that

1 1
voly = =(da3 A da? + dz® A dz®) — = cos(dmz?)(dz® A dat — da® A dzb)
2 2 (4.14)
+ 3 sin(4rz?)(da3 A dab — dazt A d2®)

which is clearly nowhere vanishing. The one-forms v* span the two-dimensional component
T5Y of T*Y at each point over the base Y. We need to work a little harder to describe
the orthogonal complement T;Y explicitly, as it is non-trivially fibered over Y. We begin
therefore by considering the quotient ¥ = 76 /Z3, where we can specify a global basis for
ij/, spanned by

u' = cos(2rx?)dz® — sin(2rz?)da® u? = cos(2rx?)dzt — sin(2rz?)dz®,  (4.15)

and dz! and dz2. This shows that Y is a twisted six-torus, with 7*Y spanned by dz?,
u' and v', i = 1,2. We can define a product structure on Y corresponding to the split
TY = T3Y @ T}Y via

Py = dv'0, + dv*0,e — da' 0y — dz?0s — du' O, + du?0,» (4.16)
= —dz'0; — dz?0y + cos(4rx?)(dxdds + dz®ds — dz303 — dz?dy)
+ sin(4n2?)(dz%03 + dz30s + d2®0y + dzo) . (4.17)

Now note that Py descends to a map 7Y — T*Y after quotienting by o, thus defining
the sought after almost product structure on Y. Since the dz’ and u’ are odd under o,
the identity structure of Y is enlarged to SU(2) after this quotienting (and the subsequent
blow-up).
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The torsion of Y is specified by the algebra

dot = 27dz® Aut,
dv? = 27da® A2,
du! = —2xdz?® A0t (4.18)
du? = —2ndz? A2,

with dz? being closed. The algebra spanned by these one-forms and their wedge products
is manifestly closed under the operations d, A, and *. The preimage of this algebra on
@;A'T*Y inherits this property. It is spanned by the (preimage of the) one-forms v! and
v?, as well as the six (preimages of the) two-forms obtained from all possible wedge products
among the 1-forms dz’ and u?, i = 1,2. We have thus succeeded in constructing a set of
forms on Y that satisfy the conditions of our reduction ansatz outlined in section 3.1.

The ansatz so far does not contain the harmonic two-forms E¢ dual to the exceptional
1
9
they are elements of T;Y. Being in addition closed and anti-self-dual, they can be safely

divisors on Y. These are all located at 22 = 0, 1, where v = d2® and v? = da%. Therefore,
included as generators in our reduction ansatz. The ansatz misses one additional harmonic
form, da? A dz? — dz® A da®. This form lies in the preimage of a linear combination of
two-forms on Y which involves v* Au? —v? Au!, hence does not respect the T5Y @ T}Y split
of the cotangent space. Under penalty of having to include massive gravitini, as explained
in section 3.1, we must hence exclude this harmonic form from our reduction ansatz. In
total, the two-forms in our ansatz are hence spanned by v! A v? € A2T2*Y and

(w)I:l"“’14 = (d:):1 Aut = da? Au? det Au® 4 da? Aut, ut Au? + dat A da?,
da! Aul + da? Ad?, det Au? — da® A et ut Au? — dat A da?, E?),
(4.19)
w! € A’T;}Y. We have here organized the w! in terms of three self-dual and eleven anti-
self-dual two-forms. They satisfy w! A w’ = !’ volflo) with

(6)4 0 0
(! = 0 —(6)¥ 0] . (4.20)
0 0 2(Ig)*8

Here, i, =1,...,3, a, 8 =1,...,8, and Ig is the negative definite Cartan matrix of the
Lie group Fjg. In this basis, the torsion algebra can be computed from (4.18) to be

dvl = 7(w? —w?),

dv? = —m(w! — w?),
do! =dw? = 70t A (W3 — WP, (4.21)
dw? =dw’ = 7 A (WP — Wb,

dw? = dwb = —mvl A (W' — wh) — T2 A (W2 — W),

with all other derivatives being zero.
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The scalar field space of a type II compactification on this background is

S1(2,R SO(6, 14
2y, = SI2R) (6.14)

=1=750(2) “ 50(6) x SO(14) (4.22)

From (4.21) we can read off the gaugings to be

= 0100 —1 0 0, (423)
_ =7 , .
=l ~1 001 00 0,

as well as
0 1 0 0 —1 04
0 0 0 0 0 O0q
-1 0 0 1 0 0 04
(M, =« 0 0 1 0 0 -1 0./, (4.24)
0 0 0 0 0 O0q
-1 0 0 1 0 0 04
O 0 O Os 0O 0O Oap
and
0 0 0 0 0 04
0 1 0 0 -1 04
0 -1 0 0 1 0 0q
(T, ==x| 0 0 0 0 (8 (4.25)
0 1 0 0 —1 04
0 -1 0 0 1 0 0,
05 05 05 05 0 05 Oup

In section 5.2 we will discuss the spontaneous supersymmetry breaking to N = 2 for this

example.

5 Spontaneous breaking of N =4 to N = 2

The SU(2)-structure reduction we performed above specialized to any Calabi-Yau back-
ground should yield an N = 4 gauged supergravity which exhibits N = 2 Minkowski
vacua. The supersymmetry conditions translate into (4.4) and (4.6). Spontaneous partial
supersymmetry breaking in N = 4 supergravity has already been discussed in [39-47]. Our
results give new examples of such a breaking. Before we discuss them in more detail, let
us review general facts on spontaneous supersymmetry breaking to N = 2. See [47] for a
similar (but independently performed) analysis.

