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ABSTRACT: We consider an O(N) scalar field model with quartic interaction in d-dimen-
sional Euclidean de Sitter space. In order to avoid the problems of the standard perturba-
tive calculations for light and massless fields, we generalize to the O(NN) theory a systematic
method introduced previously for a single field, which treats the zero modes exactly and the
nonzero modes perturbatively. We compute the two-point functions taking into account
not only the leading infrared contribution, coming from the self-interaction of the zero
modes, but also corrections due to the interaction of the ultraviolet modes. For the model
defined in the corresponding Lorentzian de Sitter spacetime, we obtain the two-point func-
tions by analytical continuation. We point out that a partial resummation of the leading
secular terms (which necessarily involves nonzero modes) is required to obtain a decay at
large distances for massless fields. We implement this resummation along with a systematic
double expansion in an effective coupling constant v/ and in 1 /N. We explicitly perform
the calculation up to the next-to-next-to-leading order in v/A and up to next-to-leading
order in 1/N. The results reduce to those known in the leading infrared approximation.
We also show that they coincide with the ones obtained directly in Lorentzian de Sitter
spacetime in the large N limit, provided the same renormalization scheme is used.
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1 Introduction

The study of interacting quantum fields in de Sitter geometry is of interest for a variety of

reasons. In inflationary models, interactions could lead to non-Gaussianities in the cosmic

microwave background. Quantum effects could also contribute to the dark energy, and

explain, at least partially, the present acceleration of the universe. From a conceptual point



of view, being maximally symmetric, de Sitter geometry allows for a number of explicit
analytic calculations that illustrate the role of the curved background on the dynamics of
the quantum field, and also the backreaction of the quantum fields on the geometry.

Although at first sight quantum field theory (QFT) in de Sitter geometry should be
simpler than on other cosmological backgrounds, the exponential expansion of the metric
produces an effective growth in the couplings. Indeed, when considering a A¢?* theory, a
diagram with L loops will be proportional to (AH?/m?)’, where m is the mass of the
quantum field and H the Hubble constant [1]. Therefore, the usual perturbative calcula-
tions break down for light (m? < H?) quantum fields. In the massless limit, minimally
coupled scalar fields do not admit a de Sitter invariant vacuum state due to infrared (IR)
divergences, and the two-point functions do not respect the symmetries of the classical
theory [2, 3].

There have been several attempts to cure the IR problem, all of them introducing some
sort of nonperturbative approach. The well known stochastic approach [4, 5] assumes that
the long distance fluctuations of the quantum field behave as a random classical field, that
satisfies a Langevin equation. From the corresponding Fokker-Planck equation one can ob-
tain finite and de Sitter invariant correlation functions even for minimally coupled massless
fields and fields with negative mass-squared, provided there are interaction terms that sta-
bilize the potential. The formalism has proven very useful in understanding the IR effects
and, in particular, the spontaneous symmetry breaking phenomena (see for instance [4—
6]). However, it does not provide a systematic way of accounting for the interactions of
the short distance fluctuations, which are generically neglected, nor a justification for the
classical treatment of the field beyond the leading IR approximation.

In the context of QFT in Lorentzian de Sitter spacetime, many of the nonperturbative
approaches are based in mean field (Hartree) [7-9] or large N approximations [10-13],
which in turn can be formulated through the 2PI effective action (2PIEA) [14]. Other
approaches consider the analysis of the Schwinger-Dyson equations (or their nonequilibrium
counterpart, the Kadanoff-Baym equations), combined with a separation of long and short
wavelengths using a physical momentum decomposition [15, 16]. There are also calculations
based on the dynamical renormalization group, and on the exact renormalization group
equation for the effective potential [17, 18]. In relation to the development of a method
for computing correlation functions in a systematically improvable way, the difficulties one
finds with these approaches are mainly of technical nature.

An alternative and simpler approach emerges for quantum fields in Euclidean de Sitter
space. As this is a compact space (a sphere of radius H 1) the modes of a quantum field are
discrete, and the origin of the IR problems can be traced back to the zero mode [19]. This
important observation suggests itself the solution: the zero mode should be treated exactly
while the nonzero modes (UV modes in what follows) could be treated perturbatively.
Using this idea, it has been shown that in the massless A¢? theory the interaction turns on
a dynamical squared mass for the field, that in the leading IR limit is proportional to v AH?2.
Indeed, in the Euclidean space, this mass cures the IR problems. Moreover, a systematic
perturbative procedure for calculating the n-point functions has been delineated in ref. [20],
where it was shown that, for massless fields, the effective coupling is v/A instead of A. It



has been pointed out that this procedure together with an analytical continuation could be
used to cure some IR problems also in the Lorentzian de Sitter spacetime, and in particular
to obtain n-point functions that respect the de Sitter symmetries. However, so far explicit
calculations have been restricted to obtaining corrections to the variance of the zero mode,
which has no analog quantity in the Lorentzian de Sitter spacetime. In particular, an
explicit calculation of the inhomogeneous two-point functions of the scalar field that can
lead to two-point functions respecting the de Sitter symmetries after analytical continuation
is still lacking. To perform that explicit calculation is one of the main goals of this paper.

The relation between the different approaches (Lorentzian, Euclidean, stochastic), has
been the subject of several works. For example, recently, it has been shown that the
stochastic and the in-in Lorentzian calculations are equivalent at the level of Feynman
rules for massive fields, when computing equal-time correlation functions in the leading IR
approximation [21], in agreement with previous arguments [22]. The evaluation of the field
variance in the large N limit gives the same result in the three approaches, up to next to
leading order (NLO) in 1/N, in the IR limit [15, 16]. The connection between the Feynman
diagrams for computing correlation functions in the in-in formalism and the analytically
continued ones obtained in the Euclidean space has been described in detail in [23, 24] for
massive fields. Similar arguments have been used in [25] to generalize the connection to
the massless case when the zero mode is treated nonperturbatively as proposed in [19].
In the latter case, the inhomogeneous IR behavior of the the correlation functions is still
unclear (they could grow at large distances [25]), and to understand this it is necessary to
go beyond the leading IR approximation. It is worth to highlight that beyond the leading
IR approximation a comparison of the results obtained by different approaches necessary
requires the use of equivalent regularization methods and renormalization schemes.

In this paper we will pursue the approach of ref. [20], providing a generalization to the
case of O(N) scalar field theory, and including a discussion of the renormalization process.
We will present a detailed calculation of the corrections to the two-point functions up to
second order in the parameter vX. As we will see, the zero mode part of the two-point
functions, that also receives UV corrections, determines the quadratic part of the effective
potential. Being positive for all values of d and N, it implies that spontaneous symmetry
breaking does not occur in the O(N) models for A < 1. We will check that, in the leading
large N limit, the Euclidean results are fully consistent with the Lorentzian ones, even
beyond the leading IR approximation. We will also show that the corrections of order
1/N of our result coincide in the leading IR approximation with the ones of refs. [15, 16],
which are the most precise results known so far for this model and were obtained working
in the leading IR approximation and directly in the framework of the QFT in Lorentzian
spacetime. Our results improve on those by including systematically the corrections coming
from the interactions of both IR and UV sectors.

The paper is organized as follows. In section 2 we present our model and describe
the systematic perturbative calculation of ref. [20]. We compute the homogeneous part
of the two-point functions, related to the quadratic part of the effective potential, in the
leading IR approximation (i.e. neglecting the contributions coming from the UV modes). In
section 3 we evaluate the full two-point functions of the theory, up to corrections of second



order from the interaction with the UV modes, including the counterterms needed for
renormalization. We find out that, although this framework deals with the IR divergences
by giving a dynamical mass to the zero modes, the behavior of the two-point functions
at large distances still has IR problems for massless fields. In section 4 we analyze in
detail the massless case. We perform a large N expansion of the results of section 3 and
compare the Euclidean and Lorentzian results. Section 5 is concerned with an extension of
the nonperturbative treatment to perform a resummation of the leading IR secular terms,
in order to recover the proper decay of the two-point functions at large distances. This
resummation is combined with a systematic expansion both in vA and 1 /N. Finally, in
section 6 we describe the main conclusions of our work. Several appendices contain some
details of the calculations.

