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1 Introduction

Denote by H(DD) the space of all analytic functions on the unit disk D = {z: |z| <1} in the
complex plane. Let H* = H*(D) denote the space of bounded analytic functions on D.
An f € H(D) is said to belong to the Bloch space B if

Iflls = Suﬂ};[f/(z)’(l — |z]*) < o0.

The logarithmic-Bloch space, denoted by LB, consists of all f € H(D) satisfying

e
1-|z|

< OoQ.

I lhog = sug(l — |z])|[f'(2) | log

LB is a Banach space with the norm ||f | z5 = |[f(0)| + ||f[l10g- It is well known that LBNH*>°
is the space of multipliers of the Bloch space B (see [1, 2]). For some results on logarithmic-
type spaces and operators on them, see, for example, [3-10].

Let ¢ be an analytic self-map of D. The composition operator C,, is defined by

Colf)=fog, [feHD).

The differentiation operator D is defined by Df =f’, f € H(D). For a nonnegative integer
m € N, we define

D"f =f", feHD).
The product of differentiation and composition operators C,D™ is defined as follows:

C,D"f=f"og, feHD).
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A basic problem concerning concrete operators on various Banach spaces is to relate
the operator theoretic properties of the operators to the function theoretic properties of
their symbols, which attracted a lot of attention recently, the reader can refer to [4—37].

It is a well-known consequence of the Schwarz-Pick lemma that the composition oper-
ator is bounded on B. See [21-24, 27, 33-35, 37] for the study of composition operators
and weighted composition operators on the Bloch space. The product-type operators on
or into Bloch type spaces have been studied in many papers recently; see [12-20, 26, 28—
32, 34, 36] for example.

Let X and Y be two Banach spaces. Recall that a linear operator T': X — Y is said to be
compact if it takes bounded sets in X to sets in ¥ which have compact closure. The essen-
tial norm of an operator T between X and Y is the distance to the compact operators K,
thatis, | T|X~Y =inf{|| T — K| : K is compact}, where || - || is the operator norm. It is easy
to see that || 7||¥~Y = 0 if and only if T is compact. For some results in the topic, see, for
example, [11, 20, 22, 24, 26, 28, 37].

In [34], Wu and Wulan obtained a characterization for the compactness of the product
of differentiation and composition operators acting on the Bloch space as follows:

Theorem A Let ¢ be an analytic self-map of D, m € N. Then C,D" : B — B is compact if
and only if

nli)rrolo”Cme(z”) ”B =0.

The purpose of the paper is to extend Theorem A to the case of L£I5. We will character-
ize the boundedness and compactness of C,D” in terms of the sequence {z"}. Moreover,
an estimate for the essential norm of C,D” will be given. The main results are given in
Sections 3 and 4.

In the paper, we say that a real sequence {a,},cn is asymptotic to another real sequence
of {b,}nen and write ‘a, ~ b, if and only if

lim 2% =1,

n—00 n

In addition, we say that A < B if there exists a constant C such that A < CB. The symbol
A~ Bmeansthat A < B<A.

2 Auxiliary lemmas
In this section, we state and prove some auxiliary results which will be used to prove the
main results in this paper.

Lemma 2.1 For m,n € N, define the function H,,, : [0,1) — [0,00) by

!
" 27711 - x)™* og IL' (2.1)

Hm,n(x) = m X

Then the following statements hold:
(i) Forn,m € Nandn>m+1, there is a unique x,,, € [0,1) such that H,, ,(X,,,,) is the
absolute maximum of Hy,,.
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(ii)

lim x,,, =1
n—00

and

nlirlgo[n(l ~ X)) =m + 1.

(iii)

maxocsc1 Hyp,u(t) _(m+ 1\
nvoo  log(n+1) e .

Proof Directly computing we have

n!