When N = 4 supergravity is spontaneously broken to N = 2, the fields in the N =4
gravity and vector multiplets rearrange non-trivially into N = 2 multiplets. In particular,
two of the four gravitini must acquire a mass and form massive gravitino multiplets. There
are two kinds of massive gravitino multiplets in N = 2 supergravity, a long multiplet and
a short one that transforms as a doublet under a central charge [39]. Let us first focus on
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Massless N = 4 multiplets:

gravity multiplet (2),4(3/2),6(1),4(1/2), 2 (0)
ny +my + 3 vector multiplets (1),4 (1/2), 6 (0)
Massless N = 2 multiplets:
gravity multiplet (2),2(3/2), (1)
n, vector multiplets (1),2(1/2), 2 (0)
ny, +1 hypermultiplets 2(1/2),4 (0)

Massive N = 2 multiplets:
2 gravitino multiplets (3/2 +1/2), 4 (14+0), 6 (1/2), 4 (0)
m, vector multiplets (140), 4 (1/2), 5 (0)

Table 1. The N = 4 gravity and vector multiplet degrees of freedom rearrange in massless and
massive N = 2 multiplets. The spins of the various (real) fields are displayed in bold-face. Here the
gravitino multiplets are long multiplets. There is one more massless hypermultiplet than massless
N = 2 vector multiplets.

the case that the massive gravitini assemble in long massive multiplets. These multiplets
each have four (massive) vectors, six spinors and four scalars. There can be additional
massive fields in m, massive vector multiplets, consisting of a massive vector, four spinors
and five scalars. The massless fields of N = 2 supergravity assemble as usual into a gravity
multiplet as well as n, vector and nj hypermultiplets. In descending from N = 4, one
can expect correlations between the numbers n, and nj, of N = 2 multiplets, as (massless)
N = 4 gauged supergravity knows only vector multiplets. Indeed, as detailed in table 1,
for this pattern of supersymmetry breaking, the number of hypermultiplets of the effective
N = 2 theory exceeds the number of vector multiplets by one, i.e. n, = ny — 1. We found
the same relation from our truncation ansatz in section 4.1. This is incidentally also the
relation that holds for regular compactifications on Calabi-Yau manifolds of Euler number
zero. If the massive gravitini assemble in short multiplets that form a doublet under a
central charge, the multiplets are smaller. Each of the two gravitino multiplets contains
two massive vectors and one spinor. Moreover, their masses must be equal. The counting
of fields, displayed in table 2, now gives a different result: the number of massless N = 2
vector multiplets must be larger by two than the number of massless hypermultiplets. We
thus do not expect this breaking pattern to appear for the N = 4 gauged supergravities
related to x = 0 Calabi-Yau backgrounds.

5.1 General Calabi-Yau manifolds of vanishing Euler number

We now study N = 4 — N = 2 supersymmetry breaking for general N = 4 gauged
supergravities coming from SU(2) structure reductions of Calabi-Yau spaces. We begin by
considering the metric sector. There are two isometries acting on the scalars coming from
the ten-dimensional metric. These read

0i¢f = —T31¢5

Sipg = —eit!

Sips = €ijt!

St = —(1,7)i(th + 7t%) .
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Massless N = 4 multiplets:

gravity multiplet (2),4(3/2),6(1),4 (1/2), 2 (0)
np + my, + 1 vector multiplets (1),4 (1/2), 6 (0)
Massless N = 2 multiplets:
gravity multiplet (2),2(3/2), (1)
np +2  vector multiplets (1),2(1/2), 2 (0)
np  hypermultiplets 2(1/2), 4 (0)

Massive N = 2 multiplets:
2 gravitino multiplets (3/2 +1/2), 2 (1+0), (1/2)
m,  vector multiplets (140), 4 (1/2), 5 (0)

Table 2. The N = 4 gravity and vector multiplet degrees of freedom rearrange in massless and
massive N = 2 multiplets. The spins of the various (real) fields are displayed in bold-face. Here
the gravitino multiplets are short multiplets. There are two more massless N = 2 vector multiplets
than massless hypermultiplets.

Thus,
0iJ = 52-(6%46’@‘1[ +eP2vt Av?) = —gieP2dv? (5.2)

and

P2tp4

pP2tpq
Q=46 (62(1}1 + 1o} A C}rw‘]> S (1,7)i¢Fdw’ —iIm(1,7),t'Q . (5.3)

vVIm T VIm T

The isometries hence act by adding exact pieces to J and €2, and by rescaling €. As the
metric is determined by the cohomology class of J and projectively by the cohomology of
), these directions in field space are unphysical. Correspondingly, when the Gj;, the fields
which gauge these isometries, acquire a mass, these directions are modded out of the scalar
field space.

To count degrees of freedom, it will be useful to introduce the vectors

é’? — (epz’epzx/?gﬁ)’ (5.4)

and
tho=(t',t7) . (5.5)

In terms of these, the isometries act as shifts
61<§ = —ep26ij£} . (56)

Similarly, we can define

G = (ki +1k)C (5.7)

so that the gauged isometries act as

0;G = (eit*o] = SFTHGE, - (5.8)
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The closure conditions (4.3) on J and € in terms of these variables read

Théd — 0,
~ T I;I“Jrl (5.9)

Tireign jJ = 0.
The matrix TZII was defined in (4.1). Note that the compatibility of these equation with
the gauged isometries (5.6) and (5.8) is guaranteed by (3.13).

Next, we want to understand how the constraints (3.6), which can be written as

¢n'¢i =1, (5.10)
Gt =0, Gt =2, (5.11)
'y =o, (5.12)

are compatible with the factorization of the N = 2 moduli space. Equation (5.12) appar-
ently couples J and ). Notice however that this equation imposes two real constraints,
which is the number of isometries acting on (7. The coupling of ¢3 with C;r can thus be
absorbed by these isometries; J and 2 are only coupled via exact contributions, which are
not physical. The Kahler structure is thus parametrized by n — rk(T) — 1 real variables:
the n + 2 real parameters &3 subject to the linear constraint that is the first condition
in (5.9), the quadratic constraint (5.10), and the two isometries (5.8) . Let us preform the
analogous counting for the complex structure moduli space: one complex direction is fixed
by fixing the gauge freedom (5.8). Furthermore, (5.11) together with U(1) rotations of {*
fix two more complex degrees of freedom. Naively (5.9) would count for rk(7T") complex
conditions. However, since (T is defined as the direct product (5.7), there is an additional
local U(1) symmetry that reduces the number of independent equations in (5.9) by one.
Therefore, we find that (T depends on n — rk(T) — 1 complex degrees of freedom.