2 Euclidean de Sitter space

In this section we describe the methods of QFT in the Euclidean de Sitter space developed
in [19] and [20] and generalize them for the case of a O(N)-symmetric model with Euclidean
action

S = [ | on (-OHm) dut Gy @nnl] 2.)

where [1 = %QL (\/gg’“’ 61,), ¢q denotes the components of an element of the adjoint
representation of the O(N) group, with a = 1,..., N, and the sum over repeated indices
is implied. Also, a possible nonminimal coupling with the curvature £ is included in the
mass parameter m? = m? + d(d — 1)H?2. In d dimensions the field coupling constant has
units of H4~¢, thus can be expressed as A\ = u*~%)\4, with A4 a dimensionless constant and
1 a scale with mass dimensions.

Fuclidean de Sitter space is obtained from Lorentzian de Sitter space in global coordi-
nates by performing an analytical continuation ¢ — —i(7 — 7/2H) and a compactification
in imaginary time 7 = 7 +27H . The resulting metric is that of a d-sphere of radius H !

ds® = H™? [d0® + sin(0)%dQ?] (2.2)

where 8 = H7. Due to the symmetries and compactness of this space, the field can be
expanded in d-dimensional spherical harmonics

(ba(x) - ZQSE,GYE(%)’ (23)
L

and then the free scalar propagator of mass m is, in the symmetric phase,
Yz (2)YZ(2)
(L+d—1)+m?

G (,a') = 0 GO (@) = S HE Y~ (2.4)
L

where the superscript indicates the mass. The L = ( contribution Gém) = \Y6|2H 4/m? is
clearly responsible for the infrared divergence in the correlation functions of the scalar field
for m? — 0. We split ¢o(x) = doa + ¢o(z) in order to treat the constant zero modes ¢o,



separately from the inhomogeneous parts (ﬁa(x) This prompts to separate the propagator
as well,

G (z,2') = G + G (2, 2), (2.5)

where now G(™ has the property of being finite in the infrared (m? — 0).
The interaction part of the action takes the following form:

AV, ~ -
Sint = 87]\?|¢0‘4 + Sint [¢0a7 Qba]' (26)

Here |¢o|? = ¢oado, and Vy is the total volume of Euclidean de Sitter space in d-dimensions,
which thanks to the compactification is finite and equal to the hypersurface area of a d-

sphere i 1
I _ o arz _
Vd—/dx\/ﬁ—r‘(d;rl)Hd—D%PHd, (2.7)

where I' is Euler’s Gamma function. The explicit form of S'mt will be written below.
In order to compute the quantum correlation functions of the theory we define the
generating functional in the presence of sources Jy, and ja,

Z[Jo, J] = N / dN o / D eSS (Joaboa+Jada)

= exp <_Sint [5(30, (;ZD ZolJo| Zg[J], (2.8)
where we introduced the shorthand notation [ = [ ddx\/gj. Also, in the second line Zy[Jo]
is defined as the generating functional of the theory with the zero modes alone. This part
gives the leading infrared contribution and can be exactly computed in several interesting
cases following ref. [19]. Note that, as the zero modes are constant on the sphere, their
kinetic terms vanish, and Zy[.Jp] involves only ordinary integrals.

The effective potential gives valuable information about how the quantum fluctuations
around a background field ¢ influence its behavior. We are interested in particular in the
generation of a dynamical mass due to quantum effects. Up to quadratic order it can be
shown that (see appendix A),

- 1 N - _
74 = Vo + =———|do|> + O(|go|*). 2.9
(o) 0+ 3 Valgd) [¢0|” + O(|¢o|”) (2.9)
This is an exact property of the Euclidean theory valid for all N and A, which shows that

the dynamical mass is related to the inverse of the variance of the zero modes as

N
m2 —
dyn — Vd<¢g> . (210)

At the leading infrared order the interaction between the infrared and ultraviolet modes
in eq. (2.8) can be neglected, and

2 N o —Va| 2ot 63
5 Zo[Jo] _ fd ¢0 gboe 8N 2

(90)0 = dars T 5 el
@ Jo=0 degf)()e ¢[8BNToT 27 %0

(2.11)



For a vanishing tree level mass m = 0, the integrals on the right-hand side can be computed
exactly leading to a dynamical mass,

s _ [NALT [%]
mdyn,O - 2Vd 2 T [ 2] (212)

For N = 1, we recover the result of [19], which is also the one from the stochastic ap-

proach [4, 5],
v 1
m2 _ VAMHPT ] (2.13)
dyn,0 ST T [&] ;
N=1 4

where we evaluated in d = 4, Vy = 87%/3H*.
In the following section, we will compute the two-point functions of the full scalar field
including up to the second perturbative correction coming from the UV modes.

3 Corrections from the UV modes to the two-point functions

Corrections to the leading order result come from expanding the exponential with S’im in
eq. (2.8). The explicit expression for the interaction part of the action that involves the
UV modes is

~ A d
Slnt_&]\f/da:\/g

where Agpeq is the totally symmetric 4-rank tensor

2 A abedD0aPobPedd + 40ab0caPoaPbdedd + SabdeaPadvdeda|,  (3.1)

Agped = dap0cd + 0acObd + daddpe- (3.2)

The terms linear in qg that would appear when splitting both the mass and the interaction
terms vanish, since [ ddx\/ﬁYE(x) =0 for L > 0.

As a guiding principle for computing the perturbative corrections in this section, we
recall that for a massless minimally coupled field, <qb(2)p Yo ~ A7P/2 (see eqs. (2.10) and (2.12),
and eq. (4.1) below), and therefore we will have a perturbative expansion in powers of v/
(in contrast, the correlation functions of the zero modes start at A\° when m # 0, and
therefore the order at which each perturbative term contributes changes with respect to
the massless case). With this in mind, here we will keep terms that will be at most of order
A when m = 0.

The first correction to the generating functional comes from expanding the exponential
linearly and keeping the first term of eq. (3.1). Following the standard procedure, the
generating functional at NLO reads

. )\ §2Zo|Jo] / 0°Zs1J]
o » 3.3
[Jo, J] = Zo|Jo) ] = bd5J0a5J0b féJ )0 Jg(x) 33

The next to NLO (NNLO) correction has two contributions. The first one is given
by the square of the interaction term considered before, as it comes from expanding the



exponential up to quadratic order. The second one is the last term in eq. (3.1) at linear
order. These NNLO contributions to the generating functional are given by

+

1 A2 64 Zo[Jo] y y 547 [J]
= AupedAe d A’ /g — , (34
2 16N2" fgh(sJOadJOdeOeaJOf/ x\/ﬁ/ x\/;éjfdgh(m,m,m’,m’) 34

and

A 8121
—ZJ(SadC/dd:U ) :
SN 0[Jo]dabdca \/géJjbcd(m,x,x,x)

respectively. Here, and in what follows, we use the notation

(3.5)

O8I o (@1, 2p) = 00y (1) ... 6Tay (24)

as a shorthand in the functional derivatives.
We split the two-point functions of the total fields ¢, into UV and IR parts

<¢a($)¢b(x,)> = <¢Oa¢0b> + <$a($)§5b(x/)> ) (3'6)

where the cross-terms vanish by orthogonality. In what follows we compute each part
separately.
3.1 UV part of the two-point functions

Starting with the UV part, we calculate the two point functions of qga by taking two
functional derivatives of Z[Jy, J] with respect to J,(z),

a1 8270, ]
(ba(x)ep(2")) = Z[0,0] .7, ()8 Jp(2")

(3.7)

Jo,J=0

where the factor Z[0,0]~! takes care of the normalization of the interacting theory:

Z[0,0]7" =1+ ﬁ(N +2)(88)oVal G™] + %(N +2) V(GO

A2 2/ N2T 21 A(m)2
+W(N+2) (B3)3VEIG™]
X ¢0)o

32N?2

(N +2)2V2[G™)2 + 2(N +8) / / @(m)(x,x')Ql . (3.8)