H,, (%)= 4'96”_””2(1 —x)" <(n - m—1-nx)log li + x)
’ ! —x

(n-m-1)

Define

Gmn(x) = (n—m—l—mc)loglL +x, x€][0,1).
-x

(2.2)

(2.3)

(2.4)

(2.5)

It is easy to see that g, , is continuous on [0,1) and g, ,(0) = n—m —1 > 0, limy_,1- (%) =

—00. Furthermore,

1
+1<0, x€][0,1).
1-x

e
&n(%) = —nlog T +1—

Then g, , is decreasing on [0,1). When n = m +1, we get maxo<y«1 Hy,n (%) = Hyp,,,(0). When

n > m+1, the intermediate value theorem of continuous function gives the result that there

exists a unique x,,,,, € (0,1) such that g, ,,(%,,) = 0. So we have

max H,, , (x) = H,, . (xm,n)-
O<t<1

(i) has been proved. By (2.5), we have g, ,,(%,,,.) = 0. Thus

n-m-1 e Ko,n
T ) log ==
n 1-% n

It follows from lim,,_, o, 2% = 0 and log (=<— > 1 that (2.2) holds. Also, g, (¥) = 0 gives

1-Xp,n

the result that

n-m-1 K
— _xm,n = _148
n nlog ——
So we have
KXm,n

n(l=Xpyy)-—m—1=————.
log TEr—

This gives the result (2.3). The proof of (ii) is complete.
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Note that
nlogx,, , ~ nlog[l + (X — 1)] ~nxy,—1)—>-m-1 asn— oo.
This and (2.2) give
nlggo an = e (2.6)

By (2.3) and (2.6) we obtain

HypGom) . 1 (L= %)™ log 1=

1=,
P log(n+1) P (m—m-1)1og(n+1)
1 n!((m +1)/n)"* log £ m+1\""
= i = ,
¢ n—sco (n—m—1)1og(n+1) e
which shows that (iii) hold. The proof is complete. d

Lemma2.2 Letm,neNandn-m-1>0.Letry, =(n—m-1)/n. Then H,,, is increasing

on [rm,n—my rm,n] and

m+1

m+1
min  H,, (%) = Hypu(Finem) ~ ( ) logln+1) asn— oo. (2.7)

Tmn—m <X=T'm,n
Consequently,

Hypn®) _ Hyp(tno)  (m+ 1)1

min =
Tmn-m=x<rmn ||2"|| £ 3 2"z e

as n— o0. (2.8)

Proof Since n—m —1> 0, we have

e ~ n! n—-m-1\"2(m+1\" (n-m-1
) = (n-m-1)! n n n > 0.

. . . ,
By Lemma 2.1, we have 7, , < X;,,,, where x,,,, is given as in Lemma 2.1. Since H,, ,(x) > 0

for x € (0,%,,,,), we see that H,,,, is increasing on [ry,y—m, V'm,»]. Thus

min Hm,n(x) = Hm,n(rm,n—m)

Tm,n—-m <X=Tm,n
n! n=2m-1\"1m+1 m+11 e(n —m)
= O M
n—m-—1)! n—-m n—-m g m+1
(

Applying the important limit lim,_, o (1 + %)” = e we obtain the result that (2.7) holds.

By Lemma 2.1 we have

e
1- 1|

e ?gnlzl“ (1-I2|) log = Hy (%0,0), (2.9)
zZ|<
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where x, is given in Lemma 2.1. By Lemma 2.1 we have

lim Y B — _ T Hiy (Y n—m) log(n + 1)
n—oo |Z"leg o log(n+1)  lI2%lles
Hm,n(rm,n—m) . log(n + 1) (m + 1)m+1
=11 m = .
nooo logn+1) new |12 25 e
This gives (2.8). The proof is complete. d

Lemma 2.3 [3] For m € N. Then f € LB if and only if

sup(1 - |z])" [f"(2)| log I < 0.

zeD -zl

Moreover,

m—1
- e
fles =Y 0] + sup(1—[2])"|f" ()] log .-
j=0
3 The boundedness of C,D™ on LB
In this section, we will state the boundedness criterion for the operator C,D" on LB.

Since the boundedness of C,D" on LB gives ¢ € LB, we may always assume that ¢ € LB.
The main result of this section is stated as follows.