é;} forms a holomorphic symplectic vector with respect to the symplectic pairing eijn[ J
that is subject to the second condition in (5.9). It coordinatizes a special-Kéahler space with
the Kéhler potential

K =—1ogiQAQ=—log(i Ai-;anu AJ_J) , (5.13)

where g:;[ is the complex conjugate of A;}. The expression for the Kéhler potential in terms
of the holomorphic three-form €2 is valid in terms of projective coordinates é . We conse-
quently disregard the second constraint of (5.11). Note that interpreting éz 1 as projective
coordinates allows us to scale k; and (; independently.

Let us now understand the form of the holomorphic prepotential. We will rescale
ki +1k? to be a constant, leaving k3 +1k3 as a free complex parameter. Next, we perform
a linear coordinate transformation such that, retaining the name of the variables, the first
constraint of (5.11) takes the form ¢;" ¢ + (™Y (v = 0, with M, N =1,...,n — 2, and
7 having signature (1,n — 3). Rescaling ( to fix Cfr =1 yields C; as a quadratic expression
in the remaining n — 2 variables. The tensor product (5.7) thus gives rise to a symplectic
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vector with one constant component, n — 1 linear components, n — 1 quadratic components,
and one cubic component. This is the hallmark of a cubic prepotential. It reads

Fo = %T((MﬁMNCN) . (5.14)

Before imposing the Calabi-Yau condition (5.9), the é thus parametrize the special-Kéahler
space
SI(2) SO(2,n — 2)

Msko = 55(2) * S0(2) x S0 —2) °

(5.15)

Imposing the linear constraint (5.9) on é:} leads to a Kahler subspace that we will now
argue to be special-Kéhler as well. If we consider the linear constraint in the form (4.3),
they form a set of linear equations on C;r with coefficients that might depend linearly on
7. If the coefficients depend non-trivially on 7, the number of coordinates in Cf simply
reduces by rk(T) and the number of components in f:} by 2rk(T), while the general form
of the special-Kéhler structure is unaltered. In this case, the N = 2 moduli space takes
the form of Mgk, with n replaced by n — rk(T), cf. (5.9). In the more generic case
that 7 does appear non-trivially in (4.3), some coordinates will be eliminated while others
will depend linearly on 7. Therefore, the holomorphic prepotential will no longer retain
the factorized form (5.14). It will however remain cubic. The scalar field space will in
general not correspond to a symmetric space though it will remain a homogeneous space,
all of which have been classified in [50, 51]. This determines the N = 2 moduli space of
complex structures. In particular, we have shown that Mgk is special-Kéahler with cubic
prepotential.

We now turn to the form fields. Their expansion in (3.8) involves three types of
internal forms: these internal differential forms split into those that are exact, closed but
not exact and those that are not closed. If an expansion form is closed, the corresponding
four-dimensional field turns out to be massless, as no potential terms are generated. If
the internal form is not closed, then a potential term is generated. In the case of four-
dimensional scalars, this is just a scalar potential that gives a mass to exactly these fields.
In the case of four-dimensional vectors, they instead show up in the covariant derivative
of some massless scalars (which were expanded in the corresponding exact form of one
degree higher). The vector acquires a mass during the super-Higgs mechanism and eats up
the scalar during this process. By this, all remaining fields of the effective N = 2 theory
come from expansion in non-trivial cohomology classes, as it is expected from the standard
Calabi-Yau reduction. Let us now discuss this in detail.

We begin with the B field. From (3.65), we read off the action of the two isometries
gauged by G on the internal components of B,

Sibia = —eijtibia,  8iby = —T;jby . (5.16)
Invoking the Calabi-Yau constraints (4.6), this yields

(SiBint = (5i(b127)1 A v? + biwl) = —Gijbmdi}j s (517)
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which combines nicely with the transformation (5.2) of J to
51'(Bint + ’LJ) = —Ei]’(blg + i6p2)dvj . (5.18)

Introducing the variable b; = (b12,bs), we see that the Calabi-Yau constraint (4.6) can be
written as X
Thb; =0, (5.19)

which has the same form as (5.6). Hence, both the isometries and the constraints are
holomorphic in the variable b+ i§3.

Analogously to the complex structure moduli space, b+ 153 parametrizes the special
Kahler space of complexified Kéahler moduli, that is the subspace defined by complexifica-
tion of (5.9) within Mgk o, given in (5.15).

It remains to discuss the fate of the scalars coming from the Ramond-Ramond fields in
the spontaneous N = 4 — N = 2 supersymmetry breaking. The conditions (4.6) and (4.7)
eliminate all modes that correspond to non-closed forms on Y. In particular, we find

a; = 07
Tfe--n”c-J =0,
i1%1) . J (520)
zICf = U,
el =o,
where we have defined
Cf = (012, C[) s éf = (012, é]) , A} = (ti,til) . (5.21)
The scalars corresponding to the shift isometries
Sreir = T}, (5.22)

are eaten by the vectors C; to give them a mass. Furthermore, the scalars 7; are eaten due
to the Higgs mechanism that gives a mass to the magnetic vectors f}éi . Equivalently, one
could say that the vectors corresponding to the tzf directions are eaten by the two-forms C;
to acquire a mass.
The remaining vector fields are those C; that satisfy (5.20) and that are invariant
under the shifts
5:;C; =1t . (5.23)

Therefore, there is exactly one vector for each complex scalar b i+ 1(}” that remains in the
N = 2 theory. Together, they form N = 2 vector multiplets. Note that the NV = 2 vector
multiplet moduli space is not necessarily a direct product, in contrast to the case of purely
electric gaugings [47].

Similarly, the remaining scalars c;; that obey (5.20) form a real symplectic vector
under the symplectic product eijnl 7. Together with ¢ and $, they build the classical c-
map [48, 49] over the special-Kéhler space spanned by é:}, with the Kéhler potential (5.13).
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In total, we find the standard structure of classical N = 2 supergravity, with a cubic
prepotential. However, we in general cannot incorporate the full N = 2 massless spectrum
of an ordinary Calabi-Yau compactification in our N = 4 description without including
couplings to N = 4 massive gravitino multiplets.