Here [é(m)] denotes the coincidence limit of the free UV propagator with mass m, which is
independent of x by de Sitter invariance, and we used Agpeqdeq = (N +2)dqp. Furthermore,
to arrive at this expression we have used egs. (B.1) and (B.2) to write the derivatives of
Z f[j | in terms of free propagators, relying on the fact that it is a free generating functional.
On the other hand, for the derivatives of Zy[.Jy], we have

8°Zo|Jo] (#5)0
<7 <7 = a = 0q4 ) .
0 JoqdJop o0 (Poadob)o "N (3.9)
54 Zo[Jo] (¢8)0
= Agpog— 2000 3.10
6J0a0 Jop0 Joe0 Jod Jo=0 b dN(N + 2) ( )



with (Poapop)o the exact two-point functions of the zero modes in the absence of the UV
modes. By exact we mean that we include the self-interaction nonperturbatively. For
convenience, in the last equality of eq. (3.9) we expressed the result in terms of its trace
with respect to the internal O(N) indices. In general, any of the traced exact n-point
functions of zero modes at leading order can be expressed in terms of ordinary integrals.
For even n = 2p we have

f dN¢0 <Z5gp€_Vd [8%¢3+m72¢%]

(@670 = (3.11)

[ dV o, o Valan o+ 43

while they vanish for odd n.
To evaluate the second derivative of Z [Jo,j], we can set Jy = 0 in eq. (3.7) and

compute
62700,J 6274 64 Z[J
#A]/ — —f[]/ _ 2 N—I—Q ¢0 / — f
0Ja(x)0p(2')|;_,  0Ja(@)d(a")|;_, 0 a2, zz) 5o
2/ 44 562
12 <¢0§0 [(N+4)5cd56f+4 cdef ]// 17
32N N +2 zéjbcdefxx,yyzz) 0
587 J
cd ef/ f (312)
(5Jabcdef x,x\2,2,2,2) o

Once again we make use of egs. (B.1), (B.2) and similar expressions in egs. (B.3) and (B.4)
to replace the derivatives of Z f[j] in eq. (3.12). Then we multiply by the normalization
factor in eq. (3.8). The result is:

AN +2) A

oz (980 = 5 (N +2)[GM]

<§£a($)¢§b(l',)> = 5ab{é’(m)($7x,) +

2

(N +2)°V4[G"™] ((65)0 — (60)5)

/@(m) (z,2)G™) (2, 2")

8N3
A2 A (m) A (m) A(m) (o
iV 8t | a6 (ws)}. (313)

Eq. (3.13) needs the inclusion of counterterms to renormalize the divergences present
in [G(m)]. The details of this process are given in the appendix C. Splitting

A~

[GT™] =[G4y + [G™]ren, (3.14)

it can be seen that eq. (3.13) can be made finite by a mass counterterm of the form

A N
om® =~ (N +2)[6™ai. (3.15)

The expression for the UV part of the propagator can be simplified considerably using
that the integrals of free UV propagators in Euclidean space in eq. (3.13) can be expressed



in terms of derivatives of a single propagator with respect to its mass. This is shown in
the appendix D:

(m (m OG™ (z,a)
/ZG( Nz, 2)G™ (z,2)) = oz (3.16)
. . A 192G (z, 2')
(m) (m) (m) N=z2— 777
//y}z G (z,y)G\" (y,2)G\" (2, 2") > am2E (3.17)

and thus eq. (3.13) reads, after renormalization,

AN +2) A

@awﬁw»z%b{@m@wﬂ+ Tonr (@8 oy (N + DG

, ) (m) x,x'
_S%(N +2)2Va[ G sen ({6600 — <¢%>%)] W
9 2 (m) x, x
8?\[3 (N n 8)<(J50> W} (318)

Naively, this result looks like a Taylor expansion of a free UV propagator with respect to
the mass squared, around the mass parameter m?. However, as we will see later, while this
is indeed the case in the large-N limit, it does not hold anymore when the 1/N corrections
are included.

3.2 IR part of the two-point functions

We now calculate the IR part of the two-point functions by taking two derivatives of the
generating functional Z[Jp, J | with respect to Jp,

1 82Z[Jy, J]
Z[0,0] 6.JoadJop

(Poadob) = (3.19)

Jo,jZO

It is useful to first set J = 0 and take the derivatives afterwards:

62Z[Jo, J] w0 A ()12 A 4 ()
Tl S e [1 - SOV VUG - Y+ 20Vl
Jo,J=0
o 080 | (V 4+ VOO 12 ) [ 6w,y
(3.20)
where we made use of egs. (3.9) and (3.10), and that
0°Zo[Jo] (@620
. 21
Oedes 5 5 T ocd Joad Jocd oy . dab ™y (8:21)




In the last term of eq. (3.20) we can make the replacement [ , G (z,2")? = —9[G™)]/Om?
by virtue of eq. (3.16). This shows that this expression has, besides [G(m ], another diver-
gent quantity (9[@(’“)]/ Om?. We split the latter as before

a[@(m)] B 3[@(m)} a[é(m)]
om? om? N + om? . ’ (3.22)

and following the details of the appendix C we obtain the renormalized expression. The

renormalization involves a new counterterm to compensate for this divergence, namely

A2 [Gm)]
0N =~ 75 (N +8) ( e (3.23)

Finally, we can write down the renormalized two-point functions for the zero modes

_ (B | A 22 4 %,(m)
(Poa®ob) = Oap N T aIN? (N +2) [(66)5 — (#0)0] ValG'"™]ren

)\2

s (V +2) [(@8)0 — 3(63)0(0)0 + 2(63)3] V(G ren

2 2(m)
o (V4 8) [(68)0 — {R)otstlo] Va (afw ])ﬁ }

(Sab
The last equality follows after interpreting the corrections as a modification to the mass
mﬁyn(IR) of the zero modes which, as mentioned before, determines the curvature of the
effective potential.
Egs. (3.18) and (3.24) are the main results of this section. They contain the main
corrections to the renormalized UV and IR propagators, for any values of d and N.

4 Massless fields

A case of great interest is when the fields are massless at tree level, m = 0, as it is in
this case in which the perturbative treatment becomes ill-defined. The nonperturbative
treatment of the zero modes ensures that these modes acquire a dynamical mass, avoiding
the IR divergence associated to the free two-point functions in the massless limit. This
can be verified by checking that eq. (3.24) remains finite in this limit. Indeed, the n-point
functions of the zero modes can be exactly computed to be

) N—142p _Ya* 4 2 |NA2p
(i) = I dondy T SE oy (N)QF[ = (w1)
1% ) .

S dpo g1 &= Hh 98 Var) T [§]

which exhibit no IR divergences. This equation shows a scaling of the form ¢g ~ A~1/4,

making the perturbative expansion of the UV modes to be in powers of v/\.

~10 -



It is worth to note that, when considering the two-point functions of the UV modes,
eq. (3.18), the free UV propagators that build up this expression will now become massless.
After performing the analytical continuation to the Lorentzian spacetime, this leads to an
IR enhanced behavior at large distances, i.e. secular growth (see appendix E). The reason
for this is that so far we have only given mass to the zero modes, while the UV modes
remain massless, as sketched diagramatically in appendix F. This situation can be dealt
with by improving the result eq. (3.18) by further resumming a given subset of diagrams
that give mass to the UV propagators appearing in that expression. We will focus on this
point in section 5.

4.1 The 1/N expansion

In Euclidean de Sitter space, after dealing with the zero modes, the calculations of the n-
point functions can be done by means of a perturbative expansion in powers of v/X. When
A is sufficiently small, being a compact space, this perturbative expansion is valid for any
set of points and for any value of N. So an expansion in 1/N is certainly unnecessary in
that case. However, we are ultimately interested in computing quantities in the Lorentzian
de Sitter spacetime. For this, as will become clear in the next section, a double expansion

A and 1/N turns out to be crucially convenient in order to obtain a tractable pertur-
bative expansion that remains valid at large distances. With this in mind, we perform an
expansion in 1/N of the results obtained in the previous section. In order to compare with
known results appearing in the literature, it is sufficient to remain at NLO in 1/N. At the
same time, the known Lorentzian results that are nonperturbative in the coupling constant
will have to be expanded in powers of v/A to bring them to the same precision.