Theorem 3.1 Let m € N and ¢ be an analytic self-map of D such that ¢ € LB. Then C,D™
is bounded on LB if and only if

ICe D™ (2") |l 8

(3.1)
neN Izl c5

Proof =) Assume that C,D" is bounded on LB, that is, ||C,D"| z5- 5 < 00. Since the

sequence {z"/||z"|| 2B} is bounded in the logarithmic Bloch space LB, we have

ICo D™ (z") |l 28
12"l c8

Z}’l

718 . <|c,p" “ﬁB»LB <00

= (e e

for any n € N, from which the implication follows.

<) We now assume that the condition (3.1) holds. On the one hand, for the case
sup,cp l¢(2)| < 1, there is an r € (0,1) such that |¢(z)| < r. By (3.1), for any given f € LB,
we have

160 = sup(a - g 1" o10) 0 9)|

[F D (0(2)|(1 - o (2) )™ log D@
<supllelcs m |og €
2D 1= le@I)" log o,

< sup II(PIILZHIfllaz
zed (1=7)"*11In 1

The last estimate shows that the operator C, is bounded on L.
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On the other hand, for the case sup,p, |¢(2)| = 1. Let N be the smallest positive integer
such that Dy is not empty, where

D, = {ZGD:Vm,n_m < |(ﬂ(Z)| = rm,n}

and r,,, is given in Lemma 2.2. Note that H,,,(|¢(z)|) > 0, when z € D,,, n > N, by (2.8) we
obtain

oo inf Hyu(lg(2)])

= > 0.
2Dn 12" 2B

For any given f € L3, by Lemma 2.3 we have

e
1-z|

|CoD"f | 15 = Sug(l — |z]) log [F" D (p(2)) ¢’ (2)|

= sup sup (1 - |z|) log I_lel [F D (p(2))¢' 2)|

n>N zeD,
e 12"lcs Hun(l@(@)])
= sup sup (1 - |z]) log 1 ((2))¢'(2) ’
nzNze]D)n( ) 1-|z| o) ’Hm,n(|§0(z)|) "l cB
1 n-m-1
=< I/ llzs sup sup " (1-1zl) log _° |g0/(z)|7|¢(z)|
€  u=Nzeb, m—m—1)! 1-1z| 2"l c5
11 n
- Ifllcs “w 1C,D™ (2 )||LB'
€ =N 12"l cB
The proof is complete. O

4 The essential norm of C,D™ on LB
Denote K,f(z) = f(rz) for r € (0,1). Then K, is a compact operator on the space LB5. It is
easy to see that ||K;|| < 1. We denote by I the identity operator.

In order to give the lower and upper estimate for the essential norm of C,D" on LB, we
need the following result.

Lemma 4.1 There is a sequence {ry}, with 0 < ri < 1 tending to 1, such that the compact

operator

1 n
Ly=—-) Ky
n k=1

on LB satisfies:
(i) foranyt e (0,1), lim,_, o SUD| £y ;5 <t SUP |z <t (I -L,)f)(2)] =0,
(iia) limy— oo SUD 71l £ 3<1 SUP|z|<1 (I -L,)f(2)] <1,
(iib) lim,_ SUP| £ - g <1 SUP /s (I -Ly)f(2)| =0, forany s € (0,1),
(iif) limsup,_, o III — Lyl < 1.

Proof (i) follows from (iib) by Cauchy’s formula. The proof of (iii) is similar to the proof
of Proposition 8 in [25]. Hence we omit it. Next we prove (iia) and (iib). The argument is
much like that given in the proof of Proposition 2.1 of [25] or Lemmas 1 and 2 in [22]. For
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any given z€ D and r¢, k=1,2,3,..., there exists an s; € (74, 1) such that

If @) - £, @) = 2" (sx2) (2 = rx2).

For any f € LB with ||f||z5 <1, we have

|- L) (2)]

IA

@ -£6] <5 Yl @A
k=1 k=1

n

~n (L= Irezl)log i — n 4= o

k=1 1-|rgz|

Thus

limsup sup sup|(/ - L,)f(z)| <1.