In ordinary Calabi-Yau reductions, one obtains an N = 2 supergravity theory with cu-
bic prepotential as well. This prepotential is modified away from cubic form by worldsheet
instanton corrections. The IV = 4 context of our setup is protected against such quantum
effects. We hence need to confront the question of how these corrections arise upon break-
ing to N = 2.3 We expect to be able to incorporate them in the couplings of the very
modes we excluded from our ansatz by not considering N = 4 massive gravitino multiplets.
The couplings of these fields to N = 4 supergravity have not been studied. They are not
fully constrained by N = 4 supersymmetry, and can hence experience quantum corrections
which should translate into the expected worldsheet instanton contributions to the prepo-
tential of the N = 2 theory. We conjecture that these corrections will only involve the
SU(2) doublet directions in scalar field space.

5.2 The Enriques Calabi-Yau
For the Enriques Calabi-Yau, the conditions (4.4) read

C;Zr—i-TCer:(),

G =0, (5.24)
=0 fori=1,2,
5§+:ep27

where we have defined !y = ¢ + (3,7 =1,2,3, and 53 = eP+/2(3. We will use the same
conventions for the two-forms w! below. As ¢! = 0, the two gauged isometries in the metric
scalar directions are generated by

8i¢f = T¢5 - (5.25)

Plugging in (4.24) and (4.25) for T}} yields
6y =0, 0;(f = —2m(5, dij, (5.26)
0iC5 =0, 0;¢5. =2m(¢, . (5.27)

As expected, these isometries hence preserve the Calabi-Yau conditions (5.24). Their action
amounts to adding exact forms w'™ and w3~ Av?, i = 1,2, to J and Q respectively.
The quadratic constraints (3.6) on (* take the form

GG =)+ G =0,
Re(Cf (G — m¢) + GII7¢5) =1,
EE el + G =0,
e+ 52]80‘652 >0,

(5.28)

13An initial guess that Calabi-Yau manifolds with vanishing Euler number experience no worldsheet
instanton corrections is correct in the case of the Enriques Calabi-Yau, but not true in general.
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where the intersection matrix nr; of the two forms is given by (4.20). From the first
equation, we see that Cf . must be non-zero. In the following, we rescale ¢t — C~+ (cor-
responding to a rescaling of €, which does not change the complex structure) such that
¢ = 1. The first constraint in (5.28) then simplifies to

G = TG+ G =0,

8 N N (5.29)
ImrIm¢; +Im¢iI*Im{s >0,

Furthermore, we gauge-fix the isometries (5.26) such that ¢~ = 0. We thus obtain a nice
product representation of © on the covering space K3 x T? (the resolution of 7°/73),

Q = (dz® + 7da®) A ((da® + 7da?) A (da' + G da?) + (T E?) . (5.30)

We have here used the equality vi/\Eﬁ‘_ = da® AE, as at the support of the two components
of ES, see (4.9), cos(2mz?) = +1.
Similarly, the conditions on ¢ read

G =G = LI,

- - - 5.31
o723 > I . >3
We can write J as
J = eP2(da® Ada* 4 da® A da®) + G dat Ada® + GEe, (5.32)
where we have defined
- 1 N
Ea — EOé 10151 + 1 — T 2 .
i <+ Y m((g (dv — 7dv?)), (5.33)

which differ from E¢ by an exact piece.™

From the form (5.30) and (5.32) we see that the moduli space of Q2 and J completely
decouple, as expected for the complex structure and Kéahler moduli space of a Calabi-Yau
manifold. However, in the case of both moduli spaces, we do not reproduce the full result of
the standard Calabi-Yau reduction. For instance, €} should span the special-Kéahler space

 SI2.R) SO(2,10)
Mo ="553) * 50(2) x S0(10) °

(5.34)

Though we can guess from (5.30) the required cubic form of the full holomorphic prepo-
tential, one of the massless modes is missing in our expression (5.30) for the holomorphic
three-form Q: both dz* and dz% exhibit the same complex parameter 7 as coefficient. We
therefore only reproduce a special Kéahler subspace of codimension one. Similarly, one
massless mode is missing in our expression (5.32) for the Kéhler form J, corresponding to
the deformation in the direction of the two-form dz? A dz* — da® A d2®. We already noted
in section (4.2) that this harmonic form is excluded from our reduction ansatz. It does

M Note that this additional exact piece is needed for the closure of the differential algebra of the expansion
forms, a property the conventional expansion in harmonic forms lacks.

~ 34—



not respect the T5Y @ T;Y split of the cotangent space, thus giving rise, as mentioned
repeatedly above and explained in [23], to N = 4 gravitino multiplets which lie beyond the
N = 4 supergravity action considered in this paper.

What remains is the discussion of the degrees of freedom coming from the form fields.
Nothing is gained in this sector by restricting to the Enriques Calabi-Yau example. Suf-
fice it to repeat that the form field By pairs with J in the standard way, enhancing the
Kahler moduil space to a special-Kahler space with cubic prepotential. Moreover, the
Ramond-Ramond fields form a fibration over the complex structure moduli so that we find
a quaternion-Ké&hler space in the image of the c-map [48, 49].

6 Discussion

In this work, we dimensionally reduced the ten-dimensional action of type IIA on SU(2)
structure manifolds. We showed that this action is consistent with N = 4 gauged su-
pergravity and derived the embedding tensor components that specify the gaugings. The
gauge group of this gauged supergravity is solvable and in general contains a large number
of commuting isometries that transform non-trivially under a pair of isometries that are
gauged under the Kaluza-Klein vectors. In principle, one should be able to assemble all
degrees of freedom of these SU(2) structure backgrounds not captured by our ansatz in
massive multiplets of N = 4 supergravity.