The Euclidean results for the two-point functions at order A and order 1/N are obtained
by inserting eq. (4.1) into egs. (3.18) and (3.24), and then expanding in powers of 1/N.
We arrive at the following expressions:

) 5 g A 20m) (g, 2!
(Balw)n(a’)) = 5ab{c<°><x,x'> " ( v+ 516 >1ren> e, )
0

1 A A G (z, ")
el AN Pal(Y) T )
+ [(3 2Vd + 4 [G ]ren> amQ

L1 9PGM ()
22Vd 8(m2)2

0

0
]} 42
0
and
2 1 - 1 /Vgh o 1
_ [ 2 Liao 1 [Vadiaope
<¢Oa¢0b> 5&1){ Vd)\ 2[G ]ren+8 9 [G ]ren 2‘/&( om2 >Dﬁ

2 3. 9 [Vah 4 A [G(m
2 _ 21400 2 [ Ydr A2
VA 2[G ]r"‘“+8 2 & ]ren+ 2Vd< om? ) ﬁ]}

Qﬁzé(m) (z,2")
Vo  0(m?)?

1
2N
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for the UV and IR contributions, respectively. It is worth to stress that the leading contri-
bution in the limit N — oo of eq. (4.2) is compatible with a Taylor expansion of a massive
UV propagator, with an UV dynamical mass given by

[ A A
m(21yn<UV) = 27‘/:1 + Z[G(O)]rena (44)

up to order A. Furthermore, the IR dynamical mass mﬁyn(IR) read from eq. (4.3) also
coincides up to that order with mﬁyn(UV), and therefore the whole propagator can be
interpreted as a free de Sitter propagator with a dynamical mass mgyn. Beyond the LO
contribution in 1 /N, this is not true, since in eq. (4.2) the coefficient of the second derivative
is no longer half the square of that of the first derivative, and the two-point functions has

a more complicated structure.

4.2 Comparison with Lorentzian QFT: dynamical mass

There are several nonperturbative approaches in the Lorentzian QFT. Here we consider
the 2PIEA formulation, in which both the mean value of the field ¢(x) and the exact two-
point functions G(Mdyn) (z, 2') are treated as independent degrees of freedom. A detailed
description of this method is given elsewhere. In this framework it is possible to obtain the
exact result for the two-point functions in the large- N limit. For this, we follow [8, 9, 26]
and write down the exact equations of motion in the large-N limit,

—O+m?+ %&2 + ;[G“"dyn)]] ¢ =0, (4.5)

Aoy A O(x — )

_ 2 _ 2 _ (mdyn) (mdyn) / — g 7
LO+m +2<;5 +2[G G (x,2") =1 = (4.6)

In this limit, the equations become local. Eq. (4.6) corresponds to that of a free propagator
in de Sitter spacetime with mass m?iyn satisfying a self-consistent gap equation,

(A+6A)

(A+6A)
A

5 [Gmawm)]) (4.7)

mayn =m? 4+ om? + ¢7>2 +

where the counterterms have to be suitably chosen to cancel the divergences of the co-

incidence limit of the propagator in the right hand side. We expand [G(mdy“)] in powers

2

of Myn>

. 1 R aé(m)
(Gma)] = o 16O + i (gg) o (48)
0

where the dots stand for terms of order O(mﬁyn /H*) and can be neglected since we are
interested in the small mass case mﬁyn < H?. We take advantage of the fact that the
coincident propagator is exactly the same for both the Lorentzian and Euclidean theories.
Therefore we use the same notation as for our Euclidean calculations for the different parts
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in the expansion. The necessary counterterms are
~ A(m)
G(O) . 2 (3[G })
[P aww +m”  Zome 0,div
(m)) ’
1+ 3 (2
2\ om* Joqiv
A2 (3[é<m>})
2 Om?2 .
SN = — 0div (4.10)

3 (%),

When expanded at the leading order in A, these counterterms coincide with those used in

A
2 _ -
om” = 5

the Euclidean calculation, egs. (3.15) and (3.23), when the latter are expanded for small
masses and the large-N limit is taken. The renormalized gap equation is then, in the
symmetric phase ¢ = 0:

2 _ 2
mdyn_m +§

1 . A[G™)]
© LA (e L . 4.11
Vdmgyn + [G ]ren + mdyn ( Om2 . ( )

This is a quadratic algebraic equation for mﬁyn, whose positive and physically relevant

—b+ /b2 4+ Rq
2 la (4.12)

solution is

m =
dyn 2a ’

where we have defined

A [a1Gtm)
a=1- 3 ( G2 : (4.13)
0,fin
2 AA0)
b=m?+ E[G Jren- (4.14)

The dynamical mass is finite for m = 0, and exact in the large-N limit.
In order to draw a comparison with the Euclidean results, we expand the Lorentzian
expression up to order v/,

1 2 1. 1 [Vih - 1 [ x [0]G™)
Nt N A Pl (ON
Vgm} VaX 21O hren g\ 5716 en = 5 2Vy \ Om? - (419)
dyn 0,fin

)

The corresponding Euclidean calculation is given in eq. (4.3). We see that, at leading order
in 1/N, the dynamical masses computed in both approaches coincide.

When going beyond the leading order in 1/N, the previous approach is no longer
valid, since the propagator cannot be described as a free propagator with a dynamical
mass given by the gap equation, eq. (4.6), and the full Schwinger-Dyson equations must
be solved instead. The complete Lorentzian results that take into account the UV modes
and the renormalization process are technically involved and still unknown. However, in
refs. [15, 16] the authors were able to obtain results up to the NLO in the 1/N expansion
which are valid at the leading order in the IR. We refer the reader to their paper for
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the details. Basically, exploiting the de Sitter symmetries, the scalar fields are split into
two sectors: an IR one, formed by modes with physical momenta smaller than a critical
scale g < H, and the one containing the remaining modes. The interactions of the IR
modes are taken into account, but the ones of the remaining modes are neglected. In this
approximation, the authors have obtained a self-consistent solution of the Schwinger-Dyson
equations for the IR two-point functions that is valid at NLO in 1/N and at leading order
in the IR. In particular, the result for the dynamical mass can be written as [15, 16]:

1 2 1
= 11— — e 4.16
Vdmgyn Vd)\ ( 2N> * ’ ( )

where the dots stand for corrections that are higher order in either v/ or 1/N (which
cannot be unambiguously computed in the approximation considered, since they depend

on the arbitrary IR scale ug). Clearly, this result agrees with our eq. (4.3) at leading order

in v\

5 Resumming the leading IR secular terms to the two-point functions

In section 4 we discussed the case of massless fields and took notice that the calculated
two-point functions of the UV modes, given in eq. (3.18), would be expressed in terms of
massless UV propagators. The problem is then that the analytically continued correlation
function does not decay at large distances, as happens for massive fields. The reason for
this being that the UV modes remained massless in this framework.

In this section we will extend the nonperturbative treatment, with the aim of re-
summing the leading IR secular terms. In order to achieve this, we need to perform a
resummation of diagrams to give mass to the UV propagators present in eq. (3.18). As we
will see, it will be enough to resum only a subclass of diagrams: those coming from the
interaction term that is quadratic in both ¢g and dA),

[¢0, 4N/dd90\ff4abcd¢0a¢0b¢c¢d> (5.1)

which will be treated nonperturbatively, while still perturbing on the remaining terms.
We start by rewritting the generating functional eq. (2.8) by grouping this term with
the other terms quadratic in ¢, as part of the “free” generating functional of the UV modes,

ZJo, j] = ,/\/’eiéwint [%’%] /dN¢0 67[%|¢0|4+Vd‘]0a¢0a:|

< [ D6 exp (— / DaCit (B0) + / Jaéa)

=Ne ““[T éi] <Zf [J m } [det G )}1/2> Zo[Jo], (5.2)

m(6/8Jo)
where now the “free” UV propagator Gab(gbo) has a ¢g-dependent mass,
6Dz —a')

Gt (d0)(z,7") = [~O6ap + m2y(¢0)] N

(5.3)
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with mgb(gbo) = (A/2N)Agpeatoctoq and where Sint = Sint — Si(ft) has the remaining inter-
action terms that should be treated perturbatively. The normalization factor N ensures
that Z[0,0] = 1.