=00 ||flcp=llzl<l

This shows that (iia) holds.
If |z] <s, by the equality (4.1), we have

n

1 1-r
|- L) (2)| < ;Z(l—ke

k=1

n
<lzl—’k=l 1
T ni 1-s) =n k2 ~ 6n

The above estimate gives (iib). The proof is complete.

Page 7 of 12

any 0 < s < 1, we choose an increasing sequence ry tending to 1 such that ry > 1 - % For

(4.1)

O

The following lemma can be proved in a standard ways; see, for example Proposition 3.11

in [11].

Lemma 4.2 Let m € N and ¢ be an analytic self-map of D. Then C,D™ is compact on LB
if and only if C,D™ is bounded on LB and for any bounded sequence {f,} in LB which

converges to zero uniformly on compact subsets of D, then |C,D"f, |l .5 — 0 as n — oo.

Theorem 4.3 Let m € N and ¢ be an analytic self-map of D. Suppose that C,D™ is

bounded on L. Then the estimate for the essential norm of C,D"™ on LB is

1C, D" (2"l 25

C.D"™ LB—LB
” ¢ ”e ”Zn”EB

~ lim sup
n— 00

(4.2)

Proof We first give the lower estimate for the essential norm. Without loss of generality,

we assume that # > m + 1. Choose the sequence of function f,(z) = z"/||z"|| £, » € N. Then

IIfxllzs =1, and {f,,} converges to zero weakly on LB as n — co. Thus we have

lim [|Kfyll 55 = 0
n—00
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for any given compact operator K on LB. The basic inequality gives

||C¢Dm_](”LBez:B > (CoD" = K)ol s = | CoD" ] s — 1Kl -
Thus we obtain
|| C(po _ I(” LB—LB > lim sup H C(pofn || B > lim Sup|| Cprmfn || -
n— 00 =00
So we have
[C, D" [Z575 < inf| €, D" K| = limsup 1<e2 Elles.
e K v P P

Now we give the upper estimate for the essential norm. For the case of sup,p, |¢(z)| < 1,
there is a number § € (0,1) such that sup,.p [¢(2)| < 8. In this case, the operator C,D" is
compact on LB. In fact, choose a bounded sequence {f, },,cn in L5 which converges to zero

(m+1)

uniformly on compact subset of D. From Cauchy’s integral formula, {f,” '} converges to

zero on compact subsets of D as n — oo. It follows that

lim [|C,D"fa | 25 = )EI;O(W)(WO))l +|c.p” ”Hlog)

n—00

lim sup( |z]) log | | [£ (0(2)) @' (2)|

n—00 zeD

. ( 1
lelles lim igﬂglﬁqm* (¢()]

IA

= llglles lim sup [fD(w)| = 0
Jim_sup |f," 1 00)

Then the operator C,D" is compact on LB by Lemma 4.2. This gives

||£B~>£B

|C,.D™|, =0. (4.3)

On the other hand, by Lemma 2.1 and (2.9) we obtain

1
”Zn ”,CB = HO,n(xO,n) > HO,n(VO,n) > 5 log(en),
which implies that
i 1C, D" (")l 2B
imsup ———————
n—>00 lz"lcB
<elimsupsup(1 - |z|) log n—'| (Z)’m%l‘(p/(z)’
n—oo zeD |Z| (I’l m— 1)

<elglics lim 18" = 0.

Combining the last inequality with (4.3), we get the desired result.
Next, we assume that sup, ., |¢(2)| = 1. Let L,, be the sequence of operators given in
Lemma 4.1. Since L, is compact on LB and C,D” is bounded on LB, then C,D"'L, is also

Page 8 of 12
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compact on L£B. Hence

|c,0" ||fB_>£B <limsup||C,D" = CuD"Ly| 15 115

n—0o0

= limsup| C,D"(I - Ln)Hug_,,cg
n—0o0

= limsup sup |C,D"(I-L,)f| B
n—00 |flzp=<1

= limsup sup | ((I—Ln)f)(m 09| .p
n—o0 ||f|lzg=<1l

<hL+h,

where

I =limsup sup |(U —Ln)f)(m) (9(0))]

n—>o0 |lflicp=1

and

L =limsup sup sup|((1—Lny)(m+l)(¢(z))¢/(z)|(l—|z|)log °_
n>00 |fll L=<l zeD 1-1z|

It follows from Lemma 4.1(iib) and Cauchy’s integral formula that [; = 0.
For each positive integer n > m + 1, we define

D, = {z eED:rypm < |go(z)| < rm,n},

where r,,, is given in Lemma 2.1. Let k be the smallest positive integer such that Dy # 0.