Calabi-Yau spaces of Euler number zero constitute a distinguished class of SU(2) struc-
ture manifolds. These backgrounds famously admit N = 2 supersymmetry. The N = 4
gauged supergravity obtained upon compactification on these manifolds hence exhibits at
least one vacuum that breaks supersymmetry only partially, yielding new examples of spon-
taneous N = 4 — N = 2 supersymmetry breaking, extending the discussion of [39-47].
Integrating out the fields that acquire a mass upon supersymmetry breaking to N = 2
results in the standard N = 2 supergravity of Calabi-Yau reductions, up to those fields
that have a doublet component under the SU(2) structure group. These SU(2) doublets
correspond to N = 4 massive gravitino multiplets in four dimensions, which must be in-
cluded in order to recover the full N = 2 moduli space of Calabi-Yau compactifications.
The multiplet structure of the massive gravitino multiplet was worked out long ago [39].
However, its dynamics has not yet been studied, and there is still much to be understood
about its role in N = 4 supergravity.

Since N = 4 gauged supergravity does not allow for any quantum corrections to the
massless multiplets (at the two-derivative level) and since we find cubic holomorphic pre-
potentials from the super-Higgs mechanism, the N = 2 effective actions we obtain upon
supersymmetry breaking cannot incorporate quantum corrections. This is in accord with
the absence of perturbative quantum corrections in Euler number zero Calabi-Yau compact-
ifications. As worldsheet instanton corrections are not absent in such compactifications, we
conjecture that these quantum corrections to the N = 2 holomorphic prepotential of the
Kahler moduli space can be encoded fully in the couplings of massive gravitino multiplets
to N = 4 gauged supergravity. This provides strong motivation to study massive gravitino
multiplets in gauged supergravity in the future.
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The discussion of quantum corrections to the holomorphic prepotential of the complex
structure moduli space is completely analogous. Our analysis shows that before SU(2)
doublets are included, this prepotential is also cubic, consistent with mirror symmetry.'®
The SU(2) doublet deformations will fiber over these modes, giving the full prepotential.
Therefore, the Picard-Fuchs equations should drastically simplify in a parametrization of
the holomorphic three-form compatible with the SU(2) structure. As in the Kéahler sector,
all non-perturbative corrections, here gs corrections due to D-brane and NS5 instantons,
should come from massive gravitino multiplets that incorporate the SU(2) doublet degrees
of freedom.

The enhancement of supersymmetry from N = 2 to N = 4 should also be visible
from a different point of view. Even if these additional supercharges are broken by the
background, one should still be able to find the related conserved currents in the N = 2
supergravity. Their existence might be related to the absence of the quantum corrections
that we discussed above.

In the long run, discussing quantum corrections of Calabi-Yau spaces of vanishing Euler
number in terms of their SU(2) structure might also enable one to understand quantum
corrections for general G-structure backgrounds better, as some of the techniques could
carry over to the case where no supercharges are preserved. One related idea is to find
the correct twisted cohomology on the internal space that keeps track of all modes of the
N = 4 supergravity. Though first steps into this direction have been undertaken in [26] for
orbifold examples, the general definition of such a cohomology still seems to be missing.

We shall conclude with two comments concerning related constructions for theories
with higher dimension or less supersymmetry.

If the Calabi-Yau manifold Y is elliptically fibered, the four-dimensional N = 2 theory
has an interpretation in six dimensions in terms of a (1,0) theory. Equivalently, we can
think of such a theory as coming from an F-theory compactification on Y [52-54]. When
the Euler number of Y vanishes, not only the irreducible part of the gravitational anomaly
vanishes, as required for anomaly cancellation, but the reducible part, i.e. the coefficient
of (trR?)? [55] does as well (see [56] for a recent review). It would be interesting to
understand this vanishing of gravitational anomalies from the point of view of hidden
extra supersymmetry in the framework presented in this work.

Finally, one could hope to derive an N = 2 gauged supergravity with a vacuum pre-
serving N = 1 supersymmetry by considering the heterotic string on a Calabi-Yau manifold
of Euler number zero. Though less supersymmetry and the inclusion of the gauge bundle
might complicate the analysis, the discussion of quantum corrections to the holomorphic
prepotentials should carry over to this case. Moreover, since these Calabi-Yau spaces give
non-trivial examples of SU(2) structure manifolds, one could in principle hope that such
a study could be useful for understanding heterotic strings on general G-structure back-
grounds.

15The Euler numbers of mirror Calabi-Yau manifolds differ by sign only.
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A Computation of ten dimensional Ricci scalar

In this appendix we compute the Ricci scalar r19. For this we must first determine the
connection from (2.22) for the ansatz (3.12).
A.1 Useful identities
Let us first collect some identities that will be useful in the following computation.
From (3.4), we find that the matrix k satisfies the identities
' oe k=k-e kT = eP2e,
k= —e e kT ¢, (A1)

T _ o T
k' -k =eP?qg",

gT—(ImT)_1< ! Rez> . (A.2)

Rer |7

where

We will need the following expressions for the four-dimensional derivatives of l{:;

1 1 1
((dk) - k™Y gym = degl - iag(lm ) ldImT + 50'1(Im )" 'dRer,

(A.3)
tr(e- (dk) - k1) = —(Im7) " 'dRer,
where ¢! and o2 are the standard Pauli matrices.
From (3.6) we find
OuCtn'’¢5 =0, (A4)
which means that over four-dimensional spacetime, the J* do not rotate into each other

and therefore really move in %. The decomposition of w! into representations of

SU(2) reads
wh =10’ + (0 = ¢ ¢’ (A-5)
The latter term is invariant under the I¢. We hence find
1 a\«x o — aoc C
;U )5 (wh)gye N = emPi/2eabectlge (A.6)

Furthermore, we have

(wh)ap(I*)§ = dert/2¢e! (A.7)

— 37 —



A.2 Connection

From the first equation in (2.22), we see that fyL(f( ;7) and Aj(ég) must be symmetric in 4
and j and « and S, respectively. It is straight-forward to solve for the first two equations.
For the third, we need to use dJ* = (I*)3de™ A e? as well as (3.3) and (A.4). We find
1 L .
0=5dps A J"+ P 2dCH Aw! + e 2 TH (KK A w! — P 2O THGE A W (A8
— (I")57o, K' NP Aet +2e¢" A JC+ (I)GA0 Aet N

Now let us first solve the second equation in (2.22). For this, we recall that eij’yi(f( j)=0
and (A.3). This gives us