In order to compare with the results of the previous sections, it will be enough to keep
terms up to order A\. Therefore, it is necessary to include perturbatively only the first
correction coming from the term,

@Oigr— 2 o
Sing (0] = 8N/m|¢\ ; (5.4)
and so the generating functional reduces to

ZW 1o, J] = [1 -

A 54 AT R 1/2
2 suaber | —2— | (2; 7, m?] [det & ) ZolJol.
v Ocd f/ir(s*]éldef(x) < f[ m} [ et Gy } m(ﬁ) o[Jo]

(5.5)
Now we proceed to calculate the connected two-point functions of the UV modes,
R 1 82z2W[, J
Bal@aN® = i I L o] (5.6)
ZWI0,0] 6.J,(x)dJy(x") Jo.J=0

= (a(®)Pp(2")) ) + Ao ()P (),

which we split in two contributions, according to the interaction term that we are treating
perturbatively. Approximating Z() in eq. (5.6) by the first term of eq. (5.5) we obtain for
the first contribution

o w1172
<Gf1b>(a;,x’) [det Gﬁs)} ) Zo[Jo]
)
A A m(m Jo=0

. 1/2
[detd;"(‘s/‘”o))} Zo[Jo]

Jo=0

Here it is important to note that both square roots of the determinant of the propagator will
not cancel each other out due to the integral over ¢y. This is crucial to obtain the correct
result. In order to evaluate this formal expression, we must expand both the numerator
and the denominator in powers of m2,(5/5.Jy). We start with the numerator:

o . 0P (G (2,2 [det @(m)} 2 P
vy L “ " T2 Ao 0% Zo[ Jo]
=0 p! am%ljl Ce 8m12pjp el 2N toJoliota (5J0k15J011 N 5J0kp5J()lp Jo=0
0
(5.8)

The key point is that our resummation needs only include the (infinite) subset of contri-
butions that modify the UV propagator at separate points, while the determinant of Gab
has no IR problems and can be safely evaluated at m = 0. Therefore, in the above series
it is enough to consider only terms with as many derivatives acting on the determinant as
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needed for a given precision in A, since each time we increase the number of those deriva-
tives we pick up a factor of A (ﬁ% ~ v/\. In our case, we shall keep terms with zero and one
derivatives of the determinant.

If first we consider the subset of terms with no derivatives of the determinant, we have
a series for the connected UV propagator,

12201 PG (2, )
det GOy LT (00
[ ] = p! 8mi1jl ... 8mipjp

RSN
<H QJVAiajakala> (Bok, Doty - - - Pok, Poi,)o- (5.9)
0 \a=1

We see that each term of the series corresponds to a connected diagram with p insertions
of (A\/2N)Aijridojoor and two external legs, as shown in figure 1. The contractions of
the O(N) indices amount to an overall d,, and a factor depending both on N and p. To
calculate this factor, we recall that each A;;;; has 3 terms made of pairs of Kronecker
deltas, so for each p there will be 3P terms. Of these, one term will be proportional to

Sab{®3 0, (5.10)
while the other 3P — 1 terms will leave two powers of ¢y untraced,
_ 0
(BoaPob ¢§(” Dy = Wb<¢§p>oo (5.11)

Therefore, the series in eq. (5.9) becomes

] 1/2 abz 1 9PGU™) (z, ')

[det GV am2)p

rs

<2?v>p [1 + (SPN_D] (o3). (5.12)
0

This series can be resummed order by order in 1/N, as we will see in the next section.
Before doing this, let us first deal with the other subset of terms that we need to consider
up to order A', namely, those in which there is one derivative acting on the determinant,
. 1/2
oldetGi| |y
————| oAk (5.13)

p—1
A
(H QJVAiajakala> (Bok PorPok, oty -+ Pok,_1 Pot,_1)0-
0

a=1

— p! om?2 . ..om?

1171 ip—1Jp—1
In this case the UV propagators in the diagrams are not all connected among themselves,
but rather through their interaction with the zero modes. Indeed, these diagrams are
composed of a single bubble with one insertion of (A/2N)A;jrido;jéor (factorized in the
previous expression) times a connected part with p — 1 insertions, as depicted in figure 2.
The prefactor is simply proportional to dz;, while the series now contains only connected
diagrams, and the same argument as before applies. Therefore, relabeling the summation

G

(5.14)

index p =1+ 1, we obtain
A(m)11/2
a[detGT?} (N+2 Zlalcﬂm z,x')
om? dab
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%
< 0p>0 \
/7,/ W

W
[}
v — &4 2

1 2

= ¢

Figure 1. This diagram represents a particular term in the series of eq. (5.9) with p insertions
of (A\/2N)A;;ki¢0;¢0k. The solid lines stand for UV propagators G while the dashed lines repre-
sent ¢g’s. The solid blob indicates a nonperturbative correlation function of zero modes obtained
from Zo[Jo).

1 2--p—1

Figure 2. Similar to figure 1 but in this case representing a term in the series of eq. (5.13) instead.
The loop of UV modes comes from the derivative of the determinant, and it is disconnected from
the other solid lines (although it is connected through the interactions with the zero modes).

Next we consider the denominator of eq. (5.7). As we discussed, there is no need to
resum the determinant since it has no external legs. Therefore we can treat it perturbatively
in X\. To be consistent with what we did with the numerator, we should keep the first two
terms, that is, with zero and one derivatives acting on the determinant,

8 [det(;ﬁ?] vz
1 1 | ANV +2) N [ rr—
. 1/2 - 112 |t 0/0 o 11/2
[detaﬁ’;@(‘”‘%”] " ool . [detG,(g)} / 2N N[detc;&?} /
o=
+O(N). (5.15)

The combination in big parentheses can be easily computed (see appendix G) to give

9 [det G&?] vz
ur? _ Y40, (5.16)
N [deté 0)} 2 2 ’

where, although there is a massless propagator, there are no infrared problems since it is
evaluated at its coincidence limit. To deal with the UV divergence, the renormalization can
be carried out by introducing (at this order) the mass counterterm §m? given in eq. (3.15)
at m = 0, both in the action of the zero modes as well as for the UV modes. Then, when
performing the above mass expansions, the diagrams now can be constructed with both
lines with insertions of (A\/2N)A;jki¢0j¢Por and of (5m2(5ij. As we did with the derivatives
of the determinant, we need only keep a finite number of 5m25ij insertions, given that
dm? ~ X. In our case, we need only one, but in general we will need as many as derivatives
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of the determinant we have. At higher orders in A\ it is also necessary to include a JdA
counterterm.
Putting everything together, distributing, and keeping the terms up to the correspond-

(o) [+ e (5.17)

ing order in A, we arrive at

) . > py(m) .7
(Gal@)p(2) ) = 5ab{2;ag(m§)?’)

p=0 0
_A3(N+2)

AN

210G (2,2
XZﬁ d(m?2)!
=0

Vd [G(O) ] ren

0<2;\V>1[1+(3l];1)] [< 200y g2y ¢ 3%}}

Now we look at the remaining term coming form the perturbative correction,

N Alm ’ N 1/2
([G(m)]aG(a)m(;”’z) [det fo?)} / ) ( )ZO[JO]
)
A AN +2 "\ =
Aul@)u(a)) = b, L ED A N
[det Gme/ ‘”0”] Zo[Jo]

Jo=0
(5.18)

Once again, we must expand this in powers of the mass in order to evaluate the Jy-
derivatives acting on Zp[Jy] an resum order by order in 1/N. As before, the only part
we should be concerned with resumming is the first derivative of the UV propagator at
separate points, while the other factors are well behaved for m = 0. The renormalization
of the coincidence limit comes from the inclusion of the ém? counterterm.