Since sup,p, |¢(2)| = 1, D, is not empty for every integer n > k and D = | J7, D, we have

sup sup|((7 = L))" (0(2) ¢/ (2)] (1 - I2l) log —— = Iy + Ins,
Ifl cp <1 z€D 1- |z
where
L= sup sup sup|((]—L,,)f)(m+1) (¢(Z))¢/(Z)|(1 - |Z|) log °
Ifl 25 <1 k<i<N-1zeD; 1-z|
and
Iy= sup supsup|(U —L,,)f)(m“) (0(2))¢'(2)| (1 - Iz]) log ¢
Ifll o<1 N<i zeD; 1-z|

Here N is a positive integer determined as follows.
By (2.8),
i I'll 25 e”
im = .
i—00 Hm,i(rm,i—m) (Wl + 1)m+1

Hence, for any given ¢ > 0, there exists an N such that

I2'll c e

+ &
Hm,i(rm,i—m) = (m+ 1)l

Page 9 of 12
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when i > N. For such N it follows that

e

Ly = sup supsup|(U —Ln)f)(mm (¢(2))¢'(2)|(1 - |2]) log
Ifll c5 <1 N<i zeD; 1- 2]

= sup supsup|(( —Ln)f)("’”) (0(2)¢'2)|
Ifll e <1 N<izeD;

e Huillp@D) 11715
1-lzl Nzl Huille@))

= ((L + 8) sup ||(1—Ln)f||£B ]S\[lgz:;lﬂg|¢/(Z)|

1
m+1)m e

e il lp(z)| =1
-(1-|z]) 1o -
(= e log T o 5 i

1 o i
< ((67 +e)|l1—Ln|| Supm.

- (1-z]) log

m + 1)m+1 N<i Izl z
Thus
e” C,D" (7
limsup I, < <71 + 8) sup M. (4.4)
n—00 (WI + 1)m+ N<i Izl c5

By (ii) of Lemma 4.1 and Cauchy’s integral formula, we have

lim sup I;
n— 00
. (m+1) e
=limsup sup sup sup‘ ((1 —Ln)f) i ((p(z)) ’ |(p’(z)|(1 - |z|) log
100 |[fll c5<lk<i<N-1zeD; 1-1z]
. (m+1)
<l¢leslimsup sup  sup (I -La)f)"" (p(2)]
n=>00 |fll cB=11¢p(2)|<rm,N-1
=0,
which together with (4.4) implies that
m C. D" Zi
I < <641 + 8) sup M. (4.5)
(m +1)m* N<i  NZlcs
From (4.5) we obtain
- m C.D" i
”Cme”LB £B§11+12§ € e ) sup ” @ ’(Z)”l:B.
¢ (m + 1)+t n<i  Zlcs
By the arbitrariness of ¢, we get
N V0 ) C.D"(Z"
||C¢Dm ||£B LB < e ” % (Z )HL:B
¢ (m+1)ym Izl c5
The proof is complete. O

From Theorem 4.3, we obtain the following result.
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Corollary 4.4 Let m € N and ¢ be an analytic self-map of D such that C,D™ is bounded
on LB. Then C,D" is compact on LB if and only if

. 1C, D" (2")|l c5
limsup ———— == =
n—00 lz"ll c5

Especially, when m = 0, from the proof of Theorem 4.3, we get the exact formula for

essential norm of composition operator on L.

Corollary 4.5 Let ¢ be an analytic self-map of D. Suppose that C,, is bounded on LB; then

= limsup

IC, || ~B~£B lle"lles
e nsoo  2"llcB
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