Téﬁeo‘ NePl = k;'«tjllw[,

dR 1
O =—ert kT K — eT-\-ft-gT-G,
2Im7t 2 (A.9)
. ‘ 1 1 . , )
YA€ = —k;DG + K" A Dps — 5(a*"*);am ) 'K/ ADImT
1 . .
+ 5(01);(1m7)—1m ADRer,
where we have defined the covariant derivatives
. 1.
DG’szH—?ZG-e-G,
Dpy =dps —G-e€-t, (A.10)

DRer=dRer+ (G -e- k' o' k-t)ImT,
DIm7=dIm7+ (G -e- k- 0% k-t)ImT .
The latter two can be merged into the covariant derivative of the complex scalar 7 as
Dr=dr—((1,7)-G)((1, 7) - t) . (A.11)
Next, we make the ansatz
i = skitiwls + 1ias + (Har (1}

Ay = )‘((Xm/)ey + )\2604 + ()‘Z)Oé"/<]a>geﬁ )

(A.12)
e
m
where 78 = 7¢ (0% — ¢21¢%)w’. We have used that A (és) should be symmetric in o and

B as well as the fact that (2.22) implies that Afj(é”) is symmetric in g and v. We then
solve (A.8) with help of (A.6) and find

Thg = %k;lt}wgﬁ + ie‘”eijkitkéaﬁ
+ PG (6 — ¢ el (1),
@ = _%efp4/2calt§k;‘Ki 4 ieabcc?gc‘]rfni]‘](kfl);]{j _ ieabcC?CcJﬂ{]Gi7 (A.13)
Ap Nl = iea/\(dm—t-e-G)

1 L a
+ 5 (I dwhye AACE — GG (07 — ¢ D))
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Finally, we solve the first equation in (2.22). This gives us

Ay =0 V) =0,

A.14
wh =l + DG, - kT K, ( )

where @ is the connection of the four-dimensional metric. This determines the ten-
dimensional connection up to the SU(2) component 6. We will see that 6 drops out of
all four-dimensional expressions. All other components are given by

wh =&k + DG, - kT K,
) A : 1 o1 i 77
_ J v -1 3
%ZL = k;.D[uGV]e + §DN,02KZ - §(Im )" DyIm7 (o );K]
1 _ . .
+ i(lm 7)"'D, Re T(Ul);KJ ,
1 1
Ni = 36" Dupa + 5 Ak, (6] — ") Ducs

4
1 A.15
¢0:_e_p2t'kT‘K—dReT+§t‘gT'Ga ( )

2Im T

1 - . 1 o . 1 ~ .
¢a — <4€abCC?CCJTjjIJ(k1)‘Z' _ 2694/2<a1t]1k;> Kt — Zeabcc})gcJﬂ{]Gl7
T = Shjtiwage” + e eikitte”

1 -~ . a a
+ iemﬂ(k 1)3CKT]II((5§ - CbICbJ)Wiw(I )geﬁ ’

where the covariant derivatives are defined as
Dpy =dp2—G-e€-t,
Dpy=dps +G-€-t,
Dr =dr —((1, 7)- G)((1, 7) - 1), (A.16)
D(f = d¢f — G'Tcs,
DG%’:de%tiG-e.G.

A.3 Torsion and curvature of the SU(2) connection

In order to compute the Ricci scalar, we derive a relation between the curvature and the

torsion tensor of the SU(2) connection. Since 74; are invariant under the su(2) in which 6
lives, we have

0= Rop57" i (A.17)

Contracting this equation with 77 gives

Byd

0= Rog,57" 11 — Richg v msi - (A.18)

We see that if § were torsion-free, the Riemann tensor would obey the Bianchi identity
and the first term would be zero, thereby imposing that the connection be Ricci-flat. In
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general, the above equation gives a tool to compute the Ricci curvature in terms of torsion
classes. We can contract the above equation with ﬁi’yp and find

Richy = R, 5,677 . (A.19)

The failure to satisfy the Bianchi identity is measured by R® Ae = VT = dT + 0T (as can
be seen from the definition of the torsion tensor T"), therefore

Rich s = (AT + 0% AT*)(é,, é5,8,)€°77 (A.20)

Note that only the component of the SU(2)-covariant derivative of the torsion two-form
inside A3T} appears.

Now let us evaluate the SU(2) Ricci scalar by computing the SU(2) torsion tensor and
its covariant derivative by use of (A.15). We find

0 = e PVITY 5,6y, 65) = —*P10 (1) 508 + Tip)Kitiw! s
_ _Eaﬂvﬁ((Ia)g(ieabcC})CcJT],IJ(]{—I)g _ %e—m/zgazt;k;i) + %k;it}wiﬁ)k;t%{wﬁg (A.21)
_ _e—p4/2€abc<aKC?CCJTJIJt%( —gePrpaty gt (gt — colcad)
A.4 Ricci scalar
Our next aim is to compute the ten-dimensional Ricci scalar 19 from
rip = Ric,, + Ricy; + Ricaq - (A.22)

For the Ricci tensor, we have

Ricw/ = R;L)xl/)\ + Ruim’ + Rual/a )
Ricp,i = R;wiz/ + R,ujij + R,uaia )
Ricua = R/u/oa/ + R/u'ai + Ruﬁa,@ )

) (A.23)
Ricij = Ripju + Rikjk + Riaja
Ricjq = Riuau + Rijaj + Riﬂa,@’ )
Ricap = Rapppu + Rakpr + Rorpy s
so that
o = R/u/,uz/ + 2R,ui,ui + 2R,uoz,ua + Rijij + 2Rjnia + Ra,@aﬁ . (A24)
We will now compute the components via
R=dQ+QAQ. (A.25)
For instance
Ry = (dwﬁ)(ém év) + ("Jﬁf A Wﬁ)(ém év) + (AL A )\zof)(éua év) + ('Yf A '713)(éua év) (A.26)

=iy +e”2D,G, g plegr!
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where 74 is the Ricci scalar of the four-dimensional metric up to a conformal factor, which
we will rescale below. Similarly, we have

Ripiy = (A7}, + 9% Al + €0° Ayl + 74 AN (K, €,)
(D7) (DuT)
2(Im )2
Ropap = (X + X0 AWl + 70 Al + (I9)56% ANS + 05 AND) (6, é4)