In contrast with the previous calculation, we have no need to keep any terms with

derivatives of the determinant, since they would only contribute at higher orders in A.
AGM) (z,x')

Then, keeping only the contributions with derivatives over =— >~ we have
- - AN +2) -
Alda@)drle)) = b DD G0, (5.19)

2N
00 lap-|-1Gw(m)(x’xl)
= pl O(m2)rtl

JESgRE=p)

where once again the counting of the N-dependent factor relies on the fact that each term
in the series corresponds to a connected diagram.

5.1 1/N expansion at NLO

As we mentioned, the series above can be resummed order by order in 1/N, for which we
need to expand the summands of the various series. Up to order N~! we have

(o) [+ 5 e - (ﬁ) 12220 (L)),

(5.20)
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and

W (ﬁv) [1 + (?’N_l)} (0570 — (0o (687 )o] (5.21)

A\ 34+2x37+p(p—23)
. A +2 X 3"+ plp —
- (\/ 2Vd> b [H IN ] '

Using the first of these we can resum the first Taylor series of eq. (5.17):

A 1 OGM) (x, 2") 9?G™) (2
(m) / i 29 T\ ) 47 7 AP
@, o) Mayn.0 * on |~ om? tm d(m?)?
i . 1
1263 )(x,x/) — 26! )(%xl)] + O (NQ) ) (5.22)

Mdyn,0

2 _ A fhae
where Mgy = \/ 377 and the second series:

G (z,a") 46 dGW3™) (g 4/

mdyn,O

4 {8@(m)(aﬁ,x’)+ 1

1
+O<Am>} +O(N/?).
Mdyn,0

om? 2N om? Om?
(5.23)
Inserting these expressions into eq. (5.17) we get,
- - A A~ 9Gm) (z,2")
0) _ m 0 9
(Ba(@)dp(")) " = Gap { G (,2") = G Ohen——5 5 (5.24)
1 A R
. (\/gm) AN (m) !
ton 2G (x,2') = 2G\"™ (z,x")

LA G @) N PG (e, a)
2Vd 8m2 2Vd 6(m2)2

. A(m) / A(v/3m) /
o, (GG (2,2) | OGY(a,a >)] } |
Mdyn,0

4 om? om?

All the UV propagators at separated points now have a mass squared of order v/, giving
them the correct behavior at large separations. A noteworthy observation is the presence
of some propagators whose squared mass is three times that of the others, something which
could not have been anticipated from the perturbative result. Also, the only instance of a
massless UV propagator in the previous expression has its coincidence limit taken, and it
is therefore just a finite constant factor with no IR issues.

Now we turn to the remaining part, eq. (5.19), where the series can be resummed as
done for eq. (5.17). However, since the contribution at NLO in 1/N is also higher order in
A with respect to the LO one, we can just keep the latter,

S U SN er
Ala(x)dp(2")) = davy (1 + N> [6Oren 8m2(x 7). (5.25)
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The full result for the connected two-point functions of the UV modes up to order A
and N~!, with a partial resummation of the infinite subset of diagrams, is obtained by
combining egs. (5.24) and (5.25):

(ba(@)dp(x") ) = Gap { G (z,2) + (5.26)
1| - .
1 9AWBm) (1 2y — 9 m) (4 4
+2N 2G (x,2') — 2G\"™ (z, x")
A GM @) N PG ()
2V,  om? 2V, O(m?)?

4
Mdyn,0

>

om?2 oOm?2

It was verified as a cross-check that this result reduces to the perturbative one eq. (3.18),
upon expanding the latter at NLO in 1/N (see appendix H).

The large distance behaviour of the two-point functions ultimately depends on the
masses of the free propagators that build up the expression, miymo and 3m§yn70, which
determine how fast it decays. However, the true exponent could be other, the difference
lying beyond the precision of this result.

5.2 Comparison with Lorentzian QFT: two-point functions

The Lorentzian calculations of refs. [15, 16] for the two-point functions are expressed dif-
ferently, as a sum of two free (full) propagators,

(Gal@)on(2) = bap (e G (2, 2') + - GO (w,a')), (5.27)
with masses
mi = mino (1 + 1) : (5.28)
4N
m® = 5mi,. 0 (1 + &) : (5.29)

which are different to ours. The coefficients are given by ¢ = 5/16N and ¢ +¢c_ = 1.
Therefore, in order to draw a comparison between both results, they are better expressed
in terms of UV propagators and its derivatives around a common mass parameter, which
we choose to be mflymo. Also, the full propagators of eq. (5.27) must be first separated
into their IR (constant) and UV parts, for which it is better to think of that expression as
being analytically continued to Euclidean space.
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Expanding the Euclidean result eq. (5.26) in this way and dropping higher order terms
we obtain

1 2 N R ~(m) /
<¢a<1’)¢b(.%',)>(1) = 5ab { G(m) (x; x,) + Z[G(O)]renw

om?
~¥(m) / 2 A(m) /
+i3 A 0G (x,x)+5L8G (x,2")
oN "\ 2V, om? 2V, o(m2)?
A A OG™) (. 2')
2160 T )
716 ren 3 , (5.30)
Mdyn,0

while doing the same with the inhomogeneous part of the Lorentzian result eq. (5.27) yields
all but those terms proportional to [G (m)]ren. However, it is expected for these contributions
to be missing in the Lorentzian result of refs. [15, 16], given the nonsystematic way the
interactions among IR and UV sectors are treated there. Indeed, we can only trust that
result up to the leading IR order, v/, and up to NLO in 1 /N, in which case both results
are compatible.

The convenience of the Euclidean approach becomes evident as it provides a systematic,
order by order expansion in both v/A and 1 /N, while also allowing for the inclusion of partial
resummations that cure the IR effects at large separations.

6 Conclusions

In this paper we considered an interacting O(N) scalar field model in d-dimensional Eu-
clidean de Sitter spacetime, paying particular attention to the IR problems that appear for
massless and light fields. We extended the approach of refs. [19, 20] to the O(N) model.
The zero modes are treated exactly while the corrections due to the interactions with the
UV modes are computed perturbatively. The calculation of the two-point functions of the
field shows that the exact treatment of the zero modes cures the IR divergences of the usual
massless propagator: the two-point functions becomes de Sitter invariant. However, the
NLO contains derivatives of the free propagator of the UV modes. Although the massless
UV propagator is de Sitter invariant, its Lorentzian counterpart exhibits a growing behav-
ior at large distances, invalidating the perturbative expansion in this limit. This problem
can be fixed in the leading order large N limit by resumming the higher order corrections:
one can show that the final result corresponds to a two-point functions of a free field with
a self-consistent mass.

In order to alleviate the behavior of the correlation functions in the IR limit, we
performed a resummation of a class of diagrams that give mass to the UV propagator.
After this resummation, higher order corrections can be systematically computed in a
perturbative expansion in powers of both v/A and 1 /N. We presented explicit results up
to second order in v/X and NLO in 1/N.

In the leading large IV limit, the results can be computed exactly, both in the Euclidean
approach and also working directly in the Lorentzian spacetime (which corresponds to the
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Hartree approximation [7-9]). We derived the corresponding results in the Lorentzian
spacetime paying particular attention to the renormalization process. We showed that the
Euclidean approach reproduces the Lorentzian results in this large N limit, provided the
same renormalization scheme is used. As we mentioned before, to our knowledge, the most
precise results previously obtained for this model are those presented in refs. [15, 16], which
are also valid up to the NLO in the large N expansion, but only at the leading IR order.
We have also shown that our results coincide with the ones of refs. [15, 16], when expanded
up to the corresponding order. Beyond the leading IR order, as we have emphasized along
the main text, a consistent treatment of the UV sector becomes necessary. The use of
the Euclidean path integral (which is simpler than its in-in counterpart) together with the
double perturbative expansion (in VX and 1 /N) performed in our calculations, allowed us
to further include the contribution of the UV modes and to consistently take into account
the renormalization process. Moreover, in this framework, the precision of the calculation
can be systematically improved by computing higher order corrections.