1 v
= =V"Dups = 5(D*p2)(Dupa) — —e”Dy,G, - g7 - DG,

X (A.27)
= V" Dups — { DupsD’ i,
Rijij = (Eijdgbo + ’yZL AN ’)/;L + Té AN qu)(Ki, Kj)

1 1
= 2772t g7 -t = S(Dyup2)(D"p2) + 5 (Im7) (D) (D7) -

For the component R;yin, we compute from (2.22) the following expressions

de®(&;,€0) = —Ti(Ea) = —2e P2e; k1",
I BY(o 6.) — ook (dePV(e: 6.) — —ud (798 40 (5.
d(wyge”) (i, €a) = wopz(de”) (6, €a) = —wap((1*)ad® (&) + T5(Ea))
1 abc ~a c K —1\J 1 147
— Zep4/26 b ¢ Id}g KT]JK(k 1)§ . 57%15?](?7][ . CbJCbI), (A.28)
d(why (1)) (61, E0) = wl, (1) 3(de”) (61, €a) = wh, (1) }Th(ea)

1 e
= 5o T 6 — el

We find
A7l (8i,ea) = (1Y) G7hpd} — ThsThe - (A.29)

The curvature component R;q.;, then reads

Rigia = (d75 + 75 A (I")50" + €5;0° AT+ 4l A ML) (65, 6q)

— (g 407 1AM
= ~TaBTBa + €ij ¢z Taa + PYmAaoz

3 I (A.30)
= Ze*pzt gTt+2eP2 Pty g7 -t H? — DypaDFpy
+e (" = IONGTE (9T
Finally, we can use (A.21) to determine
Rogap =17+ (do"(I")§ + €®6" A ¢°(I")G — 75 AT — A% A XY (6a, é5)
3
= —gerrracaly gm0 — Ze—mt g7t

(A.31)

_ . el =L 3
—e (" = MICTNCGRCETE - (97) T = Dupa D pa

+ D¢t (" — ¢ DR
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Summing up all components, we arrive at the following expression for the ten-dimensional
Ricci scalar

3
rio = f1—e”DyG,) - g7 - DG = 2V*D,py — 5 (D"p2)(Dpp2)
1 _ _ 5 5 T
~ 5 (Im7) 2(D,7) (D7) — 2V* D, ps — qDupaDlps — €7t gm b () 39
—4eP P -g" - tJUU +e 2 (n 7 CbICbJ)CKCLTI (9 )_1 TJL
- 2DuPQD pa+ DMCI (77 - CbICbJ)Dqu; :

B Fermions and supersymmetry

In this appendix, we want to derive the gravitino mass matrix of the four-dimensional
theory, as it appears in the supersymmetry variation of the gravitini. For this, we will first
identify the four-dimensional gravitini and fermions in terms of ten-dimensional fermionic
fields. Subsequently, we will derive the vacuum contribution to the supersymmetry varia-
tions in terms of the internal geometry. Similar discussions can be found in [10, 11, 30].

In type IIA supergravity, the ten-dimensional gravitini \1]5\140)1‘ and the dilatini x(10)°
(10) i

form the vector ® spinor representation 0 A given by
A 1 .
‘1’5\20) _ \I,(lo)z + gFMX(lo)l ) (B.1)

2 (10) 4

We can expand the internal and external components of ¥, " as

1 } . J k
GJHMXJF ® 77+ + 26jk’m><_ ®@n-,

I

. 1 .
2 2 2
V02 = e W2 @k + W 2 @0k + *ejmuxjf Q1 + Sepmx” @it

2 (10)1
\Ifg o Eklgé?_,_ & 773_ + €kl§"€_ & nl_ )
2 (10) 2
\Ilg )2 _ Ekl§k+2 ® 772_ + leglﬁ—2 ® 771— )
(B.2)
VIO = e CPAL | @ Wl van'y + N~ @ wiey™van®
1 koL i
+ 463’“p+ & Yoy + 4ejkp, @ Yan<
\TJELIO) 2 _ ea )\k+2 ® wbﬂ 7a77+ + ele}i)\]giQ & wgc’}’bc')/anl_

1 1
e @ vant + Sl @ vanl

Here, p is a space-time index, and j and a index the two- and four-dimensional component
respectively of the tangent bundle of the internal manifold. The (f* are defined such that

n'CE =0, m = (¢ - (G (B.3)
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From the above decomposition of the ten-dimensional fermions, we can read off the
four-dimensional fields. In the following, we only write the component of positive chirality
and drop the + index. The four-dimensional gravitini ¥, read [10, 11]

i i 1 i 0 1 i
v, = (1)U + (@ 7oA et 4 5 @ ") TOt, -
i - 1 _ 102 1 o '
U = Q@) U0 + (@ 7y wl0? 4 5O © -y 02

Here, the second term ensures that the four-dimensional gravitini are traceless, i.e. YW =
0. Furthermore, the spin-1/2 fermions read

. 1 » » » 10)1
X' =408 7o)X 10T — (1@ iy w0t — (1@ gy welOt

; 1 i ; ; 10)2
Xt = e X102 - Leny 9 - (e 7y w0z

i g 1 L
& = (1 ® 7]+)\IJJ(§10) ! + g(l ® 77+’Yk)X(10) ! ,

i (02 1 i
o = 1@ )% 4+ —(1@qiy)y102,

8 (B.5)

. P 1 P
p= 1@ 4 S1® 7l )10,

A A 1 _
P = (Len e+ (1 eqt X102,

b = PO WA BT,
A = (@A wpn ) w02

These fermions form the 4 dilatini and 4n gaugini of N = 4 supergravity. The dilatini
could in principle be identified by identifying the linear combinations of the above fermions
whose supersymmetry transformation involves a spacetime derivative of the complex scalar
o= —%(612 +ie P2).

In the following, we will restrict our attention to the supersymmetry transformation
of the gravitini, which in NV = 4 gauged supergravity reads

1
SU% = D€t + gA‘;bfme,b +n (B.6)

The dots indicate terms involving four-dimensional vector fields. Furthermore, the grav-
itino mass matrix A; is symmetric and has a a precise definition in terms of the four-
dimensional embedding tensor and the sigma model vielbeins [28]. In the remainder of this
section, we will determine Ay in terms of the internal geometry of Y.

(10) i

The ten-dimensional supersymmetry parameters e are related to their four-dimen-

sional counterparts €*, a = 1,...,4, via

01— @p, +he., 02=¢"2gn_+hec. . (B.7)
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We can thus relate the four-dimensional to ten-dimensional supersymmetry variations by
invoking the relation (B.4). The supersymmetry variations of the ten-dimensional gravitini
and dilatini in the Einstein frame read [10, 11, 38|

. . 1 .
5‘1]5\20)1 _ DMe(lo)z + %e_‘z’/?(HNpQFé\V/‘,PQ _ 9HMNPFNP)F11E(10)Z

L (5—2n)¢/4 1 Mi...May, MipMa... Mo,
—6—46( i Zm(@n—ner o9 — 2n) o3P T M Mon

Fatyaty, D1 (01)5e 107, (B.8)

Sy (107 — (6M¢(10))FM6(10)1‘ n %HMNPFMNPFHE(l())i

1 5—2n
1 5-2m)e/a
32° ; 2

where the Fy,, are the type ITA field strengths in the democratic formulation and the matrix

FMI"'M2HF?1(UI)§E(IO)j , (Bg)

.. May,

I'1; is the chirality operator. In the following, we only consider the scalar contribution that
determine the matrix A;. From this and (B.4), we compute the four-dimensional gravitino
variation to be

) ) 1 1 i
(5\I/L = Dué} 2 <773r <7mDm + ManpHmnp> 77]—) VNG_]‘

1 [ '

+ 8 Z w(nl AT B T ) Y€ - (2+7) >
o 1 (B.10)
. 241 —

§UH) = D, 4 5 (77—1‘ ( "D+ 5™ pHmnp) 77+j> V€= (2+)

72 2n =iy Py oo - ) Y€

where the indices m, m;,n and p run over the internal coordinates of Y. We see that the
components of A; are given by

3 1 :
A7 = 4/6 (" Din + 570" Hnnp )7
(24 3 1 .
Azl( 7) = ﬁ /62¢ Z 2n ,"ﬁﬂ’ml anle m2nn+7
2+1)j ; :
Ag l)] Q90 / 2¢ Z |77 ’yml man le m2nn— Y

v 3 [ 4 1
A§2+z)(2+1) =1 /Ge¢n_i(7mDm + ﬂvmnpﬂmnp)mrj )

(B.11)

where the additional factor of §:¢ comes from the Weyl rescaling (3.26). Note that the
components are related by AgQH)(Qﬂ) = AY and All(2ﬂ) = Ag2+z)].
We can now use the spinor bilinears (2.4) to express A} in terms of internal forms.

More precisely, we have
A(W_)] = ™, Dot 1 il+ = (7" Dot i + ("7 ) (i)

. . (B.12)
+ (D ) (- Y™) + 7 (D f—iy™) -
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Taking the product with the spinor bilinear (\Ilo)kl, this reads

e 2P (W), (T )]) = 65y Dot + K™ (Do) (B.13)

)

Similarly, we find

1 . ; o ) ;
BT g = €070 ((R0), Hy A (2)]) (B.14)

This gives us an expression for A} in terms of forms,

Al — 3/e¢—ﬂz—ﬂ4<(\po)k(i’ (d— Hsn)(W_))) | (B.15)
2 Je

Inserting (2.4) for the spinors bilinears and writing Ailj = %i(aa)” P? we find
Pt = /e¢‘f’2‘f’4K A(K NAE A J + €qped® AdJC — Hy A J?) . (B.16)
6

These terms are in fact (up to complex conjugation) the only SU(2)-covariant one-derivative
expressions that can be built out of H3, K and the J®. Similarly, we find for the off-diagonal
entries
Al % /6 o2~ (orto)/2((w )i F) | (B.17)

Using (B.16), we can now discuss the amount of supersymmetry the vacuum preserves
depending on the internal geometry. We will here focus on the case of vanishing internal
field strengths F' and Hz. Then, A; is block-diagonal and one can discuss each N =
2 subsector individually. Since the two components of A; are identical up to complex
conjugation, we can only have N = 4, N = 2 or non-supersymmetric vacua.' For an
N = 4 Minkowski vacuum, we need both K and the J% to be closed, and we find that
the manifold is K3 x T?2. If we want to have at least an N = 2 supersymmetric vacuum,
the discussion is rather similar to N = 2 — N = 1 supersymmetry breaking as discussed
in [31]. A requirement for an N = 2 Minkowski vacuum therefore is that Aij , given
in (B.16), should be of rank one. Supersymmetry should then impose that the variations
of Aij have similar properties.

If we restrict ourselves to the supersymmetry related to 71, then P~ = A1l becomes
(up to a Kéhler prefactor) the holomorphic superpotential of an SU(3) structure defined
by 11, as first proposed in [9], with the definitions

1 _
J:J3+§iK/\K, Q=KAJH+iJ%) . (B.18)

For this supersymmetry to be unbroken, the variations of fl%l with respect to the spacetime
scalars must hence be set to zero. This is equivalent to the Calabi-Yau conditions

dJ=0, dQ=0. (B.19)

1611 the presence of Ramond-Ramond fluxes, vacua preserving N = 1 or N = 3 are no longer excluded.
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Spontaneous partial supersymmetry breaking requires furthermore that P? and its ana-
logues in the supersymmetry variations of the spin-1/2 particles vanish in the vacuum.
From (B.16), we find that

P3 = /e¢P2P4Q ANLgQ+JAJAAK . (B.20)
6

This vanishes on a Calabi-Yau manifold. From (B.5), one can deduce that the terms
appearing in the other fermion variations are not, as one might expect, variations of P3
(which do not vanish). They are instead also proportional to (B.19), thus ensuring that
we find partial supersymmetry breaking on Calabi-Yau backgrounds.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License which permits any use, distribution and reproduction in any medium,
provided the original author(s) and source are credited.
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