There are many directions in which the present work can be extended. An interesting
generalization of our calculations that we leave for future work is the study of the correc-
tions in the case of a tree level double-well potential. As customarily done in Minkowski
spacetime, it would be definitively interesting to use the Euclidean approach, together
with the appropriate analytical continuation, to perform calculations in nonstationary sit-
uations in a fixed de Sitter background spacetime. For instance, to develop a systematic
way of computing corrections to the effective action or to the expectation value of the
energy-momentum tensor of the quantum scalar fields, which is important for studying
the backreaction of the quantum fields on the dynamics of the spacetime geometry. Fur-
thermore, it would be valuable to extend the Euclidean techniques to other models, such
as theories with derivative interactions, with fermionic and/or gauge fields, and to study
metric perturbations around a de Sitter (or quasi de Sitter) background.
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A Effective potential

In this appendix we examine the quadratic part of the effective potential and relate it to
the variance of the zero modes. We start by defining the effective action for this theory,

C[do, ¢] = W[Jo, J| — / (qSOQJOQ +q§a(x)ja(x)), (A1)

T
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with W [.Jy, J] = —log(Z[Jo, J]) the generating functional of connected diagrams, and where

A

_ W [Jo, J]
a — 9 A.2
%o 5 Jon (A.2)

= §W[Jo, J]
. = 0 A3
¢ 5, (A.3)

define the “classical” fields. The Effective Potential is obtained by evaluating the effective
action at a constant field, that is ¢ = 0, which in turn demands that J = 0, and then

dividing by the space volume Vj:
Va Vert(¢0) = Lo, 0] = W[Jo, 0] — doa-Joa- (A.4)

With the purpose of calculating the quadratic term of Veg(¢g) as a function of ¢g, we
perform the following expansion,
1.82T'[¢o, 0]

T[¢o,0] = T[0,0] + =

9 (S(]_soaéﬁgob . ¢Oa¢0b +... (A5)

0

where the linear term vanishes for ¢g = 0, as it can be seen by differientiating eq. (A.4)

with respect to ¢, -
ol [¢o, 0
Oloo. 0 _ .. (A.6)
5¢0a
and taking into account that in the symmetric phase, the mean field ¢g vanishes if and
only if Jy = 0. Taking another derivative of the previous expression but now with respect

to Jy, we obtain

2P T T N T
5ab — _5 F[Qb(]—, 0] _ _5¢OC 0 F[Qso_a 0] 7 (A?)
0Jop0Poa dJob 0oc0Poa

where we used the chain rule for the second equality. Now, differientiating eq. (A.2) with

respect to Jy gives, ~
5¢0c . (52W[J0,O]

= A8
dJop dJop0Joe (4.8)
which, inserted in the previous expression leads to the conclusion that
0°P[¢o,0] [ 8*W[Jo, 0\ " (A9)
0boabop 6JoadJop ' '
We now have to evaluate for ¢g = 0 (Jo = 0),
§2W [ Jo, 0] 1 6%2Z[Jo,0)
’ - _ ’ = —(¢oa Al
5J0a0Jon Z00.0] S Juad I |, (Goadob), (A.10)
0= 0

allowing us to identify the exact two-point functions of the zero modes (po,op). In the
symmetric phase we expect any rank-2 tensor with respect to the internal O(N) inde-
ces to be proportional to the identity d,,. Therefore inverting the previous quantity is
straightforward,

82T o, 0] 5 N

Teo. 0 _ 5 N A.
530a00m (62 (A1)
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where we have expressed the result in terms of the variance of |¢y|, i.e. (#3) = dup(PoaPop)-
Finally, we replace this last expression in eq. (A.5) and we divide by Vj, in order to obtain
the effective potential up to quadratic order, eq. (2.9).

B Functional derivatives of Z;[J]

Usmg that Z f[J] is a free generating functional, its functional derivatives evaluated at
J = 0 can be easily expressed in terms of the free UV propagator G(:c 2’). The only
somewhat tricky part is to keep track of the O(N)-indeces. The useful expressions are

s
7 )
% = G (21, 29)00, (B.1)
6Ja(z1)0Jp(22) | 5_,
S Z[J A -
. _ f[i]] - = G (21, 22)G™ (23, £4)0ap0cq
5Ja(1'1)5Jb($2)5jc($3)(5<]d(.1‘4) j:()

FG (1, 23) G0 (@2, 24)Sucdia

A~

GO 1, )G )i, (B

In the case of the sixth derivative, it is not necessary to write down the most general
expression for six different points, since we only need particular cases with some of them
evaluated in coincidence. The two particular cases we need are

cdef // 562f[j]
z,! 5J6 abede f (x1, 29,2, 2,2, 2")

N+ )iadey +4¢

J=0

= N|(N +2°VZ[G"™] +2(N + 8)/ G (2, 2)? | 3G (21, 22)
F4(N + 2)20 V|G /G (21, )G (2, 22)
+8(N + 8)dap / / G (z1, 2)G™ (2 29) G (2, 1), (B.3)

and

8 Z[J
5cd5€f/ - fJ]
x 5Jabcdef(x17w2vwvwvxax)

= N(N +2)6, V|GG (21, 29) (B.4)
J=0

+4(N + 2)8,5[G™)] / G (1, 2)G™ (2, ).

C Renormalization

The renormalization process is performed by the addition of two counterterms in the action,
[ d?z/gém? pa¢a/2 and [ da\/GoN(pacba)?/8N. 1t is safe to assume that, as in the usual
perturbative case, 6m? ~ X and A ~ A2, therefore at NNLO we need to consider terms
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with 6m?, (6m?)? and §). This leads to the following new contributions to the generating
functional,

A o - m2 ’
AZ[Jo, J] = ZO[JO]Zf[J]{Vd(; <<¢3>0 g,}ioé[jzié > 0

[0 gty + LI (g - L8 }

+Zf[f]{ YO gy 2oLl

06 JoadJop
Vd2(5m2)2 Vd(S)\ 54ZQ[J0]
+ - 5ab60d
8 0J0a 6 Jopd Jocd Jod
(5777,2 (52 Zf

+Zo[Jo]——

ZiINVG / 5Jal 6Jb ]

A Vyom? / 8% Z;[J]
77Aabcd A A~
4N 2 0Je(x)dJ4(x)

52 Zo[Jo]
. 2 010

y 54 Zo[.To]
57006 Jop0Joe0 o

Tracking these terms into the calculation of both the UV and IR two-point functions,
produce the following contributions:

. . 20m) (g, 2
A ((Gal@)dna')) = %[ s ( + 2)Va (680 - <¢%>%)] e LR ICPY

to be added to eq. (3.13), and

A ({(Boadob)) = i\,{Vdém ((#8)5 — (¢0)0) (C.3)
+ ({00 — (#8)0(%0)0) Vd2(5£n2)2 - ‘g]ffA + 8%(]\[ +2)5m2V2 GO

-V25 242 \
i (0m?) 4

+ (855 — (#)o(dd)o) |~ v (Y +2)em?VEG™)]

b

to be added to a previous step of eq. (3.24) (not shown), which is just like eq. (3.24) with

the ren and fin labels removed.

With these additions coming from the counterterms, it is straightforward to see that
the choices egs. (3.15) and (3.23) render the results finite, leading to the renormalized
expressions egs. (3.18) and (3.24).
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D Integrals of the Euclidean UV propagator

The UV propagator can be written as

L Yy ()i ()
G (2, 4) Hdg;H?L(Lerl)er? (D.1)

Then, we have

. (), Vi (@)Yi@)
/:EG( )(m’$) = Hd%]HQL(L+d_Z/1)+m2

1
=2 H2L(L+d—1)+m?’ (D-2)
L+#0

where we have used the orthogonality relation of the spherical harmonics
/ Yi(2)Y}(x) = H %5 (D.3)
€T

Now focusing on the NNLO contributions to the UV part of the two-point function,
we have

/é(m) (z,2)G™ (z,2'). (D.4)

Expanding in spherical harmonics, integrating and using the orthogonality relation we
obtain

(@) (LYFEY5() Vi)

H2 ) rE s d 1) s+ d 1) T o]

L+#0,L"#0
— dz HZL(};:_ ;Y* S'—)i_ . (D.5)
— m ]
Now, we notice that
1 _ 0 1 7 (D.6)

[H2L(L +d — 1) + m?)? om? | H?L(L+d — 1) + m?

and therefore, under the assumption that we can pull the derivative out of the series, we
conclude that

OG™) (z, 2

A(m) “(m) N — _ D
/Z G (2, 2)G0) (2, ) i (D.7)
Similarly, it can be shown that
m ~(m 1 82G( )( )
J] ¢nem w66 = 355 (5)



E UV propagators (analytical continuation and IR behavior)

The full Euclidean propagator with mass m? in d-dimensions is

HI2D (5L — 0y T (42 + vy) d—1 d—1 d

(m) N = 2 2 P — —vg,—— ;=3 E.1
G ($,$) (47T)d/2r(%) 2 1( 9 Vd, 9 +Vd7275>7 ( )
where vy = (d_41)2 - }3—;, s = (1+2)/2, with z = 64X (x) X B (2') (using the embedding

in d + 1-dimensional Euclidean space and cartesian coordinates). After the analytical
continuation X° — X and using comoving coordinates we can write this de Sitter
invariant variable as s = (1+ 2)/2 = 1 — r/4 where r = [—(n — /)% + |Z — #'|2] /n1/. Now,
we can use the ie prescription to obtain the Feynman propagator z — z —ie. In Lorentzian
spacetime, unlike in Euclidean space, distances between points can be arbitrarily large. In
the limit r — +00, i.e. at large spatial separations or late times, the massive free propagator
decays as

G (r) ~ =D, (E.2)

In order to consider the massless case, we first obtain the Euclidean UV propagator
from eq. (E.1), by subtracting the contribution from the zero modes:

Gm = gm _ g{m (E.3)

with Gém) = 1/(Vgm?). For m — 0, we get

GOy = HI? [ sT(d)3F (1,1,d;2,§ + 1;1 —1r/4)  (hg_sT'(d) + I'(d — 1)) |
(a7 M%) @-Dr ()
(E.4)
where hy, =1+4+1/2+---+ 1/n is the Harmonic number. For d = 4 it reduces to
A 141 —r/4) — 2) 1 4) —11
12m2r

Then, using the ie-prescription, the corresponding massless Feynman propagator is

2 .
Ay HT 4 rtiey 14
0= e 2o () -7 ) o

showing that when r — +o0

Ggg)(r) ~ log(r). (E.7)

Analogously, it can be shown that the derivatives with respect to the mass pick up further
powers of log(r):
G (r)

“OmIk ~ log(r)**1, (E.8)
0
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F Double expansion and diagrammatics (the massless case)

In this appendix we focus on the corrections to the UV propagator and the associated
diagrammatics for the case of fields with vanishing tree-level masses. The zero modes are
treated nonperturbatively using the exact Euclidean path integrals in the absence of the
nonzero modes. On the one hand, from these path integrals we have learnt that each power

/4 while each ¢, does not add any factor of A (i.e., it counts as A°).

of ¢gq scales as A~
On the other hand, we know that in the massless limit (m? — 0) the free propagators in
the Lorentzian spacetime increase at large distances, and that a derivative with respect to
m? of the propagators adds a logarithmic-growth factor (see appendix E).

For assessing the importance of each diagram after the analytical continuation to the
Lorentzian spacetime we need to understand how the behavior of each of them at large
distances would be. For this, it is very useful to note that equations like (3.16) and (3.17)

hold in general, namely

R . ak—QG(m)(w LL’,)
. G (xy,29) ... G (2p_1, 1) 7 (F.1)
/ /2;2,...,:)3;61 8(m2)k72
Therefore, by representing each logarithmic-growth factor by y (i.e., using the notation of

appendix E, y ~ logr) we see the right hand side scales as y*~ 1.

In order to draw Feynman diagrams, we use a dash line for the variance of the zero
modes (which is always computed nonperturbatively using the exact path integral for the
zero modes in isolation and scales as 1/v/)\) and a solid line for the free UV propagator
(which depending on the diagram may contribute with a factor of y). Hence, using that for
each vertex we have a factor of A\/N, one can conclude that the diagram in figure 3 scales
as y(v/Ay) and becomes of the same order as the free UV propagator (which scales as %)
when v Ay ~ 1, indicating a break down of the perturbation theory when the distance is
sufficiently large. Actually, there are more diagrams that also become of the same order
in that case, as, for instance, those shown in figure 4. Indeed, it is not difficult to see that
the one with n-vertices scales as y(ﬁy)", representing a relative correction that goes as
(v Ay)™. We were able to perform the resummation of these diagrams in section 5.

Now, in order to see that the rest of the contributions can be treated perturbatively,
let us analyze each of them separately, according to the type of vertex. Let us start with
other corrections associated to the bi-quadratic interaction term of eq. (5.1). The leading
order diagram involving this vertex which is not included in the resummation is the one
on the left in figure 5, and gives a relative correction that scale as ﬁ(ﬁy) Then, for A
sufficiently small it can be considered as a small correction to the ones of figure 3 at all
times. The other type of correction that also contributes up to the NLO in 1/N involves
the last interaction term in eq. (3.1) and the corresponding diagram is the one in figure 5 to
the right and gives a correction relative to the free propagator that also goes as vV A(vVy).

G Derivative of [det C:’f,?)]l/ 2

From the well known identity

log det(GU™) = Trlog(G(™), (G.1)
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Figure 3. Feynman diagram contributing to the UV propagator. Free UV propagators are repre-
sented by a solid line, while the full variance of the zero modes in the absence of the other modes
is represented by a dashed line.

Figure 4. Feynman diagrams contributing to the UV propagator, which become of the same order
as the one in figure 3 when v/ Ay ~ 1. The first one scales as y(v/Ay)?, the second one as y(v/Ay)?

and so on.
O
) Q

Figure 5. Feynman diagrams contributing to the UV propagator that are to be included pertur-
batively. Both diagrams scale as (v/Ay)?.

we have 1
log[det G{7]M/? = — 50 / log(Gy) (@, 2))- (G.2)
Diferentiating at both sides with respect to m?j we then obtain
A(m)11/2 o )
1 rs 1 A 0G ,
— 8[detG2 ] _ _*5ab // Gac(xy-x/)Ma (GS)
[det G2 Om; 2 vl Om;;
while from eq. (5.3) we know that
oG} (x,2') g
“omd 8aity; 0D (z — '), (G.4)
and therefore
1 dldet GIM2 g .
- [ 5 ] = —-04;V4[G], (G.5)
[det GiPy1/2 - Omi; 2

where we used that [Ggp] = d4p[G] in the symmetric phase. Tracing the remaining free
indeces ij proves eq. (5.16).

H Expanding the UV resummed result in v

As a cross-check, we expand back the UV resummed two-point functions of the UV modes,
eq. (5.26), and compare it to the perturbative one, eq. (3.18), for m = 0. All the UV
propagators with dynamical masses must be expanded in VA, up to the needed order. For
example

A(m A [ A aé(0>(g: ) 1 A 82@'(0)(:0 )
( dyn,O) 1 — (0) / R S I S 3/2
G (x,2") = GW(z,2") + SV, 3 +22 2 (m?)? +O(N7#%), (H.1)
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and

(0) /
A(V3Mdyn,0) N\ _ 9 (Mmayn,0) N LM
2G 0 (z, ") — 2G\Mam0) (1, 1) = 4y oV, o (H.2)

A 92GO) (z, 2)
LT L 0N,
v, oz TOWT)
and so on. The resulting expression up to order A and 1/N is precisely eq. (4.2).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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